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Abstract

We consider nonnegative solutions of a parabolic equation in a
cylinder D x I, where D is a noncompact domain of a Riemannian
manifold and I = (0,7) with 0 < T < o0 or I = (—00,0). Under
the assumption [SSP] (i.e., the constant function 1 is a semismall
perturbation of the associated elliptic operator on D), we establish
an integral representation theorem of nonnegative solutions: In the
case [ = (0,7, any nonnegative solution is represented uniquely by
an integral on (D x {0}) U (OpD x [0,T')), where OprD is the Martin
boundary of D for the elliptic operator; and in the case I = (—o0,0),

*2000 Mathematics Subject Classification: 35C15, 35B20, 31C35, 31C12, 35J99, 35K15,
35K99, 58J99
Key Words and Phrases: semismall perturbation, semi-intrinsic ultracontractivity,
parabolic equation, nonnegative solution, integral representation, Martin boundary, el-
liptic equation



any nonnegative solution is represented uniquely by the sum of an
integral on dyrD x (—00,0) and a constant multiple of a particular
solution. We also show that [SSP] implies the condition [SIU] (i.e.,
the associated heat kernel is semi-intrinsically ultracontractive).

1 Introduction

This paper is a continuation of [34]. It is concerned with integral repre-
sentations of nonnegative solutions to parabolic equations and perturbation
theory for elliptic operators.

We consider nonnegative solutions of a parabolic equation

@ +Lu=0 in DxI, (1.1)

where 0, = 0/0t, L is a second order elliptic operator on a noncompact
domain D of a Riemannian manifold M, and I is a time interval: I = (0,7)
with 0 < T < oo or I = (—00,0).

During the last few decades, much attention has been paid to the struc-
ture of all nonnegative solutions to a parabolic equation, perturbation theory
for elliptic operators, and their relations. (See [1], [2], [4], [5], [6], [11], [14],
[17], [19], [20], [22], [25], [26], [27], [28], [29], [30], [31], [32], [33], [34], [36], [37],
(38], [40], [41], [42].) Among others, Murata [34] has established integral rep-
resentation theorems of nonnegative solutions to the equation (1.1) under the
condition [IU] (i.e., intrinsic ultracontractivity) on the minimal fundamental
solution p(z,y,t) for (1.1). Furthermore, he has shown that [IU] implies [SP]
(i.e., the constant function 1 is a small perturbation of L on D). It is known
( [30]) that [SP] implies [SSP] (i.e., 1 is a semismall perturbation of L on D).

In this paper, we show that [SSP] implies [SIU] (i.e., semi-intrinsic ul-
tracontractivity) and give integral representation theorems of nonnegative
solutions to (1.1) under the condition [SSP]. We consider that [SSP] is one of
the weakest possible condition for getting ”explicit” integral representation
theorems.

Now, in order to state our main results, we fix notations and recall several
notions and facts. Let M be a connected separable n-dimensional smooth
manifold with Riemannian metric of class C°. Denote by v the Riemannian
measure on M. T, M and T'M denote the tangent space to M at x € M and
the tangent bundle, respectively. We denote by End(7, M) and End(7'M)
the set of endmorphisms in 7, M and the corresponding bundle, respectively.
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The inner product on T'M is denoted by (X,Y), where X,Y € TM; and
|X| = (X, X)¥2. The divergence and gradient with respect to the metric on
M are denoted by div and V, respectively. Let D be a noncompact domain
of M. Let L be an elliptic differential operator on D of the form

Lu = —m 'div(mAVu) + Vu, (1.2)

where m is a positive measurable function on D such that m and m~! are

bounded on any compact subset of D, A is a symmetric measurable section
on D of End(T'M), and V is a real-valued measurable function on D such
that

Vel

he(D,mdv)  for some p > max(g, 1).

Here L} (D, mdv) is the set of real-valued functions on D locally p-th inte-
grable with respect to mdr. We assume that L is locally uniformly elliptic
on D, i.e., for any compact set K in D there exists a positive constant A such
that

MEP? < (A,8) < AP, we K, (2,6) € TM.
We assume that the quadratic form @ on C§°(D) defined by

Qlu] = /D (AVu, Va) + Vi )mdy

is bounded from below, and put

Ao = inf {Q[u];u € C¥(D), / w*mdy = 1} .
D

Then, for any a < g, (L—a, D) is subcritical, i.e., there exists the (minimal
positive) Green function of L —a on D. We denote by Lp the selfadjoint
operator in L?(D;mdy) associated with the closure of Q). The minimal fun-
damental solution for (1.1) is denoted by p(z,y,t), which is equal to the
integral kernel of the semigroup e **2 on L?(D, mdv).

Let us recall several notions related to [SSP].

[TU] X is an eigenvalue of Lp; and there exists, for any ¢t > 0, a constant
C; > 0 such that

p([L’,y,t) < C115 ¢O(I)¢O(y)7 T,y € D,

where ¢ is the normalized positive eigenfunction for \g.
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This notion was introduced by Davies-Simon [13], and investigated exten-
sively because of its important consequences (see [7], [8], [9], [10], [12], [23],
24], [31], [34], [42], and references therein). It looks, on the surface, not
related to perturbation theory. But it has turned out ( [34]) that [IU] implies
the following condition [SP] for any a < A¢.

[SP] The constant function 1 is a small perturbation of L —a on D, i.e., for
any € > 0 there exists a compact subset K of D such that

/D\K G(z,2)G(z,y)m(2)dv(z) < eG(x,y), z,y € D\ K,

where G is the Green function of L — a on D.

This condition is a special case of the notion introduced by Pinchover [37].
Recall that [SP] implies the following condition [SSP] (see [30]).

[SSP] The constant function 1 is a semismall perturbation of L — a on D,
i.e., for any € > 0 there exists a compact subset K of D such that

/D\K G(2°,2)G(z,y)m(2)dv(z) < eG(2°,y), ye D\ K,

0

where z" is a fixed reference point in D.

This condition [SSP] implies that Lp admits a complete orthonormal base
of eigenfunctions {¢;}32, with eigenvalues \g < A\ < Ay < --- repeated
according to multiplicity; furthermore, for any 7 = 1,2,---, the function
®;/¢o has a continuous extension [¢;/¢o] up to the Martin boundary Oy D
of D for L — a (see Theorem 6.3 of [38]).

We show in this paper that [SSP] also implies the following condition
[STU].

[SIU] )\ is an eigenvalue of Lp; and there exist, for any ¢ > 0 and compact
subset K of D, positive constants A and B such that

A ¢o(z)po(y) < plz,y,t) < B ¢o(x)do(y), €K, yeD.

This notion was introduced by Banuelos-Davis [9], where they called it one
half IU. Here we should recall that [IU] implies that for any ¢ > 0 there exists
a constant ¢; > 0 such that

Ct ¢0($>¢0<y> S p({L‘,y,t), x,y € D.
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We see that the same argument as in the proof of Theorem 3.1 in [25] (or
the argument in the proof of Theorem 1.2 below) shows that [SIU] implies
the following condition [NUP] (i.e., non-uniqueness for the positive Cauchy
problem).

[NUP] The Cauchy problem
O+ L)u=0 in Dx(0,7), u(x,00=0 on D (1.3)

admits a solution u with u(z,t) > 0in D x (0,7).

We say that [UP] holds for (1.3) when any nonnegative solution of (1.3) is
identically zero. We note that [UP] implies that the constant function 1 is a
"big” perturbation of L —a on D in some sense (see Theorem 2.1 of [32]).

Fix a < \g, and suppose that [SSP| holds. Let D* = D U 0y D be the
Martin compactification of D for L — a, which is a compact metric space.
Denote by 0,,D the minimal Martin boundary of D for L — a, which is a
Borel subset of the Martin boundary 0y;D of D for L — a. Here, we note
that Oy D and 0,,D are independent of a in the following sense: if [SSP]
holds, then for any b < Ay there is a homeomorphism & from the Martin
compactification of D for L —a onto that for L — b such that ®|p = identity,
and ® maps the Martin boundary and minimal Martin boundary of D for
L — a onto those for L — b, respectively (see Theorem 1.4 of [30]).

Now, we are ready to state our main results. In the following theorems
we assume that [SSP] holds for some fixed a < Ag.

Theorem 1.1 The condition [SSP] implies [SIU].
Theorem 1.2 Assume [SSP]. Then, for any £ € 0y D there exists the limit

T ICY'R)
im ——~
D3y—¢  do(y)

Here, as functions of (z,t), {p(z,y,t)/Po(y)}, converges to q(z,£,t) asy — &

uniformly on any compact subset of D x R. Furthermore, ¢(x,&,t) is a
continuous function on D x 9y D X R such that

=q(z,&,t), x€ D, teR. (1.4)

gq>0 on D xdyD x (0,00), (1.5)
g=0 on D x dyD x (—o0,0], (1.6)
(O + L)g(-,¢,-) =0 on D xR. (1.7)



Theorem 1.3 Assume [SSP|. Consider the equation (1.1) for I = (0,7
with 0 < T' < co. Then, for any nonnegative solution u of (1.1) there exists
a unique pair of Borel measures p on D and A on 9y D x [0,T") such that A

is supported by the set 9,,D x [0,T), and

u(z,t) = /Dp(x,y, t)du(y) + /6MD><[O ) q(z, &t — s)dA(E, s) (1.8)

for any (z,t) € D x I.

Conversely, for any Borel measures o on D and A on 9y D X [0,T) such
that A is supported by 0,,D x [0,T) and

/ (2% y, t)du(y) < oo, 0<t<T, (1.9)
D

/ q(a®, &t — s)dN(,s) <00, 0<t<T, (1.10)
8MD><[Ot)

where 2 is a fixed point in D, the right hand side of (1.8) is a nonnegative
solution of (1.1) for I = (0,7") with 0 < T < oc.

The proof of this theorem will be given in Sections 4 and 5. It is based
upon the abstract integral representation theorem established in [34], without
assuming [IU], via a parabolic Martin representation theorem and Choquet’s
theorem (see [18], [21], [35]). Its key step is to identify the parabolic Martin
boundary.

This theorem is an improvement of Theorem 1.2 of [34]; where the con-
dition [IU], which is more stringent than [SSP], is assumed. It is also an
answer to a problem raised in Remark 4.13 of [34]. Note that (1.8) gives
explicit integral representations of nonnegative solutions to (1.1) provided
that the Martin boundary 0y, D of D for L — a is determined explicitly. We
consider that [SSP] is one of the weakest possible condition for getting such
explicit integral representations.

Let us recall that when [UP] hods for (1.3), the structure of all non-
negative solutions to (1.1) for I = (0,7) is extremely simple. Namely, the
following theorem holds (see [5]).

Fact AT Assume [UP]. Then, for any nonnegative solution u of (1.1) with
I =(0,T), there exists a unique Borel measure p on D such that

u(z,t) = /Dp(x,y,t)d,u(y), (x,t) e D x I. (1.11)
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Conversely, for any Borel measure p on D satisfying (1.9), the right hand
side of (1.11) is a nonnegative solution of (1.1) with I = (0,7).

It is quite interesting that when [UP] holds, the elliptic Martin boundary
disappears in the parabolic representation theorem; while it enters in many
cases of [NUP].

Finally, we state an integral representation theorem for the case I =
(—00,0).

Theorem 1.4 Assume [SSP]. Consider the equation (1.1) for I = (—o0,0).
Then, for any nonnegative solution u of (1.1) there exists a unique pair of a
nonnegative constant o and a Borel measure A on 0y D X (—o00, 0) supported
by the set 0,,D X (—00,0) such that

o) = ae (o) + [ et —sEs)  (112)
O DX (—o0,t)
for any (z,t) € D x (—00,0).
Conversely, for any nonnegative constant a and a Borel measure A on
Ou D x (—00,0) such that it is supported by 0,,D x (—o00,0) and

/ q(2®, &t — 5)dN(,s) < 00, —o0 <t <0, (1.13)
6]y[D><(—OO,t)

the right hand side of (1.12) is a nonnegative solution of (1.1).

This theorem is an improvement of Theorem 6.1 of [34], where [IU] is
assumed instead of [SSP].

Here, in order to illustrate a scope of Theorems 1.3 and 1.4, we give a
simple example. Further examples will be given in Section 7.

Example 1.5 Let D be a domain in R? with finite area. Then, by Theorem
6.1 of [33], the constant function 1 is a small perturbation of L = —A on D.
Thus Theorems 1.3 and 1.4 hold true for the heat equation

(0 —Au=0 in DxI.

Note that there exist many bounded planar domains for which the heat
semigroup is not intrinsically ultracontractive (see Example 1 of [13] and
Section 4 of [9]). Thus, the last assertion of this example is new for such
domains.



The remainder of this paper is organized as follows. In Section 2 we prove
Theorem 1.1, and Theorem 1.2 is proved in Section 3. Sections 4 and 5 are
devoted to the proof of Theorem 1.3. In Section 4 we show it in the case of
I = (0,00). In Section 5 we show it in the case of I = (0,7") with 0 < T' < oo
by making use of results to be given in Section 4. Theorem 1.4 is proved
in Section 6. Finally we shall give two more concrete examples in Section 7
with emphasis on sharpness of concrete sufficient conditions of [SSP].

2 [SSP] implies [SIU]

In this section we prove Theorem 1.1.

Proof of Theorem 1.1 We may and shall assume that a =0 < \y. Let
G be the Green function of L on D. For any t > 0, put

Gilay) = / pla.y.s) ds,
t
t
Gt(m,y)z/ p(z,y,s)ds.
0

Then G = G, + G. Let us show that for any ¢ > 0 and any compact subset
K of D there exists a constant A > 0 such that

A¢O<‘T) ¢O(y) < p(]?,y,t), xr e K? ye D. (21>

Fix a compact subset K. We may assume that 2° € K. Let K; C D be
a compact neighborhood of K. Then the same argument as in the proof of
Theorem 1.5 of [30] shows that

CrG(°%2) <po(2) <CG(°2), z€D\Kj, (2.2)

for some constant C' > 0. Fix ¢t > 0, and put

1

_ = —tA
_2A0(1 ).

€t — €

By [SSP] and (2.2), there exits a compact subset Ky D K; such that
[ PACCDIE) San), yeD\E @Y
D\K»

8



where du(z) = m(z) dv(z). Since

D) — [ Gy on(z) du).
and G(y,z2) = G(z,y), (2.3) yields
W < [ Gl n@dn) + [ 6 a)due)
+ € do(y) (2.4)

for any y € D\ K. By Fubini’s theorem,
[ Glemanaut) = [ ds [ plas) o) duce)
D t D
— / e o (y) ds

t

1
= N e go(y).

Thus 1
Gi(z,y) do(2) du(z) < — e " do(y).

K» Ao
This together with (2.4) implies

& doly) < /K G (2 ) dol=) du(2). (2.5)

Choose a compact subset K3 whose interior includes K,. By the parabolic
Harnack inequality, there exists a constant ' depending on t, Ky, K3 such
that

p(zay7 S) S Clp(may72t)7
for any =,z € Ky, y € D\ K3, and 0 < s < t. We have

t
G'(zy) = / p(z,y,5)ds
0
< Citp(a°,y,2t), z€ Ky, ye D\ Ks. (2.6)
Thus

/K2 G'(2,y) ¢o(2) du(z) < {Clt ; o(2) dz] (0, y, 21).
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This together with (2.5) implies

¢O(y) < C2p(x07ya Qt)v ye D \ Kg, (27>

where

Cy = ! Cit | ¢o(2)du(z).
K>

€t
By the parabolic Harnack inequality,
p(z,y,2t) < Cp(x,y,3t), ze€kK,yeD,

for some constant C' > 0. This together with (2.7) yields the desired inequal-
ity (2.1). It remains to show that for any ¢ > 0 and a compact subset K of
D there exists a constant B such that

p(x,y,t) < B¢0(x) ¢0(y>’ LS K7 y e D. (28>

Fix a compact subset K. We may assume that 2° € K. Let K; C D be
a compact neighborhood of K. By the parabolic Harnack inequality there
exists a constant ¢ > 0 such that

Cp($07yat) S p(zvyazt)a S Kla Yy eD.

Thus, for any y € D,

e Goy) = /D b0(2) plzy.2) du(2)

> ; do(2) p(2,y,2t) du(z)

‘| A onl)u(s) | (a0,

v

This implies (2.8), since
Cp(a®y,t) > p(z,y,t/2), ze€K,yeD,

for some constant C' > 0. (We should note that in proving (2.8) we have
only used the consequence of [SSP] that ¢ is a positive eigenfunction.) O

Remark 2.1 It is an open problem whether [SIU] implies [SSP] or not. Fur-
thermore, the problem whether [SSP] implies [SP] or not in the case n > 1
is still open.
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3 Parabolic Martin kernels

In this section we prove Theorem 1.2. Throughout the present section we
assume [SSP]. We may and shall assume that a = 0 < Ag. Let G be the
Green function of L on D. For any 0 < § < t, put

G(x,y) = /; p(z,y,s)ds. (3.1)

We denote by 0y D the Martin boundary of D for L. In order to prove
Theorem 1.2, we need two lemmas.

Lemma 3.1 Let & € 0y D. Suppose that a sequence {y,}>°; C D converges
to &, and there exists the limit

. Gg(zvyn) _
T}Lr{)lo o) w(z,t), ze€D. (3.2)
Then
nll_{& ; G(z,2) G;(E(yn / G(z,z)w(z,t) du(z) (3.3)

for any z € D, where du(z) = m(z)dv(z).

Proof Fixz € D. Let K; C D be a compact neighborhood of z. By [SSP],
there exists a constant C' > 0 such that

C ™ o(y) < G(x,y) < Cooly), ye€D\K;. (3.4)

Let € > 0. Then there exists a compact subset K D K; such that

. G2y
D\KG( ’ )G(x,y)

Thus, for n sufficiently large,

/ ) S g < [ Gt (€O

— D\ K.
du(z) < o= yE€D\

<

Wl o
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By Fatou’s lemma,

/ Gz, z)w(z,t)du(z) < %
D\K

By Theorem 1.1, there exist constants A; and As such that
Ay go(x)do(y) < p(x,y,0) < Az do(x)do(y), €K, yeD.
Then, for any ¢ > 9§, the semigroup property yields
Are 0 go(2)do(y) < pla,y,t) < Aze ™D go(2)go(y)  (3.5)

for any x € K, y € D. Thus there exists a constant B > 0 such that for any

n
G5(2,yn)
(b()(yn)

Then Lebesgue’s dominated convergence theorem yields

SB(bO(Z), z€ K.

lim [ G(z,2) {M} du(z) = /K Gz, 2) w(z,t) du(2).

n—oo JK ¢0<yn>

Therefore, for n sufficiently large,

/DG(;C,Z) {%} dyu(2) —/DG(x,z)w(z,t)du(z) <e

This shows (3.3). O
By Lemma 6.1 of [38], it follows from [SSP] that there exists the limit

lim GD(y,Z)
D3y—¢  ¢o(y)

and h is a positive continuous function on dy;D x D. From this we show the
following lemma.

= h(¢,2), (£ 2)€0uD x D, (3.6)

Lemma 3.2 Under the same assumptions as in Lemma 3.1, one has

[ MG du) = tm [ S

= /DG(x,z)w(z,t)d,u(Z) (3.7)

Gy(z,7) dp(2)

for any x € D.
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Proof Fix z € D. Let Ki C D be a compact neighborhood of z. By
Theorem 1.1, (3.4) and (3.5), there exists a constant C; > 0 such that

C1G(z,7) < Gi(z2,7) < G(z,7), z€D\K,.

Let € > 0. By [SSP], there exists a compact subset K O K; such that

G(yn7 Z) ] t €
Gi(z,x)du(z) < =, 3.8
[ S e mane <5 (3.5)
for n sufficiently large. By Fatou’s lemma,
[ wies) Giandute) < & (3.9)
D\K 3

On the other hand, for any sufficiently large n

B

where (5 is a positive constant. By Lebesgue’s dominated convergence the-
orem,

:| Gg(z7$) S 027 KAS Ka

. G(Yn, 2) _ NGy 5
tm [ TR Gl aydu) = [ MED Gl du). (10)

Combining (3.8), (3.9) and (3.10), we get the first equality. It remains to
show the second equality of (3.7). By Fubini’s theorem and the symmetry

p(x,y,t) =ply,x,t),

we have

/DG(yn,z)Gf;(z,a:)du(z) _ /OOO dr /; ds plyn, .7 + 5)
= [ G2 Gz due)

This together with Lemma 3.1 implies the second equality. [J

Proof of Theorem 1.2 Let {yj};?‘;l C D be any sequence converging to
f S 8MD Put

p(l','yj,t)

for t > 0, wi(x,t) =0 fort <0. 3.11
o0(y) i(,1) (3.11)

w;(z,t) =

13



Since [SIU] holds, it follows from the parabolic Harnack inequality and local
a priori estimates for nonnegative solutions to parabolic equations (see [6]
and [16]) that there exists a subsequence {u;, }7, such that u;, converges,
as k — oo, uniformly on any compact subset of D x R to a solution u of the
equation

(Oi+L)u =0 inDxR

satisfying « > 0 on D X (0,00) and u = 0 on D X (—00,0]. Thus, in order to
prove Theorem 1.2, it suffices to show that the limit function u is independent
of {y;, }32; and uniquely determined by &. Let {y;}52, and {y}};2; be two
sequences in D converging to §. Define u; by (3.11), and v} by (3.11) with
y; replaced by ;. Suppose that {u;}32, and {u}}32, converge to u and u/,
respectively. For any t > § > 0, put

w(z,t):/; u(z, s) ds, w’(z,t):/; (2, 8) ds.

Then we have

G5z, 4n) - Gz, 9n)

lim —22270 — (2, t), lim —220n0 — (2t

N T R A S A Rk
By Lemma 3.2,

/D Gla, 2)w(z ) duz) = /D W€, 2) GY(z, z) dpu()
= /DG(x,z)w'(z,t)d,u(z).

Thus w(x,t) = w'(x,t), which implies u(z,t) = u/(x,t). This completes the
proof of Theorem 1.2. O

4 Integral representations; the case I = (0, c0)

In this section we prove Theorem 1.3 in the case T" = oo.

We first state an abstract integral representation theorem which holds
without [SSP]. For x € D and r > 0, we denote by B(z,r) the geodesic
ball in the Riemannian manifold M with center z and radius 7. Let 2° be a
reference point in D. Choose a nonnegative continuous function a on D such
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that a(z) =1 on B(z",r°) and a(z) = 0 outside B(z?,2r?) for some r > 0
with B(z°,3r%) € D. Choose a nonnegative continuous function b on R such
that 0 < b(t) < e on (1,00) for some v < Ao, and b(t) = 0 on (—o0, 1].
Denote by # the measure defined by df(x,t) = a(z)b(t)m(x)dv(z)dt. For
any nonnegative measurable function u on Q = D x (0,00), we write

Bu) = //Q w(w, 1) dB (@, 1).

Denote by P(Q) the set of all nonnegative solutions of (1.1) with 7 = (0, c0),
and put

Pp(Q) = {u € P(Q); B(u) < oo}.

Note that for any u € P(Q) there exists a function b as above such that
Bu) < oo; thus P(Q) = U,z Ps(Q). Furthermore, the parabolic Harnack
inequality shows that if 5(u) = 0, then u = 0. Now, let us define the -
Martin boundary 85,Q of Q with respect to 9, + L along the line given in [21]
and [18]. Put

p(mat;yas):p(xayat_s)a t>57 377y€D>
p(z,t;y,s) =0, t<s, x,y€D.

Define the 3-Martin kernel K3 by

p(z,t;y,s)
B(p(-:y,s))

where (3 (p(-;y,s)) = fo p(z,7;y,8)dB(z,r). Note that 3 (p(-;y,s)) < oo
for any (y,s) € @, since 0 < b(t) < € on (1,00) for some v < Ag. Let
{D;}52, be an exhaustion of D such that each Dj is a domain with smooth
boundary, D; € Djy1 € D, U2, D;j = D, and B(2°,3r%) € D;. Put
Q;=D; x(1/4,5). For Y = (y,s), Z = (2,1) € Q, let

Kg(x, t;y,s) = (z,1), (y,5) € Q,

o |Ks(X;Y) — Kp(X; Z))|
op(Y,Z2)=> 277 '
(Y, 2) ; xeo, L+ [K4(X;Y) = Ku(X; 2))]

Then we see that ds is a metric on ), and the topology on () induced by 43 is
equivalent to the original topology of ). Denote by @”?* the completion of Q
with respect to the metric §3. Put 9%,Q = Q% \ Q. A sequence {Y*} in Q
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is called a fundamental sequence if {Y*}2° | has no point of accumulation in
@ and {K s YF) }20:1 converges uniformly on any compact subset of ) to a
nonnegative solution of (1.1) with I = (0, 00). By the local a priori estimates
for solutions of (1.1), for any = € 8][\54@ there exist a unique nonnegative
solution Kg(-;Z) of (1.1) and a fundamental sequence {Y*}2°, in @ such
that

|Ks(X;YF) — Ks(X; E))|

lim 277 su —— = 0.
km2 e, L+ [K5(X; YF) — K4(X;5)|

Thus the metric dz is canonically extended to @%*. Furthermore, Q°* be-
comes a compact metric space, since by the parabolic Harnack inequality,
any sequence {Y*}2° | with no pomt of accumulation in @) has a fundamental
subsequence. We call K3(-;Z), 0 Q and Q%* the 3-Martin kernel, S-Martin
boundary and S-Martin compactlﬁcatlon for (Q, 0; + L), respectively. Note
that 3 (K3(-;Z)) <1 by Fatou’s lemma; and so Kg(-;=) € P3(Q). A non-
negative solution v € P3(Q) is said to be minimal if for any nonnegative
solution v < u there exists a nonnegative constant C' such that v = Cu. Put

Q= {E € 87,Q; Kz(-;Z) is minimal and 3 (Ks(-;E)) = 1}7

which we call the minimal g-Martin boundary for (Q, 0; + L).

Observe that D x [0,00) is embedded into Q%*, and D x {0} c 9%,Q.
Indeed, with y € D fixed, for any sequence {Y*}2 in Q with limy_. Y =
(y,0) we have limy_o, Kg(x,t;Y") = p(x,t;y,0)/8 (p(-;y,0)) ; furthermore,
Ks(-3y,0) # Kg(-;2,0) if y # 2. We also note that any sequence {Y* =
(yk,sk)}iozl in Q with lim;_.. s* = oo is a fundamental sequence, since
limy, oo K5(+;Y*) = 0. We denote by w the point in 8@@ corresponding to
the Martin kernel which is identically zero : Kg(-;w) = 0. Put

£0,Q = 9,0\ (D x {0} U{w}).

We obtain the following abstract integral representation theorem in the
same way as in the proof of Theorem 2.1 and Lemma 2.2 of [34].

Theorem 4.1 For any u € P3(Q), there exists a unique pair of finite Borel
measures £ on D and X on 87,Q \ (D x {0}) such that X is supported by the
set L8 Q,

_ [ plxty0) ot S) dA(E
ety = [ S as) - [ K iDaE @)
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for any (z,t) € @, and
B(u) = #(D) + ML,Q). (4.2)

Furthermore, the function
p(x,ty,0)
v(z,t) = u(x,t —/—d/fy
== f g0y "W

is a nonnegative solution of the equation
(@—i—L)U:O nmn DxR

such that v =0 on D x (—o0,0].
Conversely, for any finite Borel measures x on D and A on 9%,Q\ (D x {0})
such that X is supported by the set £ Q, the right hand side of (4.1) belongs

to Ps(Q).
We put
PQ) = {v € Pﬁ(Q);l}fgw(x’t) =0on D} .

We show Theorem 1.3 on the basis of Theorem 4.1. To this end it suffices
to show (1.8) for u € Pg(Q) The key step in the proof is to identify £ Q.
Under the condition [SSP], we shall show that £ Q = 8,,D x [0,00). In the

remainder of this section we assume [SSP]. We may and shall assume that
a=0< )\0.

Lemma 4.2 For any domains U and W with U € W & D, there exist
positive constants C' and « such that

where f(t) = e/ for 0 <t < 1, and f(t) = e ! for ¢t > 1. Furthermore,

q(z,&,t) < Cf(t)po(x), €U, £€dyD, t>0, (4.4)
G('xay> < C¢0<$)¢0(y), YIS U7 y e D \ W7 (45>

where G is the Green function of L on D.

This lemma is shown in the same way as Lemmas 4.2 and 4.4 of [34].

Let K(x,¢) be the Martin kernel for L on D with reference point 2° € D,
ie., K(2°&) =1, € € OyD. The following lemma gives a relation between
K and q.
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Lemma 4.3 For any £ € 0y, D,

Glz,y) [~
lim =28 /0 o(w.E0)dt, €D, (4.6)
[ q(z,&,t) dt
K(z,§) = foo D (4.7)

This lemma is shown in the same way as Lemma 4.5 of [34]

Lemma 4.4 Let £, n € 0y D, 0<s,r <ooand C > 0. If

q(z,&,t —s)=Cq(z,n,t —r), (z,t) €Q,
then ¢ =n, s=r and C' = 1.

Proof Since ¢(x,&,7) > 0 for 7 > 0 and ¢(x,&,7) = 0 for 7 < 0, we obtain
that s = r. Thus ¢(z,&,7) = q(x,n, 7). This together with (4.7) implies that
K(-,6)=K(-,n) on D. Hence £ =n, and so C' = 1. O

Now, let  be a measure on @) = D x (0, 00) as described in the beginning
of this section: df(x,t) = a(x)b(t)m(x)dv(z)dt. The following proposition
determines the S-Martin boundary 8@@, B-Martin compactification Q?*, and
B-Martin kernel Kg for (0; + L, Q). Recall that p(z,t;y,s) = p(x,y,t — s)
and Kg(-;y,5) =p(-;y,5)/8(p(-;v,s)). We write

Q(xat;§7s) = Q(l',f,t - S)
for £ € Oy D and 0 < s < o0.

Proposition 4.5 (i) The §-Martin boundary 85462 of @ for 0, + L is equal
to the disjoint union of D x {0}, dy D X [0, 00) and the one point set {w}:

92,Q =D x {0} UdyD x [0,00) U {w}. (4.8)

In particular, 8@@ does not depend on .

(i) The B-Martin compactification Q°* of @ for 9; + L is homeomorphic to
the disjoint union of the topological product D* x [0, 00) and the one point
set {w}, where a fundamental neighborhood system of w is given by the
family {@} U D* x (N,00), N > 1. In particular, Q”* does not depend on 3.
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(iii) The p-Martin kernel K is given as follows: For (z,t) € @,

Ks(x,t;7,0) = Bp((;(tz g;) (y,0) € D x {0}, (4.9)
g @) . ~
Kg(%,t,f, ) - 6(Q(‘§£73))’ (Ea ) EaMl) X [07 )7 (41())

and Kg(x,t;w) = 0.
This proposition is shown in the same way as Proposition 4.8 of [34].

Lemma 4.6 Let (&,s) € (OuD \ 0,,D) x [0,00). Then there exists a finite
Borel measure v on dy; D supported by 0,,D such that

q(-;&S)Z/8 Dq(-;n,S)dv(n)- (4.11)

Proof For reader’s convenience, we give a sketch of the proof for the case
s = 0. (For details, see the proof of Lemma 4.10 of [34].) By the elliptic
Martin representation theorem, there exists a unique finite Borel measure p
on dy; D supported by 0,, D such that

K(.T,f) = 5 DK(UUaU) dﬂ(ﬁ)-

This together with (4.7) implies
/0 q(z,&t)dt = /amD (/0 q(z,m,t) dt) dv(n), (4.12)
where dy(n) = [H(2%,&)/H(2° n)] du(n) with

H(z,n) = /000 q(z,m,t)dt.

For oo > 0, denote by G, the Green function of L 4+« on D. By the resolvent
equation and [SSP], we then have

/ e *q(x,n,t)dt (4.13)
0

:/000 q(z,n,t)dt — a/DGa(x,z) (/000 q(z,n,t) dt> m(z)dv(z),
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for any n € 0y D. By combining (4.12) and (4.13), we get

/Ow o (/amD 4w, 1) dv(n)) dt = /0 T e otg(a, g, 1) dt.

Thus the Laplace transforms of ¢(z,€&,t) and meD q(z,m,t)dvy(n) coincide;
and so (4.11) holds. O

Lemma 4.7 Let (§,s) € (O D \ 0, D) x [0,00). Then g(-;&, s) is not min-
imal.

Proof For reader’s convenience, we give a proof. We have (4.11). Suppose
that ¢(-;¢&, s) is minimal. Then, along the line given in the proof of Lemma
12.12 of [15], we obtain from (4.11) that the support of -y consists of a single
point. Thus, for some 7 € 9,,D and constant C

q(-;€,8) =Cq(-;n,9).

Hence, by Lemma 4.4, £ = n; which is a contradiction. O

Lemma 4.8 Let (§,s) € 0,,D x (0,00). Then ¢(-;¢&,s) is minimal if and
only if ¢(-;&,0) is minimal.

Proof Assume that ¢(-;¢,0) is minimal. Suppose that a nonnegative so-
lution u of (1.1) satisfies u(-) < g(-;&,s) on Q. Put v(x,t) = u(x,t + s).
Then v(-) < q(-;&,0). Thus v(-) = Cq(-;&,0) for some constant C. Hence
u(z,t) = Cq(z,t;&,s) for t > s, and u(x,t) = 0 = Cq(x,t;€,s) for t < s.
This shows that ¢( -; &, s) is minimal. Next, assume that ¢( -; &, s) is minimal.
Suppose that a nonnegative solution u of (1.1) satisfies u(-) < ¢(-;¢,0) on
Q. Put v(z,t) = u(z,t —s) for t > s, and v(x,t) = 0 for 0 < ¢t < s.
Then v(-) < q(-;&,s). Thus v(-) = Cq(-;&,s) for some constant C. Hence
u(z,t) = Cq(z,t;&£,0). This shows that ¢(-;&,0) is minimal. O

By Theorem 4.1 and Lemmas 4.7 and 4.8, we have the following proposi-
tion.

Proposition 4.9 There exists a Borel subset R of dy;D such that

RC0nD, LPQ=Rx][0,00),
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for any u € PJ(Q) there exists a unique Borel measure A on dy D x [0, 00)
which is supported by R x [0, 00) and satisfies

woet)= [ awgt-9dEs) @HeQ (@
Rx[0,00)
Lemma 4.10 Let (§,s) € 0, D x [0,00). Then g(-;&,s) is minimal.
Proof Suppose that ¢(-;&,0) is not minimal. Then £ ¢ R and
Q<m7€7t) :/ Q(x7n7t_8) dA(nas)
Rx[0,00)

for some Borel measure . We have
K [ o &ode= [ oo
0 0
= / dk(n,S)K(w,n)/ q(2°,n,t) dt.
Rx[0,00) 0
Thus
K(.6) = [ Kle.mare

for some Borel measure A. But £ € 9, D\R and R C 0,,D. This contradicts
the uniqueness of a representing measure in the elliptic Martin representation
theorem. Hence ¢( -;¢&,0) is minimal; which together with Lemma 4.8 shows
Lemma 4.10. O

Completion of the proof of Theorem 1.3 in the case I = (0,00) By
Lemma 4.10, R = 0,,D and

L5Q = 8,,D x [0, 00).

Thus Proposition 4.9 shows Theorem 1.3. O

5 Proof of Theorem 1.3; the case 0 < T < o©

In this section we prove Theorem 1.3 in the case 0 < T' < oo by making use
of the results in Section 4. To this end, the following proposition plays a
crucial role.
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Proposition 5.1 Let £ € 9);D and 0 < s < r < co. Then

/D P,y t = 1)a(y, 736 8)dp(y) = q(a t:6,5), wE€D, t>r  (5.1)

where du(y) = m(y) dv(y)
Proof We first show (5.1) for £ € 0,,D. Define u(zx,t) by

U(l’,t)ZQ(fE,t;S,S), 0<t§7",

u(a, ) = /D eyt — gy, riE.8)dply),  r<t<oo.  (5.2)

(We call u the minimal extension of ¢ from ¢ = r.) Then we see that u is a
nonnegative solution of (0;+L)u = 0in D x (0, 00) such that u(-) < ¢q(-;&, s)
on D x (0,00). By Lemma 4.10, u( - ) = Cq(-;¢&, s) for some constant C'. But
u(z,t) = q(z,t;&,s) for 0 <t <r. Thus C' =1, and so u(-) = q(-;&,s).

Next, let & ¢ 0,,D. By Lemma 4.6, there exists a finite Borel measure ~
on 0y D supported by 0,,D such that

a(-165) = / i data) (5.3)
Thus
/D P, .t — )a(y, 75 €, $)dp(y)
=/ dv(n)/ p(x,y,t —7)q(y, 50, s)du(y)
OmD D

:/8 5 q(ﬂ?, t, 7, 8) d7<7]>

=q(x,; €, s)
This proves (5.1). .

Lemma 5.2 Let £,n € 0y D, 0<s,r <T and C > 0. If
q(z, &t —s)=Cq(z,n,t—r), x€D, 0<t<T, (5.4)

then { =n, s=rand C = 1.
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Proof Choose u such that max(r,s) < w < T, and construct minimal
extensions of both sides of (5.4) from ¢t = u. Then, by (5.1) we have

q(z, 6t —s)=Cq(z,n,t—71), z€D, 0<t<oo.
By Lemma 4.4, this implies that { =7, s=r and C = 1. a

Now, let 3 be a measure on Q = D x (0,7T) defined by
dB(x,t) = a(z)b(t)m(x) dv(x)dt.

Here a(z) is a nonnegative continuous function on D as described in the
beginning of Section 4, and b(t) is a nonnegative continuous function on R
such that b(t) > 0 on (7/2,T) and b(t) = 0 on R\ (7/2,T). Let Kz(-;=),
8]@[@, 0% Q, and QP be the S-Martin kernel, 3-Martin boundary, minimal
(B-Martin boundary, and S-Martin compactification for (Q, 9; + L) with
Q = D x (0,T), respectively. The following proposition is an analogue of
Proposition 4.5, and is shown in the same way.

Proposition 5.3 (i) The §-Martin boundary 6}@@ of @ for 0; + L is equal
to the disjoint union of D x {0}, 9y D x [0,T") and the one point set {w}:

9%,Q =D x {0} UdyD x [0,T)U {w}. (5.5)

In particular, GJ@Q does not depend on .

(i) The 3-Martin compactification Q°* of @ for 9, + L is homeomorphic to
the disjoint union of the topological product D* x [0,7") and the one point set
{w}, where a fundamental neighborhood system of @ is given by the family
{w}UD* x (T —¢,T), 0<e<T/2. In particular, Q”* does not depend on
0.

(iii) The S-Martin kernel K is given as follows: For (z,t) € @,

Kalotin,0) = 005, (10) € D x (0} (5.6)
g A@EEs) .
Kofa:6,5) = 2 (€9) €uDx 0T), (57

and Kg(x,t;w) = 0.
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Lemma 5.4 Let (§,s) € (O D \ 0,,D) x [0,T). Then ¢(-;&,s) is not mini-
mal.

Proof Suppose that ¢(-;¢,s) is minimal. Then we obtain from (5.3) that
q(x,§,t —s5) =Cq(z,n,t —s), veD, 0<t<T,

for some n € 0,,D and C' > 0. By Lemma 5.2, this is a contradiction. a

Lemma 5.5 Let (§,s) € 0,,D x [0,T). Then ¢(-;¢,s) is minimal.

Proof Let u be a nonnegative solution of (0, + L)u = 0 in @ such that
u(+) < q(-;&,s) in Q. For r € (s,T), let u, be the minimal extension of u
from ¢t = r. By Proposition 5.1,

ur(xat) SQ(xat;&S)? l‘GD, t>0.

By Lemma 4.10, there exists a constant C,. such that u,(x,t) = C.q(z,t; £, s)
for t > 0. But u,(z,t) = u(x,t) for 0 <t < r. Thus C, is independent of ;
and so u(-) = Cq(-;¢&,s) in @ for some constant C. O

Completion of the proof of Theorem 1.3 in the case 0 < T < o0
Put

£7Q =050\ (D x {0} U{x}).
By Proposition 5.3, Lemmas 5.4 and 5.5, we get

L£PQ=0,D x0,T).

Thus, Theorem 2.1 of [34] which is an analogue of Theorem 4.1 completes
the proof. a

6 Integral representations; the case [ = (—o0,0)

In this section we prove Theorem 1.4. We begin with the following proposi-
tion, which can be shown in the same way as in the proof of Theorem 1 of [9]
(see also [39)]).
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Proposition 6.1 Assume [SIU]. Then

. eM'p(z,y, 1)
t—co () do(y)

for any compact subset K of D.

=1 uniformly in (z,y) € K x D (6.1)

In the rest of this section we assume [SSP]. We may and shall assume
that a = 0 < A\g. By Theorem 1.1, we have the following corollary of Propo-
sition 6.1.

Corollary 6.2 Assume [SSP]. Then, for any compact subset K of D and
N >1,

t—
lim p(x.9,1 = 5) = e M ¢y (2) uniformly in (z,y,t) € K x D x (=N,0).

()
Lemma 6.3 The solution e *!¢,(x) is minimal.

Proof Suppose that e *'¢y(x) is not minimal. Then, in view of Corol-
lary 6.2, the same argument as in the proof of Theorem 1.3 shows that for
any nonnegative solution u of the equation

(O +Lu=0 in Q=D Xx(—00,0)

there exists a unique Borel measure A on 0y, D X (—o0,0) supported by the
set Oy, D X (—00,0) such that

u($,t):/a e t)q(x,f,t—s)d)\(ﬁ,s), (x,t) € Q.
Thus
e otgo(z) = /8 o, (SRS, m0EQ (62

for such a measure A\. Now, fix z. It follows from Theorems 1.1 and 1.2 that
for any ¢ > 0 there exists a positive constant Cs such that

05_1 < q(xv 57 T)

< > . .
S gy SO 720 €MD (6.3)
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By (4.4),
Q(xagvT) < Ce_a/T¢0($)7 5 € aMDa 0<7< 17 (64)

for some positive constants o and C. By (6.2) and (6.3),

Mon(o) > [ Crle1=0ax(g, s).

8]\/[D><(_OO,—2)
Thus
/ 5 dA(E, 5) < Crgol). (6.5)
8]\/1D>< (—OO,—Q)

Fort < —2 and 0 < § < 1, we have

oo(z) = e)‘O(t’s)q(:c, £t —5)eMdN(E, 5). (6.6)

/8MD><{(—oo,t—5}U(t—5,t)}
In view of (6.4) and (6.5), we choose 0 so small that the integral on 0y, D X
(t—0,t) of the right hand side of (6.6) is smaller than ¢o(z)/3. Then, in view
of (6.3) and (6.5), we choose t < —2 with |¢| being so large that the integral
on dy D X (—o0,t —¢] of the right hand side of (6.6) is smaller than ¢q(x)/3.
This is a contradiction. O

Completion of the proof of Theorem 1.4 By virtue of Corollary 6.2
and Lemma 6.3, the same argument as in the proof of Theorem 1.3 shows
Theorem 1.4. a

7 Examples

In this section we give two examples in order to illustrate a scope of Theo-
rem 1.3. Throughout this section Lg is a uniformly elliptic operator on R"”
of the form .
Lou = — Z 81 (Gij<£€) 8ju) y
ij=1
where a(x) = [a;;(2) ]?jzl is a symmetric matrix-valued measurable function
on R" satisfying, for some A > 0,

n

ATHEP < Z aij(x) && < AlE?, z, £ eR™

ij=1
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7.1. Let V(x) be a measurable function in L° (R"), and L = Ly + V (x)
on D =R".

Theorem 7.1 Suppose that there exist a positive constant ¢ < 1 and a
positive continuous increasing function p on [0, 00) such that

c[pllz))® < V(z) < [p(l2))]*, = €R", (7.1)
cp(r—i—m) < p(r), r>0. (7.2)

Assume that o g
/1 T; < . (7.3)

Then 1 is a small perturbation of L on R". Thus Theorem 1.3 holds true.

Remark. Compare this theorem with a non-uniqueness theorem of [26].

Proof We first note that (7.2) yields

cp(r) <cp r—p(cr)—l—p(r_c%)) Sp(r—%), TZﬁ,

o(

since p is increasing. We show the theorem by using the same approach as
in the proof of Theorem 5.1 of [31]. Put b= ¢ 2 and

(=inf{j € Z; p(0) < V'}.

For k > ¢, put 7, = sup{r > 0; p(r) < b¥}. By the continuity of p and
(7.3), p(rg) = b* and limy,_,o, 7 = 00. By (7.2),

p(ri 4+ cb™F) < ¢ p(m) = 0Y20F < b = p(rpyy).

Thus 7, +cb™* < rp4q for k > £. Define a positive continuously differentiabe
increasing function p on [0, 00) as follows: Put p(r) = b° for r < ry,

pr) =0 for rp+cbF<r<rg (k>0

and p(r) = pp(r) for 1y <r <rp+cb™® (k> () by choosing a continuously
differentiabe function py on [rg, 7, + cb~*] such that

pe(ri) =05, pi'(re) =0, pr(re +cd™®) =" p/(r +cb7F) =0,
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and
0<pi'(r) < Bb*, e <r<rp+cb*,

for some constant B > 0 independent of k. Then we have
o< % <C 0<FM SO, =0, (T4)
p(r

for some positive constant C'. Introduce a Riemannian metric g = (gs;)7 =,
by ¢i; = p(|x|)?6;;. Then M = R™ with this metric g becomes a complete
Riemannian manifold . Furthermore, by (7.2) and (7.4), M has the bounded
geometry property (1.1) of [4]. The associated gradient V and divergence
div are written as

vV =p(l2)2V0 div = p(|a]) 7" o div? o p(|2])",
where VO and div® are the standard gradient and divergence on R". Put
L = plla))*L,
m(z) =p(|z)*™", Al@) = [ay(@)]],_,, (@) =p(l=]) 7 V(2).
Then

Lu = —ldiv(mAVu)+7
m
= —div(AVu) —<i AVom, Vu>0 + 7,
m

where (-, -)0 is the standard inner product on R™. Since the inner product
(-, ) associated with the metric g is written as

(X,Y) = (5°X,Y)°,

we have A
Lu = —div (AVu) —<ﬁ_2Tm, Vu) + 7. (7.5)
By (7.4),
VO (x)] < C°n — 2| p(|z]) m(x).

From this we have

L AV'm _ ,AV'm . ~
(p~? 7 ) < PANHCPIn—-2]p)
m m

< {AMCP|n—2)}".

IN

28



By (7.1) and (7.4),
cC? < A(z) < C*

Thus the operator £ — c¢C~2/2 has the Green function; and £ belongs to the
class Dy (6, 00, €) introduced by Ancona [4], where

0 = max (A, A(C®n —2]),C?), e=cC7?/2.

Put
L= ll2)) 2 (L+1) = £+ ple])

In order to apply the results of [4], we proceed to estimate p(|z|)~2. Let d(x)
be the Riemannian distance dist(0,z) from the origin 0 to x, and put

Then we see that d(z) = v(|z]). Denote by ¥~! the inverse function of 1,
and put

Then

Furthermore,

| ewas = [ et a

© dr * dr
= — < / ——dr < 0.
/0 p(r) o pr)

Hence, by virtue of Corollary 6.1, Theorems 1 and 2 of [4], p(]z|) ™2 is a small
perturbation of £ on the manifold M. That is, for any € > 0 there exists a
compact subset K of D = M such that

) H ) el s < ) vy € DVK
D\K

where dz is the Lebesgue measure on R™, and H (z, z) is the Green function of
L on D with respect to the measure p(|z|)"dz. Denote by G(z, z) the Green

function of L on D with respect to the measure dz. Since £ = p(|z|) > L, we
have

H([E, Z) = G(CL’, Z) ﬁ(|z|)2_n
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Thus
/D\K G(z, 2)p(|21) 72 G(z,) pllyl)* ™ pl|2])"d= < eG(x,y)p(|yl)* "

for any x,y € D\ K. Hence 1 is a small perturbation of L on R*. [

Remark. A sufficient condition for (7.2) is the following: p is a positive
differentiable function on [0, co) satisfying

0<p(r)p(r)<C, >0, (7.6)
for some positive constant C'. Indeed, from (7.6) we have

X(0)=p (r + %) p(r)~' < exp[CSX(5)], r>0,6>0.

Put § = (2Ce)™!, and let v € (1,¢) be the solution of the equation
exp[X/2e] = X.

Then we get 1 < X(d) <. Thus (7.2) holds with ¢ = min(d, 1/7).

The condition (7.3) is sharp, since Theorem 6.2 of [17] yields the following
uniqueness theorem.

Theorem 7.2 Suppose that there exists a positive continuous increasing
function p on [0, 00) such that

V()] < p(l2])*, = €R™ (7.7)

> d
/ ar (7.8)
1 p(r)
Then [UP] holds. Thus Fact AT holds true.

Assume that

7.2. Throughout this subsection we assume that D is a bounded domain
of R". Let L be an elliptic operator on D of the form

1

L= w(x)

L07
where w is a positive measurable function on D such that w,w™! € L (D).

loc
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Theorem 7.3 Let D be a Lipschitz domain. Suppose that there exists a
positive function % on (0, 00) such that s%1)(s) is increasing and

w(z) <Y (op(x)), =€ D, (7.9)

where 0p(x) = dist (x,0D). Assume that

/0 s(s)ds < 0. (7.10)

Then 1 is a small perturbation of L on D. Thus Theorem 1.3 holds true.

Remark. (i) The first assertion of this theorem is implicitly shown in [17]
(see Theorem 7.11 and Remark 7.12 (ii) there).

(ii) The Lipschitz regularity of the domain D is assumed only for the
Hardy inequality to hold for any function in C§°(D). Thus, for this theorem
to hold, it suffices to assume (for example) that D is uniformly A-regular
John domain or a simply connected domain of R? (see [3], [4]).

Proof of Theorem 7.3 For x € D, put

5
sz{yeD; \x—y\<%@}~

Then { 5
§5D(5C) < dp(y) < §5D(5U)7 y € D,.

Thus
Sp(x)?wly) < 40p(y)* ¢ (p(y))

< 4(%%(@)21/)(2%(@)-

Put U(s) = 9s%) ((3/2) s). Then W(s) is increasing, and satisfies

2 ! ¥(s)
dp(z)” | sup w(y) | <V (dp(z)), ——=ds < o0.
YyEDy 0 S

Hence, by virtue of Proposition 9.2, Theorem 9.1” and Corollary 6.1 of [4], w
is a small perturbation of Lo on D. This implies that 1 is a small perturbation
of Lon D. [

The condition (7.10) is sharp, since Theorem 7.8 and Lemma 7.6 of [17]
yield the following uniqueness theorem.
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Theorem 7.4 Suppose that there exists a positive continuous increasing

function ¢ on (0, 00) such that
¥ (0p(r)) < w(x) < ¢ (dp(x)), ze€D
for some positive constant ¢, and

¢(773) -1
VET SV

for some positive constant v. Assume

]fl [¢“5) (Sigﬁlrzdir))]izds:: .

Then [UP] holds. Thus Fact AT holds true.
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