Morse-Floer theory for superquadratic Dirac equations, I: relative
Morse indices and compactness

Takeshi Isobe
Department of Mathematics
Graduate School of Science and Engineering
Tokyo Institute of Technology
2-12-1 Oh-okayama, Meguro-ku, Tokyo 152-8551, JAPAN
e-mail: isobe.t.ab@m.titech.ac.jp

Abstract

In this paper and its sequel [37], we study Morse-Floer theory for superquadratic Dirac func-
tionals associated with a class of nonlinear Dirac equations on compact spin manifolds. We are
interested in two topics: (i) relative Morse indices and its relation to compactness issues of critical
points, (ii) construction and computation of the Morse-Floer homology and its application to the
existence problem for solutions to nonlinear Dirac equations. In this part I, we focus on the topic
(i). One of our main results is a compactness of critical points under the boundedness assumption of
their relative Morse indices which is an analogue of the results of Bahri-Lions [16] and Angenent-van
der Vorst [13] for Dirac functionals. To prove this, we give an appropriate definition of relative

Morse indices for bounded solutions to Dgg.n 1 = |1[P~'¢ on R™. We show that for m > 3 and

1<p< Z—f}, the relative Morse index of any non-trivial bounded solution to that equation is 4oc0.

We also give some properties of the relative Morse indices of Dirac functionals which will be useful
in the study of the topic (ii) above.

Mathematics Subject Classification 2000: 35Q41, 37B30, 5TR58, 58E05

1 Introduction

Let (M,g,0) be an m-dimensional compact spin manifold, where g is a Riemannian metric
on M and o is a spin structure on M. We denote by S(M) — M the spinor bundle and
Dy : C®(M,S(M)) — C>*(M,S(M)) the (Atiyah-Singer-)Dirac operator. See §2 for notation
and definitions of basic concepts which will be used throughout this paper. In this paper and
its sequel [37], we are concerned with nonlinear Dirac equations of the following form

Dy¢ = h(z,v) on M, (1.1)

where h : S(M) — S(M) is a fiber preserving nonlinear map. We consider the case where h
has a potential, that is, there exists a smooth function H defined on S(M) such that h(z,1) =
VyH(x,1), where VyH (x,) is the vertical gradient of H with respect to the metric on S(M)
and we write a general point on S(M) as (z,v), where ¢ is a point on the fiber S(M), over
x € M of the bundle S(M) — M. In such a case, the equation (1.1) has a variational structure:
We define a functional Ly by

L) = /Mw, Dy dvol, — /M H(w, ) dvol, (1.2)



for ¢p € C*(M,S(M)). Then, at least formally, ¢ € C1(M,S(M)) is a solution to (1.1) if and
only if 1 is a critical point of Ly, i.e., dlg (1)) = 0.

The equations of the form (1.1) arise naturally in some problems in geometry and physics. In
the following, we give two examples which motivate our study of the equation of the form (1.1).
Although we will not mention the details here, there are many other important problems related
to the equation (1.1): for example, in [23], [24] interesting problems which come from quantum
physics are studied from a variational point of view. See [23], [24] and references therein for
details about these problems.

Our first example is the supersymmetric Dirac-harmonic maps introduced in [19], [18]. We
consider a Riemann surface (X, g,0) with a metric g and a spin structure o and a Riemannian
manifold (N, h) with a metric h. In this model, we consider two basic fields, ¢ € C*°(Z, N)
and P € C®(X,S(X) ® ¢*T'N). In physics, the pair (¢,1) describes a supersymmetric string
moving on N. We consider the following action functional defined on the configuration manifold

F 1= {(94) : 6 € CF(2, N), 6 € C%(S,5(5) @ ¢*TN)}:
1 1
L00) = [ 140 dvoly+ 5 [ (0,De) dvol,
~ 15 L Rk (0)(w,7) (0% ) ol (13)

where Dy is the Dirac operator associated with a natural connection on S(X) ® ¢*T'N, R is the
curvature tensor of (N, h) and ¢ = ¥ @ %(qﬁ) is a local expression of 1) with respect to a local
coordinate y = (y*) on N. The Euler-Lagrange equations of the action £ take the following

form
P(6) — S RO,V ) + g Ry (8 R =0, (1)
Dgy™ = 3 Rl (9) (, 91)o, (15)

where 7(¢) = trVde¢ is the tension field of ¢. The second equation (1.5) is a type of the equation
(1.1). For the derivation of (1.4), (1.5), please refer to [19], [18].

The second example is the so called spinorial Yamabe equations, see [8], [9], [35], [36]. Con-
sider a spin manifold (M, g, 0) as before. Let H € C*°(M) be a given function. We consider the
following equation on M: ,

Dytb = H(x) |77 (1.6)
At least for the cases m = 2, 3, solutions to the equation (1.6) have interesting geometric mean-
ings. For the case m = 2, the equation (1.6) arises from the spinorial Weierstrass representation
of a conformally immersed surface M — R3: a solution to (1.6) gives a conformal immersion
M — R3? with mean curvature H (see [8], [9] and reference therein for more details). For the
case m = 3, the equation (1.6) is related to the Cauchy problem for Einstein metrics: a solution
to (1.6) gives a initial hypersurface {0} x M with mean curvature H on an Einstein manifold
R x M. See [12], for more details. As in the previous example, (1.6) has a variational structure:
1 is a solution to (1.6) if and only if v is a critical point of the following functional

£) = [ D) dvoly = T2 [ H @)l dvol,, (1.7

M moJM
In both examples, the action functionals take the similar from (1.2). For both of these examples,
it is a fundamental problem to determine the structure of the set of solutions. For Dirac-
harmonic maps, some explicit constructions of solutions are known, see [38], [10], [11]. In [34],



some existence results were established for Dirac-geodesics (Dirac-geodesic is the 1-dimensional
version of Dirac-harmonic map) via linking argument. For the spinorial Yamabe equation,
in [8], [9], [44], [35], [36] some existence results are established. But for both problems, general
existence results are still lacking. Since, at least formally, solutions to (1.4), (1.5) and (1.6) are
obtained as critical points of the action functionals (1.3) and (1.7), respectively, one of powerful
approaches to such problems may be based on Morse theory. But constructing suitable Morse
theory for both problems are not so straightforward: due to the presence of the pure spinor action
J3 (¥, Dg1p) dvoly, we observe that the action functionals (1.3) and (1.7) are strongly indefinite
in the sense that the Morse index and the co-index at any critical point are infinite. Thus
the classical Morse theory is not available to these examples. To construct meaningful theory,
we need a Floer type construction [25], [26], [27], [46]. In addition to the strong indefinite
character of the functionals, there are additional difficulties in both problems. Namely, both of
the functionals are invariant under conformal changes of the metrics on the domain manifolds.
Due to this invariance, the associated variational problems are not compact in the sense that
both functionals never satisfy the Palais-Smale like compactness condition.

Motivated by the above examples, in this paper and its sequel [37], we are concerned with the
Morse theoretic properties of the model functional (1.2) and we will study the global structure
of solutions to the equation (1.1) from a Morse theoretic point of view. We focus our attention
mainly on the strong indefinite character of the variational problem, so we will assume that L7
is subcritical in the sense that the term [, H(z,1) dvoly in (1.2) is a compact perturbation of
the pure spinor action % f (¥, Dy) dvoly, see §3 for the precise meaning of this. Though we
do not address the problem of non-compact perturbations in this paper, in [33], [35] and [36]
some compactness and existence issues were treated from a different perspective for some class
of non-compact perturbations.

Morse theory for strongly indefinite functionals were previously studied by some authors,
see [1], [2], [3], [5], [6], [13], [14], [25], [26], [27], [28], [39], [48] and references therein. Except
for 1-dimensional variational problems, however, there are few satisfactory results which can
be applied to problems arising from geometry and physics, including, in particular, our model
example. Motivated by the works of Bahri-Lions [16], Angenent-van der Vorst [13], [14] and
Abbondandolo-Majer [3], [5], [6], in this paper and its sequel [37], we study some aspects of the
Morse-Floer theory for the Dirac functionals of the from (1.2). More precisely, we will focus on
the following topics:

(i) Relative Morse indices and its relation with compactness issues of solutions to (1.1).

(ii) Construction and computation of the Morse-Floer homology of Ly on the set of spinors
and its implications for the global structure of the set of solutions to (1.1).

Note that both of the above topics are closely related to each other. Recall that the Morse-
Floer homology is the homology of a chain complex generated by critical points of the functional.
Thus in order to construct the Morse-Floer homology with coefficient A, where A is an arbitrary
abelian group, we first need to define a graded A-module {Cy,(L; A)}pez (the grading is given
by a “relative Morse index”) by Cp(Lu;A) = Cp(Ly) ® A, where Cp(Lp) is the free abelian
group generated by critical points of Ly with relative Morse index p:

Clm)= P ZW), (1.8)

ecrity(Lpr)
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where crit,(Lg) := {¢ : dCr(¢) = 0, m(¢p) = p} and m(v) is the relative Morse index of .
Since L is defined on an infinite dimensional space of spinors, even in the case where Ly is
a Morse function, it is not necessary that Cp(Lp;A) is finitely generated. Thus, even in the
case where the boundary operator d), : Cp(Lp; A) — Cp_1(Lp; A) is defined properly such that
Op 0 Op—1 = 0, it is not necessary that its homology HF,(Lp;A) = kerd,/Im 0y, is finitely
generated. However, if we have a suitable compactness property of critical points under the
boundedness assumption of their relative Morse indices, we will obtain such a finiteness result.
Preceding results in this direction [16], [14] suggest that such a compactness property will be
expected if the functional satisfies a suitable condition.

In this paper, we study the Morse-Floer theory for the functional L, mainly focusing on
the topic related to (i). Our main result proved in this paper is the compactness of critical
points of Lz under the boundedness assumption of their relative Morse indices for a class of
superquadratic functionals Lg. Thus a finiteness result as mentioned above holds for such a
class of functionals Lg. For clarity of our exposition, we first consider a simple model case
h(z,%) = H(x)[¢)|P~11, where H is a smooth positive function on M. Later, we will show that,
with a suitable modification, essentially the same argument applies for a more general class
of nonlinearities, see §7.3 for details. Thus we shall first consider the following functional Ly
defined on H'Y2(M,S(M)) (H'/?(M,S(M)) is the H'/?-spinor space which will be defined in
§2):

L) = 5 [ @Dgw)avol, = = [ (ol avol, (19)

Our main result concerning the topic (i) above is the following:

Theorem 1.1 Let us assume that m > 3 and 1 < p < % For H € C°(M) with H > 0 on
M, X € R and k € Z, there exists a constant C(\, k, H) > 0 such that the following holds: For
any solution 1 € HY?(M,S(M)) to the equation Dytp = H(z)||P~ % on M with its relative
Morse index satisfying ux(v) < k (for the definition of ux(v), see Definition 3.2 below), there

holds ||¢||L°°(M) < C()\, k‘, H)
As a corollary, we have

Corollary 1.1 Let us assume that m > 3, 1 < p < % and A € R. Assume also that
H € C%(M) and H > 0 on M. Then the following assertions (1) and (2) are equivalent for a

sequence {1, }o2, € HY?(M,S(M)) of solutions to (1.1).
(1) {Lg(¥n)}p>; C R is unbounded from above: sup,>1 Lg(1n) = +00.

n=1

(2) {pr(¥n)}ply is unbounded from above: sup,q px(1n) = +00.

A sequence of solutions to (1.1) which satisfies the condition (1) of the above corollary was
constructed in [32] via a linking argument. Thus, we have by the above corollary an additional
information about the solutions constructed in [32]: For any given integer k, there exists a
solution ¥ to (1.1) such that its relative Morse index satisfies py(¢) > k.

Theorem 1.1 implies the following finiteness result for the chain group {(Cp(Lu;A)}pez,
where the grading is given by the relative Morse index ). Note that Ly is S'-invariant (S*
action on spinors is given by S* x HY2(M,S(M)) > (z,%4) — 2z € HY?(M,S(M))), so any
non-trivial critical point of Ly is degenerate. For this reason, the next result is stated for a
more general class of nonlinearities.



Corollary 1.2 Let us assume that m > 3, 1 < p < 28 and H = H(z,v) € C*(S(M)) is a
lower order perturbation of ﬁH(:ﬂ)WP’H in the sense of §7.3. Let us also assume that Ly is a
Morse function on HY2(M,S(M)). Assume that the chain complex {(Cp(L; A)}pez is graded
by the relative Morse index px. Then for any p € Z, Cp(Ly; A) is finitely generated.

In particular, if the homology of the chain complex {C\(Lg;A),0x(Lg)} is defined properly,
then it is finitely generated at any degree. (In fact, we will prove in [37] that its homology is
well-defined. Moreover, it will be shown that we can explicitly calculate it for more general class
of H.)

The proof of Theorem 1.1 relies on the existence of a suitable relative Morse index mpgm
defined for ¢ € L®(R™ S(R™)) satisfying Dg,nt0 = [¢|P~1¢ on R™. Formally, solutions to
the equation Dgy,,19 = [|[P714) is obtained as a critical point of the functional Lgm(¢)) =
3 Jm (¥, Dgym ) dvolgy,, — zﬁ Jgm [P dvolg,,, . Notice, however, that it is not obvious at all
how to define relative Morse index for a critical point ¢ of Lgm. The reason is that natural
notion of relative Morse indices defined for solutions to (1.1) on compact manifolds (which we
will review in §3) depends crucially on the compactness of M, thus does not apply for critical
points of Lgm. Therefore, we first need to investigate how to extend the notion of the relative
Morse indices to such a non-compact setting. As for this problem, we will prove the existence
of a “relative Morse index” mpgm which has the following properties (I-1), (I-2):

(I-1) mpm (v)) is defined for ¢ € L>(R™,S(R™)), takes values in ZU{+oo} and lower-semicontinuous

with respect to LS (R™)-convergence.

(I-2) mgm is a natural continuation of u) along a conformal blow up of a compact spin manifold

(M, g, o), where 1 is the relative Morse index defined for critical points of £z on HY2(M,S(M)).
In addition, it has the following crucial property:

Theorem 1.2 Assume m > 3 and 1 < p < L Then for any non-trivial solution ¢ €

m—1

L®(R™ S(R™)) to Dggmtp = [P~ 1) on R™, we have mgm () = +o0.

Note that the above theorem gives a positive answer to the conjecture proposed by Maalaoui
in [42]. Note, however, in [42] the author does not give any meaning of the “relative Morse
index” for solutions to Dy, % = [¢|P~19 on R™. In fact, as we have already mentioned above,
due to the non-compactness of R™, giving a suitable meaning of the relative Morse index for
such a solution is not trivial and, in fact, it is an important part of the problem. The definition
of mgm is given in §6, Definition 6.1.

Remark 1.1 (1) As we mentioned before, Theorem 1.1 is motivated by the works of Bahri-
Lions [16] and Angenent-van der Vorst [14]. In [16], Bahri-Lions obtained a result similar
to Theorem 1.1 for equation of the form —Au = a(z)u[P~ u on @ C R™ under the Dirichlet
boundary condition u = 0 on OS2, where a is a positive function on Q and u is a scalar function
on 2. In their work, the Morse index is the classical Morse index. Later, Angenent-van der
Vorst [14] extended the result of [16] to a system of equations of the type —Au = a(z)|v|P~ v,
—Av = b(z)|u|?tu on Q C R™ under the Dirichlet boundary conditions u = v = 0 on 0), where
a, b are positive functions on  and u,v are scalar functions on . In this case, the equations have
a strongly indefinite variational structure and the Morse index is a relative Morse index, thus
closely related to ours. The idea of the paper [1]] is based on the following observation: due to the
special structure of the equations, one of the functions, for example v can be eliminated from the



second equation, and the system of equations becomes a single equation for u. In a similar way,
it was shown in [14] paper that the index problem can be reduced to the classical index problem for
the reduced equation for w. In fact, this reduction process was done for the linearized equations
and, therefore, applied for more general class of equations of the form —Au = H,(z,u,v),
—Av = Hy(x,u,v). Anyway, it relies on the special structure of the equations and it does not
seem to be applicable to our case and more general context such as a functional defined on a
general Hilbert manifold. Thus, we must take another route to approach our index problem. Note
that our approach applied to the above mentioned Angenent-van der Vorst’s elliptic systems will
give a different index formula. However, it can be shown that it coincides with the one of [14]
up to the addition of a constant.

(2) It is natural to expect that the conclusions of Theorem 1.1 and Theorem 1.2 also hold for
m = 2. Some parts of our arguments apply to the case m = 2. But, they are not sufficient to
conclude the above results for this case.

As for the topic (ii), in the sequel of this paper [37], we will give a construction and com-
putation of the Morse-Floer homology for a class of superquadratic functionals (including our
model example Ly as a special case). As a consequence of the invariance of the homology within
a class of superquadratic Dirac functionals (which is one of the main results proved in [37]), the
superquadratic Dirac-Morse-Floer homology will be defined. As an application of the compu-
tation of this homology, we will prove the existence results for a class of superquadratic Dirac
equations which extends the results proved before in [32].

This paper is organized as follows: in the next section, we introduce basic definitions and
notation which are used throughout this paper and its sequel [37]. In §3, we give three different
definitions of the relative Morse indices for critical points of L. Some fundamental properties of
these indices and relations between these different definitions are also discussed in that section.
In §4, we give a reformulation of the relative Morse index for some class of functionals, thus
giving one more another formula of the relative Morse index. This reformulation is necessary to
“continue” the relative Morse indices defined on compact spin manifolds to R™ via a blow-up
procedure. It is essentially accomplished by comparing the relative Morse index of L with the
classical Morse index of the Legendre-Fenchel dual of the second order approximation of Lp. In
§5, we prove a Liouville theorem which asserts that a solution ¢ € LPTHR™) to Dy, 1) = 1P~ 14
on R™ is identically 0. This result is essential for the proof of Theorem 1.2. In §6, we prove
Theorem 1.2. Then, in the final section §7, we prove Theorem 1.1 and its generalization.

Acknowledgment. The present author wishes to express his sincere gratitude to Professor
A. Maalaoui for interesting discussions related to this work. This work was supported by JSPS
KAKENHI Grant Numbers 22540222, 15K04947.

2 Preliminaries

In this section, we collect some basic definitions and notation which will be used throughout
this paper. We will use the same notation used in [32], [33]. Please consult these papers, if
necessary. See also [29], [30], [40] for more detailed exposition about fundamental concepts
from spin geometry.

Let (M, g,0) be an m-dimensional spin manifold. This means that M is an oriented Rieman-
nian manifold with a metric g and the oriented frame bundle Pso(M) — M has a non-trivial



double covering o : Pspin (M) — Pso(M) whose restriction to each fiber is the universal double
covering Spin(m) — SO(m). We denote by Cl,, the Clifford algebra generated by R". For m
even, it is a fundamental fact that there exists an irreducible complex Cl,,,-module S,,, such that
Cly, := Cl,,, ® C =2 End¢(S,,) (as C-algebras). S, is determined uniquely up to isomorphism and
is usually called the spinor module. The isomorphism Cl,;, = Endc(S,,) induces a representation
(unique up to isomorphism) 7 : Spin(m) — Endc(S;,) which is called the spin representation.
On the other hand, the canonical orientation on R™ induces a Zo-grading on S,,; S;,, = S;E @S,
see [29], [40] for details. Since Spin(m) C Cl}, where the subalgebra of Cl,, generated by ele-
ments which can be written as the product of even (odd) number of vectors in R™ is denoted by
CIt (ClI.), Sit are preserved by 7, i.e., S& are representations of Spin(m). It is a fundamental
fact that they are irreducible and non-isomorphic as complex Spin(m)-modules. S are called
positive/negative complex spin representations. The spinor bundle S(M) — M is defined as the
associated vector bundle of Pgp;, (M) — M via the representation 7 : Spin(m) — End(S;,),
S(M) = Pspin(M) %7 Sp.

For m odd, we have a natural isomorphism Cl,,, = CI;;Jr1 given by zt +2~ — ot +ep -z (-
denotes the Clifford product), where 2+ € Cli, {eo,€1,...,em}and {ey,..., ey} are orthonormal
bases of R™*! and R™, respectively, and we consider R™ as a subspace of R”*! via the canonical
inclusion R™ C R™*!. Under these, we have the following C-algebra isomorphism:

Cly = CI} L 2 End{ (Sp41) = Ende(S}, 1) ® Ende(S;,, ;).

It is also a fundamental fact that S;—: 41 are irreducible Cly,-modules and, as representation
spaces of Spin(m), they are irreducible but isomorphic. Thus, we define S,, = S;; (=S, )
and call the spinor representation for odd m. Denoting the spinor representation so obtained as
7 : Spin(m) — Endc(S,,), we define the spinor bundle S(M) — M as in the even dimensional
case.

Sections of S(M) — M are simply called spinors. The space of C'*°-spinors is denoted by
C®(M) := C>®°(M,S(M)).

The spinor bundle is a Dirac bundle in the sense that the following conditions (i)—(iv) are
satisfied: (i) X - Y - +Y - X ¢ = =2¢9(X,Y)¢ for XY € C®°(M,TM) and ¢ € C°(M).
(i) (X -, 9) = —(, X - ) for X € C°(M,TM) and ¢, € C°(M) ((-,-) is the hermitian
metric on S(M) induced from a natural hermitian metric on S,,). (iii) V is metric in the sense
that X (¢, ) = (Vx¢,9) + (¢, Vxp) for X € C°(M,TM) and ¢, € C°(M), where V is a
canonical connection on Psp;, (M) obtained by lifting the Levi-Civita connection on Pso(M).
(iv) The Clifford product is constant in the sense that Vx (Y -¢) = (VxY) - ¢ +Y - Vx9 for
X,Y € (M, TM) and ) € C®(M).

The (Atiyah-Singer-)Dirac operator Dy is defined by the following:

Dy =coV:C¥(M) - C®(M,T*M @ S(M)) = C®(M, TM & S(M)) = € (M),

where ¢ denotes the Clifford multiplication ¢ : TM @ S(M) > X @ ¢ — X - € S(M) and the
identification T*M = T'M by the metric g on M is used.

The nonlinear Dirac equation of the from (1.1) is obtained formally as a solution to the
Euler-Lagrange equation of the action functional Ly defined on spinors:

Lulw) =5 [ W.D)dvol, — [ Haw(w) dvol,
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where (-, -) is the metric on S(M), i.e., (-,-) = Re(:,").

In view of the presence of the pure spinor action | 170, Dg1p) dvol, term, from a functional
analytical point of view, a natural functional space to work with L is the Sobolev space of
H'%spinors, see [32]. It is defined as follows. Let {14}, be a complete orthonormal basis
of L?(M,S(M)), the space of L2-spinors on M, consisting of eigenspinors of the Dirac operator
Dy with corresponding eigenvalues {\;}3 . Recall that {\;}7°; is unbounded from above and
below. Then for s > 0, the unbounded operator |Dgy|* : L%(M,S(M)) — L?(M,S(M)) is defined
by

IDg[* =)~ [kl artd,
k=1

where ¢ = Y2 agthy € L*(M,S(M)).

The domain of |Dy|* is, by definition, the space of H*-spinors and is denoted by H*(M,S(M)).
For simplicity, throughout this paper, we will use the shorthand notation H*(M) := H*(M,S(M))
and LI(M) := LIY(M,S(M)) (1 < g < o), the space of Li-spinors on M. Thus ¢ = Y 7 ax
is in H*(M) if and only if 2 (1 + [Ak]**)]ax|* < +o00. H*(M) is a Hilbert space with the
inner product (¥, )¢ ary := (¥, ©)g2ary + (IDgl*¥, [Dgl*@) c2(ar), where (-,-)p2(pr) is the L*-
inner product on £2(M). We are mainly concerned with the case s = 1/2. By the Sobolev
embedding theorem [7], we have a continuous inclusion H'/2(M) C LPF1(M) for 1 < p < 2L
It is compact for 1 < p < % Thus the functional L is well-defined on /(M) if H satisfies
a growth condition like |H (z,%)| < C(1 + [¢|P*!) for 1 < p < 24 Furthermore, if H is
differentiable in the fiber direction and h(z,v) = V,H(z,) satisfies a growth condition like
|h(z,¢)] < C(1 + [¢|P) for 1 < p < 2L then Ly is differentiable on 3!/2(M) and a critical
point 1 € HY2(M) of Ly is a weak solution to the equation (1.1). Further regularity property
of H (for example, if h is Holder continuous) implies that any H 1/2_weak solution is C! and
is a classical solution of (1.1). For the proof of the regularity of weak solutions, see [8], [33,
Appendix].

A typical example which we should have in mind is H(z,v¢) =

;ﬁH(ﬂf)W)\pﬂ, where H is
m+1
m—1

a positive smooth function on M and 1 < p < . In this special case, we will denote the

associated functional Ly by Ly. It is easy to verify that Ly is C? on H'/?(M).

3 Relative Morse indices

For the moment, let us assume that H(z,) is twice differentiable in the fiber direction v and
there exists a constant C5 > 0 such that the following folds for all (z,v) € S(M):

|H (2,1)] < C5(1+ [[PT), (3.1)
|dyH (x,9)] < C5(1L+ [y[P), (3.2)
|d3H (2,9)| < Cs(1+ [P, (3.3)

where 1 < p < % and dyH and diH denote the first and the second order derivatives of H
with respect to the fiber variable .

Under the condition (3.1)~(3.3), by the Sobolev embedding theorem H/2(M) C LPTL(M),
it is easy to see that Lg is C2 on H/2(M) and the first and the second order derivatives dL



and d’Lp, respectively, are given by

()l = [ (0Dl dvoly — [ duti e, dvol,

PL()p, 6] = /M«o, D) dvol, — /M &2 H (2, ) [0, 8] dvol,

for ¥, p, ¢ € 9—(1/2(M). From the first equation, the equation dLg(¢)) = 0 is the weak form
of the equation (1.1) with h(x,v) = VyH(x,v). From the second equation, the self-adjoint
realization of d?L () on HY2(M) is given by

d* Ly (1) = (1+|Dg|)~'Dg — (1 + D)~ dy Vy H (2, 9)). (3.4)

Recall that the Morse index of Lz at ¢ € HY?(M,S(M)) is the dimension of the maximal
subspace of H!/2(M) on which d?L g (v) is negative definite. Under the condition (3.1)—(3.3), by
the Sobolev embedding theorem, (1 + |D,|)~'d, V., H(x,v) is a compact operator on H/2(M)
and, therefore, d*Lp (1)) is a compact perturbation of (1 + |Dgy|)"'Dy. Since +1 are essential
spectrum of (1+|D,y|) 1D, the same is true for d?L (1) and d*Lp (1)) is negative and positive
definite on some infinite dimensional subspaces of 3(/2(M). Thus the Morse index and co-index
at any critical point of Ly are infinite. Therefore, to obtain a meaningful quantity, we need a
relative (or renormalized) version of the Morse index. It is known at present that there are some
definitions of such relative Morse indices based on different concepts. In the following, we give
three of them. These are based on (i) the relative dimension of commensurable subspaces, (ii)
the spectral flow of a path of Dirac type operators, (iii) the Fredholm index of the linearization
of the negative gradient flow equation connecting two critical points. Though all of these are
well-known, we will shortly review them in the following subsections because we will use all of
these versions throughout this paper and its sequel [37].

3.1 Relative Morse index as a relative dimension

The idea of this definition is to compare the negative subspace of d2Ly(v)) with some fixed
subspace of H(/2(M). Thus, let us first define a notion of relative dimension for two infinite
dimensional commensurable subspaces. Let us consider two closed subspaces V, W ¢ H1/2 (M).
Following [2], [3], we say that V and W are commensurable if the operator Py — Py is compact,
where Py is the orthogonal projection onto V. For commensurable subspaces V, W, we define
their relative dimension as dim(W,V) := dim(W N V1) — dim(W+ N V), where V1 is the
orthogonal complement of V in H/2(M). For commensurable subspaces V, W, dim(W, V) is
well-defined, i.e., dim(W, V') is an integer (see [2], [3] for the proof).

For a given bounded self-adjoint operator T, we denote by ET(T) and E~(T) the maximal
T-invariant subspaces on which T is positive and negative definite, respectively. We will simply
call ET(T) and E~(T) the positive and the negative subspaces of T, respectively.

For A € R, we set Dy = Dy — A. We define a relative Morse index of Ly at 1) by comparing
E~(d?L (1)) with the negative subspace of Dy.

Definition 3.1 We write B (1) := Ei(dprH(w)), where d?L (1) is given by (3.4). We also
define E/j\E = EE((1 4 |Dy|)7IDy) for A € R. We define the A-relative Morse index mx(¢) of
Ly at € HY2(M) by

ma(6) 1= dim(E (6), Ey ).



To see that the above definition is well-defined (i.e., m) (1) is an integer), we observe that,
by the Sobolev embedding and the elliptic regularity theory, the difference of the operators
d?L () and (1 + |Dy|)~'Dy is compact for any A € R:

ALy () — (14 |D])7'Dy € K(HY2(M)),

where K (H/2(M)) c L(F/2(M)) and L(F/2(M)) are spaces of compact and bounded opera-
tors on H/2(M ), respectively. Thus, as is easily seen from functional calculus, the difference of
the spectral projections of diLH(z/J) and (14 |Dy|)~D, on the spectral set (—oo,0) is compact,
see [3, Proposition 2.2] for details. Therefore, I/;;(1)) and E) are commensurable and my(¢) € Z
as asserted.

3.2 Relative Morse index as a spectral flow

There is also a useful formula of the relative Morse index in terms of the spectral flow of a path
of Dirac operators. We first observe that the L?-realization of d2L g (1)) (i.e., the representation
of d2L (1)) with respect to the L?-inner product on H'/2(M)) is given by the unbounded self-
adjoint operator Dy — dyVyH (z,1) on L2(M). For 1 € HY2(M), we set

Ay = dyVyH(z, ). (3.5)

Then we have Dy — dy,VyH(x,9) = Dy — Ay. Note that Ay(x) : S(M), — S(M), is symmetric
for a.e. x € M, ie., Ay is a measurable section of Sym(S(M)) — M, where Sym(S(M)) =
|l eas Sym(S(M);) and Sym(S(M).) is the set of symmetric endomorphisms on S(M),. We
henceforth assume that ¢ € L°°(M). We then define

A= L>®(M,Sym(S(M)))
={A: Ais a L*-section of Sym(S(M)) — M}

and Dy =D — A for A € A.

We denote the set of bounded symmetric operators from H! (M) to L2(M) by Lsym (H (M), L2 (M)).
We denote by $(H(M),L2(M)) C Leym(H(M), L2(M)) the open subset consisting of those
operators with non-empty resolvent set. For k > 0, we define

Si(H (M), L2(M)) := {L € §(H"(M),L*(M)) : dimker L = k}.

For brevity, we write § = 8(H! (M), L2(M)) and 8y, = 8y (H' (M), L2(M)). By the compactness
of the embedding H*!(M) — L2(M), for L € §(H (M), L23(M)) and \ ¢ Spec(L), the resolvent
(L —X\)~1:L%(M) — L%(M) is compact and dimker L < +oco for any L € $(H' (M), L2(M)).
We thus have 8§ = |J;2, 8. By Duistermaat [22] (see also [45]), 8 C 8 is a smooth submanifold
of codim 8 = @ In particular, codim 8 > 3 for k > 2. From this, a generic path in 8 does
not intersect 8y for k > 2. Also, a generic path in 8 intersect transversally with 81. The spectral
flow of a path of operators {L;}te;r C€ 8§ (I C R is an interval) is defined as the intersection
number of the path {L;},c; with 8;. More precisely, it is defined as follows. Let Ly € 8;.
By definition, we have dimker Ly = 1 and Ly has 0 as a simple eigenvalue. Furthermore, for
any L € § close to Lo, L has a simple eigenvalue A\(L) with A(Lg) = 0 and A(L) depends
smoothly on L near Ly. There exists a neighborhood U(Lg) of Ly such that 8 N U(Lg) is

represented as 81 NU(Lg) = {L € 8§ : A(L) = 0}. Thus the 1-form d\ defines an orientation
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on Tr,8+ = T1,8/Tr,81. With this orientation, the spectral flow sf{L;};c; of a generic path
{Lt}teg is defined as the intersection number of {L;}ic; with 85:

sf{L;}+c; = the intersection number of {L;};c; with 8;
= #{eigenvalues of L; flowing from negative to positive
as t varies from the left end of I to the right end of I}
— #{eigenvalues of L; flowing from positive to negative

as t varies from the left end of I to the right end of I},

where in the above, for simplicity, we have assumed that L, is invertible at the both ends of I.
For k > 0, we define Ay, = {A € A: Dy € 8}. Let us assume that Ay, A1 € Ag. We choose
a smooth path {A;}¢cp,1) in A which connects Ag to A;. We may assume that, after slightly
perturbing the path if necessary, {D At}tE[O,I] intersects with §; transversally. We then define:

Definition 3.2 Under the above condition, we define the index j1(Da,,Da4,) by
#(Da,,Da,) = _Sf{DAt}tG[U,l]‘
For A € Ay and A € R\ Spec(Dy), we define
#x(Da) := (D4, D).
Finally, for ¢ € L®°(M) with Ay, € Ag and X € R\ Spec(Dy), we define px(¢) by
pA(¥) = u(Da,, Dy),
where Ay, is defined in (3.5).

Note that, since codim8; > 3 for k > 2, a generic homotopy of generic paths does not
intersect with 8, for k > 2. Thus the above definition does not depend on the particular choice
of the generic path and is well-defined.

A critical point ¢ € crit(Ly) is called non-degenerate if d2L (1) is invertible. This is the
case if and only if Ay € Ag. For degenerate case Ay & Ap, we define:

Definition 3.3 Let ¢ € L°(M) and X € R\ Spec(Dy). We define the lower A-index py ()
and the upper A-index py () as follows:

pa—(v) = liminf{p(Da) : [| Ay — Alle <, A € Ao},
pa+ () = limsup{ps(Da) « [[Ay — Al < e, A € Ao}

By definition, py and py 4+ depend on M. Its dependence is easily seen by the following
lemma:

Lemma 3.1 Let A\, \ € R\ Spec(D,) with X < X\. We then have

px () = ux(¥) + #{ A\ € Spec(Dy) : ' < A\p < A}

11



Proof. We have

px (Y) = M(Dva D)
:M(DAWDA)‘FN(D)\,DX) (3.6)

by the additivity property of the spectral flow. Consider the path A; = (tA + (1 —t)\)1 € A.
Since Spec(Dy,) = Spec(Dy) — tA — (1 — t)N, an eigenvalue of D4, which changes its sign as
t changes from 0 to 1 is of the form Ag(t) = Ay — tA — (1 — t)N, where \; € Spec(Dy) lies
between A and ). Under the assumption X < A, all of these change from negative to positive.
Thus the assertion is proved if all A\, € Spec(Dy) lying between A" and X are simple. Otherwise,
we slightly perturb the path {A;}4c[,1) in such a way that the resulting path {At}te[(),l] does
not intersect with Ay for all k& > 2 and intersects with A; transversally. By the assumption
AN € R\ Spec(Dy), we have Ag, Ay & Uy—; Ax and, as we have seen above, {D 4, }+c[o,1] already
intersects transversally with 8;. Therefore, the perturbation {At}te[o,l] can be chosen in such
a way that {A;}e(01) coincides with {A;},e(0,1) except on neighborhoods of points at which
{At}ieo intersect with (JiZ, Ag. In particular, we may assume that Ag = Ag and A; = Aj.
Then taking the perturbation small enough, we see that for each multiple eigenvalue A of Dy,

Ak(t) splits into dimker(Dy — Ag) simple eigenvalues of D ; near ¢t = ’\)ff)\))/. These are only

eigenvalues of D 5, which change their signs near ¢ = ’\)f“:;)/. They all change from negative to

positive as t varies under the assumption X' < A. Thus each multiple eigenvalue A\ contributes
dimker(D, — Ag) to the spectral flow. Therefore, the assertion is proved also in the case where
there are multiple eigenvalues. This completes the proof. O

In the next lemma, we prove monotonicity of px(D4) with respect to variations of A. This
result will be also useful in part II of this paper, see [37]. For A, A’ € A, we write A’ < A if
A — A’ is non-negative pointwise a.e..

Lemma 3.2 Assume Ag, A1 € Ag and Ag < Ay. For any X\ € R\ Spec(Dy), we have j1x(D4,) <
/’[/)\(DAl)'

Proof. Since Ay C A is open, there exists a small connected neighborhood U(Ag) of Ay such
that U(Ag) C Agp. For A € U(Ayp), consider a generic path connecting Ay to A in U(Ap). It is
easy to see that pux(Da) = ua(Da,) for all A € U(Ap) if U(Ap) is small enough, i.e., ux(D4) is
locally constant on Ag. Thus considering a neighboring Aj, of Ay if necessary, we may assume at
the beginning that Ay, Ag satisfy Ay > Ag+ 1 for some § > 0. We then consider the linear path
A =tA1+ (1 —t)Ag for 0 <t < 1. We have %At = A; — Ap > 01 and a generic perturbation
(in the sense of C!) {At}te[ﬂ,l] of {As}iepo,1) satisfies

%At > gl. (3.7)
We need to calculate the intersection number of {D g }ic[0,1) with 81. To this end, let us assume
that B € A; and A = A\(A) is a smooth function defined in a neighborhood U(B) of B € A such
that A(B) = 0 and U(B)NA; = {A € A : A(A) = 0}. That is to say, \(A) is an eigenvalue
of D4 defined for A near B and A\(B) = 0 is a simple eigenvalue. Let 1)(A) be a corresponding
L?-normalized eigenspinor which depends smoothly on A near B. Such a choice is possible by
the implicit function theorem: by the assumption B € A; and the implicit function theorem,
for A near B there exists an eigenspinor 1(A) which depends smoothly on A. To obtain a
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L?-normalized eigenspinor, we simply replace ¥(A) by ¥(A) /| (A)]| () if necessary. Taking
the derivative of Dgyp(A) — AY(A) = A(A)Y(A) with respect to A at A = B in the direction
a € TgA = A and taking the L2-inner product with 1(B), we obtain

(AN(B), @)1z axTpA = —(atp(B), ¥(B)) c2 (), (3.8)

where the left hand side is the duality pairing between Tj5A and TpA. Thus at an intersection
point 2o € (0,1) of {D 5 }iefo,1) with 81, by (3.7) and (3.8) we have

L2(M)

. d - d -
(dA(Ay), 2 A1) = = (A ) ¥ (A), v(4y))
0 o
< —(F¥(An).¥(An)) , = =5 <0.
This proves that at any intersection point, the intersection number is —1. Thus p(Da,,D4,) =

—sf{D j, }tejoa) = 0 (= 0 occurs for {Dj }icjo1) which does not intersect with 81) and the
assertion follows from the additivity property of the spectral flow:

px(Da,) = u(Da,,Dy)
M(DAM DAO) + :U’(DAm DA)
(D 4y, Dx) = pa(Da,).

v

0

3.3 Relative Morse index as the Fredholm index of the linearized gradient
flow equation

There is also another useful formula which characterizes the relative Morse index. Let us consider
the negative H'/2-gradient flow of Lz connecting two critical points x,y € crit(Lpr):
o

E = _VI/ZLH(¢)7 ¢(—OO) =X, 1/}(+OO) =Y (39)

where V0L g (1) = (IDg| + 1) 7'Dg — (|Dg| + 1) "'V H (z, ) is the H'/2_gradient of Ly at 1.
The equation (3.9) plays a fundamental role for the construction of the Morse-Floer homology
of L on HY/2(M) which is the topic we will study in [37].
By definition, the boundary value problem (3.9) is Fredholm if its linearization at any solution

P to (3.9)

86:; = —dVipLly()u, u(—o00) =0, u(+o0) =0, (3.10)
is a Fredholm boundary value problem, where dV;5Lp(¢) = (|Dg| 4+ 1)"'Dg — dyVyH (,1)).
This means that the operator Fy : u — @ —dV; 5L (¢)u considered as Fy : Cj(R, HY2(M)) —
CO(R, H/2(M)) (or Fy : W (R, HY2(M)) — LA(R, HY/2(M)), or Fy : Wy (R, X) — L2(R, X)
for some appropriate subspace X ¢ H!/2(M)) is a Fredholm operator.

Notice that, for any A € R and ¢ € H'/2(M), we can write dV1 /2L m () = (|Dg| +1)"'Dy —
(IDg|+1) "1 (dypVyH (x,1)) — X). Note that when X € R\ Spec(Dy), (|Dg|+1) 71D, is a hyperbolic
operator (in the sense that its spectrum does not intersect with the imaginary axis) and (|Dg|+
1) "N dypVpH(z,9) — ) : HY2(M) — H'/2(M) is compact under the assumption (3.3). Thus,
under the assumption A € R\ Spec(Dy) and x,y € crit(Lp) are non-degenerate, we have, by [13,
Lemmas 15, 16], [3, Theorem 3.4], [4, Theorem E] and [21, Theorem 3.3] the following:
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Theorem 3.1 Under the above assumption, the boundary value problem (3.10) is Fredholm.
Moreover, its Fredholm indez (i.e., the Fredholm index of Fyy) depends only on dV 2L (x) and
dV1,5Lu(y). We thus denote the Fredholm index index(Fy) by p(x,y).

3.4 Relations between the relative Morse indices

We have defined three indices my (1), pur(¢) (or py +(¢) for the degenerate case) and pu(x,y).
We have the following relations between these indices:

Lemma 3.3 Let us assume that A € R\ Spec(Dy). Then we have the following:

(1) If ¢ € crit(L ) is non-degenerate, we have my () = px(v).

(2) For any non-degenerate x,y € crit(Lp), we have pu(x,y) = my(x) — m(y).

(3) If i € crit(Ly) is degenerate, we have my () = px —(¢) = px (1) —dimkerDy,, .

Proof. The assertion (1) follows from [41, Theorem 3.6]. In fact, all the assumptions of that
theorem are satisfied for the path {Da, };c[01] of Dirac type operators with {A;}icpo1) C A
which connects D4, = Dy and D4, = Da,: the Riesz continuity of {D 4, };¢[0,1] is a consequence
of the dyp-continuity (see [41, Definition 2.1]) of that path and the latter property follows
from the L*°-continuity of {A;}ico,1]- Da-compactness of D, — Dy (i.e., the compactness of
(D4, — Dy)(1 4+ |Dy[?)~1/?) is also clear from the elliptic regularity and the Sobolev embedding
theorem. Thus by [41, Theorem 3.6], we have

Sf{DAt}te[O,l} = dim(E[07OO)(DA1)ﬂ E[OjoO)(DAO))
= dim(E*>)(Dy, ), E*)(D,))
= —dim(E~(Da,), E~(Dy)), (3.11)

where E[O’OO)(DAt) denotes the range of the spectral projection of the operator D4, with the
spectral set [0,00), i.e., ran(1jp )(D4,)). Although we have not defined a spectral flow for a
path of Dirac type operators where at least one of the ends D4,, D4, is degenerate, there is a
suitable definition of the spectral flow for such a case and the above equality (3.11) still holds.
See [41] for more details. (3.11) is exactly the assertion my(v)) = px(v).

The assertion (2) is a consequence of [13, Lemmas 15, 16], [3, Theorem 3.4], [4, Theorem E]
and [21, Theorem 3.3].

To prove (3), for € > 0, we define Da,,+e := Da, F €. We take ¢y > 0 such that ((—e€0,€0) \
{0}) N Spec(Da,,) = 0. For 0 < e < ¢, we consider z1y(Da, ). Since Ay — €l € Ag, by (1) we
have

px(Day.) = dim(E™(Da,.), £~ (Dy)). (3.12)

The left hand side of (3.12) becomes, by the additivity property of the relative dimension
dim(E£~(Da,.e), £7(Dy))
— dim(E~(Da,.), E(Da,)) + dim(E~(Da4,), E~(Dy))
E(

= dim(E™ (Da,.e), E~(Da,)) +ma(y)
= dimker D, +mx (%), (3.13)
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where the last equality follows from E7(Da,, ) = E7(Da,,) ® ker D4, by our choice of ¢. Com-
bining (3.12) and (3.13), we have

px(Da, ) = ma(¥) + dimker Dy, . (3.14)

Similarly, we have

im(E_(DAlz;,*E)v E~(D)))
im(E~(Da, ), E~(D4,)) + dim(E~(D4,), B~ (Dy))
m(¥), (3.15)

pa(Da,,—c) =d
d

since this time, we have E~(Da,, ) = E~(Da,). Since 0 < € < ¢ was arbitrary, (3.14) and
(3.15) imply
pa+ () > my(¥) +dimker D g, (3.16)

and

pix— (1) < ma(). (3.17)

On the other hand, for any A € Ay with ||Ay — Al < € (€ > 0 is taken as before: 0 < € < ),
we have Ay — el < A < Ay + €l and by the monotonicity of ) (Lemma 3.2), we obtain

px(Day,—e) < pua(Da) < pa(Da,e)-
Thus for any A, A" € Ay with ||Ay — A, [|[Ay — A'||L~ < €, we have by (3.14) and (3.15)
[1x(Da) — pux(Dar)| < dimker Dy, .

This implies that

0 < px+(¥) — px— (1) < dimkerDy,,. (3.18)
Combining (3.16)—(3.18), we see that all the inequalities (3.16)—(3.18) are equalities and we have
the assertion (3). This completes the proof. O

Remark 3.1 By Lemma 3.3 (3), px— () plays the role of the relative Morse index my(1)). On
the other hand, (1) is suited to be called the large relative Morse index.

4 A reformulation of the relative Morse index

We first observe that all of the definitions of the relative Morse indices of critical points of L on
H1/2 (M) given in the previous section depend crucially on the compactness of M. Thus, these
definitions do not apply to solutions of (1.1) defined on non-compact manifolds such as R™. On
the other hand, in the proof of Theorem 1.1, we will need a suitable “relative Morse index”
defined for solutions to (1.1) on R™ which satisfies some natural properties. In order to define
such a relative Morse index for solutions to (1.1) defined on non-compact manifolds, in this
section, we first give one more another formulation of the relative Morse index for solutions to
(1.1) defined on compact manifolds. We then show that, at least formally, our new formulation
can be naturally extended to non-compact manifolds as well. Here, we recall that a similar index
problem arose in the work of Angenent-van der Vorst [13] in their study of indefinite elliptic
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systems. As already mentioned in Remark 1.1 (1), however, their approach crucially depends
on the special structure of the equations and can not be applied to our case.

Our reformulation of the relative Morse index is inspired from a classical work of Duister-
maat [22] about an index problem arising from classical mechanics: in his work [22], Duistermaat
considered the Morse index of the Lagrangian action functional L(q) = [q L(t,q(t), ¢(t)) dt de-
fined on the free loop space A(M) = C>(S', M) of a manifold M, where the Lagrangian
L:RxTM — R is a smooth function (we note that (¢,¢) € TM). When the Lagrangian L
satisfies some convexity condition with respect to v = ¢, there corresponds to a dual Hamilto-
nian system on the cotangent bundle 7*M. The corresponding Hamiltonian H : R x T*M — R
is given by the Legendre dual of L which is defined by

H — — L
(t,q,p) vrgﬁﬂ((p, v) — L(t, q,v)),

where p € T M. The corresponding Hamiltonian action is given by A(z) = [¢ *A—H (t, (1)) dt,
where A\ = p - dq is the Liouville form and x(t) = (q(t),p(t)) € C®(S', T*M) is a loop on T*M.
There is a one to one correspondence (so called the Legendre transformation) between critical
points of £ on A(M) and critical points of A on C*°(S!,T*M) given by crit(L) > ¢ — x =
(g,p) € crit(A), where p = 0,L(t,q,q). The result of Duistermaat asserts that the Morse index
of L at ¢ € crit(L) is equal to the Maslov index (sometimes it is called the Conley-Zehnder
index (see [20], [15])) of the corresponding critical point = (g, p) € crit(A), p = 9, L(t, q,q), of
A. Recall that the Maslov index plays the same role as the relative Morse index for the action
A (see [2]). In fact, the Maslov index at x = (p, q) € crit(A) is equal to the relative Morse index
of A at = up to an irrelevant constant (if the latter is defined), see [2].

This example suggests that the relative Morse indices my (), px(¢), p(x,y) of our action
functional £ should also be given by the classical Morse index of a certain “dual” action func-
tional if a suitable condition is satisfied. One candidate for such a dual action is the Legendre-
Fenchel dual L£3; of Ly (see [43] for details about the Legendre-Fenchel duality in a general
framework). In fact, for a certain class of H, the dual action L7, is well-defined. However, due
to the superquadratic growth assumption of Lp, L} is subquadratic growth and it is only Cct
in general. Thus the classical Morse index may not be defined for L};. However, recall that
the (relative) Morse index at a critical point is defined only through the information about the
quadratic approximation of the action at that point, so it is not necessary to consider L7, itself
at all: it is substituted by the Legendre-Fenchel dual of the quadratic approximation of Ly,
An(p) = %dzLH(w)[g@, ¢]. In fact, we shall show that for some class of H, including the model
example H(z,¢) = ﬁH (x)]1|PT1, the relative Morse index of Ly coincides with the classical
Morse index of the Legendre-Fenchel dual of the quadratic approximation Ag. But, as we shall
see, this reformulation is not satisfactory for our purpose: it does not naturally continue to give
a “relative Morse index” for solutions to (1.1) on R™. Thus we will make a slight modification
of this dual construction, i.e., we will make a further regularization of it. After such a regular-
ization, we will obtain a correct reformulation of the relative Morse index: it naturally continues
from my (or ) defined for solutions to (1.1) on a compact manifold to a “relative Morse index”
defined for solutions to (1.1) on R™ along a conformal blow-up of the manifold.

In the following, for clarity and simplicity of the presentation, we first consider the model
example H(z,¢) = ]ﬁH (x)||PT! and give an explicit computation for this special case. Later
in §4.3, we shall show that essentially the same idea applies for a more general class of H and
we give a general result.
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4.1 The Legendre-Fenchel dual of the quadratic approximation of Ly

Let us fix A > 0 with —\ ¢ Spec(D). We assume that H € C°(M) is such that H > 0 on M.
The action functional Ly (see (1.9)) can be written as

1

1 A
L) = 5 [ @Dyl =5 [ plavol, = — | m(@)olr avol,

where we recall D_) = Dy + A.
The Hessian d?Ly (1) at 1 € L°°(M) is given by

PLy(W)lp. 6] = /M<90, D_ 1) dvoly — A /M<s0, 6) dvol,
- / H(@) 9P (o, 6) dvol, — (p— 1) / H@) [P, ) (4, ) dvol,
M M

for ¢, ¢ € HY2(M). We denote by Ay g the quadratic approximation of Ly at v, i.e.,

Ay m(p) = %dzLH(@/’)[SOa ¢

1 A
= / (¢, D_xp) dvol, — / \30]2 dvol,
2 J/m 2 Jm

1 —1
) /M H (z)[p"~ |p[* dvoly — pT /M H(z)|y P2 (, @) dvol,.

Let us recall the shorthand notation introduced in §2: HY/2(M) := HY2(M,S(M)), H' (M) :=
HY(M,S(M)) and LI(M) := LI(M,S(M)) for 1 < q < oo. We shall also use a shorthand
notation H~1/2(M) = H-V/2(M,S(M)*) = H=Y/2(M,S(M)), the dual of 3/2(M,S(M)), where
the identification S(M)* = S(M) is given via the hermitian metric on S(M). Since —\ & Spec(D),

D_x =D, +\: HY2(M) — HV2(M)
is an isomorphism. We denote its inverse by Aj:
Ay =D}t HYA(M) — A,

Also
D_y: HY(M) — L*(M)

is an isomorphism and we denote its inverse by Bj:
By =D_5 : L2(M) — HY(M).
Let ¢ : HY2(M) 3 ¢ — ¢ € L2(M) be the canonical inclusion. We consider
Ky : LAM) S 3 Y2(0) 2 9020y S £2(M)

and ,
L2(M) 25 3¢ (M) L 302,

where ¢* is the dual of ¢ and j is the canonical inclusion j : H' (M) 3 ¢ — ¢ € HY2(M). We
have Ay o t* = j o By and K) is self-adjoint K} = K, and compact by the Sobolev embedding
theorem.
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Using these notation, the action Ay j is written as the following from:

1
Ay, (p) = §<D7A<P, Py ac-120myx 302y — GrA(L(P)),

where (-, ")gc-1/2(ar)x30/2(ar) 18 the duality pairing between HY2(M) and H'/2(M) and Gy :
L2(M) — R is defined by

A 1 ~ b1 .
GH,)\(SO) = 2/ |@|2dV01g + 2/ H(.’B)|¢’p 1|QD’2dV019 + 2/ H(w)’w‘p 3|<¢7S0>|2 dVOlg.
M M "
With the above notation, the differential of A, p is given by
Ay i(p) = Doxp = CdGua(i(p)) € HVA(M)

for p € HY2(M).
We next define the dual action A’&j . of Ay mr. For this, we first define the Legendre-Fenchel
dual G , of Gp,» on L2(M) by (see [43] for more details about the Legendre-Fenchel duality)

(@) = max{(}, ¥) g2(aryxc2(ar) — GrA(9) : ¢ € L7 (M)},

where ¢ € L2(M) and (-,-) 2,2 is the (real) duality pairing between L?(M) and L2(M), i.e.,
the real part of the L?-inner product on £2(M). The above maximum is attained at ¢ which
satisfies ¢ = dGy A (9), i.e.,

o =Ao+ H(@)pP o+ (p— D)H(@)|y[P~> (W, ¢)o. (4.1)

To solve ¢ in terms of ¢, it is convenient to decompose spinors into two components span{t }
and span{ty}*. For this purpose, we take a measurable section e of S(M) — M such that
le(z)] = 1 for a.e. o € M. Such a section is easily constructed by locally trivializing the
bundle S(M) — M. We then define e, € L°(M) by setting ey(x) = ¥(x)/[1(x)| for a.e.
r € My :={zx € M :¢(x) # 0} and ey(z) = e(z) for a.e. z € M \ Mj. Notice that such an
ey is not uniquely determined by v (since it depends on the choice of e), but we fix one such
ey throughout the following argument. In fact, it is easy to see that the resulting formula (4.5)
below does not depend on the choice of e and the conclusion is independent of such a choice.
We define P¢,Pj € L®°(M,Sym(S(M)) by Py(¢) = (ey, p)ey and Pj(qb) = ¢ — Py(¢). Then
(4.1) can be written as

o= A+ pH@)WIP ) Py(0) + (A + H(2) [P~ Py (o). (4.2)

Comparing span{e, } and span{ey}* components of the both sides of (4.2), we obtain Py(¢) =
(A + pH (2)[4[P~1) Py(9) and Py (p) = (A + H(2)[$[P~") P (¢) and

¢ = Py(¢) + Py (¢)
1 1
= NpI@Er T T ) (43)

We therefore have the following formula for G7; ,(¢) after a simple calculation:

* _} 1 2 1 1 1 2
GH,)\(QD) - 92 /M )\+pH(IE)‘1/J|p_1|P¢(<p)| dV019+ 9 /M )\—I—H(ﬂj)|¢|p_1‘Pw ((P)| dVOlQ‘ (44)
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The dual action AZ, HA of Ay, p is then defined by

* X 1
Ay () =Ghalp) — §<KASO, P) L2 (M)x L2(M)

1 1 1 1
= — P, 2d 1 - PJ_ 2d 1
s | srpi PPl + 5 [ S P ) vl
1
—/ (Kxp, ) dvoly,. (4.5)
2 Jm

We then have the following index formula:

Proposition 4.1 Let us assume that ¢p € L°(M) and A > 0 with —\ & Spec(Dy). We then
have the following formula of the relative Morse index m_x(1):

m-x(¥) = m-ind(Ay g 5), (4.6)

where m-ind(A;"b’H)\) 1s the Morse index of AZ’H’A.

We will not give a proof of this proposition since it easily follows from the index theorem
given in the next subsection.

As for the action Aj, ; ,, note that the defining formula (4.5) is only meaningful for A > 0:
in fact, for A <0, G, is not strictly convex and its Legendre-Fenchel dual G*H7 ) is not defined.
This is also seen from the formula (4.4): for A < 0, it does not have a well-defined meaning in
general since one of A + pH (x)|¢|P~! and A + H(z)[%)[P~! may vanish on a large subset of M.
This will cause a problem if we want to “continue” the relative Morse indices m_) defined on
compact spin manifolds to the one defined on R™ by blowing up the metric based on the index
formula (4.6). In fact, to retain appropriate continuity property of the relative Morse index along
such a blow-up process, we need continuity at A = 0 for R”. But the action ‘A:ﬁ, HA becomes
degenerate (or singular) at the limit. For this reason, in the next subsection, we give a further
regularization which will remove the possible degeneracy after the blow-up of the manifold.

4.2 Index formulas

In this subsection, we give a modification of the index formula given in the previous subsection,
see Proposition 4.1. To motivate our construction, we first observe that the dual action Afp A

is rewritten as follows:

1

5 (H @)™+ ALy) ™ Ly (9), @) r2an)

5 (Kx(), @) 12y (4.7)

* 1
ﬂw,H,,\(‘P) = )
where Ly : L2(M) — L?(M) is an isomorphism defined by Ly (¢) = %P¢ + Pj.

After conjugation with the operator v/2(H (2)[¢)[P~'+ALy)"/?, we have a self-adjoint operator

Ly — Ty mx on L2(M) which is conjugate to Ay g

conj.

Apan = Ly =Ty, (4.8)

where Ty gy = (H(2) [P~ + ALy)' % 0 Ky o (H(2)[¢P~" + ALy)'/2.
In view of the discussion given in the previous subsection, it is natural to expect that the
relative Morse index m_)(v) is expressed in terms of a spectral information of Ly, — Ty g x.
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Notice also that the operator L, — Ty g has a well-defined meaning for A = 0. Thus, as
we remarked at the end of the last subsection, we also expect that the spectral information of
L, — Ty g naturally continues along blow-up process to the corresponding one for solutions to
(1.1) defined on the blow-up manifold R™. In the following, we show that these expectations
are realized and we give a formula of m_y(7)) in terms of the spectral property of Ly — Ty m x.

Let us assume that A\ > 0 and —\ ¢ Spec(D). We also assume that ¢ € H/2(M) is a
non-trivial critical point of Ly so that it satisfies

Dy = H(z) [P~ (4.9)

weakly on M. We henceforth assume that H € C%%(M) for some 0 < a < 1. Then by the
elliptic regularity theory (see [8], [9], or [33, Appendix]), we have ¢p € CH*(M) and ¢ is a
classical solution to (4.9). Since we have assumed that 1 is not trivial ¢» # 0, by the weak
unique continuation principle for Dirac operators which can be applied to a solution ¢ of the
equation of the form Dy + Vi = 0, where V' € L*(M), 1 does not vanish identically on any
non-empty open subset, see [17]. Thus the set M* = {z € M : ¢)(x) # 0} is an open and dense
subset of M. We define ey, Py and Psz as in the previous subsection. We first give the following
characterization of ker Ay, g, where we recall Ay p = %dQL ().

Lemma 4.1 The following map is an isomorphism:

HY2(M) D ker Ay i > ¢ — D_xp € ker(Ly — (H(z)|[p|P~! + ALy) Ky) € L2H(M).

Remark 4.1 Observe that, by definition, we have
ker Ay,ir = {p € 5/2(M) - L ()l ¢] = 0 for any ¢ € 3/ (M)}

and ker Ay, i C CYB(M) for some 0 < 3 < 1 by the elliptic reqularity theory, since ¢ € ker Ay 1
satisfies (4.10) below in the weak sense. Recall that we have assumed H € C%“(M) and thus
Y € CH(M). From this, we have D_xp € L2(M) for any ¢ € ker Ay i

Proof of Lemma 4.1. Let ¢ € ker Ay . By Remark 4.1 above, we have ¢ € CYB(M) for
some 0 < B < 1 and ¢ satisfies the following equation

D_xg — (H(@)[¢[P™" + N — (p — 1) H (@) [ [P~ (¢, )9 = 0. (4.10)

We set ¢ := D_,p € L2(M). By the notation of the previous subsection, we have ¢ = Ay (t*(¢)).
From (4.10), ¢ € L2(M) satisfies the following equation:

¢ — (H(@)[ P~ + N EA(9) — (p = DH ()| [P (1, Kx(¢)) = 0. (4.11)

Taking span{e,} and spaun{ew}L components of (4.11), respectively, we obtain: denoting ¢T :=
Py(¢) and ¢ == Py (¢),

¢ = (H(@) [ P~" + N)(EA(0))T + (p — DH ()| [P (¢, Kx(9))
= (pH(@)[$["~" + X) (K ()T,

¢ = (H(z)[|P~" + X)(Ea(9)"
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We therefore have:
Ly(@) = 797 + 6"
= H@)P K@) + AT + (Kx(6))
= (H@)WP™ + ALy (6).

This proves ¢ := D_ ¢ € ker(Ly — (H(z)|$[P™1 + ALy)K)) if ¢ € ker Ay g. The injectivity is
clear since —\ ¢ Spec(D).

To prove the surjectivity, assume ¢ € ker(Ly — (H(z)[¢|P~! + ALy)K)). We define ¢ :=
Dj\gb = Ky(¢). Here, we understand this equality as elements of L2(M), i.e., after embedding
D~} € 3 (M) into L2(M) by the canonical embedding. Comparing span{e,} and span{ey}*-
components of Ly (¢) = (H(z)[¢|P~! + ALy)Ka(), respectively, we have

¢T = pH () [P~ (KA ()T + MK ()T,
¢ = H(z)[p P (K (0)F + A(Ex())*

From these, we have

¢=¢T+ ot
= K (¢) + H(2) [P Kx(¢) + (p — D H (2) [P~ (KA(¢))T
= MK\ (9) + H(2) [P~ Kx(¢) + (p — D H (2)[9 [P~ (1, Kx(¢))9)
= Xp + H(@) [P o + (p — VH (2)[0 P31, o)ep. (4.12)

Since ¢ = D_)¢p, by (4.12), we have

-1
-1

Doxp = Ap+ H(@) [l + (p — 1) H (@) [0 (W, o),
ie., ¢ € ker Ay, g. This completes the proof. O

In the next lemma, we rewrite the result of Lemma 4.1 in terms of the kernel of the operator
Ly — Ty g x defined above. For simplicity, we set ap(z) = H(z)[¢(2)|P~L. For A > 0, we
observe that ag, + ALy : L2(M) — L2(M) is a non-negative self-adjoint operator. We denote
by (apry +ALy) 2 its square root. Tt is given by (ag .y +Ay) Y2 = (agp+ /) /2Py 4 (ap .y +
)\)1/2P¢L. Recall that we have defined Ty, g  (see (4.8)) by conjugating K with (ag g +ALy)"2:

Ty = (ang + ALy)"? 0 Ky o (amy + ALy)'?.
We thus have a compact self-adjoint operator Ty g 5 : L2(M) — L2(M).

Lemma 4.2 The following map is an isomorphism

L2(M) D ker(Ly — (app + ALy)K\) 3 ¢ — (agy + ALy) Y20 € ker(Ly — Ty ) C LE(M).

Remark 4.2 Note that for ¢ € ker(Ly — (apy + ALy)K)), we have (agy + ALy)"V/2¢ =
(app + )\Ld,)l/zL;lKAqS € L2(M) and the above map is well-defined.
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Proof of Lemma 4.2. Assume ¢ € ker(Ly — (amp + ALy)Ky). We set ¢ = (apy +
/\sz)l/QL;lK,\qS. Note that any two of the operators Ly, apy + ALy and (apy + AL¢)1/2
commute with each other and we have

¢ = (amy + ALy) Ly, Kag = (apy + ALy) . (4.13)
(4.13) implies that
Lw(p = (aHﬂz, + )\Lw)lmK/\(b = (CLH,w + /\L¢)1/2K)\(GH¢ + )\Ld,)lm(p = Tw’Hj)\(p,

ie., ¢ € ker(Ly — Ty g x). Thus, by Remark 4.2, the map in the statement of the lemma takes
values in ker(Ly — Ty m,) and it is injective since afy > 0 and A > 0.

To prove surjectivity, assume ¢ € ker(Ly—Ty mr.x). Weset ¢ := (apry+ALy)Y%p. Operating
(amp + ALy)Y? on both sides of the equation Ly = (apry + ALy) 2Ky (am.y + ALy) Y20, we
have

L¢¢ = (CLH7¢ + )\Lw)K/\¢.
This implies that ¢ € ker(Ly, — (am,y + ALy)K)) and the surjectivity is proved. O

Combining Lemma 4.1 and Lemma 4.2, we obtain:
Corollary 4.1 We have the following isomorphism

L2(M) Dker Ay ir > ¢+ (amy + ALy) 2D _yp € ker(Ly — Ty ) C L2(M).

Corollary 4.1 gives a characterization of the nullity of d?L (¢), null(z)) := dimker d2L 7 (3)),
in terms of the dimension of the kernel of Ly, — Ty g x. Notice that ker(Ly — Ty g )) = ker(1 —
L;1/2T¢7H7>\L;1/2), where 1 : L2(M) — L2(M) is the identity. We also observe that the operator

L;l/ 2T¢,7 H, )\L;I/ 2 does not depend on the choice of ey in the definition of L,. This is easily
seen by writing

L, Ty ALy ? = (e Lyt + MY 0 Ky o (am Lyt + M)

and noting that a HﬂpL;l does not depend on the choice of ey.
The following index formula is the main result of this section:

Proposition 4.2 Assume A > 0, —\ & Spec(Dy). Let ¢ € HY2(M) be a critical point of Ly.
We have the following:

(1) null(¥) = dimker(1 — L "*T, gL, /).
(2) pox— (W) = #{u € Spec(L,, " *Ty AL, '?) : > 1}
~1/2

(3) p1ox () = #:{p € Spec(Ly,*Ty ALy, > 1.

Proof. (1) follows from Corollary 4.1 since ker(Ly, — Ty g x) = ker(1 — L;l/sz,,H,)\L;l/z) via
the conjugation with L;l/ ®. Recall that the Hessian d2Ly () = 2Ay. 1 is given by

Ly()]e, ¢l = 2Ay1(p) = /M<90, (Dy — Ay)g) dvoly,
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where A is defined in (3.5). Notice that Ay, is written as
Ay = amy(@)(1+ (p—1)Py),
where ag(z) = H(z)|¢|P~! is as before. We then have
Da, = Dy — Ay
=Dox = [(amy + N1+ (p = Dagy(@) Pyl

We take 0 < e < X such that Ay —e € Ag. For 0 < 6 < 1, define Ay yco = O[(amy —
e+ N1+ (p— 1apy(x)Py]. Since apgy > 0 and A — e > 0, Ay 40 is monotonically non-
decreasing with respect to 6: for 0 < 0 < ¢ <1, we have Ay yc9 < Axy 0. Furthermore, since

m_x(D_x — Axy,e0) = m-x(D_x) =0, we see by Lemma 3.2 and its proof that m_x(Da,,—e) =
m_x(D_x — A1) is the sum of dimker(D_) — Ay 4 ¢¢) for # running from 0 to 1:

pr(Day—c) = Y dimker(D_x — Ay y.c0)- (4.14)
0<o<1

Examining the proof of Lemma 4.1 and Lemma 4.2, we have the following isomorphisms
ker(D_, — AA,,/,?E,Q) Sp—D_ype€ ker(Lw — Q(CLH’w + (A — 6)L¢)K>\), (4.15)

ker(Ly —0(app+A—€)Ly)Ky) 3 ¢ 0 Hagp+(A—€)Ly) Y20 € ker(Ly—0Ty prer), (4.16)
where Ty e = (amp+ (A —€)Ly) Y20 Kyo(apy+ (A —e€)Ly) /2. Combining (4.15) and (4.16),
as in Corollary 4.1, we obtain an isomorphism

ker(D_y — A)\’w’e’g) Sp— 9_1<CLH’w + (A - E)Lw)_l/gD,A(p S ker(Lw — 9T1/;,H,e,A>

=ker(1 - 0L, 12,

(4.17)

Ty, HepLy,

Recall that L;l/ QTw, H,)\L;l/ ?is a compact self-adjoint operator. Thus its non-zero spectrum
is an eigenvalue with finite multiplicity and 0 is the only accumulation point of its spectrum.
Let p1, ..., ur be eigenvalues of L;1/2T¢7H767>\L;1/2 larger than 1/2 counted with multiplicities.

For any eigenvalue p of L;1/2T¢,H7€7>\L;1/2 with 4 < 1/2, we have O < 1/2 for 0 < 6 < 1
and the corresponding eigenvalue Ou — 1 of 9L;1/2T¢,H767/\L;1/2 — 1 is smaller than —1/2 for
any 0 < @ < 1. Thus in order to count eigenvalues of 9L;1/ 2T¢,, Hie, AL;l/ 2 _ 1 which change
their signs when 6 running from 0 to 1, it is sufficient to consider the family of eigenvalues
{0p; — 1}ocp<1 (1 < i < k) listed above. Among them, only eigenvalues {0u; — 1}o<g<1 with
w; > 1 change their signs when 6 running from 0 to 1. Thus we have

#{ug € Spec(@L;1/2T¢7H,E,>\L;1/2 — 1) : g changes the sign when € running from 0 to 1}

= Y dimker(1 — 0L, *Ty enLy'?)
0<6<1

=#{n € Spec(Ly, *TymenLy,"?) > 1) (4.18)
By (4.14), (4.17) and (4.18), we obtain
—1/2 —1/2
f1-x(Da,—e) = #{p € Spec(L,, ""Ty merLy ") 1 p> 1} (4.19)
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By the monotonicity Lemma 3.2, we have u_x(Da, ) / p—x (1) as € \, 0. Similarly, we have

1Dy e) = #{p € Spec(Ly * Ty pr—enLy,"?) - > 1) (4.20)

for € >0 and prx(Da,4e) N\ prox+(¢) as € \, 0.
By Lemma 3.3 (3), (4.19), (4.20) and the continuity of the spectrum of L;l/QT%H’ie’)\L;l/Q
with respect to €, we have

dimkerDa, = p_x 4 (¥) — p_x ()
= lim(1-2(Dayre) = 1-2(Da, o))
= lim(#{n € Spec(Ly Ty pr—enly’?) s i > 1}
— #{p € Spec(Ly Ty mealy?) > 13)
<#{ne SPeC(L;/QTw,H,/\L;/Z) tp>1}
—#{p e Spec(L;1/2T¢,H7AL;1/2) cp > 1}

= dimker(1 — L;;"/* Ty aL,"?) = dimker D, (4.21)

where the the number of the spectrum is counted with multiplicities. Therefore, all the inequal-
ities in (4.21) are equalities and we have p_y _(¢) = #{p € Spec(Lil/szﬂ’)\L;lm) cp> 1}
and p_x 4+ (¢) = #{p € Spec(LJl/QTw’H,AL;/Q) : i > 1}. This completes the proof. O

4.3 A generalization

The results of §4.1 and §4.2 continue to hold for more general class of H. We assume that
H € C?*(S(M)) and it is convex in the vertical direction in the sense that

dyVyH(x,) >0 on Sy(M). (4.22)

Assume that ¢ € L°(M) N HY2(M) and A\ > 0 with —\ ¢ Spec(D,). The second order
approximation of Ly at v is given by

1
Ay () = §<Df)\§07()0>3-C*1/2(M)><(7-C1/2(M) — Grya(t(e)), (4.23)

where in this general case

Gron(@) = 5 [ ol + (4 Tyl . 1), ) v, (424

for ¢ € L2(M).
The Legendre-Fenchel dual GZ, HA of Gy, is defined as in §4.1 and we have

1
Gy (@) = §<()‘ + dyVyH (2, 0) " ¢, 6) p2(ar)xc2(a)- (4.25)

Thus the dual action of Ay g in this case is defined by
N 1 1 1
A ap(p) = §<(>\ + dypVypH(x,9)) " ¢, ) e2(mryxe2(mr) — §(K/\80» lernyxe2 (). (4.26)
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After conjugation with a non-negative self-adjoint operator v/2(\ + dyVyH(x, ¥))Y/2, we have
a self-adjoint operator 1 — Ty g\ on L2(M):
. conj.
Apaxr = 1=Tymn, (4.27)

where in this case Ty gy = (A + dyVyH (2, ¥))Y2 0 Ky o (A + dyVy H(x, )2

The resulting formula (4.27) is slightly different from (4.8) when H(x,%) = ﬁH(Q;)W’PH’
but it is essentially the same: conjugating the right side of (4.27) with Lzl/ 2, we have (4.8) for
]ﬁH(x)hMp—H: Lll/z(]. — ‘Tw’H,)\)qu/}/Z = L¢ — TwH,)\. Then repeating
the similar arguments as in the previous subsections, we have the following generalization:

the special case H(x,v) =

Proposition 4.3 Assume A > 0, —\ & Spec(Dy). Assume that H € C*(S(M)) satisfies (4.22).
Let ¢ € HY2(M) N L>®(M) be a critical point of L. We then have the following:

(1) null(y) := dimker dL y(v) = dimker(1 — Ty p7.»)-
(2) 1oa () = 40 € Spec(Tyun) : > 1}.

(3) px+(¥) = #{p € Spec(Ty g ) : p > 1}.

Remark 4.3 (i) In Proposition 4.2 and Proposition 4.3, we have given a characterization of
pA () (more generally, iy + (1)) only for X < 0 with X & Spec(Dy). This is because Ty g, —x and
Ty H,—x are defined only for A < 0 with X\ € Spec(Dgy). However, for A > 0 with X\ € Spec(Dy),
by using Lemma 3.1, it is also possible to give a similar characterization. Namely, take Ag < 0
with Ao & Spec(Dy). By Lemma 3.1, we have

pia,— (V) = ping,— (¥) — #{ A € Spec(Dy) : Ao < A < A}
= #{p € Spec(Ly, " *Ty i1 3oL, ?) : > 1} — #{\ € Spec(Dy) : Ao < A, < A}

Similar formula also holds for py +(¢) and for the case H € C*(S(M)) satisfying the condition
(4.22).

(i) The definitions of the operators L;1/2T¢7H7,\L;1/2 and Ty, i of Propositions 4.2 and 4.3
can be extended to solutions (1.1) defined on non-compact manifolds such as R™. Thus, using
these operators and the characterization of the relative Morse index given by Propositions 4.2
and 4.3, it is possible to define relative Morse indices for solutions to (1.1) defined on such non-
compact manifolds. However, the spectral properties of these operators for such a non-compact
case are not easy to see, because, in general, they are unbounded operators acting on L2(M). In
86, we will study the spectral properties of these operators for the special case M = R™ which

will be sufficient for our purposes.

5 A Liouville type theorem for D, ¢ = |[¢[P~!¢¥ on R™

In this section, we consider the following superquadratic Dirac equation defined on R™

Dger ¥ = [¢[P" 'Y on R™, (5.1)
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where Dy, is the Dirac operator acting spinors on R™, ¢ € C*(R™, S(R™)) is a spinor on R™
and 1 <p < % Recall that the canonical spinor bundle is S(R”) = R™ x §,, — R™. For

simplicity, we write Dg = Dy, -
As we shall see, (5.1) arises as the conformal blow-up equation of (1.1) (up to an irrelevant
constant factor) when H(x,1) is a lower order perturbation of IﬁH (z)|1|P*1, that is, it arises
as the limiting equation of a sequence of equations (1.1) for ¢ = g,, where g, = p2g with
pn — 00. Our purpose in this and the next section is to define an appropriate relative Morse
index for solutions to (5.1). As a natural requirement, we want the relative Morse index m)
(or, equivalently, ) defined for solutions to (1.1) on compact manifolds naturally continues to
the one of solutions to (5.1) after the blow-up of the metric on M. This continuity (in fact,
lower-semicontinuity) requirement will give us a natural definition of the relative Morse index
for solutions to (5.1), see Remark 4.3 (ii) in the previous section. But, before defining it, in this
subsection we shall prove the following Liouville type theorem for solutions to (5.1). This will
give us an important information about the spectral property of the blow-up of the operator
-2 -2
p  AwHMYy,

Theorem 5.1 Let us assume thatm > 2 and 1 < p < ZEL. Letop € LPTHR™) := LPTH(R™, S(R™))
be a solution to (5.1). Then we have 1) = 0.

Proof. By the elliptic regularity theory, any weak solution 1 € LPT1(R™) to (5.1) is in fact
Y € CP(R™) for some 0 < a < 1, see [8], [33, Appendix]. Since the spinor bundle S(R™) is
trivial, we may consider v as a function ¢ : R™ — S,,.

Choose a cut-off function p € C*°(R™) such that p(z) = 1 for |z| < 1/2 and p(x) = 0 for
|| > 1. For R > 0, we define pr(x) = p(x/R). For € > 0, we set ¢)(z) = eip%lw(ac/e). For
large R > 0 and small € > 0 we define

L(R7 6) - /m pR(-TJ) (%@bey D0¢e> - p_i_lllwep—‘ﬁ) dVOlg,

where, for simplicity, we write dvoly = dvolg,, .

We set ¢(x) = % V() = —ﬁ@/}(x) — Vi(z) - x, where Vip(z) -z = 377, Vo, ¥ (x)x)
(note that, here “-” is not the Clifford product). Since 1 € C%*(R™), L(R,¢) is differentiable
with respect to € at e = 1 and we have

d

e 6:15(R7 €) = /m pR(x)(%<907 Doy) + %(1#, Doy) — W\p*lw,@) dvoly (5.2)

- / () (i, Do) — e (6, ) dvol + 5 / (Vor .0y dvoly  (5.3)

m

- ;/W<VpR -1p, ) dvolgy (5.4)
1 1
=5 /. (Vpr -, —ﬁ@z) — V4 - z) dvoly, (5.5)

where (5.3) follows form (5.2) by integrating by parts, Vpg - ¢ in (5.3) is the Clifford multipli-
cation of 1) by Vpg and (5.4) follows from the fact that ¢ satisfies (5.1).
We claim that % 1 ~(R,€) tends to 0 as R — oo. To see this, we need to estimate two
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terms in (5.5). First, we have by the Hélder’s inequality

<CR™! 4|2 dvolg
£<lz|<R

_2
< CR™! (/ Mas dvolo) T pm(-5%)
R<\x|<R

/ (Vpr -, 46) dvoly

m(p—1)
<C < / Clias dvolo>p R, (5.6)
E<|z|<R

m(p—1)
p+1

m+1

Since p < , we have —1 < 0 and (5.6) converges to 0 as R — oo under the assumption

(NS U’“(Rm).

To estimate the second term of (5.5), we observe that the Green kernel of the Dirac operator
Do is written as Dy - (— Ang)_l/ 2R -, where R is the Riesz operator whose Fourier symbol
is F(R)(§) = ‘%, (—Agem )2 is the so- called Riesz potential operator (in the notation of [47],

it is denoted by I;) whose Fourier symbol is F(—Ag., )~ /2)(€) = |¢]7" and - is the Clifford
multiplication. For basic properties of the Riesz operators, see [47] for details. Thus, for v
satisfying the equation (5.1), we have

Vi = V(= Do) 2R ([P H0). (57)
Observe that V(—A,,,,)~'/? is the Riesz operator R and we thus have Vi) = Ro R-(|)[P~14)) by

1
(5.7). Since |[yp|P~1y € L%(Rm) and the Riesz operator R : L%(Rm) — Lpr#(Rm) is bounded
1
([47]), we conclude that Vi € L%(Rm). Thus, by the Holder’s inequality, we have

(Vpr -1,V - x) dvoly
Rm

<c [ wlveldviy
£<|z|<R

T pi1 sy
< C(/ |w|1’+1 dVOl()) </ |v¢’ P dv()lO)
E<lz|<R E<lz|<R

(5.8)

1
and (5.8) converges to 0 by the fact that 1 € LPHL(R™) and V4 € L%(Rm).
Combining (5.5), (5.6) and (5.8), we have %L(R, 6)|E:1 — 0 as R — oo. Since 1 is also a
solution to (5.1) with ¥, € LPT1(R™) for any € > 0, replacing 1 with 1. in the above argument,
we have

d
&L(R, €) —0 (5.9)

as R — oo for any € > 0.
On the other hand, by the dominated convergence theorem, we have

1 1

L(R,0) = £() = / WD dvolo — — [ i dvol (5.10)

as R — oo, where the convergence is locally uniformly on € € (0,00). By (5.9) and (5.10),
+1

we have %L(e) = 0 in the sense of distributions. Since L(€) = em_gjﬁ(qb), where L(¢) =

i Jpm (¥, Do) dvolg — ﬁ Jgm [P dvoly, we therefore obtain

1 1
0=20 :(—)/ P+ dvoly.
(¥) 5 o1l RmW volg
This implies that ¢ = 0 and completes the proof of Theorem 5.1. O
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6 Relative Morse index mr~» and the proof of Theorem 1.2

In this section, we give the definition of the relative Morse index mgm and prove one of our
main results Theorem 1.2. Throughout this section, we assume 1) € L>°(R™).

6.1 Relative Morse index mgm

Motivated by Proposition 4.2, we define an (unbounded, in general,) operator Ty, on L2(R™) by

(Tyep)(x) = - 1751(96)/]R |(w) (1417 (1) (y)) dvoly(y), (6.1)

yI™
where (z — y)- denotes the Clifford multiplication by the vector z —y € R™.

Observe that Ty, is written as Ty, = |¢\pr1 oDyto |¢|pr1’ where |1/)|% is the multiplication
operator L2(R™) > ¢ s ]wl%cp € L2(R™) and D, is the Green kernel of Dy which is given
by Gp,(z,y) = —w,,b ‘im:ﬁn - dvolg (see, for example, [8]). Ty is obtained formally by setting

(M, g,p) = (R™, grm, pcan) (pcan is the canonical spin structure on (R™, ggm)), H =1 and A =0

in the definition of T}, g » in §4.

As is guessed from Propositions 4.2 and 4.3, the operator T, (more precisely, the spectrum
of L;l/ T, wL;U 2) will play a fundamental in the definition of an appropriate notion of “relative
Morse index” for a solution ¢ to (5.1). Unfortunately, at present, we do not know much about 7T},.
For example, we do not know whether it is bounded or not as an operator L2(R™) — L2(R™).
This is due to the fact that we do not know much about solutions ¢ to (5.1). Since Ty, explicitly
depends on 1, it is necessary to know some properties of 1, for example the size of the nodal
set {z € R™ : ¢p(x) = 0} of ¥ (see [8, conjecture] for a conjecture about the size of the nodal
set of the solutions to (5.1)) and the behavior of ¢ near its zeros, in order to deduce precise
properties of Ty, in particular, the spectral property of L;l/ T, wL;l/ 2 We will see, however, for
m > 3 results of §5 and Lemma 6.1 below are sufficient in order to prove the assertion of our
main results.

We begin with the proof of the following simple properties of Ty;.

Lemma 6.1 Assume m > 3. We have the following:

(1) The domain of Ty, D(Ty) = {p € L2R™) : Ty(p) € L2(R™)}, contains compactly sup-
ported L™ -spinors, LP(R™) := {¢ € LX(R™) : suppp C R™; compact}. In particular, it is
densely defined.

(2) T, has the following symmetry property: for any ¢ € LZ(R™) and ¢ € L?(R™), there holds
(T (), p) g2 mmy = (&, Ty (¥)) g2 (mm)-

Proof. We first observe that for any ¢ € L*(R™), we have Ty (p) € L2(R™) + L>®(R™). In
fact, since w € L°(R™), there exists M > 0 such that |¢(z)| < M for a.e. z € R™. We define

K(x) = |1‘\m =t Since |Ty(p)(x)| < w,,t MP7HK * |¢|)(x), it suffices to prove (K * |¢|)(z) =
Jzm |$|_‘Py(|?{,)1|,1 dvoly(y) € L2(R™) + L*>®(R™). We write K(r) = K1(x) + Ka(r), where Kq(z) =

Ljz)<1y () K (7) and Ka(x) = 1yj4>13(z) K (), where 14(z) = 1 for x € A and 14(z) = 0 for
x ¢ A. For m > 3, we have K1 € L'(R™) and K> € L?*(R™) and

(K * o)z / K1(z — 1) lp(y)] dvolo(y / Koz — y)lp(y) dvolo(y).  (6.2)
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By the Hausdorff-Young’s inequality, the first term of (6.2) is in L2(R™). The second term of
(6.2) is in L>°(R™) by the Hoélder’s inequality:

[ K * |l oo @my < [[K2llL2@m)llell c2@m)-

Thus the claim is proved. In particular, it implies that for any ¢ € L2(R™), Ty (p)(z) defined
by (6.1) is meaningful for a.e. € R™ and the right hand side of the equation in the statement
of the Lemma (2) is well-defined.

(1) Now, we prove L°(R™) C D(Ty). To see this, for any ¢ € L°(R™), as we have observed
above Ty (p)(x) is finite for a.e. 2 € R™. Assuming that the support of ¢ is contained in
Br = {z € R : |z| < R}, we have the following estimate:

Ty(0)(@)] < wik , MP! /R ) m dvolo(y)

< Wl MP7H ol oo rem) /B dvoly(y). (6.3)

R ‘LU - y‘m_l

Here, we have (Bg(z) will denote the euclidean ball of radius R with center at x)

/ L voly(y) / L dol()+/ L volo(y)
T tmeq @VOloly) = T meq @Vololy T e @Vololy
B lx —y[m ! BrNBr(z) |7 —y|™ ! Bp\Br(z) |7 —y|™ 1

1
< dvoly(y) +/ T dvolo(y)
Br |Vl

1
B /BRmBR(x) |z —y|m1
1
< 2/ ———dvoly(y) = 2wm_1R, (6.4)
By lyl™! "
where we have used |z —y| > R > |y| for y € Br \ Bgr(z).

By (6.3) and (6.4), we have
Ty(p) € LZ(R™). (6.5)

On the other hand, by (6.3), we have |Ty(¢)(z)] < CMP™ || goo@my|z|'~™ for some C' > 0
independent of € R™. This combined with (6.5) implies that Ty () € L2(R™) when m > 3.
This proves that L3°(R™) C D(Ty) and Ty is densely defined.

(2) By the observation we have made at the beginning of the proof, we have Ty (¢) €
L2(R™) + L°(R™) for ¢ € L2(R™). Thus, we can apply the Fubini-Tonelli theorem and obtain
the following for any ¢ € LZ(R™) and ¢ € L2(R™):

(o) Phean) = | (Tul0). ) dvoly
—wpy [ @ ([ S (01 6 dvola(v). () ) dvola(e)
_ p=1 (y — ) p=1
==ty [ (oo T [ (@) ela) dvolo(a) dvola(s)

= (¢, Ty () c2mm), (6.6)

where we have used the skew-adjointness of the Clifford multiplication by vectors in the third
line. This completes the proof. O

We are now in a position to give a definition of the relative Morse index for solutions to
(5.1). Once again, we recall that the difficulty of defining relative Morse index for solutions to
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(5.1) comes from the fact that R™ is not compact, so all of the definitions of the relative Morse
indices given in §3 are not applicable to the present case. Moreover, by the result of Theorem
5.1, any non-trivial solution to (5.1) has infinite action

1 1

1 1
= D lp — —— p+l 1__/ P gyoln — .
2/Rm<w’ 0) dvoly p—l—l/ﬂgmw‘ dvolg (2 p—i—l) me‘ dvolp = +o00

Motivated by the formula of the relative Morse index given in Proposition 4.2, we define the
relative Morse index for L at ¢ € L°(R™) as follows:

Definition 6.1 Let us assume that m > 3. For ¢ € L=(R™), the relative Morse index mgm (1)
is defined as the dimension of the mazimal subspace of L (R™) C D(Ty,) on which the following
inequality holds

(L, P Ty Ly 2 (0), ) paam)

> 1
(¢, 0) g2 mm)

for all non-zero ¢, where Ly = %Pw + PJ (L is taken with respect to the metric on S(R™)).

1/2 1/2

Remark 6.1 (i) As we have remarked after Corollary 4.1, also in the present case L; T¢L;
is well-defined for any ¢ € L(R™), i.e., it does not depend on the choice of the section ey used

. p—1l_—1/2 -1/2 ,p=1L . .
to define Ly since [¢p| 2 L'~ = L, '"|¢)| 2 does not depend on such a choice. From this

observation, by conjugation with L}/2, mgm () is defined alternatively as the dimension of the
mazimal subspace of L°(R™) C D(Ty) on which

(Tw(SO), <P)L2(Rm)

>1
(Lw(ﬂﬁ)’ ®) 2 (R™)

holds for all non-zero .
(ii) Notice that it may be possible that ¢ has infinite index, mgm (1)) = +00, in general.

In the following, we give some basic properties of mgm from which Theorem 1.2 will follow.

Theorem 6.1 mgm (for m > 3) has the following properties:

(1) mrm () is defined for p € L°(R™), takes values in Z>oU{+00} and lower semi-continuous

o0

> (R™)-convergence of 1.

with respect to the L

(2) Let ¢ € L®°(R™) and 9 € M be arbitrary. Assume also that H € C°(M). For any se-
quence {(M, gn,0)} (where g, = p2g with p, — 00) of conformal blowing-up of the manifold
(M,g,0) at zg and any sequence V¥, € L¥(M, gy, o) with ¥, — ¢ in LS (R™), there holds

loc
mgm (1) < linrr_l)icgf N_pgl,\(¢n)-
(3) For any non-trivial solution 1 € L°(R™) to (5.1), we have mpm(¢) = +00.

Remark 6.2 (i) In (2) above, on any compact subset K of R™ and large n, we have identified
Uy € L2(M,g,) with a spinor on K C R™ obtained as the pull-back of 1, by the conformal
blow-up maps at xo, expy, (pn'+) : (Bpurgs hn) — (M, gn), where hy, = exp,, (pp ) *gn and 0 < 1o
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is smaller than the injectivity radius of M. Note that (M, gn,0) — (R™, grm, 0can) in Cpe(R™)
and H o exp,, (pp ') — H(xg) in C})

e R™) as n — oo.

(i) It is not difficult to see that the relative Morse index my (or puy) is lower semi-continuous
with respect to a continuous deformation of the metric on M. Theorem 6.1 (2) asserts that, with
our definition of mgm, it also holds along a conformal blow-up of M.

The assertion (1) of Theorem 6.1 is easily seen from the definition and we omit its proof, see
also Remark 6.1 (i). (2) will be proved in the course of the proof of Theorem 1.1 given in the
next section. The assertion (3) is exactly the assertion of Theorem 1.2 which we will prove in
this subsection. Its proof requires some more preparations.

To estimate the relative Morse index of a solution v to (5.1), we need a suitable family of
test spinors. Let n € C§°(R™) be such that n(z) = 1 for |z| < 1, n(z) = 0 for |z] > 2 and
0 <n(z) <1forall z € R™ For £>1and R > 0, we define ng(z) = n(z/R), ne.r = n% and
w|pT_lz/1. We then have:

YR = Ne,R

Lemma 6.2 Assume that m > 3 and ¢ € L>®(R™) is a non-trivial solution to (5.1). For

0> %, we have Ty(per) € L2(R™) and

i (Ty(pe,r)s Po.R) L2(Rm)
lim >
R—oo (Ly(e,R)s Pe,R) £2(RM)

Proof. We first note that it is not necessary that the above limit is finite. The assertion
Ty(¢er) € L%R™) follows from (1) of Lemma 6.1.

By definition, we have Tw(W,R) = |¢|%D61(77£,R|¢|p_1¢)- We define ¢y, by Dal(W,RW’p_l?/f) _
ne,RY + ¢¢,r- We thus have

Dode,r = ne,r|Y|P~ "0 — Do(ne,r1))
= 1e,r|Y|P b — e, rRDoY — Ve g - 1

=—Vir-v, (6.7)
where in the last line, we have used equation (5.1) which is satisfied by ¥. We therefore have
de.r = =Dy (Vg - ). (6.8)

By definition, we have Ty (¢ r) = |¢]p771(ng,3¢ + ¢¢.r) and

(Ty(pe,R)s Pe.R) L2(Rm) _/R ng gl [P dvolg +/R ne,r| [P~ (1, ¢, r) dvolo. (6.9)

o)

We estimate the second term of (6.9) as follows: By (5.1), we have

ne,r(Dov, d¢,r) dvoly

m

(¥, Do(ne,rPe,r)) dvolg

m

(¥, Vg g - ¢¢,r) dvoly +

m

(¢, VR - ¢¢,r) dvolg —

m

/Rm WvRW”p_l (1, ge,r) dvoly =

(¥, m¢,RDodbe, r) dvoly

m

I
T —r—

ne,r(Y, Ve r - 1)) dvolp,
(6.10)

T~
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where we have used (6.8) in the last line.

_1
Since Vg r = 67]2 & Vng, the second term of (6.10) is estimated as

‘/R ne,r (Y, Ve g - 1) dvolg

91
= ‘f /]R m i’ (%, Vg - ) dvoly

_1
< CIR™! / Ny g’ ]2 dvoly
Rm

2
- _1yptl FEss
gcmmpﬁl(/ e |1/)|p+1dvolo>p , (6.11)
Rm

where here and in the following C' > 0 denotes various constants independent of R and ¢ and
we have used in the third line the Holder’s inequality.

By our choice of ¢, we have (2 - %)1%1 > 2. (In fact, this only requires ¢ > 2{;:1 7 For the

1
latter purpose which will become clear soon, we take £ even larger such that ¢ > f}%}.) Thus the

inequality (6.11) becomes

2
- P
<C’€Rmi+}_1</ n?7R|¢|p+1dvolo>p : (6.12)
Rm

/ ne.r(¢¥, Ve r - ) dvolg

We set Ig := [pm 17 gl¥|P! dvolg. Then by Theorem 5.1, we have Ir — 0o as R — oo; otherwise
we have 1) € LPH(R™) and ¢ = 0 by Theorem 5.1. But this contradicts our assumption ¢ # 0.
With this notation, (6.12) becomes

1, 2
/ Ner(, Ve - ) dvoly| < CR™»#1 1 T5 (6.13)
We next estimate the first term of (6.10). We have
1-1
/R (¥, Ve, - ¢e,r) dvolg :E/R (Vs g VR - d¢,r) dvolo. (6.14)

Here, we recall that Dgl = (—=A)~'2R-, where R is the Riesz operator and (—A)~'/2 is the Riesz

. . .1 1 _27nn/21(1/2)
potential operator I; whose integral kernel is 7 -— 7=, where ~v(1) = ) (see [47]).

By the L%-boundedness of R (1 < ¢ < oo) and the Hardy-Littlewood-Sobolev inequality for
m(p+1)

(—A)~1/2 (see [47, p119, Theorem 1]), we have ¢y g € LomopT (R™) since Vg g -9 € LPTLR™)

(and note that for m > 3, we have p+ 1 < 2™ < m). Thus we obtain

m—1 —
60l gz, < O Yl (6.15)
_1
Using again the relation Vi, g = En; r Vngr, we have
1
IVneR - Yl gm) < /R Ve, rlP T [P+ dvoly
_1
<oeHipr / ' gt dvolg
Rm
<CRP7! / i glY|PT dvolg = CR™P ™, (6.16)
Rm
1

where we have used (1 — %)(p + 1) > 2 by our choice of ¢, £ > %.
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Combining (6.15) and (6.16), we have
1
Iée.all mwn S CRMp. (6.17)

From (6.14) and (6.17), we obtain by the Holder’s inequality

(¢, Ve r - ¢e,r) dvoly
Rm

1—-1
SC/ [611e 2 |Vl e, dvolo
1

1—1i__2
<CR- /|wwgm;1“wmme

1
<C —1 2 p+1 dvol s m
<CR 77€7RW}‘ Volg [PeRll me+1) R+, (6.18)
R™ Lm—p—1 (Rm)

where we have used 1— 1 ~=5 > 0for £ > pH and 7 is defined by the relation pil + m(_pi_ﬁ +1 1 _
1. Note that such a r > 1 ex1sts if and only 1fp < 2m~—1. Since we have p < p+1 < =% < 2m 1

for m > 3, such a r > 1 indeed exists for m > 3.
Combining (6.17) and (6.18), we obtain

2
/m(dia Vner - ¢o,r) dvolo| < CR™T IR (6.19)
We notice here that, under the assumption p < 2%, we have
2 -1
—2+—_m—1——m—mp——1<0. (6.20)

p+1 p+1
Combining (6.9), (6.10), (6.13), (6.19) and (6.20), we obtain

m 2
(Ty(er), ¢R)2mm) = IR — CRm_l_ﬁfﬁﬂ. (6.21)

We next estimate the denominator (Ly(¢e r), ¢¢,r)c2mm)- Recall that ¢pr = 77@73’1/}’177_11/} and
we have Pj(gpgﬂ) =0 and

1 1
(Ly(0e,R) e.R) 2 (Rm) = P/R i glY[P T dvoly = EIR. (6.22)
y (6.21) and (6.22), we finally obtain
T, n _p—1
(Ty(®e,R), Po.R) 2(Rm) > p_ CR™I- p+1I =y (6.23)
(Ly(@e,R), Pe.R) 2(mm)
By (6.20) and Ip — oo as R — oo, the assertion of the lemma follows from (6.23). O

In view of Remark 6.1 (i), Theorem 6.1 (3) is a direct consequence of the following:

Lemma 6.3 Assume that m > 3 and ¢ € L>®(R™) is a non-trivial solution to (5.1). For any
€ >0 and k € N, there exist 0 < Ry < R2 < --- < Ry such that the following holds: For

%e,R;
Yj =

p+
m, where pg p = 11, R|¢] P w is as in Lemma 6.2 with £ > 225 we have

[(bispi)ez@my| <€ [(Ty(pi) pj)e2@m)| <€

for1<i#j<kand
(Ty (¢5)s ¢5) c2mm) -
Zp—€
(Ly(5)5 P5) c2(mm)

for1 <j<k.
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Proof. Let € > 0 be arbitrary. By Lemma 6.2, there exists Ry > 0 such that

(Ty(@e,R)s Pe,R) L2(mm) -

>p—e¢ (6.24)
(Ly(0e,R); P0,R) £2(Rm)
_ _ PR,
for R > Ry. We take Ry = Ry and set ¢1 = Tremleagm”
For Ry > R; (Rg will be determined soon), we set o = ——PtR2  We estimate the

H‘PZ,RQ ”LQ(R’W) ’

interaction (T (p2), ¢1)c2mmy- For any R > 0, we have by Lemma 6.1 (2)

(‘pZ,R2 ) Tw(‘Pl))LQ(Rm)

o6, Ry | £2(Rm)
1

e, roll 2 ®m)

(T¢(<P2), 801)22(Rm) =

{(pe.Rys e RTyp (1)) c2®m) + (P2,Ry> (L= 10, R) Ty (1)) g2 () -
(6.25)

Since the term (¢, r,, 1, 8Ty (¢1)) c2(mm) is independent of Ry for Ry > 2R and ||, g, || c2@mm) =

(me 77232|¢|p+1 dvolo)l/2 — +00 as Ry — 0o, we have

(¢0,Rys e, RTp (1)) £2(Rm)
e, Ry [l 22 (M)

=0 (6.26)

as Ro — 00. On the other hand, we have

1

T—————(0e.Ry, (1 = e R) Ty (1)) c2@m)| < (1 = ne,r) Ty (1) ||l c2@my — 0 (6.27)
e, Ry | 22(mm)

as R — oo (recall that, by Lemma 6.1 (1), Ty(p1) € L2(R™)). From (6.25)—(6.27), we can
choose Ry > Rj such that

[(Ty(p2), p1) c2mmy| = [(p2, Typ (1)) 2 @my| < €. (6.28)

Arguing similarly, taking Ry > R; even larger if necessary, we also have

(2, 1) L2mm)| < €. (6.29)

Now, we assume that we have chosen Ry = R1 < Re < --- < Ry, such that the assertion of the
lemma holds for k¥ = h. By the same argument as in the proof of (6.28) and (6.29), we can find
Rp+1 > Ry, such that both of the following inequalities

[(Ty(ns1)s i) cemmyl <€ |(@nr1, 05)c2@m)l < € (6.30)

PeRy

hold for all 1 < j < h, where pp11 = Toerny ezam” Therefore, by induction, for any given

k € N, we have 0 < Ry < --- < Rj such that the assertion of the lemma holds. O

Completion of the proof of Theorem 6.1 (3). For any k € N and ¢ > 0, let ¢1,...,0r €
L2(R™) be as in the statement of Lemma 6.3. Observe that ¢; € L(R™) C D(Ty) for 1 <i <k
and @1, ..., ¢ are linearly independent if € > 0 is small enough. Let ¢ € span{¢1,p2,..., ¢} \
{0} be arbitrary. Thus ¢ = ai1p1 + agpas + -+ + agpy for some ag,ao,...,ar € C. Since
Ly(pi) = %goi, we have

1
(L (1), i) g2 mmy = , (6.31)
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for 1 <7<k and
€
[(Lyp (i), 0) c2@my| < = (6.32)

i

for 1 <iz# j <k by Lemma 6.3.
By (6.31) and (6.32), we obtain

(Ly(6), ®) c2mmy < zw 3 graman

1<i£j<k
k
1 ke
< *Z o] + *Z o

~(1 4 ke) Z a2, (6.33)

Bv—l

On the other hand, we have

(Ty(®), }) g2 @mm) Z’az\ (Ty(pi), pi) 2 mmy + Z i (Ty (¢i), ©5) 2@m)- (6.34)
=1 1<itj<k

Here, we have
(Ty(@i), i) 2@my = (p — €)(Ly(9i), i) 2 mm) (6.35)
for 1 <i <k by Lemma 6.3. Combining (6.31), (6.32), (6.34), (6.35) and Lemma 6.3, we have

k
(T (), &) c2mm) = (1 - ZE? - ke) ; a2 (6.36)

By (6.33) and (6.36), we finally obtain

(Ty(0), )2y _ PO~ —ke)

(Lo@) D) = L+ he (037
Since € > 0 was arbitrary, the assertion of Theorem 6.1 (3) follows from (6.37) and Remark 6.1
(). O
7 Proof of Theorem 1.1
In this section, we prove Theorem 1.1. We thus consider the equation
Dyp = H(z)|ol""'¢  on M. (7.1)

Notice that, if the assertion of Theorem 1.1 holds under the assumption p_y(¢) < k for some
A >0, —\ & Spec(D), the same assertion under the assumption px (1) < k also holds for a general
A € R in view of Lemma 3.1. Thus, throughout this section, we fix A\ > 0 with —\ ¢ Spec(Dy)
and prove Theorem 1.1 under the assumption p_x(¢)) < k.
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7.1 Proof of Theorem 1.1, I: Blow-up argument

We shall prove Theorem 1.1 by contradiction. Thus, we assume that there exist a sequence
{en}52 of solutions to (7.1) and k € N such that

p-x(on) < k (7.2)
for all n > 1 and
[onllgoo(ary — +o00 (7.3)
as n — oo.
We set p, = Hgonﬂi;}(M). Thus, we have p, — 0o as n — oo. We conformally blow-up

(M, g, p) by defining new metrics g, = p2g on M. Under such a change of the metric, the Dirac
operators D, are related to Dy as follows: denoting by S(M, g) and S(M, g,,) the spinor bundles
of (M,g,0) and (M, gn,0), respectively, there exists a bundle isomorphism F,, : S(M,g) —
S(M, g,) such that F,, is a fiberwise isometry and

_m+1 m—1

Dy, (Fn(#)) = Falpn * (Dg(pn® #))), (7.4)

_ 1
see [31], [30]. We set v, := pp* ' F,(p,). This is a spinor on (M, g,) and by (7.4), we easily
see that 1, satisfies the following equation:

Dy, thn = H(£)’¢n‘p_1wn on M, (7.5)

where [¢,,| is the norm of v, with respect to the metric g,. For clarity, we henceforth denote it
by [tnlg, to indicate its dependence on gj,.
Moreover, by the definition of p,, we have

Y (2)]gn = pn " lon(z)]y < 1 (7.6)

for any x € M and
9nll oo (ar,g,) = 1, (7.7)

where L°(M, g,) is the set of L*°-spinors on (M, g,) whose norm is defined by the metric g,.
By the compactness of (M, g,), there exists xz;,, € M such that

[ (@n)lg, = l1¥nlleoe(i,ga) = 1- (7.8)

We may assume that, after taking a subsequence if necessary, x,, — T for some xo, € M.

Let f, : By, — (M, g) and f : By, — (M, g) be normal charts at z,, and x., respectively,
where B,, is the Euclidean ball with center at 0 € R and radius ro > 0 and rg is smaller
than the injectivity radius of (M,g). We denote by h, := frg and hs := fXg the pull-
back metrics on B,,. Then f, : (B, p2hs) — (M, p2g) is an isometric embedding. Define
$n: (Bporos hn) — (Brg, p2ha) by sn(2) = pita, where hy, = p2s%h,. Then the map f,, defined
by fn = fnosn: (Bp,ros hn) — (M, p2g) is an isometric embedding and

(hn)ij = hn(05,05) = (hn)ij(pn"+) = (hoo)ij(0) = b (7.9)

in C° (R™) as n — oo.
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Let us consider the chart defined by fn, fn : (Bpn,no,ﬁn) — (M,p2g = gn). We call
{(M, gn,0)} conformal blow-up sequence of (M,g,o) with respect to centers {x,}. In this
chart, the equation (7.5) is transformed into the following equation on (B, r,, hn)

Dj,, ¥n = Hu (@) thnl} ", (7.10)

where 1, is the pull-back spinor of v, on (Bpros Bn) by the isometry fn, H, = f;H is the

pull-back of H on (B,,r,,hn) and the spin structure on (B, r,, hy) is the pull-back one from
(M, gy, 0). Note that, as n — oo,

H, — H(zs) in CD_(R™). (7.11)

Since ”'l;nHLoo(BpnTO) =1, by (7.9)—(7.11) and the elliptic regularity theory, there exists ¢, €
CY(R™,S(R™)) such that

n = Yoo in CP(R™) (7.12)
and
Dothos = H(Too)|thoo P oo in R™. (7.13)
We also have
o0 (0)] = 1 (7.14)

since |1j;n(0)|}~ln = |Yn(zn)lg, = 1 by (7.8). By (7.14), we have, in particular, ¢, # 0 and
|Voo(z)] < 1 for any = € R™. Thus, ¥ is a bounded non-trivial solution to (7.13). Since
H(z) > 0, after multiplying a suitable positive constant to the spinor 1, if necessary, we may
assume that H(zxy) = 1.

We next want to express the operator L;i/ QT%, Ly

n

/2 associated to the spinor ¢, on

(M, g,0) in terms of the spinor v, and the Dirac operator Dy, on (M, g,,0). We recall that
T, 1, is defined by

Ty iip = (H(@)lonlh ™ + AL, )% 0 Ky o (H(@)loals ™ + ALy,) "2, (7.15)

where K) = (D, + \) L.

Since ]gon\zg’_l = pn|tn Z;l, Fy,oLy, oF, =L, and

Fu((Dg + A)@) = pn(Dg, + pp ' A F(e)

by (7.4), we have
Dg+)‘:PnFn_1°(Dgn + o' A) 0 By,
Ky = p, Fy o (Dy, +p, '\ o Fy (7.16)

and

Tpipn = Fy o (H(@) |l + pr ' ALy, )2 0 Ko (H (@) |nlh !+ oy ALy, ) 2 0 Fy, (7.17)

where K, = (Dg, +p, ') "' Thus, by (7.17), we have Ly * Ty, yaLon> = Fy 'Ly T, 4 oy
and p_x(¢n) = pi_,-1,(¢n) by Proposition 4.2. But, by Theorem 6.1 (2) and (3) (note that we
have not proved Theorem 6.1 (2) yet. We assume it here for the moment. It will be proved in

the next subsection), we have a desired contradiction:

+00 = mpm (1so) < liminf ,u,_p;l)\(z/Jn) <k.
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This completes the proof of Theorem 1.1 under assuming Theorem 6.1 (2). O

Thus, it remains to prove the assertion of Theorem 6.1 (2), namely, under the above notation
and the assumption, we shall prove

mpm (o) < Himinfp -1y (¢n). (7.18)

For the proof of (7.18), we need to show that L;i/QTwn HP#ALW/Q converges to L;l/QTwL;UQ

in a certain sense. This will be proved in the next subsection.

7.2 Proof of Theorem 1.1, II: the lower semi-continuity of the relative Morse
index

To study the convergence property of L;i/ 2T¢n7 Hp-1 )\L;i/ 2, we need to estimate the Schwartz
kernel of (D, +p, *A) 1. Let us denote by k(z,y) and ky,(z,y) the Schwartz kernels of (Dy+) ™!
and (D, + p,*A)71, respectively. More precisely, since the kernels of (D, + A)~! and (Dg, +
ptA)~1 are considered as densities on (M, g) and (M, g, ), respectively, k(z,y) and k,(x,y) are
defined as

(Dyg + A"t = k(x,y)dvoly, (Dg, + py*N) "t = kn(z,y) dvoly,. (7.19)

Then by (7.16), (7.19) and dvoly, = p;i* dvol, we have

kn(z,y) = p,ll_an ok(z,y)o Fn_l. (7.20)

With respect to the local coordinate f, : (Bp,ryhn) — (M, gn) defined in the previous subsection,
we have

l;:n(:n,y) L= f;k’n(f&y)
= kn(pp 'z, py,'y)
= pn " Fook(pyx, pty) o By (7.21)

for x,y € By, ro-
As for the Schwartz kernel k(x,y) of (D, + A) ™!, we have the following estimate in the local
coordinate f, : (By,, hn) — (M, g) introduced in the previous subsection:

|k(z,y)|n, < alz,y)le -y, (7.22)

where a(z,y) > 0 is determined by the metric g and it remains bounded when z,y vary within
B,,. This is a well-known fact and is proved with the help of the theory of pseudo-differential
operators. Here we only give a sketch of the argument. For details, see [49, I&II]. We write
(Dg+A)~! = (Dg+ A)(Dy+ A)~2. The principal part of the operator (Dg +A)? is —Ag @ 1g(ps,)
and it is the scalar Laplace operator. So in order to construct a parametrix of (Dy + A)?, we can
argue as in [49, Chapter 3, §9]. Since the singular part of the parametrix coincides with that of
the Schwartz kernel K of (D, + A)~2 (in fact, they coincides up to a smoothing factor) and the
singular part of the parametrix of (D, + A)? behaves like |z — y[>~™ (see [49, I, Chapter 3, §9;
II, Chapter 7]), (7.22) follows from k£ = (Dy + \) K.
By (7.21) and (7.22), we have

k(25 9)7,, o

< or "alpy oty on e — pyy
< alpy w, ) |lw —y' (7.23)
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From (7.23), we have the following uniform estimate of ky(z,y) for z,y € p,By, = By, ro:
|kn(2,9) I, < Cla—y'™™, (7.24)

where C > 0 is independent of x,y € B, for all large n.
Since B,,,, — R™ as n — oo, we have: for any compact subset K' C R™, there exist n(K) € N
such that
k(@ )lj, < Cla—y|'™™ (7.25)

for any xz,y € K and n > n(K).

From the uniform estimate (7.25), arguing as in (6.3) and (6.4), we have the following: for
any ¢ € L2°(R™) and any compact subset K C R™, there exist C' = C(K,supp(¢)) > 0 and
n(K,supp(¢)) € N depending only on K and the diameter of the support of ¢ such that

O, + o N0 < [l )llow)] dvol, ()

<o [ LWL () < Clgllemmm (7.26)
o T — ]

for any € K and n > n(K, supp(¢)), where we have used h, — ggm in Cx(R™) as n — oo.
Set (Dj + priA)"1é =: u,. Then u, satisfies Dy un + pnidu, = ¢. By (7.26) and the
elliptic estimate for the Dirac operator Dj, , we have that {un} is bounded in G?&f(Rm) for
any 0 < o < 1, where we have used h,, — grm in C% (R™) again. Thus by the Ascoli-Arzela
theorem, there exists a subsequence of {u,} (still denoted by {u,}) such that u, — us locally
uniformly on R™ for some uoo € CO(R™, S(R™)). Then us satisfies D gy oo = ¢ and we have
€ CY(R™) for any 0 < a < 1 by the elliptic regularity. Combining this with (7.12), for any

¢ € L°(R™) we have

/2 ~1/2 120 ~1/2 ~1/2 -1/2
fn( n/ Yn,H, PElA )d) L ~n/ d’n:anpn IAL b / ¢ - Lwoo/ T’L/)oo L¢oc/ ('b (727)
in CP _(R™), where Ly = lP~ —|—Pl (the orthogonal projections are taken with respect to the

metric i), T ;) Hn,p*u (H |¢n|p 1—1—p_1)\L )1/20Kn,)\o(ﬁn|@;n|p_l+pgl>\L1/;n)l/2, Ko\ =
Dy, +pn N (= kp(,y) dvolj, ) and Ly, and Ty, are defined in the previous subsection.

Under the convergence (7.27), we easily obtain (7.18). Namely, by the definition of the index
mprm (Vso), for any [ € N with [ < mpm (9 ), there exist € > 0 and linearly independent spinors
©1, 92, -, 01 € L°(R™) such that

_1/2 12
(wa/ Tmewm/ (), ¥) g2 mm)

>1+¢ 7.28
(¢, 0) 2 mm) (7.28)

for any ¢ € span{e1, p2,..., @1}
On the other hand, there exists a compact subset K C R™ such that suppyp; C K C B,

for all 1 < j <1 and large n. Then by (7.27) and (7.28), we have

(Lf1/2T~ g1 Lil/z(@)ﬂO)L? R™ L 1/2T L 1/ m
(0, 0) c2(rm) 2 )LQ(R’")

as n — oo uniformly for ¢ € span{¢1,p2,...,¢;}. By Proposition 4.2 (2), (7.29) implies that
T y(¥n) > 1 for all large n. Since | < mpm (o) was arbitrary, this implies (7.18) and
completes the proof of Theorem 1.1. O
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7.3 A generalization

The above argument applies for a more general class of nonlinearities. As in §4.3, we assume that
H € C%*(S(M)) satisfies (4.22). Moreover, we assume that the following condition is satisfied
for H: for any {x,}72; C M and {\,}°2,; with z,, — zs and A\, — oo, there exists a positive
constant H., such that

Hy(x, ) == AP H (exp,, (A7), AnFa(9)) — HoololP™ in G (S(R™)) (7.30)

as n — oo, where F, : S(R™)| By, T S(M) is the fiberwise isometry which is defined as in
87.1.

For example, the condition (7.30) is satisfied for H which is a lower order perturbation of
LH(z)])p|P*1. More precisely, for H of the following form

P
H(@,$) = —H@ +hia,v).
where h(z,1)) satisfies
o)l

hil—oo  [ihlPH
In this case, H satisfies (7.30) with Ho, = ]ﬁH(a:oo).
By repeating the same argument as in the proof of Theorem 1.1, we have the following
generalization of Theorem 1.1:

Theorem 7.1 Assume H € C%*(S(M)) satisfies (4.22) and (7.30). For any N € R and k € Z,
there exists a constant C(A\, k,H) > 0 such that the following holds: for any solution ¢ €
HY2(M)NL>®(M) to the equation Dyt = Hy(x,v) on M with the relative Morse index ju) (1)) <
k, there holds [|¢)|| goo(ary < C(A, by H).
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