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Abstract

In this paper and its sequel [37], we study Morse-Floer theory for superquadratic Dirac func-

tionals associated with a class of nonlinear Dirac equations on compact spin manifolds. We are

interested in two topics: (i) relative Morse indices and its relation to compactness issues of critical

points, (ii) construction and computation of the Morse-Floer homology and its application to the

existence problem for solutions to nonlinear Dirac equations. In this part I, we focus on the topic

(i). One of our main results is a compactness of critical points under the boundedness assumption of

their relative Morse indices which is an analogue of the results of Bahri-Lions [16] and Angenent-van

der Vorst [13] for Dirac functionals. To prove this, we give an appropriate definition of relative

Morse indices for bounded solutions to DgRmψ = |ψ|p−1ψ on Rm. We show that for m ≥ 3 and

1 < p < m+1
m−1

, the relative Morse index of any non-trivial bounded solution to that equation is +∞.

We also give some properties of the relative Morse indices of Dirac functionals which will be useful

in the study of the topic (ii) above.

Mathematics Subject Classification 2000: 35Q41, 37B30, 57R58, 58E05

1 Introduction

Let (M, g, σ) be an m-dimensional compact spin manifold, where g is a Riemannian metric
on M and σ is a spin structure on M . We denote by S(M) → M the spinor bundle and
Dg : C∞(M, S(M)) → C∞(M, S(M)) the (Atiyah-Singer-)Dirac operator. See §2 for notation
and definitions of basic concepts which will be used throughout this paper. In this paper and
its sequel [37], we are concerned with nonlinear Dirac equations of the following form

Dgψ = h(x, ψ) on M, (1.1)

where h : S(M) → S(M) is a fiber preserving nonlinear map. We consider the case where h
has a potential, that is, there exists a smooth function H defined on S(M) such that h(x, ψ) =
∇ψH(x, ψ), where ∇ψH(x, ψ) is the vertical gradient of H with respect to the metric on S(M)
and we write a general point on S(M) as (x, ψ), where ψ is a point on the fiber S(M)x over
x ∈M of the bundle S(M) →M . In such a case, the equation (1.1) has a variational structure:
We define a functional LH by

LH(ψ) =
1
2

∫
M
〈ψ,Dgψ〉 dvolg −

∫
M
H(x, ψ) dvolg (1.2)
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for ψ ∈ C1(M, S(M)). Then, at least formally, ψ ∈ C1(M, S(M)) is a solution to (1.1) if and
only if ψ is a critical point of LH , i.e., dLH(ψ) = 0.

The equations of the form (1.1) arise naturally in some problems in geometry and physics. In
the following, we give two examples which motivate our study of the equation of the form (1.1).
Although we will not mention the details here, there are many other important problems related
to the equation (1.1): for example, in [23], [24] interesting problems which come from quantum
physics are studied from a variational point of view. See [23], [24] and references therein for
details about these problems.

Our first example is the supersymmetric Dirac-harmonic maps introduced in [19], [18]. We
consider a Riemann surface (Σ, g, σ) with a metric g and a spin structure σ and a Riemannian
manifold (N,h) with a metric h. In this model, we consider two basic fields, φ ∈ C∞(Σ, N)
and ψ ∈ C∞(Σ, S(Σ) ⊗ φ∗TN). In physics, the pair (φ, ψ) describes a supersymmetric string
moving on N . We consider the following action functional defined on the configuration manifold
F := {(φ, ψ) : φ ∈ C∞(Σ, N), ψ ∈ C∞(Σ, S(Σ) ⊗ φ∗TN)}:

L(φ, ψ) =
1
2

∫
Σ
|dφ|2 dvolg +

1
2

∫
Σ
〈ψ,Dφψ〉 dvolg

− 1
12

∫
Σ
Rikjl(φ)〈ψi, ψj〉〈ψk, ψl〉 dvolg, (1.3)

where Dφ is the Dirac operator associated with a natural connection on S(Σ)⊗ φ∗TN , R is the
curvature tensor of (N,h) and ψ = ψk⊗ ∂

∂yk
(φ) is a local expression of ψ with respect to a local

coordinate y = (yk) on N . The Euler-Lagrange equations of the action L take the following
form

τm(φ) − 1
2
Rmlij(φ)〈ψi,∇φl · ψj〉 +

1
12
gmpRikjl;p(φ)〈ψi, ψj〉〈ψk, ψl〉 = 0, (1.4)

Dφψ
m =

1
3
Rmjkl(φ)〈ψj , ψl〉ψk, (1.5)

where τ(φ) = tr∇dφ is the tension field of φ. The second equation (1.5) is a type of the equation
(1.1). For the derivation of (1.4), (1.5), please refer to [19], [18].

The second example is the so called spinorial Yamabe equations, see [8], [9], [35], [36]. Con-
sider a spin manifold (M, g, σ) as before. Let H ∈ C∞(M) be a given function. We consider the
following equation on M :

Dgψ = H(x)|ψ|
2

m−1ψ. (1.6)

At least for the cases m = 2, 3, solutions to the equation (1.6) have interesting geometric mean-
ings. For the case m = 2, the equation (1.6) arises from the spinorial Weierstrass representation
of a conformally immersed surface M → R3: a solution to (1.6) gives a conformal immersion
M → R3 with mean curvature H (see [8], [9] and reference therein for more details). For the
case m = 3, the equation (1.6) is related to the Cauchy problem for Einstein metrics: a solution
to (1.6) gives a initial hypersurface {0} ×M with mean curvature H on an Einstein manifold
R×M . See [12], for more details. As in the previous example, (1.6) has a variational structure:
ψ is a solution to (1.6) if and only if ψ is a critical point of the following functional

L(ψ) =
1
2

∫
M
〈ψ,Dgψ〉 dvolg −

m− 1
2m

∫
M
H(x)|ψ|

2m
m−1 dvolg. (1.7)

In both examples, the action functionals take the similar from (1.2). For both of these examples,
it is a fundamental problem to determine the structure of the set of solutions. For Dirac-
harmonic maps, some explicit constructions of solutions are known, see [38], [10], [11]. In [34],
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some existence results were established for Dirac-geodesics (Dirac-geodesic is the 1-dimensional
version of Dirac-harmonic map) via linking argument. For the spinorial Yamabe equation,
in [8], [9], [44], [35], [36] some existence results are established. But for both problems, general
existence results are still lacking. Since, at least formally, solutions to (1.4), (1.5) and (1.6) are
obtained as critical points of the action functionals (1.3) and (1.7), respectively, one of powerful
approaches to such problems may be based on Morse theory. But constructing suitable Morse
theory for both problems are not so straightforward: due to the presence of the pure spinor action∫
M 〈ψ,Dgψ〉 dvolg, we observe that the action functionals (1.3) and (1.7) are strongly indefinite

in the sense that the Morse index and the co-index at any critical point are infinite. Thus
the classical Morse theory is not available to these examples. To construct meaningful theory,
we need a Floer type construction [25], [26], [27], [46]. In addition to the strong indefinite
character of the functionals, there are additional difficulties in both problems. Namely, both of
the functionals are invariant under conformal changes of the metrics on the domain manifolds.
Due to this invariance, the associated variational problems are not compact in the sense that
both functionals never satisfy the Palais-Smale like compactness condition.

Motivated by the above examples, in this paper and its sequel [37], we are concerned with the
Morse theoretic properties of the model functional (1.2) and we will study the global structure
of solutions to the equation (1.1) from a Morse theoretic point of view. We focus our attention
mainly on the strong indefinite character of the variational problem, so we will assume that LH

is subcritical in the sense that the term
∫
M H(x, ψ) dvolg in (1.2) is a compact perturbation of

the pure spinor action 1
2

∫
M 〈ψ,Dg〉 dvolg, see §3 for the precise meaning of this. Though we

do not address the problem of non-compact perturbations in this paper, in [33], [35] and [36]
some compactness and existence issues were treated from a different perspective for some class
of non-compact perturbations.

Morse theory for strongly indefinite functionals were previously studied by some authors,
see [1], [2], [3], [5], [6], [13], [14], [25], [26], [27], [28], [39], [48] and references therein. Except
for 1-dimensional variational problems, however, there are few satisfactory results which can
be applied to problems arising from geometry and physics, including, in particular, our model
example. Motivated by the works of Bahri-Lions [16], Angenent-van der Vorst [13], [14] and
Abbondandolo-Majer [3], [5], [6], in this paper and its sequel [37], we study some aspects of the
Morse-Floer theory for the Dirac functionals of the from (1.2). More precisely, we will focus on
the following topics:

(i) Relative Morse indices and its relation with compactness issues of solutions to (1.1).

(ii) Construction and computation of the Morse-Floer homology of LH on the set of spinors
and its implications for the global structure of the set of solutions to (1.1).

Note that both of the above topics are closely related to each other. Recall that the Morse-
Floer homology is the homology of a chain complex generated by critical points of the functional.
Thus in order to construct the Morse-Floer homology with coefficient Λ, where Λ is an arbitrary
abelian group, we first need to define a graded Λ-module {Cp(LH ; Λ)}p∈Z (the grading is given
by a “relative Morse index”) by Cp(LH ; Λ) = Cp(LH) ⊗ Λ, where Cp(LH) is the free abelian
group generated by critical points of LH with relative Morse index p:

Cp(LH) =
⊕

ψ∈critp(LH)

Z〈ψ〉, (1.8)
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where critp(LH) := {ψ : dLH(ψ) = 0, m(ψ) = p} and m(ψ) is the relative Morse index of ψ.
Since LH is defined on an infinite dimensional space of spinors, even in the case where LH is
a Morse function, it is not necessary that Cp(LH ; Λ) is finitely generated. Thus, even in the
case where the boundary operator ∂p : Cp(LH ; Λ) → Cp−1(LH ; Λ) is defined properly such that
∂p ◦ ∂p−1 = 0, it is not necessary that its homology HFp(LH ; Λ) = ker ∂p/Im ∂p+1 is finitely
generated. However, if we have a suitable compactness property of critical points under the
boundedness assumption of their relative Morse indices, we will obtain such a finiteness result.
Preceding results in this direction [16], [14] suggest that such a compactness property will be
expected if the functional satisfies a suitable condition.

In this paper, we study the Morse-Floer theory for the functional LH , mainly focusing on
the topic related to (i). Our main result proved in this paper is the compactness of critical
points of LH under the boundedness assumption of their relative Morse indices for a class of
superquadratic functionals LH . Thus a finiteness result as mentioned above holds for such a
class of functionals LH . For clarity of our exposition, we first consider a simple model case
h(x, ψ) = H(x)|ψ|p−1ψ, where H is a smooth positive function on M . Later, we will show that,
with a suitable modification, essentially the same argument applies for a more general class
of nonlinearities, see §7.3 for details. Thus we shall first consider the following functional LH
defined on H1/2(M, S(M)) (H1/2(M, S(M)) is the H1/2-spinor space which will be defined in
§2):

LH(ψ) =
1
2

∫
M
〈ψ,Dgψ〉 dvolg −

1
p+ 1

∫
M
H(x)|ψ|p+1 dvolg. (1.9)

Our main result concerning the topic (i) above is the following:

Theorem 1.1 Let us assume that m ≥ 3 and 1 < p < m+1
m−1 . For H ∈ C0(M) with H > 0 on

M , λ ∈ R and k ∈ Z, there exists a constant C(λ, k,H) > 0 such that the following holds: For
any solution ψ ∈ H1/2(M, S(M)) to the equation Dgψ = H(x)|ψ|p−1ψ on M with its relative
Morse index satisfying µλ(ψ) ≤ k (for the definition of µλ(ψ), see Definition 3.2 below), there
holds ‖ψ‖L∞(M) ≤ C(λ, k,H).

As a corollary, we have

Corollary 1.1 Let us assume that m ≥ 3, 1 < p < m+1
m−1 and λ ∈ R. Assume also that

H ∈ C0(M) and H > 0 on M . Then the following assertions (1) and (2) are equivalent for a
sequence {ψn}∞n=1 ⊂ H1/2(M, S(M)) of solutions to (1.1).

(1) {LH(ψn)}∞n=1 ⊂ R is unbounded from above: supn≥1 LH(ψn) = +∞.

(2) {µλ(ψn)}∞n=1 is unbounded from above: supn≥1 µλ(ψn) = +∞.

A sequence of solutions to (1.1) which satisfies the condition (1) of the above corollary was
constructed in [32] via a linking argument. Thus, we have by the above corollary an additional
information about the solutions constructed in [32]: For any given integer k, there exists a
solution ψ to (1.1) such that its relative Morse index satisfies µλ(ψ) ≥ k.

Theorem 1.1 implies the following finiteness result for the chain group {(Cp(LH ; Λ)}p∈Z,
where the grading is given by the relative Morse index µλ. Note that LH is S1-invariant (S1

action on spinors is given by S1 × H1/2(M, S(M)) 3 (z, ψ) 7→ zψ ∈ H1/2(M, S(M))), so any
non-trivial critical point of LH is degenerate. For this reason, the next result is stated for a
more general class of nonlinearities.
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Corollary 1.2 Let us assume that m ≥ 3, 1 < p < m+1
m−1 and H = H(x, ψ) ∈ C2(S(M)) is a

lower order perturbation of 1
p+1H(x)|ψ|p+1 in the sense of §7.3. Let us also assume that LH is a

Morse function on H1/2(M, S(M)). Assume that the chain complex {(Cp(LH ; Λ)}p∈Z is graded
by the relative Morse index µλ. Then for any p ∈ Z, Cp(LH ; Λ) is finitely generated.

In particular, if the homology of the chain complex {C∗(LH ; Λ), ∂∗(LH)} is defined properly,
then it is finitely generated at any degree. (In fact, we will prove in [37] that its homology is
well-defined. Moreover, it will be shown that we can explicitly calculate it for more general class
of H.)

The proof of Theorem 1.1 relies on the existence of a suitable relative Morse index mRm

defined for ψ ∈ L∞(Rm, S(Rm)) satisfying DgRmψ = |ψ|p−1ψ on Rm. Formally, solutions to
the equation DgRmψ = |ψ|p−1ψ is obtained as a critical point of the functional LRm(ψ) =
1
2

∫
Rm〈ψ,DgRmψ〉 dvolgRm − 1

p+1

∫
Rm |ψ|p+1 dvolgRm . Notice, however, that it is not obvious at all

how to define relative Morse index for a critical point ψ of LRm . The reason is that natural
notion of relative Morse indices defined for solutions to (1.1) on compact manifolds (which we
will review in §3) depends crucially on the compactness of M , thus does not apply for critical
points of LRm . Therefore, we first need to investigate how to extend the notion of the relative
Morse indices to such a non-compact setting. As for this problem, we will prove the existence
of a “relative Morse index” mRm which has the following properties (I-1), (I-2):
(I-1)mRm(ψ) is defined for ψ ∈ L∞(Rm, S(Rm)), takes values in Z∪{+∞} and lower-semicontinuous
with respect to L∞

loc(Rm)-convergence.
(I-2) mRm is a natural continuation of µλ along a conformal blow up of a compact spin manifold
(M, g, σ), where µλ is the relative Morse index defined for critical points of LH onH1/2(M, S(M)).

In addition, it has the following crucial property:

Theorem 1.2 Assume m ≥ 3 and 1 < p < m+1
m−1 . Then for any non-trivial solution ψ ∈

L∞(Rm, S(Rm)) to DgRmψ = |ψ|p−1ψ on Rm, we have mRm(ψ) = +∞.

Note that the above theorem gives a positive answer to the conjecture proposed by Maalaoui
in [42]. Note, however, in [42] the author does not give any meaning of the “relative Morse
index” for solutions to DgRmψ = |ψ|p−1ψ on Rm. In fact, as we have already mentioned above,
due to the non-compactness of Rm, giving a suitable meaning of the relative Morse index for
such a solution is not trivial and, in fact, it is an important part of the problem. The definition
of mRm is given in §6, Definition 6.1.

Remark 1.1 (1) As we mentioned before, Theorem 1.1 is motivated by the works of Bahri-
Lions [16] and Angenent-van der Vorst [14]. In [16], Bahri-Lions obtained a result similar
to Theorem 1.1 for equation of the form −∆u = a(x)|u|p−1u on Ω ⊂ Rm under the Dirichlet
boundary condition u = 0 on ∂Ω, where a is a positive function on Ω and u is a scalar function
on Ω. In their work, the Morse index is the classical Morse index. Later, Angenent-van der
Vorst [14] extended the result of [16] to a system of equations of the type −∆u = a(x)|v|p−1v,
−∆v = b(x)|u|q−1u on Ω ⊂ Rm under the Dirichlet boundary conditions u = v = 0 on ∂Ω, where
a, b are positive functions on Ω and u, v are scalar functions on Ω. In this case, the equations have
a strongly indefinite variational structure and the Morse index is a relative Morse index, thus
closely related to ours. The idea of the paper [14] is based on the following observation: due to the
special structure of the equations, one of the functions, for example v can be eliminated from the
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second equation, and the system of equations becomes a single equation for u. In a similar way,
it was shown in [14] paper that the index problem can be reduced to the classical index problem for
the reduced equation for u. In fact, this reduction process was done for the linearized equations
and, therefore, applied for more general class of equations of the form −∆u = Hv(x, u, v),
−∆v = Hu(x, u, v). Anyway, it relies on the special structure of the equations and it does not
seem to be applicable to our case and more general context such as a functional defined on a
general Hilbert manifold. Thus, we must take another route to approach our index problem. Note
that our approach applied to the above mentioned Angenent-van der Vorst’s elliptic systems will
give a different index formula. However, it can be shown that it coincides with the one of [14]
up to the addition of a constant.
(2) It is natural to expect that the conclusions of Theorem 1.1 and Theorem 1.2 also hold for
m = 2. Some parts of our arguments apply to the case m = 2. But, they are not sufficient to
conclude the above results for this case.

As for the topic (ii), in the sequel of this paper [37], we will give a construction and com-
putation of the Morse-Floer homology for a class of superquadratic functionals (including our
model example LH as a special case). As a consequence of the invariance of the homology within
a class of superquadratic Dirac functionals (which is one of the main results proved in [37]), the
superquadratic Dirac-Morse-Floer homology will be defined. As an application of the compu-
tation of this homology, we will prove the existence results for a class of superquadratic Dirac
equations which extends the results proved before in [32].

This paper is organized as follows: in the next section, we introduce basic definitions and
notation which are used throughout this paper and its sequel [37]. In §3, we give three different
definitions of the relative Morse indices for critical points of LH . Some fundamental properties of
these indices and relations between these different definitions are also discussed in that section.
In §4, we give a reformulation of the relative Morse index for some class of functionals, thus
giving one more another formula of the relative Morse index. This reformulation is necessary to
“continue” the relative Morse indices defined on compact spin manifolds to Rm via a blow-up
procedure. It is essentially accomplished by comparing the relative Morse index of LH with the
classical Morse index of the Legendre-Fenchel dual of the second order approximation of LH . In
§5, we prove a Liouville theorem which asserts that a solution ψ ∈ Lp+1(Rm) to DgRmψ = |ψ|p−1ψ

on Rm is identically 0. This result is essential for the proof of Theorem 1.2. In §6, we prove
Theorem 1.2. Then, in the final section §7, we prove Theorem 1.1 and its generalization.

Acknowledgment. The present author wishes to express his sincere gratitude to Professor
A. Maalaoui for interesting discussions related to this work. This work was supported by JSPS
KAKENHI Grant Numbers 22540222, 15K04947.

2 Preliminaries

In this section, we collect some basic definitions and notation which will be used throughout
this paper. We will use the same notation used in [32], [33]. Please consult these papers, if
necessary. See also [29], [30], [40] for more detailed exposition about fundamental concepts
from spin geometry.

Let (M, g, σ) be an m-dimensional spin manifold. This means that M is an oriented Rieman-
nian manifold with a metric g and the oriented frame bundle PSO(M) → M has a non-trivial
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double covering σ : PSpin(M) → PSO(M) whose restriction to each fiber is the universal double
covering Spin(m) → SO(m). We denote by Clm the Clifford algebra generated by Rm. For m
even, it is a fundamental fact that there exists an irreducible complex Clm-module Sm such that
Clm := Clm⊗C ∼= EndC(Sm) (as C-algebras). Sm is determined uniquely up to isomorphism and
is usually called the spinor module. The isomorphism Clm ∼= EndC(Sm) induces a representation
(unique up to isomorphism) τ : Spin(m) → EndC(Sm) which is called the spin representation.
On the other hand, the canonical orientation on Rm induces a Z2-grading on Sm; Sm = S+

m⊕S−
m,

see [29], [40] for details. Since Spin(m) ⊂ Cl+m, where the subalgebra of Clm generated by ele-
ments which can be written as the product of even (odd) number of vectors in Rm is denoted by
Cl+m (Cl−m), S±

m are preserved by τ , i.e., S±
m are representations of Spin(m). It is a fundamental

fact that they are irreducible and non-isomorphic as complex Spin(m)-modules. S±
m are called

positive/negative complex spin representations. The spinor bundle S(M) →M is defined as the
associated vector bundle of PSpin(M) → M via the representation τ : Spin(m) → End(Sm),
S(M) = PSpin(M) ×τ Sm.

For m odd, we have a natural isomorphism Clm ∼= Cl+m+1 given by x+ +x− 7→ x+ + e0 ·x− ( ·
denotes the Clifford product), where x± ∈ Cl±m, {e0, e1, . . . , em} and {e1, . . . , em} are orthonormal
bases of Rm+1 and Rm, respectively, and we consider Rm as a subspace of Rm+1 via the canonical
inclusion Rm ⊂ Rm+1. Under these, we have the following C-algebra isomorphism:

Clm ∼= Cl+m+1
∼= End+

C (Sm+1) ∼= EndC(S+
m+1) ⊕ EndC(S−

m+1).

It is also a fundamental fact that S±
m+1 are irreducible Clm-modules and, as representation

spaces of Spin(m), they are irreducible but isomorphic. Thus, we define Sm = S+
m+1(∼= S−

m+1)
and call the spinor representation for odd m. Denoting the spinor representation so obtained as
τ : Spin(m) → EndC(Sm), we define the spinor bundle S(M) → M as in the even dimensional
case.

Sections of S(M) → M are simply called spinors. The space of C∞-spinors is denoted by
C∞(M) := C∞(M, S(M)).

The spinor bundle is a Dirac bundle in the sense that the following conditions (i)–(iv) are
satisfied: (i) X · Y · ψ + Y · X · ψ = −2g(X,Y )ψ for X,Y ∈ C∞(M,TM) and ψ ∈ C∞(M).
(ii) (X · ψ,ϕ) = −(ψ,X · ϕ) for X ∈ C∞(M,TM) and ψ,ϕ ∈ C∞(M) ((·, ·) is the hermitian
metric on S(M) induced from a natural hermitian metric on Sm). (iii) ∇ is metric in the sense
that X(ψ,ϕ) = (∇Xψ,ϕ) + (ψ,∇Xϕ) for X ∈ C∞(M,TM) and ψ,ϕ ∈ C∞(M), where ∇ is a
canonical connection on PSpin(M) obtained by lifting the Levi-Civita connection on PSO(M).
(iv) The Clifford product is constant in the sense that ∇X(Y · ψ) = (∇XY ) · ψ + Y · ∇Xψ for
X,Y ∈ C∞(M,TM) and ψ ∈ C∞(M).

The (Atiyah-Singer-)Dirac operator Dg is defined by the following:

Dg = c ◦ ∇ : C∞(M) ∇−→C∞(M,T ∗M ⊗ S(M)) ∼= C∞(M,TM ⊗ S(M)) c−→C∞(M),

where c denotes the Clifford multiplication c : TM ⊗ S(M) 3 X ⊗ ψ 7→ X · ψ ∈ S(M) and the
identification T ∗M ∼= TM by the metric g on M is used.

The nonlinear Dirac equation of the from (1.1) is obtained formally as a solution to the
Euler-Lagrange equation of the action functional LH defined on spinors:

LH(ψ) =
1
2

∫
M
〈ψ,Dgψ〉 dvolg −

∫
M
H(x, ψ(x)) dvolg,
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where 〈·, ·〉 is the metric on S(M), i.e., 〈·, ·〉 = Re (·, ·).
In view of the presence of the pure spinor action

∫
M 〈ψ,Dgψ〉 dvolg term, from a functional

analytical point of view, a natural functional space to work with LH is the Sobolev space of
H1/2-spinors, see [32]. It is defined as follows. Let {ψk}∞k=1 be a complete orthonormal basis
of L2(M, S(M)), the space of L2-spinors on M , consisting of eigenspinors of the Dirac operator
Dg with corresponding eigenvalues {λk}∞k=1. Recall that {λk}∞k=1 is unbounded from above and
below. Then for s > 0, the unbounded operator |Dg|s : L2(M, S(M)) → L2(M, S(M)) is defined
by

|Dg|sψ =
∞∑
k=1

|λk|sakψk,

where ψ =
∑∞

k=1 akψk ∈ L2(M, S(M)).
The domain of |Dg|s is, by definition, the space ofHs-spinors and is denoted byHs(M, S(M)).

For simplicity, throughout this paper, we will use the shorthand notation Hs(M) := Hs(M, S(M))
and Lq(M) := Lq(M, S(M)) (1 ≤ q ≤ ∞), the space of Lq-spinors on M . Thus ψ =

∑∞
k=1 akψk

is in Hs(M) if and only if
∑∞

k=1(1 + |λk|2s)|ak|2 < +∞. Hs(M) is a Hilbert space with the
inner product (ψ,ϕ)Hs(M) := (ψ,ϕ)L2(M) + (|Dg|sψ, |Dg|sϕ)L2(M), where (·, ·)L2(M) is the L2-
inner product on L2(M). We are mainly concerned with the case s = 1/2. By the Sobolev
embedding theorem [7], we have a continuous inclusion H1/2(M) ⊂ Lp+1(M) for 1 ≤ p ≤ m+1

m−1 .
It is compact for 1 ≤ p < m+1

m−1 . Thus the functional LH is well-defined on H1/2(M) if H satisfies
a growth condition like |H(x, ψ)| ≤ C(1 + |ψ|p+1) for 1 ≤ p ≤ m+1

m−1 . Furthermore, if H is
differentiable in the fiber direction and h(x, ψ) = ∇ψH(x, ψ) satisfies a growth condition like
|h(x, ψ)| ≤ C(1 + |ψ|p) for 1 ≤ p ≤ m+1

m−1 , then LH is differentiable on H1/2(M) and a critical
point ψ ∈ H1/2(M) of LH is a weak solution to the equation (1.1). Further regularity property
of H (for example, if h is Hölder continuous) implies that any H1/2-weak solution is C1 and
is a classical solution of (1.1). For the proof of the regularity of weak solutions, see [8], [33,
Appendix].

A typical example which we should have in mind is H(x, ψ) = 1
p+1H(x)|ψ|p+1, where H is

a positive smooth function on M and 1 ≤ p ≤ m+1
m−1 . In this special case, we will denote the

associated functional LH by LH . It is easy to verify that LH is C2 on H1/2(M).

3 Relative Morse indices

For the moment, let us assume that H(x, ψ) is twice differentiable in the fiber direction ψ and
there exists a constant C5 > 0 such that the following folds for all (x, ψ) ∈ S(M):

|H(x, ψ)| ≤ C5(1 + |ψ|p+1), (3.1)

|dψH(x, ψ)| ≤ C5(1 + |ψ|p), (3.2)

|d2
ψH(x, ψ)| ≤ C5(1 + |ψ|p−1), (3.3)

where 1 < p < m+1
m−1 and dψH and d2

ψH denote the first and the second order derivatives of H
with respect to the fiber variable ψ.

Under the condition (3.1)–(3.3), by the Sobolev embedding theorem H1/2(M) ⊂ Lp+1(M),
it is easy to see that LH is C2 on H1/2(M) and the first and the second order derivatives dLH
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and d2LH , respectively, are given by

dLH(ψ)[ϕ] =
∫
M
〈ψ,Dgϕ〉 dvolg −

∫
M
dψH(x, ψ)[ϕ] dvolg,

d2LH(ψ)[ϕ, φ] =
∫
M
〈ϕ,Dgφ〉 dvolg −

∫
M
d2
ψH(x, ψ)[ϕ, φ] dvolg

for ψ,ϕ, φ ∈ H1/2(M). From the first equation, the equation dLH(ψ) = 0 is the weak form
of the equation (1.1) with h(x, ψ) = ∇ψH(x, ψ). From the second equation, the self-adjoint
realization of d2LH(ψ) on H1/2(M) is given by

d2LH(ψ) = (1 + |Dg|)−1Dg − (1 + |Dg|)−1dψ∇ψH(x, ψ). (3.4)

Recall that the Morse index of LH at ψ ∈ H1/2(M, S(M)) is the dimension of the maximal
subspace of H1/2(M) on which d2LH(ψ) is negative definite. Under the condition (3.1)–(3.3), by
the Sobolev embedding theorem, (1 + |Dg|)−1dψ∇ψH(x, ψ) is a compact operator on H1/2(M)
and, therefore, d2LH(ψ) is a compact perturbation of (1 + |Dg|)−1Dg. Since ±1 are essential
spectrum of (1 + |Dg|)−1Dg, the same is true for d2LH(ψ) and d2LH(ψ) is negative and positive
definite on some infinite dimensional subspaces of H1/2(M). Thus the Morse index and co-index
at any critical point of LH are infinite. Therefore, to obtain a meaningful quantity, we need a
relative (or renormalized) version of the Morse index. It is known at present that there are some
definitions of such relative Morse indices based on different concepts. In the following, we give
three of them. These are based on (i) the relative dimension of commensurable subspaces, (ii)
the spectral flow of a path of Dirac type operators, (iii) the Fredholm index of the linearization
of the negative gradient flow equation connecting two critical points. Though all of these are
well-known, we will shortly review them in the following subsections because we will use all of
these versions throughout this paper and its sequel [37].

3.1 Relative Morse index as a relative dimension

The idea of this definition is to compare the negative subspace of d2LH(ψ) with some fixed
subspace of H1/2(M). Thus, let us first define a notion of relative dimension for two infinite
dimensional commensurable subspaces. Let us consider two closed subspaces V,W ⊂ H1/2(M).
Following [2], [3], we say that V and W are commensurable if the operator PV −PW is compact,
where PV is the orthogonal projection onto V . For commensurable subspaces V,W , we define
their relative dimension as dim(W,V ) := dim(W ∩ V ⊥) − dim(W⊥ ∩ V ), where V ⊥ is the
orthogonal complement of V in H1/2(M). For commensurable subspaces V,W , dim(W,V ) is
well-defined, i.e., dim(W,V ) is an integer (see [2], [3] for the proof).

For a given bounded self-adjoint operator T , we denote by E+(T ) and E−(T ) the maximal
T -invariant subspaces on which T is positive and negative definite, respectively. We will simply
call E+(T ) and E−(T ) the positive and the negative subspaces of T , respectively.

For λ ∈ R, we set Dλ = Dg − λ. We define a relative Morse index of LH at ψ by comparing
E−(d2LH(ψ)) with the negative subspace of Dλ.

Definition 3.1 We write E±
H(ψ) := E±(d2

ψLH(ψ)), where d2LH(ψ) is given by (3.4). We also
define E±

λ := E±((1 + |Dg|)−1Dλ) for λ ∈ R. We define the λ-relative Morse index mλ(ψ) of
LH at ψ ∈ H1/2(M) by

mλ(ψ) := dim(E−
H(ψ), E−

λ ).
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To see that the above definition is well-defined (i.e., mλ(ψ) is an integer), we observe that,
by the Sobolev embedding and the elliptic regularity theory, the difference of the operators
d2LH(ψ) and (1 + |Dg|)−1Dλ is compact for any λ ∈ R:

d2LH(ψ) − (1 + |D|)−1Dλ ∈ K(H1/2(M)),

where K(H1/2(M)) ⊂ L(H1/2(M)) and L(H1/2(M)) are spaces of compact and bounded opera-
tors on H1/2(M), respectively. Thus, as is easily seen from functional calculus, the difference of
the spectral projections of d2

ψLH(ψ) and (1+ |Dg|)−1Dλ on the spectral set (−∞, 0) is compact,
see [3, Proposition 2.2] for details. Therefore, E−

H(ψ) and E−
λ are commensurable and mλ(ψ) ∈ Z

as asserted.

3.2 Relative Morse index as a spectral flow

There is also a useful formula of the relative Morse index in terms of the spectral flow of a path
of Dirac operators. We first observe that the L2-realization of d2LH(ψ) (i.e., the representation
of d2LH(ψ) with respect to the L2-inner product on H1/2(M)) is given by the unbounded self-
adjoint operator Dg − dψ∇ψH(x, ψ) on L2(M). For ψ ∈ H1/2(M), we set

Aψ = dψ∇ψH(x, ψ). (3.5)

Then we have Dg − dψ∇ψH(x, ψ) = Dg −Aψ. Note that Aψ(x) : S(M)x → S(M)x is symmetric
for a.e. x ∈ M , i.e., Aψ is a measurable section of Sym(S(M)) → M , where Sym(S(M)) =⊔
x∈M Sym(S(M)x) and Sym(S(M)x) is the set of symmetric endomorphisms on S(M)x. We

henceforth assume that ψ ∈ L∞(M). We then define

A : = L∞(M, Sym(S(M)))

= {A : A is a L∞-section of Sym(S(M)) →M}

and DA = D −A for A ∈ A.
We denote the set of bounded symmetric operators from H1(M) to L2(M) by Lsym(H1(M),L2(M)).

We denote by S(H1(M),L2(M)) ⊂ Lsym(H1(M),L2(M)) the open subset consisting of those
operators with non-empty resolvent set. For k ≥ 0, we define

Sk(H1(M),L2(M)) := {L ∈ S(H1(M),L2(M)) : dimkerL = k}.

For brevity, we write S = S(H1(M),L2(M)) and Sk = Sk(H1(M),L2(M)). By the compactness
of the embedding H1(M) → L2(M), for L ∈ S(H1(M),L2(M)) and λ 6∈ Spec(L), the resolvent
(L − λ)−1 : L2(M) → L2(M) is compact and dim kerL < +∞ for any L ∈ S(H1(M),L2(M)).
We thus have S =

∪∞
k=0 Sk. By Duistermaat [22] (see also [45]), Sk ⊂ S is a smooth submanifold

of codim Sk = k(k+1)
2 . In particular, codim Sk ≥ 3 for k ≥ 2. From this, a generic path in S does

not intersect Sk for k ≥ 2. Also, a generic path in S intersect transversally with S1. The spectral
flow of a path of operators {Lt}t∈I ⊂ S (I ⊂ R is an interval) is defined as the intersection
number of the path {Lt}t∈I with S1. More precisely, it is defined as follows. Let L0 ∈ S1.
By definition, we have dim kerL0 = 1 and L0 has 0 as a simple eigenvalue. Furthermore, for
any L ∈ S close to L0, L has a simple eigenvalue λ(L) with λ(L0) = 0 and λ(L) depends
smoothly on L near L0. There exists a neighborhood U(L0) of L0 such that S1 ∩ U(L0) is
represented as S1 ∩ U(L0) = {L ∈ S : λ(L) = 0}. Thus the 1-form dλ defines an orientation
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on TL0S
⊥
1 = TL0S/TL0S1. With this orientation, the spectral flow sf{Lt}t∈I of a generic path

{Lt}t∈I is defined as the intersection number of {Lt}t∈I with S1:

sf{Lt}t∈I = the intersection number of {Lt}t∈I with S1

= #{eigenvalues of Lt flowing from negative to positive

as t varies from the left end of I to the right end of I}
− #{eigenvalues of Lt flowing from positive to negative

as t varies from the left end of I to the right end of I},

where in the above, for simplicity, we have assumed that Lt is invertible at the both ends of I.
For k ≥ 0, we define Ak = {A ∈ A : DA ∈ Sk}. Let us assume that A0, A1 ∈ A0. We choose
a smooth path {At}t∈[0,1] in A which connects A0 to A1. We may assume that, after slightly
perturbing the path if necessary, {DAt}t∈[0,1] intersects with S1 transversally. We then define:

Definition 3.2 Under the above condition, we define the index µ(DA1 ,DA0) by

µ(DA1 ,DA0) = −sf{DAt}t∈[0,1].

For A ∈ A0 and λ ∈ R \ Spec(Dg), we define

µλ(DA) := µ(DA,Dλ).

Finally, for ψ ∈ L∞(M) with Aψ ∈ A0 and λ ∈ R \ Spec(Dg), we define µλ(ψ) by

µλ(ψ) = µ(DAψ ,Dλ),

where Aψ is defined in (3.5).

Note that, since codim Sk ≥ 3 for k ≥ 2, a generic homotopy of generic paths does not
intersect with Sk for k ≥ 2. Thus the above definition does not depend on the particular choice
of the generic path and is well-defined.

A critical point ψ ∈ crit(LH) is called non-degenerate if d2LH(ψ) is invertible. This is the
case if and only if Aψ ∈ A0. For degenerate case Aψ 6∈ A0, we define:

Definition 3.3 Let ψ ∈ L∞(M) and λ ∈ R \ Spec(Dg). We define the lower λ-index µλ,−(ψ)
and the upper λ-index µλ,+(ψ) as follows:

µλ,−(ψ) = lim
ε↓0

inf{µλ(DA) : ‖Aψ −A‖L∞ < ε, A ∈ A0},

µλ,+(ψ) = lim
ε↓0

sup{µλ(DA) : ‖Aψ −A‖L∞ < ε, A ∈ A0}.

By definition, µλ and µλ,± depend on λ. Its dependence is easily seen by the following
lemma:

Lemma 3.1 Let λ, λ′ ∈ R \ Spec(Dg) with λ′ < λ. We then have

µλ′(ψ) = µλ(ψ) + #{λk ∈ Spec(Dg) : λ′ < λk < λ}.
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Proof. We have

µλ′(ψ) = µ(DAψ ,Dλ′)

= µ(DAψ ,Dλ) + µ(Dλ,Dλ′) (3.6)

by the additivity property of the spectral flow. Consider the path At = (tλ + (1 − t)λ′)1 ∈ A.
Since Spec(DAt) = Spec(Dg) − tλ − (1 − t)λ′, an eigenvalue of DAt which changes its sign as
t changes from 0 to 1 is of the form λk(t) = λk − tλ − (1 − t)λ′, where λk ∈ Spec(Dg) lies
between λ and λ′. Under the assumption λ′ < λ, all of these change from negative to positive.
Thus the assertion is proved if all λk ∈ Spec(Dg) lying between λ′ and λ are simple. Otherwise,
we slightly perturb the path {At}t∈[0,1] in such a way that the resulting path {Ãt}t∈[0,1] does
not intersect with Ak for all k ≥ 2 and intersects with A1 transversally. By the assumption
λ, λ′ ∈ R\Spec(Dg), we have A0, A1 6∈

∪∞
k=1 Ak and, as we have seen above, {DAt}t∈[0,1] already

intersects transversally with S1. Therefore, the perturbation {Ãt}t∈[0,1] can be chosen in such
a way that {Ãt}t∈[0,1] coincides with {At}t∈[0,1] except on neighborhoods of points at which
{At}t∈[0,1] intersect with

∪∞
k=2 Ak. In particular, we may assume that Ã0 = A0 and Ã1 = A1.

Then taking the perturbation small enough, we see that for each multiple eigenvalue λk of Dg,
λk(t) splits into dim ker(Dg − λk) simple eigenvalues of DÃt

near t = λk−λ′
λ−λ′ . These are only

eigenvalues of DÃt
which change their signs near t = λk−λ′

λ−λ′ . They all change from negative to
positive as t varies under the assumption λ′ < λ. Thus each multiple eigenvalue λk contributes
dimker(Dg − λk) to the spectral flow. Therefore, the assertion is proved also in the case where
there are multiple eigenvalues. This completes the proof. �

In the next lemma, we prove monotonicity of µλ(DA) with respect to variations of A. This
result will be also useful in part II of this paper, see [37]. For A,A′ ∈ A, we write A′ ≤ A if
A−A′ is non-negative pointwise a.e..

Lemma 3.2 Assume A0, A1 ∈ A0 and A0 ≤ A1. For any λ ∈ R\Spec(Dg), we have µλ(DA0) ≤
µλ(DA1).

Proof. Since A0 ⊂ A is open, there exists a small connected neighborhood U(A0) of A0 such
that U(A0) ⊂ A0. For A ∈ U(A0), consider a generic path connecting A0 to A in U(A0). It is
easy to see that µλ(DA) = µλ(DA0) for all A ∈ U(A0) if U(A0) is small enough, i.e., µλ(DA) is
locally constant on A0. Thus considering a neighboring A′

0 of A0 if necessary, we may assume at
the beginning that A1, A0 satisfy A1 ≥ A0 +δ1 for some δ > 0. We then consider the linear path
At = tA1 + (1 − t)A0 for 0 ≤ t ≤ 1. We have d

dtAt = A1 − A0 ≥ δ1 and a generic perturbation
(in the sense of C1) {Ãt}t∈[0,1] of {At}t∈[0,1] satisfies

d

dt
Ãt ≥

δ

2
1. (3.7)

We need to calculate the intersection number of {DÃt
}t∈[0,1] with S1. To this end, let us assume

that B ∈ A1 and λ = λ(A) is a smooth function defined in a neighborhood U(B) of B ∈ A such
that λ(B) = 0 and U(B) ∩ A1 = {A ∈ A : λ(A) = 0}. That is to say, λ(A) is an eigenvalue
of DA defined for A near B and λ(B) = 0 is a simple eigenvalue. Let ψ(A) be a corresponding
L2-normalized eigenspinor which depends smoothly on A near B. Such a choice is possible by
the implicit function theorem: by the assumption B ∈ A1 and the implicit function theorem,
for A near B there exists an eigenspinor ψ(A) which depends smoothly on A. To obtain a
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L2-normalized eigenspinor, we simply replace ψ(A) by ψ(A)/‖ψ(A)‖L2(M) if necessary. Taking
the derivative of Dgψ(A) − Aψ(A) = λ(A)ψ(A) with respect to A at A = B in the direction
α ∈ TBA = A and taking the L2-inner product with ψ(B), we obtain

〈dλ(B), α〉T ∗
BA×TBA = −(αψ(B), ψ(B))L2(M), (3.8)

where the left hand side is the duality pairing between T ∗
BA and TBA. Thus at an intersection

point t0 ∈ (0, 1) of {DÃt
}t∈[0,1] with S1, by (3.7) and (3.8) we have〈

dλ(Ãt0),
d

dt
Ãt0

〉
= −

(( d
dt
Ãt0

)
ψ(At0), ψ(At0)

)
L2(M)

≤ −
(δ

2
ψ(At0), ψ(At0)

)
L2

= −δ
2
< 0.

This proves that at any intersection point, the intersection number is −1. Thus µ(DA1 ,DA0) =
−sf{DÃt

}t∈[0,1] ≥ 0 (= 0 occurs for {DÃt
}t∈[0,1] which does not intersect with S1) and the

assertion follows from the additivity property of the spectral flow:

µλ(DA1) = µ(DA1 ,Dλ)

= µ(DA1 ,DA0) + µ(DA0 ,Dλ)

≥ µ(DA0 ,Dλ) = µλ(DA0).

�

3.3 Relative Morse index as the Fredholm index of the linearized gradient
flow equation

There is also another useful formula which characterizes the relative Morse index. Let us consider
the negative H1/2-gradient flow of LH connecting two critical points x, y ∈ crit(LH):

∂ψ

∂t
= −∇1/2LH(ψ), ψ(−∞) = x, ψ(+∞) = y, (3.9)

where ∇1/2LH(ψ) = (|Dg| + 1)−1Dg − (|Dg| + 1)−1∇ψH(x, ψ) is the H1/2-gradient of LH at ψ.
The equation (3.9) plays a fundamental role for the construction of the Morse-Floer homology

of LH on H1/2(M) which is the topic we will study in [37].
By definition, the boundary value problem (3.9) is Fredholm if its linearization at any solution

ψ to (3.9)
∂u

∂t
= −d∇1/2LH(ψ)u, u(−∞) = 0, u(+∞) = 0, (3.10)

is a Fredholm boundary value problem, where d∇1/2LH(ψ) = (|Dg| + 1)−1Dg − dψ∇ψH(x, ψ).
This means that the operator Fψ : u 7→ u̇−d∇1/2LH(ψ)u considered as Fψ : C1

0 (R,H1/2(M)) →
C0

0 (R,H1/2(M)) (or Fψ : W 1,2
0 (R,H1/2(M)) → L2(R,H1/2(M)), or Fψ : W 1,2

0 (R, X) → L2(R, X)
for some appropriate subspace X ⊂ H1/2(M)) is a Fredholm operator.

Notice that, for any λ ∈ R and ψ ∈ H1/2(M), we can write d∇1/2LH(ψ) = (|Dg|+1)−1Dλ−
(|Dg|+1)−1(dψ∇ψH(x, ψ)−λ). Note that when λ ∈ R\Spec(Dg), (|Dg|+1)−1Dλ is a hyperbolic
operator (in the sense that its spectrum does not intersect with the imaginary axis) and (|Dg|+
1)−1(dψ∇ψH(x, ψ) − λ) : H1/2(M) → H1/2(M) is compact under the assumption (3.3). Thus,
under the assumption λ ∈ R \Spec(Dg) and x, y ∈ crit(LH) are non-degenerate, we have, by [13,
Lemmas 15, 16], [3, Theorem 3.4], [4, Theorem E] and [21, Theorem 3.3] the following:
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Theorem 3.1 Under the above assumption, the boundary value problem (3.10) is Fredholm.
Moreover, its Fredholm index (i.e., the Fredholm index of Fψ) depends only on d∇1/2LH(x) and
d∇1/2LH(y). We thus denote the Fredholm index index(Fψ) by µ(x, y).

3.4 Relations between the relative Morse indices

We have defined three indices mλ(ψ), µλ(ψ) (or µλ,±(ψ) for the degenerate case) and µ(x, y).
We have the following relations between these indices:

Lemma 3.3 Let us assume that λ ∈ R \ Spec(Dg). Then we have the following:

(1) If ψ ∈ crit(LH) is non-degenerate, we have mλ(ψ) = µλ(ψ).

(2) For any non-degenerate x, y ∈ crit(LH), we have µ(x, y) = mλ(x) −mλ(y).

(3) If ψ ∈ crit(LH) is degenerate, we have mλ(ψ) = µλ,−(ψ) = µλ,+(ψ) − dimkerDAψ .

Proof. The assertion (1) follows from [41, Theorem 3.6]. In fact, all the assumptions of that
theorem are satisfied for the path {DAt}t∈[0,1] of Dirac type operators with {At}t∈[0,1] ⊂ A

which connects DA0 = Dλ and DA1 = DAψ : the Riesz continuity of {DAt}t∈[0,1] is a consequence
of the dW -continuity (see [41, Definition 2.1]) of that path and the latter property follows
from the L∞-continuity of {At}t∈[0,1]. Dλ-compactness of DAt − Dλ (i.e., the compactness of
(DAt − Dλ)(1 + |Dλ|2)−1/2) is also clear from the elliptic regularity and the Sobolev embedding
theorem. Thus by [41, Theorem 3.6], we have

sf{DAt}t∈[0,1] = dim(E[0,∞)(DA1), E
[0,∞)(DA0))

= dim(E[0,∞)(DAψ), E[0,∞)(Dλ))

= −dim(E−(DAψ), E−(Dλ)), (3.11)

where E[0,∞)(DAt) denotes the range of the spectral projection of the operator DAt with the
spectral set [0,∞), i.e., ran(1[0,∞)(DAt)). Although we have not defined a spectral flow for a
path of Dirac type operators where at least one of the ends DA0 ,DA1 is degenerate, there is a
suitable definition of the spectral flow for such a case and the above equality (3.11) still holds.
See [41] for more details. (3.11) is exactly the assertion mλ(ψ) = µλ(ψ).

The assertion (2) is a consequence of [13, Lemmas 15, 16], [3, Theorem 3.4], [4, Theorem E]
and [21, Theorem 3.3].

To prove (3), for ε > 0, we define DAψ ,±ε := DAψ ∓ ε. We take ε0 > 0 such that ((−ε0, ε0) \
{0}) ∩ Spec(DAψ) = ∅. For 0 < ε < ε0, we consider µλ(DAψ ,ε). Since Aψ − ε1 ∈ A0, by (1) we
have

µλ(DAψ ,ε) = dim(E−(DAψ ,ε), E
−(Dλ)). (3.12)

The left hand side of (3.12) becomes, by the additivity property of the relative dimension

dim(E−(DAψ ,ε), E
−(Dλ))

= dim(E−(DAψ ,ε), E
−(DAψ)) + dim(E−(DAψ), E−(Dλ))

= dim(E−(DAψ ,ε), E
−(DAψ)) +mλ(ψ)

= dim kerDAψ +mλ(ψ), (3.13)

14



where the last equality follows from E−(DAψ ,ε) = E−(DAψ)⊕ kerDAψ by our choice of ε. Com-
bining (3.12) and (3.13), we have

µλ(DAψ ,ε) = mλ(ψ) + dimkerDAψ . (3.14)

Similarly, we have

µλ(DAψ ,−ε) = dim(E−(DAψ ,−ε), E
−(Dλ))

= dim(E−(DAψ ,−ε), E
−(DAψ)) + dim(E−(DAψ), E−(Dλ))

= mλ(ψ), (3.15)

since this time, we have E−(DAψ ,−ε) = E−(DAψ). Since 0 < ε < ε0 was arbitrary, (3.14) and
(3.15) imply

µλ,+(ψ) ≥ mλ(ψ) + dimkerDAψ (3.16)

and
µλ,−(ψ) ≤ mλ(ψ). (3.17)

On the other hand, for any A ∈ A0 with ‖Aψ −A‖L∞ < ε (ε > 0 is taken as before: 0 < ε < ε0),
we have Aψ − ε1 ≤ A ≤ Aψ + ε1 and by the monotonicity of µλ (Lemma 3.2), we obtain

µλ(DAψ ,−ε) ≤ µλ(DA) ≤ µλ(DAψ ,ε).

Thus for any A,A′ ∈ A0 with ‖Aψ −A‖L∞ , ‖Aψ −A′‖L∞ < ε, we have by (3.14) and (3.15)

|µλ(DA) − µλ(DA′)| ≤ dimkerDAψ .

This implies that
0 ≤ µλ,+(ψ) − µλ,−(ψ) ≤ dimkerDAψ . (3.18)

Combining (3.16)–(3.18), we see that all the inequalities (3.16)–(3.18) are equalities and we have
the assertion (3). This completes the proof. �

Remark 3.1 By Lemma 3.3 (3), µλ,−(ψ) plays the role of the relative Morse index mλ(ψ). On
the other hand, µλ,+(ψ) is suited to be called the large relative Morse index.

4 A reformulation of the relative Morse index

We first observe that all of the definitions of the relative Morse indices of critical points of LH on
H1/2(M) given in the previous section depend crucially on the compactness of M . Thus, these
definitions do not apply to solutions of (1.1) defined on non-compact manifolds such as Rm. On
the other hand, in the proof of Theorem 1.1, we will need a suitable “relative Morse index”
defined for solutions to (1.1) on Rm which satisfies some natural properties. In order to define
such a relative Morse index for solutions to (1.1) defined on non-compact manifolds, in this
section, we first give one more another formulation of the relative Morse index for solutions to
(1.1) defined on compact manifolds. We then show that, at least formally, our new formulation
can be naturally extended to non-compact manifolds as well. Here, we recall that a similar index
problem arose in the work of Angenent-van der Vorst [13] in their study of indefinite elliptic
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systems. As already mentioned in Remark 1.1 (1), however, their approach crucially depends
on the special structure of the equations and can not be applied to our case.

Our reformulation of the relative Morse index is inspired from a classical work of Duister-
maat [22] about an index problem arising from classical mechanics: in his work [22], Duistermaat
considered the Morse index of the Lagrangian action functional L(q) =

∫
S1 L(t, q(t), q̇(t)) dt de-

fined on the free loop space Λ(M) = C∞(S1,M) of a manifold M , where the Lagrangian
L : R × TM → R is a smooth function (we note that (q, q̇) ∈ TM). When the Lagrangian L

satisfies some convexity condition with respect to v = q̇, there corresponds to a dual Hamilto-
nian system on the cotangent bundle T ∗M . The corresponding Hamiltonian H : R×T ∗M → R
is given by the Legendre dual of L which is defined by

H(t, q, p) = max
v∈TqM

(〈p, v〉 − L(t, q, v)),

where p ∈ T ∗
qM . The corresponding Hamiltonian action is given by A(x) =

∫
S1 x

∗λ−H(t, x(t)) dt,
where λ = p · dq is the Liouville form and x(t) = (q(t), p(t)) ∈ C∞(S1, T ∗M) is a loop on T ∗M .
There is a one to one correspondence (so called the Legendre transformation) between critical
points of L on Λ(M) and critical points of A on C∞(S1, T ∗M) given by crit(L) 3 q 7→ x =
(q, p) ∈ crit(A), where p = ∂vL(t, q, q̇). The result of Duistermaat asserts that the Morse index
of L at q ∈ crit(L) is equal to the Maslov index (sometimes it is called the Conley-Zehnder
index (see [20], [15])) of the corresponding critical point x = (q, p) ∈ crit(A), p = ∂vL(t, q, q̇), of
A. Recall that the Maslov index plays the same role as the relative Morse index for the action
A (see [2]). In fact, the Maslov index at x = (p, q) ∈ crit(A) is equal to the relative Morse index
of A at x up to an irrelevant constant (if the latter is defined), see [2].

This example suggests that the relative Morse indices mλ(ψ), µλ(ψ), µ(x, y) of our action
functional LH should also be given by the classical Morse index of a certain “dual” action func-
tional if a suitable condition is satisfied. One candidate for such a dual action is the Legendre-
Fenchel dual L∗

H of LH (see [43] for details about the Legendre-Fenchel duality in a general
framework). In fact, for a certain class of H, the dual action L∗

H is well-defined. However, due
to the superquadratic growth assumption of LH , L∗

H is subquadratic growth and it is only C1

in general. Thus the classical Morse index may not be defined for L∗
H . However, recall that

the (relative) Morse index at a critical point is defined only through the information about the
quadratic approximation of the action at that point, so it is not necessary to consider L∗

H itself
at all: it is substituted by the Legendre-Fenchel dual of the quadratic approximation of LH ,
AH(ϕ) = 1

2d
2LH(ψ)[ϕ,ϕ]. In fact, we shall show that for some class of H, including the model

example H(x, ψ) = 1
p+1H(x)|ψ|p+1, the relative Morse index of LH coincides with the classical

Morse index of the Legendre-Fenchel dual of the quadratic approximation AH . But, as we shall
see, this reformulation is not satisfactory for our purpose: it does not naturally continue to give
a “relative Morse index” for solutions to (1.1) on Rm. Thus we will make a slight modification
of this dual construction, i.e., we will make a further regularization of it. After such a regular-
ization, we will obtain a correct reformulation of the relative Morse index: it naturally continues
from mλ (or µλ) defined for solutions to (1.1) on a compact manifold to a “relative Morse index”
defined for solutions to (1.1) on Rm along a conformal blow-up of the manifold.

In the following, for clarity and simplicity of the presentation, we first consider the model
example H(x, ψ) = 1

p+1H(x)|ψ|p+1 and give an explicit computation for this special case. Later
in §4.3, we shall show that essentially the same idea applies for a more general class of H and
we give a general result.
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4.1 The Legendre-Fenchel dual of the quadratic approximation of LH

Let us fix λ > 0 with −λ 6∈ Spec(D). We assume that H ∈ C0(M) is such that H > 0 on M .
The action functional LH (see (1.9)) can be written as

LH(ψ) =
1
2

∫
M
〈ψ,D−λψ〉 dvolg −

λ

2

∫
M

|ψ|2 dvolg −
1

p+ 1

∫
M
H(x)|ψ|p+1 dvolg,

where we recall D−λ = Dg + λ.
The Hessian d2LH(ψ) at ψ ∈ L∞(M) is given by

d2LH(ψ)[ϕ, φ] =
∫
M
〈ϕ,D−λφ〉 dvolg − λ

∫
M
〈ϕ, φ〉 dvolg

−
∫
M
H(x)|ψ|p−1〈ϕ, φ〉 dvolg − (p− 1)

∫
M
H(x)|ψ|p−3〈ψ,ϕ〉〈ψ, φ〉 dvolg

for ϕ, φ ∈ H1/2(M). We denote by Aψ,H the quadratic approximation of LH at ψ, i.e.,

Aψ,H(ϕ) : =
1
2
d2LH(ψ)[ϕ,ϕ]

=
1
2

∫
M
〈ϕ,D−λϕ〉 dvolg −

λ

2

∫
M

|ϕ|2 dvolg

− 1
2

∫
M
H(x)|ψ|p−1|ϕ|2 dvolg −

p− 1
2

∫
M
H(x)|ψ|p−3|〈ψ,ϕ〉|2 dvolg.

Let us recall the shorthand notation introduced in §2: H1/2(M) := H1/2(M, S(M)), H1(M) :=
H1(M, S(M)) and Lq(M) := Lq(M, S(M)) for 1 ≤ q ≤ ∞. We shall also use a shorthand
notation H−1/2(M) = H−1/2(M, S(M)∗) ∼= H−1/2(M, S(M)), the dual of H1/2(M, S(M)), where
the identification S(M)∗ ∼= S(M) is given via the hermitian metric on S(M). Since −λ 6∈ Spec(D),

D−λ = Dg + λ : H1/2(M) → H−1/2(M)

is an isomorphism. We denote its inverse by Aλ:

Aλ = D−1
−λ : H−1/2(M) → H1/2(M).

Also
D−λ : H1(M) → L2(M)

is an isomorphism and we denote its inverse by Bλ:

Bλ = D−1
−λ : L2(M) → H1(M).

Let ι : H1/2(M) 3 ϕ 7→ ϕ ∈ L2(M) be the canonical inclusion. We consider

Kλ : L2(M) ι∗−→ H−1/2(M) Aλ−−→ H1/2(M) ι−→ L2(M)

and
L2(M) Bλ−−→ H1(M)

j−→ H1/2(M),

where ι∗ is the dual of ι and j is the canonical inclusion j : H1(M) 3 ϕ 7→ ϕ ∈ H1/2(M). We
have Aλ ◦ ι∗ = j ◦ Bλ and Kλ is self-adjoint K∗

λ = Kλ and compact by the Sobolev embedding
theorem.
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Using these notation, the action Aψ,H is written as the following from:

Aψ,H(ϕ) =
1
2
〈D−λϕ,ϕ〉H−1/2(M)×H1/2(M) −GH,λ(ι(ϕ)),

where 〈·, ·〉H−1/2(M)×H1/2(M) is the duality pairing between H−1/2(M) and H1/2(M) and GH,λ :
L2(M) → R is defined by

GH,λ(ϕ) =
λ

2

∫
M

|ϕ|2 dvolg +
1
2

∫
M
H(x)|ψ|p−1|ϕ|2 dvolg +

p− 1
2

∫
M
H(x)|ψ|p−3|〈ψ,ϕ〉|2 dvolg.

With the above notation, the differential of Aψ,H is given by

dAψ,H(ϕ) = D−λϕ− ι∗dGH,λ(ι(ϕ)) ∈ H−1/2(M)

for ϕ ∈ H1/2(M).
We next define the dual action A∗

ψ,H,λ of Aψ,H . For this, we first define the Legendre-Fenchel
dual G∗

H,λ of GH,λ on L2(M) by (see [43] for more details about the Legendre-Fenchel duality)

G∗
H,λ(ϕ) := max{〈φ, ϕ〉L2(M)×L2(M) −GH,λ(φ) : φ ∈ L2(M)},

where ϕ ∈ L2(M) and 〈·, ·〉L2×L2 is the (real) duality pairing between L2(M) and L2(M), i.e.,
the real part of the L2-inner product on L2(M). The above maximum is attained at φ which
satisfies ϕ = dGH,λ(φ), i.e.,

ϕ = λφ+H(x)|ψ|p−1φ+ (p− 1)H(x)|ψ|p−3〈ψ, φ〉ψ. (4.1)

To solve φ in terms of ϕ, it is convenient to decompose spinors into two components span{ψ}
and span{ψ}⊥. For this purpose, we take a measurable section e of S(M) → M such that
|e(x)| = 1 for a.e. x ∈ M . Such a section is easily constructed by locally trivializing the
bundle S(M) → M . We then define eψ ∈ L∞(M) by setting eψ(x) = ψ(x)/|ψ(x)| for a.e.
x ∈ M∗

ψ := {x ∈ M : ψ(x) 6= 0} and eψ(x) = e(x) for a.e. x ∈ M \M∗
ψ. Notice that such an

eψ is not uniquely determined by ψ (since it depends on the choice of e), but we fix one such
eψ throughout the following argument. In fact, it is easy to see that the resulting formula (4.5)
below does not depend on the choice of e and the conclusion is independent of such a choice.
We define Pψ, P⊥

ψ ∈ L∞(M, Sym(S(M)) by Pψ(φ) = 〈eψ, φ〉eψ and P⊥
ψ (φ) = φ − Pψ(φ). Then

(4.1) can be written as

ϕ = (λ+ pH(x)|ψ|p−1)Pψ(φ) + (λ+H(x)|ψ|p−1)P⊥
ψ (φ). (4.2)

Comparing span{eψ} and span{eψ}⊥ components of the both sides of (4.2), we obtain Pψ(ϕ) =
(λ+ pH(x)|ψ|p−1)Pψ(φ) and P⊥

ψ (ϕ) = (λ+H(x)|ψ|p−1)P⊥
ψ (φ) and

φ = Pψ(φ) + P⊥
ψ (φ)

=
1

λ+ pH(x)|ψ|p−1
Pψ(ϕ) +

1
λ+H(x)|ψ|p−1

P⊥
ψ (ϕ). (4.3)

We therefore have the following formula for G∗
H,λ(ϕ) after a simple calculation:

G∗
H,λ(ϕ) =

1
2

∫
M

1
λ+ pH(x)|ψ|p−1

|Pψ(ϕ)|2 dvolg +
1
2

∫
M

1
λ+H(x)|ψ|p−1

|P⊥
ψ (ϕ)|2 dvolg. (4.4)
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The dual action A∗
ψ,H,λ of Aψ,H is then defined by

A∗
ψ,H,λ(ϕ) = G∗

H,λ(ϕ) − 1
2
〈Kλϕ,ϕ〉L2(M)×L2(M)

=
1
2

∫
M

1
λ+ pH(x)|ψ|p−1

|Pψ(ϕ)|2 dvolg +
1
2

∫
M

1
λ+H(x)|ψ|p−1

|P⊥
ψ (ϕ)|2 dvolg

− 1
2

∫
M
〈Kλϕ,ϕ〉 dvolg. (4.5)

We then have the following index formula:

Proposition 4.1 Let us assume that ψ ∈ L∞(M) and λ > 0 with −λ 6∈ Spec(Dg). We then
have the following formula of the relative Morse index m−λ(ψ):

m−λ(ψ) = m-ind(A∗
ψ,H,λ), (4.6)

where m-ind(A∗
ψ,H,λ) is the Morse index of A∗

ψ,H,λ.

We will not give a proof of this proposition since it easily follows from the index theorem
given in the next subsection.

As for the action A∗
ψ,H,λ, note that the defining formula (4.5) is only meaningful for λ > 0:

in fact, for λ ≤ 0, GH,λ is not strictly convex and its Legendre-Fenchel dual G∗
H,λ is not defined.

This is also seen from the formula (4.4): for λ ≤ 0, it does not have a well-defined meaning in
general since one of λ + pH(x)|ψ|p−1 and λ + H(x)|ψ|p−1 may vanish on a large subset of M .
This will cause a problem if we want to “continue” the relative Morse indices m−λ defined on
compact spin manifolds to the one defined on Rm by blowing up the metric based on the index
formula (4.6). In fact, to retain appropriate continuity property of the relative Morse index along
such a blow-up process, we need continuity at λ = 0 for Rm. But the action A∗

ψ,H,λ becomes
degenerate (or singular) at the limit. For this reason, in the next subsection, we give a further
regularization which will remove the possible degeneracy after the blow-up of the manifold.

4.2 Index formulas

In this subsection, we give a modification of the index formula given in the previous subsection,
see Proposition 4.1. To motivate our construction, we first observe that the dual action A∗

ψ,H,λ

is rewritten as follows:

A∗
ψ,H,λ(ϕ) =

1
2
((H(x)|ψ|p−1 + λLψ)−1Lψ(ϕ), ϕ)L2(M) −

1
2
(Kλ(ϕ), ϕ)L2(M), (4.7)

where Lψ : L2(M) → L2(M) is an isomorphism defined by Lψ(ϕ) = 1
pPψ + P⊥

ψ .
After conjugation with the operator

√
2(H(x)|ψ|p−1+λLψ)1/2, we have a self-adjoint operator

Lψ − Tψ,H,λ on L2(M) which is conjugate to A∗
ψ,H,λ:

A∗
ψ,H,λ

conj.∼= Lψ − Tψ,H,λ, (4.8)

where Tψ,H,λ = (H(x)|ψ|p−1 + λLψ)1/2 ◦Kλ ◦ (H(x)|ψ|p−1 + λLψ)1/2.
In view of the discussion given in the previous subsection, it is natural to expect that the

relative Morse index m−λ(ψ) is expressed in terms of a spectral information of Lψ − Tψ,H,λ.
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Notice also that the operator Lψ − Tψ,H,λ has a well-defined meaning for λ = 0. Thus, as
we remarked at the end of the last subsection, we also expect that the spectral information of
Lψ −Tψ,H,λ naturally continues along blow-up process to the corresponding one for solutions to
(1.1) defined on the blow-up manifold Rm. In the following, we show that these expectations
are realized and we give a formula of m−λ(ψ) in terms of the spectral property of Lψ − Tψ,H,λ.

Let us assume that λ > 0 and −λ 6∈ Spec(D). We also assume that ψ ∈ H1/2(M) is a
non-trivial critical point of LH so that it satisfies

Dψ = H(x)|ψ|p−1ψ (4.9)

weakly on M . We henceforth assume that H ∈ C0,α(M) for some 0 < α < 1. Then by the
elliptic regularity theory (see [8], [9], or [33, Appendix]), we have ψ ∈ C1,α(M) and ψ is a
classical solution to (4.9). Since we have assumed that ψ is not trivial ψ 6≡ 0, by the weak
unique continuation principle for Dirac operators which can be applied to a solution ϕ of the
equation of the form Dgϕ + V ϕ = 0, where V ∈ L∞(M), ψ does not vanish identically on any
non-empty open subset, see [17]. Thus the set M∗ = {x ∈ M : ψ(x) 6= 0} is an open and dense
subset of M . We define eψ, Pψ and P⊥

ψ as in the previous subsection. We first give the following
characterization of kerAψ,H , where we recall Aψ,H = 1

2d
2LH(ψ).

Lemma 4.1 The following map is an isomorphism:

H1/2(M) ⊃ kerAψ,H 3 ϕ 7→ D−λϕ ∈ ker(Lψ − (H(x)|ψ|p−1 + λLψ)Kλ) ⊂ L2(M).

Remark 4.1 Observe that, by definition, we have

kerAψ,H = {ϕ ∈ H1/2(M) : d2LH(ψ)[ϕ, φ] = 0 for any φ ∈ H1/2(M)}

and kerAψ,H ⊂ C1,β(M) for some 0 < β < 1 by the elliptic regularity theory, since ϕ ∈ kerAψ,H

satisfies (4.10) below in the weak sense. Recall that we have assumed H ∈ C0,α(M) and thus
ψ ∈ C1,α(M). From this, we have D−λϕ ∈ L2(M) for any ϕ ∈ kerAψ,H .

Proof of Lemma 4.1. Let ϕ ∈ ker Aψ,H . By Remark 4.1 above, we have ϕ ∈ C1,β(M) for
some 0 < β < 1 and ϕ satisfies the following equation

D−λϕ− (H(x)|ψ|p−1 + λ)ϕ− (p− 1)H(x)|ψ|p−3〈ψ,ϕ〉ψ = 0. (4.10)

We set φ := D−λϕ ∈ L2(M). By the notation of the previous subsection, we have ϕ = Aλ(ι∗(φ)).
From (4.10), φ ∈ L2(M) satisfies the following equation:

φ− (H(x)|ψ|p−1 + λ)Kλ(φ) − (p− 1)H(x)|ψ|p−3〈ψ,Kλ(φ)〉ψ = 0. (4.11)

Taking span{eψ} and span{eψ}⊥ components of (4.11), respectively, we obtain: denoting φᵀ :=
Pψ(φ) and φ⊥ := P⊥

ψ (φ),

φᵀ = (H(x)|ψ|p−1 + λ)(Kλ(φ))ᵀ + (p− 1)H(x)|ψ|p−3〈ψ,Kλ(φ)〉ψ
= (pH(x)|ψ|p−1 + λ)(Kλ(φ))ᵀ,

φ⊥ = (H(x)|ψ|p−1 + λ)(Kλ(φ))⊥.
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We therefore have:

Lψ(φ) =
1
p
φᵀ + φ⊥

= H(x)|ψ|p−1Kλ(φ) + λ
(1
p
(Kλ(φ))ᵀ + (Kλ(φ))⊥

)
= (H(x)|ψ|p−1 + λLψ)Kλ(φ).

This proves φ := D−λϕ ∈ ker(Lψ − (H(x)|ψ|p−1 + λLψ)Kλ) if ϕ ∈ kerAψ,H . The injectivity is
clear since −λ 6∈ Spec(D).

To prove the surjectivity, assume φ ∈ ker(Lψ − (H(x)|ψ|p−1 + λLψ)Kλ). We define ϕ :=
D−1
−λφ = Kλ(φ). Here, we understand this equality as elements of L2(M), i.e., after embedding

D−1
−λφ ∈ H1(M) into L2(M) by the canonical embedding. Comparing span{eψ} and span{eψ}⊥-

components of Lψ(φ) = (H(x)|ψ|p−1 + λLψ)Kλ(φ), respectively, we have

φᵀ = pH(x)|ψ|p−1(Kλ(φ))ᵀ + λ(Kλ(φ))ᵀ,

φ⊥ = H(x)|ψ|p−1(Kλ(φ))⊥ + λ(Kλ(φ))⊥.

From these, we have

φ = φᵀ + φ⊥

= λKλ(φ) +H(x)|ψ|p−1Kλ(φ) + (p− 1)H(x)|ψ|p−1(Kλ(φ))ᵀ

= λKλ(φ) +H(x)|ψ|p−1Kλ(φ) + (p− 1)H(x)|ψ|p−3〈ψ,Kλ(φ)〉ψ
= λϕ+H(x)|ψ|p−1ϕ+ (p− 1)H(x)|ψ|p−3〈ψ,ϕ〉ψ. (4.12)

Since φ = D−λϕ, by (4.12), we have

D−λϕ = λϕ+H(x)|ψ|p−1ϕ+ (p− 1)H(x)|ψ|p−3〈ψ,ϕ〉ψ,

i.e., ϕ ∈ ker Aψ,H . This completes the proof. �

In the next lemma, we rewrite the result of Lemma 4.1 in terms of the kernel of the operator
Lψ − Tψ,H,λ defined above. For simplicity, we set aH,ψ(x) = H(x)|ψ(x)|p−1. For λ ≥ 0, we
observe that aH,ψ + λLψ : L2(M) → L2(M) is a non-negative self-adjoint operator. We denote
by (aH,ψ+λLψ)1/2 its square root. It is given by (aH,ψ+λLψ)1/2 = (aH,ψ+λ/p)1/2Pψ+(aH,ψ+
λ)1/2P⊥

ψ . Recall that we have defined Tψ,H,λ (see (4.8)) by conjugating Kλ with (aH,ψ+λLψ)1/2:

Tψ,H,λ = (aH,ψ + λLψ)1/2 ◦Kλ ◦ (aH,ψ + λLψ)1/2.

We thus have a compact self-adjoint operator Tψ,H,λ : L2(M) → L2(M).

Lemma 4.2 The following map is an isomorphism

L2(M) ⊃ ker(Lψ − (aH,ψ + λLψ)Kλ) 3 φ 7→ (aH,ψ + λLψ)−1/2φ ∈ ker(Lψ − Tψ,H,λ) ⊂ L2(M).

Remark 4.2 Note that for φ ∈ ker(Lψ − (aH,ψ + λLψ)Kλ), we have (aH,ψ + λLψ)−1/2φ =
(aH,ψ + λLψ)1/2L−1

ψ Kλφ ∈ L2(M) and the above map is well-defined.
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Proof of Lemma 4.2. Assume φ ∈ ker(Lψ − (aH,ψ + λLψ)Kλ). We set ϕ = (aH,ψ +
λLψ)1/2L−1

ψ Kλφ. Note that any two of the operators Lψ, aH,ψ + λLψ and (aH,ψ + λLψ)1/2

commute with each other and we have

φ = (aH,ψ + λLψ)L−1
ψ Kλφ = (aH,ψ + λLψ)1/2ϕ. (4.13)

(4.13) implies that

Lψϕ = (aH,ψ + λLψ)1/2Kλφ = (aH,ψ + λLψ)1/2Kλ(aH,ψ + λLψ)1/2ϕ = Tψ,H,λϕ,

i.e., ϕ ∈ ker(Lψ − Tψ,H,λ). Thus, by Remark 4.2, the map in the statement of the lemma takes
values in ker(Lψ − Tψ,H,λ) and it is injective since aH,ψ ≥ 0 and λ > 0.

To prove surjectivity, assume ϕ ∈ ker(Lψ−Tψ,H,λ). We set φ := (aH,ψ+λLψ)1/2ϕ. Operating
(aH,ψ + λLψ)1/2 on both sides of the equation Lψϕ = (aH,ψ + λLψ)1/2Kλ(aH,ψ + λLψ)1/2ϕ, we
have

Lψφ = (aH,ψ + λLψ)Kλφ.

This implies that φ ∈ ker(Lψ − (aH,ψ + λLψ)Kλ) and the surjectivity is proved. �

Combining Lemma 4.1 and Lemma 4.2, we obtain:

Corollary 4.1 We have the following isomorphism

L2(M) ⊃ ker Aψ,H 3 ϕ 7→ (aH,ψ + λLψ)−1/2D−λϕ ∈ ker(Lψ − Tψ,H,λ) ⊂ L2(M).

Corollary 4.1 gives a characterization of the nullity of d2LH(ψ), null(ψ) := dimker d2LH(ψ),
in terms of the dimension of the kernel of Lψ − Tψ,H,λ. Notice that ker(Lψ − Tψ,H,λ) = ker(1−
L
−1/2
ψ Tψ,H,λL

−1/2
ψ ), where 1 : L2(M) → L2(M) is the identity. We also observe that the operator

L
−1/2
ψ Tψ,H,λL

−1/2
ψ does not depend on the choice of eψ in the definition of Lψ. This is easily

seen by writing

L
−1/2
ψ Tψ,H,λL

−1/2
ψ = (aH,ψL−1

ψ + λ)1/2 ◦Kλ ◦ (aH,ψL−1
ψ + λ)1/2

and noting that aH,ψL−1
ψ does not depend on the choice of eψ.

The following index formula is the main result of this section:

Proposition 4.2 Assume λ > 0, −λ 6∈ Spec(Dg). Let ψ ∈ H1/2(M) be a critical point of LH .
We have the following:

(1) null(ψ) = dim ker(1 − L
−1/2
ψ Tψ,H,λL

−1/2
ψ ).

(2) µ−λ,−(ψ) = #{µ ∈ Spec(L−1/2
ψ Tψ,H,λL

−1/2
ψ ) : µ > 1}.

(3) µ−λ,+(ψ) = #{µ ∈ Spec(L−1/2
ψ Tψ,H,λL

−1/2
ψ ) : µ ≥ 1}.

Proof. (1) follows from Corollary 4.1 since ker(Lψ − Tψ,H,λ) = ker(1 − L
−1/2
ψ Tψ,H,λL

−1/2
ψ ) via

the conjugation with L−1/2
ψ . Recall that the Hessian d2LH(ψ) = 2Aψ,H is given by

d2LH(ψ)[ϕ,ϕ] = 2Aψ,H(ϕ) =
∫
M
〈ϕ, (Dg −Aψ)ϕ〉 dvolg,
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where Aψ is defined in (3.5). Notice that Aψ is written as

Aψ = aH,ψ(x)(1 + (p− 1)Pψ),

where aH,ψ(x) = H(x)|ψ|p−1 is as before. We then have

DAψ = Dg −Aψ

= D−λ − [(aH,ψ + λ)1 + (p− 1)aH,ψ(x)Pψ].

We take 0 ≤ ε ≤ λ such that Aψ − ε ∈ A0. For 0 ≤ θ ≤ 1, define Aλ,ψ,ε,θ := θ[(aH,ψ −
ε + λ)1 + (p − 1)aH,ψ(x)Pψ]. Since aH,ψ ≥ 0 and λ − ε ≥ 0, Aλ,ψ,ε,θ is monotonically non-
decreasing with respect to θ: for 0 ≤ θ ≤ θ′ ≤ 1, we have Aλ,ψ,ε,θ ≤ Aλ,ψ,ε,θ′ . Furthermore, since
m−λ(D−λ −Aλ,ψ,ε,0) = m−λ(D−λ) = 0, we see by Lemma 3.2 and its proof that m−λ(DAψ−ε) =
m−λ(D−λ −Aλ,ψ,ε,1) is the sum of dim ker(D−λ −Aλ,ψ,ε,θ) for θ running from 0 to 1:

µ−λ(DAψ−ε) =
∑

0<θ<1

dimker(D−λ −Aλ,ψ,ε,θ). (4.14)

Examining the proof of Lemma 4.1 and Lemma 4.2, we have the following isomorphisms

ker(D−λ −Aλ,ψ,ε,θ) 3 ϕ 7→ D−λϕ ∈ ker(Lψ − θ(aH,ψ + (λ− ε)Lψ)Kλ), (4.15)

ker(Lψ−θ(aH,ψ+(λ−ε)Lψ)Kλ) 3 φ 7→ θ−1(aH,ψ+(λ−ε)Lψ)−1/2φ ∈ ker(Lψ−θTψ,H,ε,λ), (4.16)

where Tψ,H,ε,λ = (aH,ψ+(λ−ε)Lψ)1/2 ◦Kλ ◦ (aH,ψ+(λ−ε)Lψ)1/2. Combining (4.15) and (4.16),
as in Corollary 4.1, we obtain an isomorphism

ker(D−λ −Aλ,ψ,ε,θ) 3 ϕ 7→ θ−1(aH,ψ + (λ− ε)Lψ)−1/2D−λϕ ∈ ker(Lψ − θTψ,H,ε,λ)

= ker(1 − θL
−1/2
ψ Tψ,H,ε,λL

−1/2
ψ ).

(4.17)

Recall that L−1/2
ψ Tψ,H,λL

−1/2
ψ is a compact self-adjoint operator. Thus its non-zero spectrum

is an eigenvalue with finite multiplicity and 0 is the only accumulation point of its spectrum.
Let µ1, . . . , µk be eigenvalues of L−1/2

ψ Tψ,H,ε,λL
−1/2
ψ larger than 1/2 counted with multiplicities.

For any eigenvalue µ of L−1/2
ψ Tψ,H,ε,λL

−1/2
ψ with µ ≤ 1/2, we have θµ < 1/2 for 0 < θ < 1

and the corresponding eigenvalue θµ − 1 of θL−1/2
ψ Tψ,H,ε,λL

−1/2
ψ − 1 is smaller than −1/2 for

any 0 < θ < 1. Thus in order to count eigenvalues of θL−1/2
ψ Tψ,H,ε,λL

−1/2
ψ − 1 which change

their signs when θ running from 0 to 1, it is sufficient to consider the family of eigenvalues
{θµi − 1}0<θ<1 (1 ≤ i ≤ k) listed above. Among them, only eigenvalues {θµi − 1}0<θ<1 with
µi > 1 change their signs when θ running from 0 to 1. Thus we have

#{µθ ∈ Spec(θL−1/2
ψ Tψ,H,ε,λL

−1/2
ψ − 1) : µθ changes the sign when θ running from 0 to 1}

=
∑

0<θ<1

dimker(1 − θL
−1/2
ψ Tψ,H,ε,λL

−1/2
ψ )

= #{µ ∈ Spec(L−1/2
ψ Tψ,H,ε,λL

−1/2
ψ ) : µ > 1} (4.18)

By (4.14), (4.17) and (4.18), we obtain

µ−λ(DAψ−ε) = #{µ ∈ Spec(L−1/2
ψ Tψ,H,ε,λL

−1/2
ψ ) : µ > 1}. (4.19)

23



By the monotonicity Lemma 3.2, we have µ−λ(DAψ−ε) ↗ µ−λ,−(ψ) as ε↘ 0. Similarly, we have

µ−λ(DAψ+ε) = #{µ ∈ Spec(L−1/2
ψ Tψ,H,−ε,λL

−1/2
ψ ) : µ > 1} (4.20)

for ε > 0 and µ−λ(DAψ+ε) ↘ µ−λ,+(ψ) as ε↘ 0.

By Lemma 3.3 (3), (4.19), (4.20) and the continuity of the spectrum of L−1/2
ψ Tψ,H,±ε,λL

−1/2
ψ

with respect to ε, we have

dim kerDAψ = µ−λ,+(ψ) − µ−λ,−(ψ)

= lim
ε↘0

(µ−λ(DAψ+ε) − µ−λ(DAψ−ε))

= lim
ε↘0

(#{µ ∈ Spec(L−1/2
ψ Tψ,H,−ε,λL

−1/2
ψ ) : µ > 1}

− #{µ ∈ Spec(L−1/2
ψ Tψ,H,ε,λL

−1/2
ψ ) : µ > 1})

≤ #{µ ∈ Spec(L−1/2
ψ Tψ,H,λL

−1/2
ψ ) : µ ≥ 1}

− #{µ ∈ Spec(L−1/2
ψ Tψ,H,λL

−1/2
ψ ) : µ > 1}

= dim ker(1 − L
−1/2
ψ Tψ,H,λL

−1/2
ψ ) = dim kerDAψ , (4.21)

where the the number of the spectrum is counted with multiplicities. Therefore, all the inequal-
ities in (4.21) are equalities and we have µ−λ,−(ψ) = #{µ ∈ Spec(L−1/2

ψ Tψ,H,λL
−1/2
ψ ) : µ > 1}

and µ−λ,+(ψ) = #{µ ∈ Spec(L−1/2
ψ Tψ,H,λL

−1/2
ψ ) : µ ≥ 1}. This completes the proof. �

4.3 A generalization

The results of §4.1 and §4.2 continue to hold for more general class of H. We assume that
H ∈ C2(S(M)) and it is convex in the vertical direction in the sense that

dψ∇ψH(x, ψ) ≥ 0 on Sx(M). (4.22)

Assume that ψ ∈ L∞(M) ∩ H1/2(M) and λ > 0 with −λ 6∈ Spec(Dg). The second order
approximation of LH at ψ is given by

Aψ,H(ϕ) =
1
2
〈D−λϕ,ϕ〉H−1/2(M)×H1/2(M) −GH,ψ,λ(ι(ϕ)), (4.23)

where in this general case

GH,ψ,λ(ϕ) =
1
2

∫
M

(λ|ϕ|2 + 〈dψ∇ψH(x, ψ)ϕ,ϕ〉) dvolg (4.24)

for ϕ ∈ L2(M).
The Legendre-Fenchel dual G∗

ψ,H,λ of Gψ,H,λ is defined as in §4.1 and we have

G∗
ψ,H,λ(φ) =

1
2
〈(λ+ dψ∇ψH(x, ψ))−1φ, φ〉L2(M)×L2(M). (4.25)

Thus the dual action of Aψ,H in this case is defined by

A∗
ψ,H,λ(ϕ) =

1
2
〈(λ+ dψ∇ψH(x, ψ))−1φ, φ〉L2(M)×L2(M) −

1
2
〈Kλϕ,ϕ〉L2(M)×L2(M). (4.26)
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After conjugation with a non-negative self-adjoint operator
√

2(λ + dψ∇ψH(x, ψ))1/2, we have
a self-adjoint operator 1 − Tψ,H,λ on L2(M):

A∗
ψ,H,λ

conj.∼= 1 − Tψ,H,λ, (4.27)

where in this case Tψ,H,λ = (λ+ dψ∇ψH(x, ψ))1/2 ◦Kλ ◦ (λ+ dψ∇ψH(x, ψ))1/2.
The resulting formula (4.27) is slightly different from (4.8) when H(x, ψ) = 1

p+1H(x)|ψ|p+1,

but it is essentially the same: conjugating the right side of (4.27) with L
1/2
ψ , we have (4.8) for

the special case H(x, ψ) = 1
p+1H(x)|ψ|p+1: L1/2

ψ (1−Tψ,H,λ)L
1/2
ψ = Lψ−Tψ,H,λ. Then repeating

the similar arguments as in the previous subsections, we have the following generalization:

Proposition 4.3 Assume λ > 0, −λ 6∈ Spec(Dg). Assume that H ∈ C2(S(M)) satisfies (4.22).
Let ψ ∈ H1/2(M) ∩ L∞(M) be a critical point of LH . We then have the following:

(1) null(ψ) := dim ker d2LH(ψ) = dimker(1 − Tψ,H,λ).

(2) µ−λ,−(ψ) = #{µ ∈ Spec(Tψ,H,λ) : µ > 1}.

(3) µ−λ,+(ψ) = #{µ ∈ Spec(Tψ,H,λ) : µ ≥ 1}.

Remark 4.3 (i) In Proposition 4.2 and Proposition 4.3, we have given a characterization of
µλ(ψ) (more generally, µλ,±(ψ)) only for λ < 0 with λ 6∈ Spec(Dg). This is because Tψ,H,−λ and
Tψ,H,−λ are defined only for λ < 0 with λ 6∈ Spec(Dg). However, for λ ≥ 0 with λ 6∈ Spec(Dg),
by using Lemma 3.1, it is also possible to give a similar characterization. Namely, take λ0 < 0
with λ0 6∈ Spec(Dg). By Lemma 3.1, we have

µλ,−(ψ) = µλ0,−(ψ) − #{λk ∈ Spec(Dg) : λ0 < λk < λ}

= #{µ ∈ Spec(L−1/2
ψ Tψ,H,−λ0L

−1/2
ψ ) : µ > 1} − #{λk ∈ Spec(Dg) : λ0 < λk < λ}

Similar formula also holds for µλ,+(ψ) and for the case H ∈ C2(S(M)) satisfying the condition
(4.22).

(ii) The definitions of the operators L−1/2
ψ Tψ,H,λL

−1/2
ψ and Tψ,H,λ of Propositions 4.2 and 4.3

can be extended to solutions (1.1) defined on non-compact manifolds such as Rm. Thus, using
these operators and the characterization of the relative Morse index given by Propositions 4.2
and 4.3, it is possible to define relative Morse indices for solutions to (1.1) defined on such non-
compact manifolds. However, the spectral properties of these operators for such a non-compact
case are not easy to see, because, in general, they are unbounded operators acting on L2(M). In
§6, we will study the spectral properties of these operators for the special case M = Rm which
will be sufficient for our purposes.

5 A Liouville type theorem for DgRmψ = |ψ|p−1ψ on Rm

In this section, we consider the following superquadratic Dirac equation defined on Rm

DgRmψ = |ψ|p−1ψ on Rm, (5.1)
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where DgRm is the Dirac operator acting spinors on Rm, ψ ∈ C1(Rm, S(Rm)) is a spinor on Rm

and 1 < p < m+1
m−1 . Recall that the canonical spinor bundle is S(Rm) = Rm × Sm → Rm. For

simplicity, we write D0 = DgRm .
As we shall see, (5.1) arises as the conformal blow-up equation of (1.1) (up to an irrelevant

constant factor) when H(x, ψ) is a lower order perturbation of 1
p+1H(x)|ψ|p+1, that is, it arises

as the limiting equation of a sequence of equations (1.1) for g = gn, where gn = ρ2
ng with

ρn → ∞. Our purpose in this and the next section is to define an appropriate relative Morse
index for solutions to (5.1). As a natural requirement, we want the relative Morse index mλ

(or, equivalently, µλ) defined for solutions to (1.1) on compact manifolds naturally continues to
the one of solutions to (5.1) after the blow-up of the metric on M . This continuity (in fact,
lower-semicontinuity) requirement will give us a natural definition of the relative Morse index
for solutions to (5.1), see Remark 4.3 (ii) in the previous section. But, before defining it, in this
subsection we shall prove the following Liouville type theorem for solutions to (5.1). This will
give us an important information about the spectral property of the blow-up of the operator
L
−1/2
ψ Tψ,H,λL

−1/2
ψ .

Theorem 5.1 Let us assume that m ≥ 2 and 1 < p < m+1
m−1 . Let ψ ∈ Lp+1(Rm) := Lp+1(Rm, S(Rm))

be a solution to (5.1). Then we have ψ ≡ 0.

Proof. By the elliptic regularity theory, any weak solution ψ ∈ Lp+1(Rm) to (5.1) is in fact
ψ ∈ C2,α(Rm) for some 0 < α < 1, see [8], [33, Appendix]. Since the spinor bundle S(Rm) is
trivial, we may consider ψ as a function ψ : Rm → Sm.

Choose a cut-off function ρ ∈ C∞(Rm) such that ρ(x) = 1 for |x| ≤ 1/2 and ρ(x) = 0 for
|x| ≥ 1. For R > 0, we define ρR(x) = ρ(x/R). For ε > 0, we set ψε(x) = ε

− 1
p−1ψ(x/ε). For

large R > 0 and small ε > 0 we define

L(R, ε) =
∫

Rm
ρR(x)

(1
2
〈ψε,D0ψε〉 −

1
p+ 1

|ψε|p+1
)
dvol0,

where, for simplicity, we write dvol0 = dvolgRm .
We set ϕ(x) = d

dε

∣∣
ε=1

ψε(x) = − 1
p−1ψ(x) − ∇ψ(x) · x, where ∇ψ(x) · x =

∑m
j=1 ∇∂jψ(x)xj

(note that, here “ · ” is not the Clifford product). Since ψ ∈ C2,α(Rm), L(R, ε) is differentiable
with respect to ε at ε = 1 and we have

d

dε

∣∣∣
ε=1

L(R, ε) =
∫

Rm
ρR(x)

(1
2
〈ϕ,D0ψ〉 +

1
2
〈ψ,D0ϕ〉 − |ψ|p−1〈ψ,ϕ〉

)
dvol0 (5.2)

=
∫

Rm
ρR(x)(〈ϕ,D0ψ〉 − |ψ|p−1〈ψ,ϕ〉) dvol0 +

1
2

∫
Rm

〈∇ρR · ψ,ϕ〉 dvol0 (5.3)

=
1
2

∫
Rm

〈∇ρR · ψ,ϕ〉 dvol0 (5.4)

=
1
2

∫
Rm

〈
∇ρR · ψ,− 1

p− 1
ψ −∇ψ · x

〉
dvol0, (5.5)

where (5.3) follows form (5.2) by integrating by parts, ∇ρR · ψ in (5.3) is the Clifford multipli-
cation of ψ by ∇ρR and (5.4) follows from the fact that ψ satisfies (5.1).

We claim that d
dε

∣∣
ε=1

L(R, ε) tends to 0 as R → ∞. To see this, we need to estimate two
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terms in (5.5). First, we have by the Hölder’s inequality∣∣∣∣∫
Rm

〈∇ρR · ψ,ψ〉 dvol0

∣∣∣∣ ≤ CR−1

∫
R
2
≤|x|≤R

|ψ|2 dvol0

≤ CR−1

(∫
R
2
≤|x|≤R

|ψ|p+1 dvol0

) 2
p+1

R
m

(
1− 2

p+1

)

≤ C

(∫
R
2
≤|x|≤R

|ψ|p+1 dvol0

) 2
p+1

R
m(p−1)
p+1

−1
. (5.6)

Since p < m+1
m−1 , we have m(p−1)

p+1 −1 < 0 and (5.6) converges to 0 as R→ ∞ under the assumption
ψ ∈ Lp+1(Rm).

To estimate the second term of (5.5), we observe that the Green kernel of the Dirac operator
D0 is written as D−1

0 = (−∆gRm )−1/2R ·, where R is the Riesz operator whose Fourier symbol
is F(R)(ξ) = iξ

|ξ| , (−∆gRm )−1/2 is the so-called Riesz potential operator (in the notation of [47],

it is denoted by I1) whose Fourier symbol is F(−∆gRm )−1/2)(ξ) = |ξ|−1 and · is the Clifford
multiplication. For basic properties of the Riesz operators, see [47] for details. Thus, for ψ
satisfying the equation (5.1), we have

∇ψ = ∇(−∆gRm )−1/2R · (|ψ|p−1ψ). (5.7)

Observe that ∇(−∆gRm )−1/2 is the Riesz operator R and we thus have ∇ψ = R◦R ·(|ψ|p−1ψ) by

(5.7). Since |ψ|p−1ψ ∈ L
p+1
p (Rm) and the Riesz operator R : L

p+1
p (Rm) → L

p+1
p (Rm) is bounded

([47]), we conclude that ∇ψ ∈ L
p+1
p (Rm). Thus, by the Hölder’s inequality, we have∣∣∣∣∫

Rm
〈∇ρR · ψ,∇ψ · x〉 dvol0

∣∣∣∣ ≤ C

∫
R
2
≤|x|≤R

|ψ||∇ψ| dvol0

≤ C

(∫
R
2
≤|x|≤R

|ψ|p+1 dvol0

) 1
p+1

(∫
R
2
≤|x|≤R

|∇ψ|
p+1
p dvol0

) p
p+1

(5.8)

and (5.8) converges to 0 by the fact that ψ ∈ Lp+1(Rm) and ∇ψ ∈ L
p+1
p (Rm).

Combining (5.5), (5.6) and (5.8), we have d
dεL(R, ε)

∣∣
ε=1

→ 0 as R → ∞. Since ψε is also a
solution to (5.1) with ψε ∈ Lp+1(Rm) for any ε > 0, replacing ψ with ψε in the above argument,
we have

d

dε
L(R, ε) → 0 (5.9)

as R→ ∞ for any ε > 0.
On the other hand, by the dominated convergence theorem, we have

L(R, ε) → L(ε) :=
1
2

∫
Rm

〈ψε,D0ψε〉 dvol0 −
1

p+ 1

∫
Rm

|ψε|p+1 dvol0 (5.10)

as R → ∞, where the convergence is locally uniformly on ε ∈ (0,∞). By (5.9) and (5.10),

we have d
dεL(ε) = 0 in the sense of distributions. Since L(ε) = ε

m− p+1
p−1 L(ψ), where L(ψ) =

1
2

∫
Rm〈ψ,D0ψ〉 dvol0 − 1

p+1

∫
Rm |ψ|p+1 dvol0, we therefore obtain

0 = L(ψ) =
(1

2
− 1
p+ 1

)∫
Rm

|ψ|p+1 dvol0.

This implies that ψ ≡ 0 and completes the proof of Theorem 5.1. �
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6 Relative Morse index mRm and the proof of Theorem 1.2

In this section, we give the definition of the relative Morse index mRm and prove one of our
main results Theorem 1.2. Throughout this section, we assume ψ ∈ L∞(Rm).

6.1 Relative Morse index mRm

Motivated by Proposition 4.2, we define an (unbounded, in general,) operator Tψ on L2(Rm) by

(Tψϕ)(x) = − 1
ωm−1

|ψ|
p−1
2 (x)

∫
Rm

(x− y)
|x− y|m

· (|ψ|
p−1
2 (y)ϕ(y)) dvol0(y), (6.1)

where (x− y)· denotes the Clifford multiplication by the vector x− y ∈ Rm.
Observe that Tψ is written as Tψ = |ψ|

p−1
2 ◦D−1

0 ◦ |ψ|
p−1
2 , where |ψ|

p−1
2 is the multiplication

operator L2(Rm) 3 ϕ 7→ |ψ|
p−1
2 ϕ ∈ L2(Rm) and D−1

0 is the Green kernel of D0 which is given
by GD0(x, y) = −ω−1

m−1
(x−y)
|x−y|m · dvol0 (see, for example, [8]). Tψ is obtained formally by setting

(M, g, ρ) = (Rm, gRm , ρcan) (ρcan is the canonical spin structure on (Rm, gRm)), H ≡ 1 and λ = 0
in the definition of Tψ,H,λ in §4.

As is guessed from Propositions 4.2 and 4.3, the operator Tψ (more precisely, the spectrum
of L−1/2

ψ TψL
−1/2
ψ ) will play a fundamental in the definition of an appropriate notion of “relative

Morse index” for a solution ψ to (5.1). Unfortunately, at present, we do not know much about Tψ.
For example, we do not know whether it is bounded or not as an operator L2(Rm) → L2(Rm).
This is due to the fact that we do not know much about solutions ψ to (5.1). Since Tψ explicitly
depends on ψ, it is necessary to know some properties of ψ, for example the size of the nodal
set {x ∈ Rm : ψ(x) = 0} of ψ (see [8, conjecture] for a conjecture about the size of the nodal
set of the solutions to (5.1)) and the behavior of ψ near its zeros, in order to deduce precise
properties of Tψ, in particular, the spectral property of L−1/2

ψ TψL
−1/2
ψ . We will see, however, for

m ≥ 3 results of §5 and Lemma 6.1 below are sufficient in order to prove the assertion of our
main results.

We begin with the proof of the following simple properties of Tψ.

Lemma 6.1 Assume m ≥ 3. We have the following:

(1) The domain of Tψ, D(Tψ) := {ϕ ∈ L2(Rm) : Tψ(ϕ) ∈ L2(Rm)}, contains compactly sup-
ported L∞-spinors, L∞

c (Rm) := {ϕ ∈ L∞(Rm) : suppϕ ⊂ Rm; compact}. In particular, it is
densely defined.

(2) Tψ has the following symmetry property: for any φ ∈ L∞
c (Rm) and ϕ ∈ L2(Rm), there holds

(Tψ(φ), ϕ)L2(Rm) = (φ, Tψ(ϕ))L2(Rm).

Proof. We first observe that for any ϕ ∈ L2(Rm), we have Tψ(ϕ) ∈ L2(Rm) + L∞(Rm). In
fact, since ψ ∈ L∞(Rm), there exists M > 0 such that |ψ(x)| ≤ M for a.e. x ∈ Rm. We define
K(x) = 1

|x|m−1 . Since |Tψ(ϕ)(x)| ≤ ω−1
m−1M

p−1(K ∗ |ϕ|)(x), it suffices to prove (K ∗ |ϕ|)(x) =∫
Rm

|ϕ(y)|
|x−y|m−1 dvol0(y) ∈ L2(Rm) + L∞(Rm). We write K(x) = K1(x) +K2(x), where K1(x) =

1{|x|≤1}(x)K(x) and K2(x) = 1{|x|>1}(x)K(x), where 1A(x) = 1 for x ∈ A and 1A(x) = 0 for
x 6∈ A. For m ≥ 3, we have K1 ∈ L1(Rm) and K2 ∈ L2(Rm) and

(K ∗ |ϕ|)(x) =
∫

Rm
K1(x− y)|ϕ(y)| dvol0(y) +

∫
Rm

K2(x− y)|ϕ(y)| dvol0(y). (6.2)
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By the Hausdorff-Young’s inequality, the first term of (6.2) is in L2(Rm). The second term of
(6.2) is in L∞(Rm) by the Hölder’s inequality:

‖K ∗ |ϕ|‖L∞(Rm) ≤ ‖K2‖L2(Rm)‖ϕ‖L2(Rm).

Thus the claim is proved. In particular, it implies that for any ϕ ∈ L2(Rm), Tψ(ϕ)(x) defined
by (6.1) is meaningful for a.e. x ∈ Rm and the right hand side of the equation in the statement
of the Lemma (2) is well-defined.

(1) Now, we prove L∞
c (Rm) ⊂ D(Tψ). To see this, for any ϕ ∈ L∞

c (Rm), as we have observed
above Tψ(ϕ)(x) is finite for a.e. x ∈ Rm. Assuming that the support of ϕ is contained in
BR = {x ∈ Rm : |x| ≤ R}, we have the following estimate:

|Tψ(ϕ)(x)| ≤ ω−1
m−1M

p−1

∫
Rm

|ϕ(y)|
|x− y|m−1

dvol0(y)

≤ ω−1
m−1M

p−1‖ϕ‖L∞(Rm)

∫
BR

1
|x− y|m−1

dvol0(y). (6.3)

Here, we have (BR(x) will denote the euclidean ball of radius R with center at x)∫
BR

1
|x− y|m−1

dvol0(y) =
∫
BR∩BR(x)

1
|x− y|m−1

dvol0(y) +
∫
BR\BR(x)

1
|x− y|m−1

dvol0(y)

≤
∫
BR∩BR(x)

1
|x− y|m−1

dvol0(y) +
∫
BR

1
|y|m−1

dvol0(y)

≤ 2
∫
BR

1
|y|m−1

dvol0(y) = 2ωm−1R, (6.4)

where we have used |x− y| ≥ R ≥ |y| for y ∈ BR \BR(x).
By (6.3) and (6.4), we have

Tψ(ϕ) ∈ L∞(Rm). (6.5)

On the other hand, by (6.3), we have |Tψ(ϕ)(x)| ≤ CMp−1‖ϕ‖L∞(Rm)|x|1−m for some C > 0
independent of x ∈ Rm. This combined with (6.5) implies that Tψ(ϕ) ∈ L2(Rm) when m ≥ 3.
This proves that L∞

c (Rm) ⊂ D(Tψ) and Tψ is densely defined.
(2) By the observation we have made at the beginning of the proof, we have Tψ(ϕ) ∈

L2(Rm) + L∞(Rm) for ϕ ∈ L2(Rm). Thus, we can apply the Fubini-Tonelli theorem and obtain
the following for any φ ∈ L∞

0 (Rm) and ϕ ∈ L2(Rm):

(Tψ(φ), ϕ)L2(Rm) =
∫

Rm
(Tψ(φ), ϕ) dvol0

= −ω−1
m−1

∫
Rm

|ψ|
p−1
2 (x)

( ∫
Rm

(x− y)
|x− y|m−1

· (|ψ|
p−1
2 (y)φ(y)) dvol0(y), ϕ(x)

)
dvol0(x)

= −ω−1
m−1

∫
Rm

(
φ(y), |ψ(y)|

p−1
2

∫
Rm

(y − x)
|x− y|m−1

· (|ψ(x)|
p−1
2 ϕ(x)) dvol0(x)

)
dvol0(y)

= (φ, Tψ(ϕ))L2(Rm), (6.6)

where we have used the skew-adjointness of the Clifford multiplication by vectors in the third
line. This completes the proof. �

We are now in a position to give a definition of the relative Morse index for solutions to
(5.1). Once again, we recall that the difficulty of defining relative Morse index for solutions to
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(5.1) comes from the fact that Rm is not compact, so all of the definitions of the relative Morse
indices given in §3 are not applicable to the present case. Moreover, by the result of Theorem
5.1, any non-trivial solution to (5.1) has infinite action

1
2

∫
Rm

〈ψ,D0ψ〉 dvol0 −
1

p+ 1

∫
Rm

|ψ|p+1 dvol0 =
(1
2
− 1
p+ 1

) ∫
Rm

|ψ|p+1 dvol0 = +∞.

Motivated by the formula of the relative Morse index given in Proposition 4.2, we define the
relative Morse index for LH at ψ ∈ L∞(Rm) as follows:

Definition 6.1 Let us assume that m ≥ 3. For ψ ∈ L∞(Rm), the relative Morse index mRm(ψ)
is defined as the dimension of the maximal subspace of L∞

c (Rm) ⊂ D(Tψ) on which the following
inequality holds

(L−1/2
ψ TψL

−1/2
ψ (ϕ), ϕ)L2(Rm)

(ϕ,ϕ)L2(Rm)
> 1

for all non-zero ϕ, where Lψ = 1
pPψ + P⊥

ψ (⊥ is taken with respect to the metric on S(Rm)).

Remark 6.1 (i) As we have remarked after Corollary 4.1, also in the present case L−1/2
ψ TψL

−1/2
ψ

is well-defined for any ψ ∈ L∞(Rm), i.e., it does not depend on the choice of the section eψ used
to define Lψ since |ψ|

p−1
2 L

−1/2
ψ = L

−1/2
ψ |ψ|

p−1
2 does not depend on such a choice. From this

observation, by conjugation with L1/2
ψ , mRm(ψ) is defined alternatively as the dimension of the

maximal subspace of L∞
c (Rm) ⊂ D(Tψ) on which

(Tψ(ϕ), ϕ)L2(Rm)

(Lψ(ϕ), ϕ)L2(Rm)
> 1

holds for all non-zero ϕ.
(ii) Notice that it may be possible that ψ has infinite index, mRm(ψ) = +∞, in general.

In the following, we give some basic properties of mRm from which Theorem 1.2 will follow.

Theorem 6.1 mRm (for m ≥ 3) has the following properties:

(1) mRm(ψ) is defined for ψ ∈ L∞(Rm), takes values in Z≥0∪{+∞} and lower semi-continuous
with respect to the L∞

loc(Rm)-convergence of ψ.

(2) Let ψ ∈ L∞(Rm) and x0 ∈ M be arbitrary. Assume also that H ∈ C0(M). For any se-
quence {(M, gn, σ)} (where gn = ρ2

ng with ρn → ∞) of conformal blowing-up of the manifold
(M, g, σ) at x0 and any sequence ψn ∈ L∞(M, gn, σ) with ψn → ψ in L∞

loc(Rm), there holds

mRm(ψ) ≤ lim inf
n→∞

µ−ρ−1
n λ(ψn).

(3) For any non-trivial solution ψ ∈ L∞(Rm) to (5.1), we have mRm(ψ) = +∞.

Remark 6.2 (i) In (2) above, on any compact subset K of Rm and large n, we have identified
ψn ∈ L∞(M, gn) with a spinor on K ⊂ Rm obtained as the pull-back of ψn by the conformal
blow-up maps at x0, expx0

(ρ−1
n · ) : (Bρnr0 , hn) → (M, gn), where hn = expx0

(ρ−1
n ·)∗gn and 0 < r0
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is smaller than the injectivity radius of M . Note that (M, gn, σ) → (Rm, gRm , σcan) in C∞
loc(Rm)

and H ◦ expx0
(ρ−1
n ·) → H(x0) in C0

loc(Rm) as n→ ∞.
(ii) It is not difficult to see that the relative Morse index mλ (or µλ) is lower semi-continuous

with respect to a continuous deformation of the metric on M . Theorem 6.1 (2) asserts that, with
our definition of mRm, it also holds along a conformal blow-up of M .

The assertion (1) of Theorem 6.1 is easily seen from the definition and we omit its proof, see
also Remark 6.1 (i). (2) will be proved in the course of the proof of Theorem 1.1 given in the
next section. The assertion (3) is exactly the assertion of Theorem 1.2 which we will prove in
this subsection. Its proof requires some more preparations.

To estimate the relative Morse index of a solution ψ to (5.1), we need a suitable family of
test spinors. Let η ∈ C∞

0 (Rm) be such that η(x) = 1 for |x| ≤ 1, η(x) = 0 for |x| ≥ 2 and
0 ≤ η(x) ≤ 1 for all x ∈ Rm. For ` ≥ 1 and R > 0, we define ηR(x) = η(x/R), η`,R = η`R and
ϕ`,R = η`,R|ψ|

p−1
2 ψ. We then have:

Lemma 6.2 Assume that m ≥ 3 and ψ ∈ L∞(Rm) is a non-trivial solution to (5.1). For
` ≥ p+1

p−1 , we have Tψ(ϕ`,R) ∈ L2(Rm) and

lim
R→∞

(Tψ(ϕ`,R), ϕ`,R)L2(Rm)

(Lψ(ϕ`,R), ϕ`,R)L2(Rm)
≥ p.

Proof. We first note that it is not necessary that the above limit is finite. The assertion
Tψ(ϕ`,R) ∈ L2(Rm) follows from (1) of Lemma 6.1.

By definition, we have Tψ(ϕ`,R) = |ψ|
p−1
2 D−1

0 (η`,R|ψ|p−1ψ). We define φ`,R by D−1
0 (η`,R|ψ|p−1ψ) =

η`,Rψ + φ`,R. We thus have

D0φ`,R = η`,R|ψ|p−1ψ − D0(η`,Rψ)

= η`,R|ψ|p−1ψ − η`,RD0ψ −∇η`,R · ψ
= −∇η`,R · ψ, (6.7)

where in the last line, we have used equation (5.1) which is satisfied by ψ. We therefore have

φ`,R = −D−1
0 (∇η`,R · ψ). (6.8)

By definition, we have Tψ(ϕ`,R) = |ψ|
p−1
2 (η`,Rψ + φ`,R) and

(Tψ(ϕ`,R), ϕ`,R)L2(Rm) =
∫

Rm
η2
`,R|ψ|p+1 dvol0 +

∫
Rm

η`,R|ψ|p−1(ψ, φ`,R) dvol0. (6.9)

We estimate the second term of (6.9) as follows: By (5.1), we have∫
Rm

η`,R|ψ|p−1(ψ, φ`,R) dvol0 =
∫

Rm
η`,R(D0ψ, φ`,R) dvol0

=
∫

Rm
(ψ,D0(η`,Rφ`,R)) dvol0

=
∫

Rm
(ψ,∇η`,R · φ`,R) dvol0 +

∫
Rm

(ψ, η`,RD0φ`,R) dvol0

=
∫

Rm
(ψ,∇η`,R · φ`,R) dvol0 −

∫
Rm

η`,R(ψ,∇η`,R · ψ) dvol0,

(6.10)
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where we have used (6.8) in the last line.

Since ∇η`,R = `η
1− 1

`
`,R ∇ηR, the second term of (6.10) is estimated as∣∣∣∣∫

Rm
η`,R(ψ,∇η`,R · ψ) dvol0

∣∣∣∣ =
∣∣∣∣` ∫

Rm
η

2− 1
`

`,R (ψ,∇ηR · ψ) dvol0

∣∣∣∣
≤ C`R−1

∫
Rm

η
2− 1

`
`,R |ψ|2 dvol0

≤ C`R
m p−1
p+1

−1
(∫

Rm
η

(2− 1
`
) p+1

2
`,R |ψ|p+1 dvol0

) 2
p+1

, (6.11)

where here and in the following C > 0 denotes various constants independent of R and ψ and
we have used in the third line the Hölder’s inequality.

By our choice of `, we have
(
2 − 1

`

)p+1
2 ≥ 2. (In fact, this only requires ` ≥ p+1

2(p−1) . For the

latter purpose which will become clear soon, we take ` even larger such that ` ≥ p+1
p−1 .) Thus the

inequality (6.11) becomes∣∣∣∣∫
Rm

η`,R(ψ,∇η`,R · ψ) dvol0

∣∣∣∣ ≤ C`R
m p−1
p+1

−1
(∫

Rm
η2
`,R|ψ|p+1 dvol0

) 2
p+1

. (6.12)

We set IR :=
∫

Rm η
2
`,R|ψ|p+1 dvol0. Then by Theorem 5.1, we have IR → ∞ as R→ ∞; otherwise

we have ψ ∈ Lp+1(Rm) and ψ ≡ 0 by Theorem 5.1. But this contradicts our assumption ψ 6≡ 0.
With this notation, (6.12) becomes∣∣∣∣∫

Rm
η`,R(ψ,∇η`,R · ψ) dvol0

∣∣∣∣ ≤ CR
m p−1
p+1

−1
I

2
p+1

R . (6.13)

We next estimate the first term of (6.10). We have∫
Rm

(ψ,∇η`,R · φ`,R) dvol0 = `

∫
Rm

(ψ, η
1− 1

`
`,R ∇ηR · φ`,R) dvol0. (6.14)

Here, we recall that D−1
0 = (−∆)−1/2R ·, where R is the Riesz operator and (−∆)−1/2 is the Riesz

potential operator I1 whose integral kernel is 1
γ(1)

1
|x−y|n−1 , where γ(1) = 2πn/2Γ(1/2)

Γ
(
n−1

2

) (see [47]).

By the Lq-boundedness of R (1 < q < ∞) and the Hardy-Littlewood-Sobolev inequality for

(−∆)−1/2 (see [47, p119, Theorem 1]), we have φ`,R ∈ L
m(p+1)
m−p−1 (Rm) since ∇η`,R · ψ ∈ Lp+1(Rm)

(and note that for m ≥ 3, we have p+ 1 < 2m
m−1 ≤ m). Thus we obtain

‖φ`,R‖
L
m(p+1)
m−p−1 (Rm)

≤ C‖∇η`,R · ψ‖Lp+1(Rm). (6.15)

Using again the relation ∇η`,R = `η
1− 1

`
`,R ∇ηR, we have

‖∇η`,R · ψ‖p+1
Lp+1(Rm)

≤
∫

Rm
|∇η`,R|p+1|ψ|p+1 dvol0

≤ C`p+1R−p−1

∫
Rm

η
(1− 1

`
)(p+1)

`,R |ψ|p+1 dvol0

≤ CR−p−1

∫
Rm

η2
`,R|ψ|p+1 dvol0 = CR−p−1IR, (6.16)

where we have used
(
1 − 1

`

)
(p+ 1) ≥ 2 by our choice of `, ` ≥ p+1

p−1 .
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Combining (6.15) and (6.16), we have

‖φ`,R‖
L
m(p+1)
m−p−1 (Rm)

≤ CR−1I
1
p+1

R . (6.17)

From (6.14) and (6.17), we obtain by the Hölder’s inequality∣∣∣∣∫
Rm

(ψ,∇η`,R · φ`,R) dvol0

∣∣∣∣ ≤ C

∫
Rm

|ψ|η1− 1
`

`,R |∇ηR||φ`,R| dvol0

≤ CR−1

∫
Rm

|ψ|η
2
p+1

`,R η
1− 1

`
− 2
p+1

`,R |φ`,R| dvol0

≤ CR−1

(∫
Rm

η2
`,R|ψ|p+1 dvol0

) 1
p+1

‖φ`,R‖
L
m(p+1)
m−p−1 (Rm)

R
m
r , (6.18)

where we have used 1− 1
`−

2
p+1 ≥ 0 for ` ≥ p+1

p−1 and r is defined by the relation 1
p+1 +m−p−1

m(p+1) +
1
r =

1. Note that such a r > 1 exists if and only if p < 2m−1. Since we have p < p+1 < 2m
m−1 ≤ 2m−1

for m ≥ 3, such a r > 1 indeed exists for m ≥ 3.
Combining (6.17) and (6.18), we obtain∣∣∣∣∫

Rm
(ψ,∇η`,R · φ`,R) dvol0

∣∣∣∣ ≤ CR−2+m
r I

2
p+1

R . (6.19)

We notice here that, under the assumption p < m+1
m−1 , we have

−2 +
m

r
= m− 1 − 2m

p+ 1
= m

p− 1
p+ 1

− 1 < 0. (6.20)

Combining (6.9), (6.10), (6.13), (6.19) and (6.20), we obtain

(Tψ(ϕR), ϕR)L2(Rm) ≥ IR − CR
m−1− 2m

p+1 I
2
p+1

R . (6.21)

We next estimate the denominator (Lψ(ϕ`,R), ϕ`,R)L2(Rm). Recall that ϕ`,R = η`,R|ψ|
p−1
2 ψ and

we have P⊥
ψ (ϕ`,R) = 0 and

(Lψ(ϕ`,R), ϕ`,R)L2(Rm) =
1
p

∫
Rm

η2
`,R|ψ|p+1 dvol0 =

1
p
IR. (6.22)

By (6.21) and (6.22), we finally obtain

(Tψ(ϕ`,R), ϕ`,R)L2(Rm)

(Lψ(ϕ`,R), ϕ`,R)L2(Rm)
≥ p− CR

m−1− 2m
p+1 I

− p−1
p+1

R . (6.23)

By (6.20) and IR → ∞ as R→ ∞, the assertion of the lemma follows from (6.23). �
In view of Remark 6.1 (i), Theorem 6.1 (3) is a direct consequence of the following:

Lemma 6.3 Assume that m ≥ 3 and ψ ∈ L∞(Rm) is a non-trivial solution to (5.1). For any
ε > 0 and k ∈ N, there exist 0 < R1 < R2 < · · · < Rk such that the following holds: For
ϕj :=

ϕ`,Rj
‖ϕ`,Rj ‖L2(Rm)

, where ϕ`,R = η`,R|ψ|
p−1
2 ψ is as in Lemma 6.2 with ` ≥ p+1

p−1 , we have

|(ϕi, ϕj)L2(Rm)| < ε, |(Tψ(ϕi), ϕj)L2(Rm)| < ε

for 1 ≤ i 6= j ≤ k and
(Tψ(ϕj), ϕj)L2(Rm)

(Lψ(ϕj), ϕj)L2(Rm)
≥ p− ε

for 1 ≤ j ≤ k.
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Proof. Let ε > 0 be arbitrary. By Lemma 6.2, there exists R0 > 0 such that

(Tψ(ϕ`,R), ϕ`,R)L2(Rm)

(Lψ(ϕ`,R), ϕ`,R)L2(Rm)
≥ p− ε (6.24)

for R ≥ R0. We take R1 = R0 and set ϕ1 = ϕ`,R1
‖ϕ`,R1

‖L2(Rm)
.

For R2 > R1 (R2 will be determined soon), we set ϕ2 = ϕ`,R2
‖ϕ`,R2

‖L2(Rm)
. We estimate the

interaction (Tψ(ϕ2), ϕ1)L2(Rm). For any R > 0, we have by Lemma 6.1 (2)

(Tψ(ϕ2), ϕ1)L2(Rm) =
(ϕ`,R2 , Tψ(ϕ1))L2(Rm)

‖ϕ`,R2‖L2(Rm)

=
1

‖ϕ`,R2‖L2(Rm)
{(ϕ`,R2 , η`,RTψ(ϕ1))L2(Rm) + (ϕ`,R2 , (1 − η`,R)Tψ(ϕ1))L2(Rm)}.

(6.25)

Since the term (ϕ`,R2 , η`,RTψ(ϕ1))L2(Rm) is independent of R2 for R2 > 2R and ‖ϕ`,R2‖L2(Rm) =( ∫
Rm η

2
`,R2

|ψ|p+1 dvol0
)1/2 → +∞ as R2 → ∞, we have

(ϕ`,R2 , η`,RTψ(ϕ1))L2(Rm)

‖ϕ`,R2‖L2(Rm)
→ 0 (6.26)

as R2 → ∞. On the other hand, we have∣∣∣ 1
‖ϕ`,R2‖L2(Rm)

(ϕ`,R2 , (1 − η`,R)Tψ(ϕ1))L2(Rm)

∣∣∣ ≤ ‖(1 − η`,R)Tψ(ϕ1)‖L2(Rm) → 0 (6.27)

as R → ∞ (recall that, by Lemma 6.1 (1), Tψ(ϕ1) ∈ L2(Rm)). From (6.25)–(6.27), we can
choose R2 > R1 such that

|(Tψ(ϕ2), ϕ1)L2(Rm)| = |(ϕ2, Tψ(ϕ1))L2(Rm)| < ε. (6.28)

Arguing similarly, taking R2 > R1 even larger if necessary, we also have

|(ϕ2, ϕ1)L2(Rm)| < ε. (6.29)

Now, we assume that we have chosen R0 = R1 < R2 < · · · < Rh such that the assertion of the
lemma holds for k = h. By the same argument as in the proof of (6.28) and (6.29), we can find
Rh+1 > Rh such that both of the following inequalities

|(Tψ(ϕh+1), ϕj)L2(Rm)| < ε, |(ϕh+1, ϕj)L2(Rm)| < ε (6.30)

hold for all 1 ≤ j ≤ h, where ϕh+1 =
ϕ`,Rh+1

‖ϕ`,Rh+1
‖L2(Rm)

. Therefore, by induction, for any given

k ∈ N, we have 0 < R1 < · · · < Rk such that the assertion of the lemma holds. �

Completion of the proof of Theorem 6.1 (3). For any k ∈ N and ε > 0, let ϕ1, . . . , ϕk ∈
L2(Rm) be as in the statement of Lemma 6.3. Observe that ϕi ∈ L∞

c (Rm) ⊂ D(Tψ) for 1 ≤ i ≤ k

and ϕ1, . . . , ϕk are linearly independent if ε > 0 is small enough. Let φ ∈ span{ϕ1, ϕ2, . . . , ϕk} \
{0} be arbitrary. Thus φ = α1ϕ1 + α2ϕ2 + · · · + αkϕk for some α1, α2, . . . , αk ∈ C. Since
Lψ(ϕi) = 1

pϕi, we have

(Lψ(ϕi), ϕi)L2(Rm) =
1
p

(6.31)
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for 1 ≤ i ≤ k and
|(Lψ(ϕi), ϕj)L2(Rm)| ≤

ε

p
(6.32)

for 1 ≤ i 6= j ≤ k by Lemma 6.3.
By (6.31) and (6.32), we obtain

(Lψ(φ), φ)L2(Rm) ≤
1
p

k∑
i=1

|αi|2 +
∑

1≤i6=j≤k

ε

p
|αi||αj |

≤ 1
p

k∑
i=1

|αi|2 +
kε

p

k∑
i=1

|αi|2

≤ 1
p
(1 + kε)

k∑
i=1

|αi|2. (6.33)

On the other hand, we have

(Tψ(φ), φ)L2(Rm) =
k∑
i=1

|αi|2(Tψ(ϕi), ϕi)L2(Rm) +
∑

1≤i6=j≤k
αiαj(Tψ(ϕi), ϕj)L2(Rm). (6.34)

Here, we have
(Tψ(ϕi), ϕi)L2(Rm) ≥ (p− ε)(Lψ(ϕi), ϕi)L2(Rm) (6.35)

for 1 ≤ i ≤ k by Lemma 6.3. Combining (6.31), (6.32), (6.34), (6.35) and Lemma 6.3, we have

(Tψ(φ), φ)L2(Rm) ≥
(
1 − ε

p
− kε

) k∑
i=1

|αi|2. (6.36)

By (6.33) and (6.36), we finally obtain

(Tψ(φ), φ)L2(Rm)

(Lψ(φ), φ)L2(Rm)
≥
p
(
1 − ε

p − kε
)

1 + kε
. (6.37)

Since ε > 0 was arbitrary, the assertion of Theorem 6.1 (3) follows from (6.37) and Remark 6.1
(i). �

7 Proof of Theorem 1.1

In this section, we prove Theorem 1.1. We thus consider the equation

Dgϕ = H(x)|ϕ|p−1ϕ on M. (7.1)

Notice that, if the assertion of Theorem 1.1 holds under the assumption µ−λ(ψ) ≤ k for some
λ > 0, −λ 6∈ Spec(D), the same assertion under the assumption µλ(ψ) ≤ k also holds for a general
λ ∈ R in view of Lemma 3.1. Thus, throughout this section, we fix λ > 0 with −λ 6∈ Spec(Dg)
and prove Theorem 1.1 under the assumption µ−λ(ψ) ≤ k.
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7.1 Proof of Theorem 1.1, I: Blow-up argument

We shall prove Theorem 1.1 by contradiction. Thus, we assume that there exist a sequence
{ϕn}∞n=1 of solutions to (7.1) and k ∈ N such that

µ−λ(ϕn) ≤ k (7.2)

for all n ≥ 1 and
‖ϕn‖L∞(M) → +∞ (7.3)

as n→ ∞.
We set ρn = ‖ϕn‖p−1

L∞(M). Thus, we have ρn → ∞ as n → ∞. We conformally blow-up
(M, g, ρ) by defining new metrics gn = ρ2

ng on M . Under such a change of the metric, the Dirac
operators Dgn are related to Dg as follows: denoting by S(M, g) and S(M, gn) the spinor bundles
of (M, g, σ) and (M, gn, σ), respectively, there exists a bundle isomorphism Fn : S(M, g) →
S(M, gn) such that Fn is a fiberwise isometry and

Dgn(Fn(ϕ)) = Fn(ρ
−m+1

2
n (Dg(ρ

m−1
2

n ϕ))), (7.4)

see [31], [30]. We set ψn := ρ
− 1
p−1

n Fn(ϕn). This is a spinor on (M, gn) and by (7.4), we easily
see that ψn satisfies the following equation:

Dgnψn = H(x)|ψn|p−1ψn on M, (7.5)

where |ψn| is the norm of ψn with respect to the metric gn. For clarity, we henceforth denote it
by |ψn|gn to indicate its dependence on gn.

Moreover, by the definition of ρn, we have

|ψn(x)|gn = ρ
− 1
p−1

n |ϕn(x)|g ≤ 1 (7.6)

for any x ∈M and
‖ψn‖L∞(M,gn) = 1, (7.7)

where L∞(M, gn) is the set of L∞-spinors on (M, gn) whose norm is defined by the metric gn.
By the compactness of (M, gn), there exists xn ∈M such that

|ψ(xn)|gn = ‖ψn‖L∞(M,gn) = 1. (7.8)

We may assume that, after taking a subsequence if necessary, xn → x∞ for some x∞ ∈M .
Let fn : Br0 → (M, g) and f∞ : Br0 → (M, g) be normal charts at xn and x∞, respectively,

where Br0 is the Euclidean ball with center at 0 ∈ Rm and radius r0 > 0 and r0 is smaller
than the injectivity radius of (M, g). We denote by hn := f∗ng and h∞ := f∗∞g the pull-
back metrics on Br0 . Then fn : (Br0 , ρ

2
nhn) → (M,ρ2

ng) is an isometric embedding. Define
sn : (Bρnr0 , h̃n) → (Br0 , ρ

2
nhn) by sn(x) = ρ−1

n x, where h̃n = ρ2
ns

∗
nhn. Then the map f̃n defined

by f̃n = fn ◦ sn : (Bρnr0 , h̃n) → (M,ρ2
ng) is an isometric embedding and

(h̃n)ij = h̃n(∂i, ∂j) = (hn)ij(ρ−1
n · ) → (h∞)ij(0) = δij (7.9)

in C∞
loc(Rm) as n→ ∞.
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Let us consider the chart defined by f̃n, f̃n : (Bρnr0 , h̃n) → (M,ρ2
ng = gn). We call

{(M, gn, σ)} conformal blow-up sequence of (M, g, σ) with respect to centers {xn}. In this
chart, the equation (7.5) is transformed into the following equation on (Bρnr0 , h̃n)

Dh̃n
ψ̃n = H̃n(x)|ψ̃n|p−1

h̃n
ψ̃n, (7.10)

where ψ̃n is the pull-back spinor of ψn on (Bρnr0 , h̃n) by the isometry f̃n, H̃n = f̃∗nH is the
pull-back of H on (Bρnr0 , h̃n) and the spin structure on (Bρnr0 , h̃n) is the pull-back one from
(M, gn, σ). Note that, as n→ ∞,

H̃n → H(x∞) in C0
loc(Rm). (7.11)

Since ‖ψ̃n‖L∞(Bρnr0) = 1, by (7.9)–(7.11) and the elliptic regularity theory, there exists ψ∞ ∈
C0(Rm, S(Rm)) such that

ψ̃n → ψ∞ in C0
loc(Rm) (7.12)

and
D0ψ∞ = H(x∞)|ψ∞|p−1ψ∞ in Rm. (7.13)

We also have
|ψ∞(0)| = 1 (7.14)

since |ψ̃n(0)|h̃n = |ψn(xn)|gn = 1 by (7.8). By (7.14), we have, in particular, ψ∞ 6≡ 0 and
|ψ∞(x)| ≤ 1 for any x ∈ Rm. Thus, ψ∞ is a bounded non-trivial solution to (7.13). Since
H(x∞) > 0, after multiplying a suitable positive constant to the spinor ψ∞ if necessary, we may
assume that H(x∞) = 1.

We next want to express the operator L−1/2
ϕn Tϕn,H,λL

−1/2
ϕn associated to the spinor ϕn on

(M, g, σ) in terms of the spinor ψn and the Dirac operator Dgn on (M, gn, σ). We recall that
Tϕn,H,λ is defined by

Tϕn,H,λ = (H(x)|ϕn|p−1
g + λLϕn)

1/2 ◦Kλ ◦ (H(x)|ϕn|p−1
g + λLϕn)

1/2, (7.15)

where Kλ = (Dg + λ)−1.
Since |ϕn|p−1

g = ρn|ψn|p−1
gn , Fn ◦ Lϕn ◦ F−1

n = Lψn and

Fn((Dg + λ)ϕ) = ρn(Dgn + ρ−1
n λ)Fn(ϕ)

by (7.4), we have
Dg + λ = ρnF

−1
n ◦ (Dgn + ρ−1

n λ) ◦ Fn,

Kλ = ρ−1
n F−1

n ◦ (Dgn + ρ−1
n λ)−1 ◦ Fn (7.16)

and

Tϕn,H,λ = F−1
n ◦ (H(x)|ψn|p−1

gn + ρ−1
n λLψn)

1/2 ◦Kλ,n ◦ (H(x)|ψn|p−1
gn + ρ−1

n λLψn)
1/2 ◦Fn, (7.17)

whereKλ,n = (Dgn+ρ−1
n λ)−1. Thus, by (7.17), we have L−1/2

ϕn Tϕn,H,λL
−1/2
ϕn = F−1

n L
−1/2
ψn

Tψn,H,ρ−1
n λL

−1/2
ψn

Fn
and µ−λ(ϕn) = µ−ρ−1

n λ(ψn) by Proposition 4.2. But, by Theorem 6.1 (2) and (3) (note that we
have not proved Theorem 6.1 (2) yet. We assume it here for the moment. It will be proved in
the next subsection), we have a desired contradiction:

+∞ = mRm(ψ∞) ≤ lim inf
n→∞

µ−ρ−1
n λ(ψn) ≤ k.
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This completes the proof of Theorem 1.1 under assuming Theorem 6.1 (2). �
Thus, it remains to prove the assertion of Theorem 6.1 (2), namely, under the above notation

and the assumption, we shall prove

mRm(ψ∞) ≤ lim inf
n→∞

µ−ρ−1
n λ(ψn). (7.18)

For the proof of (7.18), we need to show that L−1/2
ψn

Tψn,H,ρ−1
n λL

−1/2
ψn

converges to L−1/2
ψ TψL

−1/2
ψ

in a certain sense. This will be proved in the next subsection.

7.2 Proof of Theorem 1.1, II: the lower semi-continuity of the relative Morse
index

To study the convergence property of L−1/2
ψn

Tψn,H,ρ−1λL
−1/2
ψn

, we need to estimate the Schwartz
kernel of (Dgn+ρ−1

n λ)−1. Let us denote by k(x, y) and kn(x, y) the Schwartz kernels of (Dg+λ)−1

and (Dgn + ρ−1
n λ)−1, respectively. More precisely, since the kernels of (Dg + λ)−1 and (Dgn +

ρ−1
n λ)−1 are considered as densities on (M, g) and (M, gn), respectively, k(x, y) and kn(x, y) are

defined as
(Dg + λ)−1 = k(x, y) dvolg, (Dgn + ρ−1

n λ)−1 = kn(x, y) dvolgn . (7.19)

Then by (7.16), (7.19) and dvolgn = ρmn dvolg we have

kn(x, y) = ρ1−m
n Fn ◦ k(x, y) ◦ F−1

n . (7.20)

With respect to the local coordinate f̃n : (Bρnr, h̃n) → (M, gn) defined in the previous subsection,
we have

k̃n(x, y) : = f̃∗nkn(x, y)

= kn(ρ−1
n x, ρ−1

n y)

= ρ1−m
n Fn ◦ k(ρ−1

n x, ρ−1
n y) ◦ F−1

n (7.21)

for x, y ∈ Bρnr0 .
As for the Schwartz kernel k(x, y) of (Dg + λ)−1, we have the following estimate in the local

coordinate fn : (Br0 , hn) → (M, g) introduced in the previous subsection:

|k(x, y)|hn ≤ α(x, y)|x− y|1−m, (7.22)

where α(x, y) > 0 is determined by the metric g and it remains bounded when x, y vary within
Br0 . This is a well-known fact and is proved with the help of the theory of pseudo-differential
operators. Here we only give a sketch of the argument. For details, see [49, I&II]. We write
(Dg +λ)−1 = (Dg +λ)(Dg +λ)−2. The principal part of the operator (Dg +λ)2 is −∆g⊗1S(M,g)

and it is the scalar Laplace operator. So in order to construct a parametrix of (Dg +λ)2, we can
argue as in [49, Chapter 3, §9]. Since the singular part of the parametrix coincides with that of
the Schwartz kernel K of (Dg + λ)−2 (in fact, they coincides up to a smoothing factor) and the
singular part of the parametrix of (Dg + λ)2 behaves like |x − y|2−m (see [49, I, Chapter 3, §9;
II, Chapter 7]), (7.22) follows from k = (Dg + λ)K.

By (7.21) and (7.22), we have

|k̃n(x, y)|h̃n ≤ ρ1−m
n α(ρ−1

n x, ρ−1
n y)|ρ−1

n x− ρ−1
n y|1−m

≤ α(ρ−1
n x, ρ−1

n y)|x− y|1−m. (7.23)
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From (7.23), we have the following uniform estimate of k̃n(x, y) for x, y ∈ ρnBr0 = Bρnr0 :

|k̃n(x, y)|h̃n ≤ C|x− y|1−m, (7.24)

where C > 0 is independent of x, y ∈ Bρnr0 for all large n.
Since Bρnr → Rm as n→ ∞, we have: for any compact subsetK ⊂ Rm, there exist n(K) ∈ N

such that
|k̃n(x, y)|h̃n ≤ C|x− y|1−m (7.25)

for any x, y ∈ K and n ≥ n(K).
From the uniform estimate (7.25), arguing as in (6.3) and (6.4), we have the following: for

any φ ∈ L∞
c (Rm) and any compact subset K ⊂ Rm, there exist C = C(K, supp(φ)) > 0 and

n(K, supp(φ)) ∈ N depending only on K and the diameter of the support of φ such that

|(Dh̃n
+ ρ−1

n λ)−1φ(x)| ≤
∫

Rm
|k̃n(x, y)||φ(y)| dvolh̃n(y)

≤ C

∫
Rm

|φ(y)|
|x− y|m−1

dvol0(y) ≤ C‖φ‖L∞(Rm) (7.26)

for any x ∈ K and n ≥ n(K, supp(φ)), where we have used h̃n → gRm in C∞
loc(Rm) as n→ ∞.

Set (Dh̃n
+ ρ−1

n λ)−1φ =: un. Then un satisfies Dh̃n
un + ρ−1

n λun = φ. By (7.26) and the
elliptic estimate for the Dirac operator Dh̃n

, we have that {un} is bounded in C
0,α
loc (Rm) for

any 0 < α < 1, where we have used h̃n → gRm in C∞
loc(Rm) again. Thus by the Ascoli-Arzelà

theorem, there exists a subsequence of {un} (still denoted by {un}) such that un → u∞ locally
uniformly on Rm for some u∞ ∈ C0(Rm,S(Rm)). Then u∞ satisfies DgRmu∞ = φ and we have
u∞ ∈ C0,α(Rm) for any 0 < α < 1 by the elliptic regularity. Combining this with (7.12), for any
φ ∈ L∞

c (Rm) we have

f̃∗n(L
−1/2
ψn

Tψn,H,ρ−1
n λL

−1/2
ψn

)φ = L
−1/2

ψ̃n
Tψ̃n,H̃n,ρ−1

n λL
−1/2

ψ̃n
φ→ L

−1/2
ψ∞

Tψ∞L
−1/2
ψ∞

φ (7.27)

in C0
loc(Rm), where Lψ̃n := 1

pPψ̃n +P⊥
ψ̃n

(the orthogonal projections are taken with respect to the

metric h̃n), Tψ̃n,H̃n,ρ−1
n λ := (H̃n|ψ̃n|p−1 +ρ−1

n λLψ̃n)
1/2 ◦ K̃n,λ ◦ (H̃n|ψ̃n|p−1 +ρ−1

n λLψ̃n)
1/2, K̃n,λ =

(Dh̃n
+ ρ−1

n λ)−1 (= k̃n(x, y) dvolh̃n) and Lψ∞ and Tψ∞ are defined in the previous subsection.
Under the convergence (7.27), we easily obtain (7.18). Namely, by the definition of the index

mRm(ψ∞), for any l ∈ N with l ≤ mRm(ψ∞), there exist ε > 0 and linearly independent spinors
ϕ1, ϕ2, . . . , ϕl ∈ L∞

c (Rm) such that

(L−1/2
ψ∞

Tψ∞L
−1/2
ψ∞

(ϕ), ϕ)L2(Rm)

(ϕ,ϕ)L2(Rm)
≥ 1 + ε (7.28)

for any ϕ ∈ span{ϕ1, ϕ2, . . . , ϕl}.
On the other hand, there exists a compact subset K ⊂ Rm such that suppϕj ⊂ K ⊂ Bρnr0

for all 1 ≤ j ≤ l and large n. Then by (7.27) and (7.28), we have

(L−1/2

ψ̃n
Tψ̃n,H̃n,ρ−1

n λL
−1/2

ψ̃n
(ϕ), ϕ)L2(Rm)

(ϕ,ϕ)L2(Rm)
→

(L−1/2
ψ∞

Tψ∞L
−1/2
ψ∞

(ϕ), ϕ)L2(Rm)

(ϕ,ϕ)L2(Rm)
≥ 1 + ε (7.29)

as n → ∞ uniformly for ϕ ∈ span{ϕ1, ϕ2, . . . , ϕl}. By Proposition 4.2 (2), (7.29) implies that
µ−ρ−1

n λ(ψn) ≥ l for all large n. Since l ≤ mRm(ψ∞) was arbitrary, this implies (7.18) and
completes the proof of Theorem 1.1. �
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7.3 A generalization

The above argument applies for a more general class of nonlinearities. As in §4.3, we assume that
H ∈ C2(S(M)) satisfies (4.22). Moreover, we assume that the following condition is satisfied
for H: for any {xn}∞n=1 ⊂ M and {λn}∞n=1 with xn → x∞ and λn → ∞, there exists a positive
constant H∞ such that

Hn(x, ϕ) := λ−p−1
n H(expxn(λ

1−p
n · ), λnFn(ϕ)) → H∞|ϕ|p+1 in C2

loc(S(Rm)) (7.30)

as n → ∞, where Fn : S(Rm)|B
λ
p−1
n r0

→ S(M) is the fiberwise isometry which is defined as in
§7.1.

For example, the condition (7.30) is satisfied for H which is a lower order perturbation of
1
p+1H(x)|ψ|p+1. More precisely, for H of the following form

H(x, ψ) =
1

p+ 1
H(x)|ψ|p+1 + h(x, ψ),

where h(x, ψ) satisfies

lim
|ψ|→∞

|h(x, ψ)|
|ψ|p+1

= 0.

In this case, H satisfies (7.30) with H∞ = 1
p+1H(x∞).

By repeating the same argument as in the proof of Theorem 1.1, we have the following
generalization of Theorem 1.1:

Theorem 7.1 Assume H ∈ C2(S(M)) satisfies (4.22) and (7.30). For any λ ∈ R and k ∈ Z,
there exists a constant C(λ, k,H) > 0 such that the following holds: for any solution ψ ∈
H1/2(M)∩L∞(M) to the equation Dgψ = Hψ(x, ψ) on M with the relative Morse index µλ(ψ) ≤
k, there holds ‖ψ‖L∞(M) ≤ C(λ, k,H).
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