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Abstract

This paper concerns the first hitting time 79 of the origin for random walks on d-
dimensional integer lattice with zero mean and a finite 2 + ¢ absolute moment (0 < ¢ < 2).
We derive detailed asymptotic estimates of the probabilities P,[19 = n| as n — oo that are
valid uniformly in x, the position at which the random walks start.

Introduction

Let ST = x4+ X, +---+ X, be a random walk on the d-dimensional square lattice Z% starting
at  where the increments X; are ii.d. random variables defined on some probability space
(2, F, P) and taking values in Z¢. Let X be a random variable having the same law as X,
and (6) the characteristic function of X: (0) = Ee'*? 6§ € T9, where T¢ stands for the
d-dimensional torus R4/(27Z)¢ = [—7,7)? and FE indicates the expectation by P. Throughout
the paper we suppose unless explicitly stated otherwise that the distribution of X is strongly
aperiodic in the sense of Spitzer [9], i.e., [(0)| < 1 for § € T\ {0} (which imposes no essential
restriction) and that

EX =0 and FE|X*" < oo, (0.1)

where § is a constant such that 0 < ¢§ < 2.
This paper concerns the asymptotic evaluation of the hitting-time distribution

fo(k)=Plrf =k (k=1,2,...)

as k — oo, where 7§ = inf{n > 0: S¥ = 0}, the first time that S hits the origin after time 0
(inf ) = 00), which plays a fundamental role in the theory of random walk and its applications.
We derive asymptotic formulae of f,(k) with certain bounds for error terms valid uniformly in z
for each dimension d = 1,2, ...: under = 0, in particular, the asymptotic form is determined in
any parabolic region z? < ak. For the computation of f,(k) we use the Fourier analytic method
as in [8].

When the walk is started at the origin there are several results. In Kesten [8] it is proved,
among many other things, that if the walk is one-dimensional and strongly aperiodic, and satisfies
that for some 1 < o < 2, |0|7*(1 — ¢(0)) converges to a positive constant, C' say, as § — 0,
then the asymptotic form of fo(k) is Cuk™2FV/*(1 4+ o(1)) if 1 < a < 2 (with C, = (a —
1) sin(7/a)CY*/T(1/a)) and 7C[k(Igk)?] (14 o(1)) if & = 1; in the particular case a = 2 this
implies in our setting that if d = 1, fo(k) = \/E|X|?/27 k=3/?(1+0(1)). For the two dimensional
walk satisfying (0.1) with § = 0 Jain and Pruitt show that fo(k) = c[k(lgk)?]~ (1 + o(1))
(Section 4 of [7]). (This result actually follows from Kesten’s one (for a = 1), the latter being
based only on an estimate of the characteristic function of fy (see Remark at the end of the

1



subsection 4.1). The proof of [7] is rather probabilistic and quite different from Kesten’s proof.).
Combined with the ratio limit theorem ([8], [9]) these give the asymptotic form of the tail
P[7§ > k] (for each x) in the cases d = 1 and 2 (with § = 0) but there seems to be no results
on estimation of f, uniformly valid for x except for a few special cases. Recently Y. Hamana
([6]) has proved that for the simple random walk, fy(2k) = n[klg®k]~'[1 + O((Iglgk)/1g k)] if
d=2, fo(2k) = cqk™¥?[1 + O((Igk)~®)] if d > 3 (cq is a certain positive constant and o may
be arbitrary) and applied these results to the study of the range of the pinned walk. (In [5] the
error term is improved to O(k~°/%) for d = 3.)

For d > 2 we study in a separate paper [13] the random variable Z,, = §{S?,59,..., 5%}, the
number of sites visited by SY until the n-th step. The expectation EZ, is equal to egn + ZZ;é E
where F, = >,-1 fo(j) and eg = 1 — Fy and readily computed (upto O(Iglgn) if d = 2 and O(1)
if d > 3) from the estimates of fy(k) obtained in this paper. In [13] we are interested in the
conditional expectation E[R,|S? = x], i.e. the expectation under the law of the random walk
bridge, of which the asymptotic evaluation, being made by means of Fourier analytic method,
depends on several subsidiary results from the present paper. For d = 1 the estimate of f,(k)
is effectively used to compute the transition probability of one dimensional walk killed at the
origin which is studied in another paper [14].

1 Statements of Results

Let S7, X, () and f,(k) be as in Introduction and suppose the condition (0.1) to hold true
with some 0 < § < 2 unless otherwise is stated explicitly. Set p™(x) = P[S° = z], p(z) = p'(z),
a(xz) =32 [p"(0) — p"(—=x)] (cf. [5], [9] for convergence of the series) and

n=0
a(z) = Lygy(x) +a(x) =1+ > _[p"(0) — p"(—2)],
n=1
where 1(py(2) = 1 or 0 according as z = 0 or x # 0. Denote by () the covariance matrix of X
and by Q(0) its quadratic form: Q(8) = E(X -0)? =0-Q0 (0 € R?). For z € Z¢ put
F=Q V.

If d=1,let 0> = E|X|* so that 7 = z /0.

The following notations will be used: sgnt = t/|t| (¢t # 0); aAb = min{a, b}, aVb = max{a, b}
(a,b € R); |0 denotes the Euclidean length of § € R%, §? = |#|?; for functions g and G of a
variable £, ¢g(§) = O(G(£)) means that there exists a constant C' such that |g(§)] < C|G(§)]
whenever ¢ ranges over a specified set; lg* a = 1g(a vV 1) (a > 0) and

2|, = |z| V1 (z € Z9).

1.1. Here we consider the one dimensional case.

Theorem 1.1 Letd = 1. Then, uniformly in x € Z, as k — oo

o a*(x) 1 x|
109 = = (1+o(m) 0 (5)) =
The estimate given in Theorem 1.1 is poor in the case z* > k, when the second error term

(represented by O symbol) is not smaller than the principal part. The following theorem is
complementary in this respect. If 6 > 1 and d = 1, define constants 3 and C* by

By = LE[X% and C* = /” { o ! ]d@ (1.2)
= - an = — - : .

T 6 o1 Jox [1=4(0) 1—cosb

The integral above is understood to be the principal value; the imaginary part vanishes and
the real part is absolutely convergent (see (3.5) in Section 3). For convenience sake we put
fs=C*=0if 6 < 1.




Theorem 1.2 Let d =1 and § (in the moment condition (0.1)) be any non-negative number
less than three. Then, as k A |x| — oo

CEe L PyE/R) + (sgna)BsPa(i2/k)  Py(#/k) 1
Job) = o |1 e T ]+ (|x|2+6)’

where
Pi(2) = C*(1 —2), Py(z) =—0"%2— 52+ 2%,

and P3 is a certain polynomial of degree 2 or 3 according as B3 =0 or (33 # 0.

Theorems 1.1 and 1.2 together entails the following result.

Corollary 1.1  Uniformly in x as k — o0

oa*(x) s |z| 4 1
o) = o e oA ),
fu(k) 27Tk3/2)e +o0 R

REMARK 1. The error term in Theorem 1.2 can be replaced by o(k~17%/2) if 0 < § < 1 (but not
if 0 > 1), by o(|z|7k~1=0=D/2)if j <5< j+1(j=1,2) and by O(|z|*k~3/2) if § > 2.

REMARK 2. (i) Suppose that 1 < ¢ < 2. According to [14] (Appendix) o?a(x) = |z| + C* —
20 2Bssgnz+o(|z|' %) if d = 1. (ii) If p(z) = 0 either for all z < —2 (LC) or for all z > 2 (RC),
then C* = 2072|33| (the converse is also true [14]). This is a consequence of the asymptotic
form of a(z) just mentioned together with the fact ([9]:P30.3) that a(x) = |z|/o? for all z > 0
in the case (LC) and for all z < 0 in the case (RC). If both (LC) and (RC) are the case, we
have C* = 3 = 0 and both P;(2) and Ps(2) disappear from the formula of Theorem 1.2 and
Corollary 1.1 (otherwise C* > 0, provided that E|X |3 < oo).

REMARK 3. The random walk on Z¢ with P[X = w] = 1/2d for all w € {#1,...,+i} is said
simple. The simple random walk is not strongly aperiodic; it being periodic with period d, = 2.
(The period is the smallest integer r such that p™(0) > 0 for all sufficiently large n). In general,
if X is aperiodic but not strongly aperiodic, then the walk has period d, > 1 and we obtain the
correct formula for f,(k) by simply multiplying by the factor

d1(p"(—) # 0) (1.3)

the leading term of the formulae obtained under strong-aperiodicity assumption, where 1(S) is
1 or 0 according as the statement § is true or false.

For the one dimensional simple random walk we have a simple explicit expression of f,(k)
(cf. [2]: II1.4), from which, with the help of Stirling’s formula, one deduces that uniformly for
x # 0 with k + x even, as 21 /k* — 0

20z - 1_ /22 z?  af
0 = e 1 P () 0 e
f() \/ﬁk?’/?e [ +k‘ L +O ]{j3+l{}5 )
where P(z) = —1 + 12 — L22 (It is also remarked that fo(2k) = f1(2k — 1).)

1.2. Next consider the case d = 2. In order to have a formula more or less parallel to that of
Theorem 1.1 we introduce the function

W(A):/OOOM (A > 0).

We also bring in the constants




_ lg(a/2) 1 2
2T oo T (2n)2 [{Q>a}mT2 Wde’

where T2 is the two dimensional torus (as in Introduction), |Q| = det @ and a is chosen so small

that {6 : Q(0) < a} C T?, and define
co = 2m|Q|Y? (¢1 + ) if BE[X*1gT |X|] < o0.

The negative part of the integrand of the integral defining c; is integrable so that c¢; is well
defined, whereas c; itself (possibly +o00) is finite if and only if E[X?1g" |X|] < oco; and ¢, does
not depend on the choice of a. If Q(0) is of the form 026? then, on examining the proof of
Proposition 12.3 of [9],

rolcy = lg(nv/2) — 2¢(2) /7,
where £(2) = 300 ,(—=1)"(2n+1)? = 0.9159 ... (Cataran’s constant) (see also REMARK 6 below).

n=0
In the case E[X?1g" |X|] = co we put ¢, = 27|Q|'/% ¢, for convenience sake.

Theorem 1.3 Let d = 2. Then, uniformly in x € Z*, as k — oo

fo(k) = 2m|QIM2 () =W (e k) [1 + o(K~)] + O(kﬁgzﬁ)-

REMARK 4. AW(A) admits the following asymptotic expansion in powers of 1/1g A:
1 2y grt =39
(IgA)?  (gA)?  (gA)

valid in the both limits as A — oo and as A | 0, where v = — [;°(Igu)e "du (Euler’s constant).
The Fourier representation of W (\) takes the form

1o e (W) (A>0),
o /,oo a(—in) ™= { e (\ < 0),

MW (N) = 4.

(1.4)

as is readily derived by Cauchy’s theorem (cf. Appendix of [15]).

According to the rule (1.3), a remedy for periodic walks, Theorem 1.3 has the following
corollary (note that ¢, is well defined under irreducibility of the walk).

Corollary 1.2  For simple random walk on Z?, it holds that c, = 1g8 (see REMARK 6 below)
and uniformly for x = (x1,x2) with 1 + xo — k even,

Fu(k) = 16ma* ()W (8k) + 0( k‘flgk)

The asymptotic form of f,(k) as |x| becomes large comparably to vk is provided not by
Theorem 1.3 but by Theorems 1.4 and 1.5 given below. (But it should be kept in mind that

for |z| much larger than v/k, the trivial upper bound f,(k) < p*(z) may provide fairly nice
estimates for such z (see REMARK 10 below).)

Theorem 1.4 Let d=2. Then as k A || — oo, in general
2lg|z] 1 k

k(lg k)? klg |z
and if 6 > 0,
2lalk/) 1 )
fo(k) = M —32/2k k(lg k)3 * O(k(lg k)3> for % <k, .
o My e /8) N .
O(M) for 2>k



REMARK 5. If d = 2, a(z) has the asymptotic form (7|Q|"/?)~(Ig |Z|)(1 + o(1)) as |z| — oo,
ensuring the consistency between Theorems 1.3 and 1.4. The second term on the right side of
(1.5) in its first case is significant for properly evaluating the probability >=;<; f.(j) = P75 < K]
so as to have its correct asymptotic form that turns out to be (Igk)™" [ u=te=*"/24du(1 + o(1))
as k — oo valid uniformly at least for |z| < /3klglgk (see [15] for more details).

In the formula (1.5) the estimate does not depend on 6 > 0, although the estimate is best
possible for 2 < k. This is because the bottle neck for the estimate comes from a term that
does not depend on ¥(6) except via the constant ¢, (see Lemma 4.5). The situation becomes
different if f,(k) is compared with the corresponding Brownian object

(t2) = 1o Ko(|x|v/—12u)
T = or s Ko(ry/—i2u)

where ¢, (t, z) is the density for Brownian hitting time of D(r) the disc of radius r > 0 centered
at the origin (see (6.2) below). The result is stated only in the case § = 2 (see Subsection 4.3
for more details). Define the constant b3 to be 1 if § > 1 and at least one of third moments of
X does not vanish, and to be 0 otherwise.

e " du, (1.6)

Theorem 1.5 Letd =2, 0 =2 and r, = v/2e~0+%/2 Then as k A |z| — oo

Fo(k) = gra (k, 7) + o(kllgk(lf; + |$1|2>)

REMARK 6. Of the radius r, defined in Theorem 1.5 we have another formula

m/1Qla(x) = 1g(|7| /) + o(1)  as |a| — oo, (1.7)

provided E[|X|?1g"|X]|] < co. (This is proved in [9] under E[|X|**°] < oo; see also [10]
and [3].) The function lg(|z|/r.) equals apart from a constant factor the corresponding po-
tential of the process Q'/2B; killed on the ellipse Q'/?D(r,) where B, is the standard two-
dimensional Brownian motion. For the two dimensional simple random walk we know that
a(r) = 2r Mg(vV/8e |z|y) + (8(z122)? — 2)/672% + O(1/|z|*) (cf. [3]). Comparing this with
(1.7) we find that r, = 1//8¢” and ¢, = lg8.

Asymptotic form of the distribution function P[ry < n] = > 7_; fz(k) is easily computed
from Theorem 1.3 if 2% is much smaller than n (it is sharper than one given in the next theorem
if 22 < n/(logn)?), while the corresponding computation based on Theorem 1.4 is somewhat
complicated. The result becomes as follows.

Theorem 1.6 Let d =2 and § > 0 and write § = |x|/\/n. Then as n A |z| — oo,

1 O(|1g€l+) for z* <mn,
(Ign)® | O(|1g&lR/€%)  for 2 >n,

Py < n] = D(e%n,£*/2) + (1.8)

where

1 ¥ oo et 1 oo gt 1
D(t, :—1——/ —du — / 1(1—>d, 0.
(t, @) lgt[ lgt} w u " lgt]>? /1w & w) s

The following upper bounds are obtained as a corollary of Theorems 1.1 through 1.4.



Corollary 1.3 For some constant C,

=]+ 1 _
f(k) < ot " e =
s C /lg(lz|v2)  VE B
klgk( Igk A |a:\+) (d=2)

1.3. Suppose d > 3 and let e, be the probability that the random walk starting at x escapes

the origin after time 0:
e, = P[S; # 0 for all £ > 1],

and G(z) = 302, P[SY = z]. Tt holds that

_ G(—x) 1
l—e, = G0) (r #0) and eo—m (1.9)

(cf. [9]) and G(z) = O(1/|z|y) for d = 3 (see [10] for d > 4).

Theorem 1.7 Let d > 3. Then uniformly in x € Z¢, as k — oo

folk) = eo| eap(0) = p*(0) + p(—2) | (1.10)
k _ .
O(\x|+ A W) —:/;(k(l 5)/2) if d=3,
+kl+1d/2>< (lgk:)xO(l/\f;'Jr) if d=4,
k1/2 d—3 '
O(l/\<|x|+) ) if d>5.

REMARK 7. If 2 = o(v/k), the leading term in (1.10) may be written as ege,p*(0)[1 4+ O(2?/k)];
in view of (1.9) it is also written as eop®(—xz)[1 + O(|z|~#?)] for 0 < |z| < Mk (for each
M > 1), provided that |S?| satisfies a sufficient moment condition so that G(z) = O(|z|741?).
It is noted that a*(z) = 1{0}(z) + G(0) — G(—x) = €,G(0), so the factor a*(x) persists to appear
in the leading term (for the case x?/k = o(1)) in all dimensions.

For d > 4 the error estimate in Theorem 1.7 results from rather crude evaluation of the ‘error
term’, whereas for d = 3 we need to perform some detailed computation, which actually gives
the following theorem.

Theorem 1.8 Let d =3 and r, = 1/27|Q|2G(0). Then uniformly in x € Z3, as k — oo

roe T /2 ro|Z| b3 —T O(1 + z*/k?)

(k) = L Bp () TR L

) = e s (2 1)
1 1 1 1 k

where P3(z) is the odd polynomial of degree 3 that appears in the Edgeworth expansion of p*(z);
bs is defined as in Theorem 1.5 (i.e., bs is 0 if all the third moments of X wvanish and it is 1
otherwise).

REMARK 8. The asymptotic form of f,(k) given in Corollary 1.1 is in good accordance with
(2m) =12 |z|t=3/2e*/? the density of corresponding distribution of the standard one dimensional
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Brownian motion started at # € R. In the higher dimensions d > 2 let t¥) denote the Brownian
hitting time of the ball of radius r > 0 centered at the origin. The probability f.(k) is to be
compared with the density of the distribution of (. For d = 3 it holds (see Appendix B) that
for |x| > r,

~(Jal—r)?/2t .
Pit® e dt dt—re<1—>. 1.12
e e anjar =" (1= = (112

Taking r = r, exhibits a close similarity between this formula and that of Theorem 1.8: if § = 2,
the latter may be written as

g (e 2k by (i LA (k/|22)%Y
ﬁw—;wng”x@&@@ﬂ+O<ﬁﬂ+>’

note also that e, = 1 — |Z|7'ro + o(1/|z]).

REMARK 9. The proofs of Theorems stated above largely depend on the expansion of the
characteristic function: e (0) = 1+ it — $Q(0) + o(|0]*™°) + O(t* + |t|6?) (if 0 < 6 < 1), and
can be adapted for finding the asymptotic form of the hitting distribution to the first coordinate
axis x; = |z|e; for the random walks that is biased to the direction e;, the present problem
of hitting time being the extreme case where the first coordinate of the walk deterministically
increases by one at each step. (Cf. [11] for the unbiased case.)

REMARK 10. When 2?/k is large the trivial bound f,(k) < p¥(x) may be useful as noted
previously. For example, from the theorems above together with the estimate

e—;z2 /2k

14 (a2 /k) 1+ 1
:"Q‘1/2<2ﬂ-k>d/2 {1+O< Z kj/Q >} +O<kd/2

1<j<6

1 k

k
p*() E1+0/2 A |z [2+0

) (1.13)

valid under (0.1) with any 6 > 0 (cf. [12]) one can readily deduce that as |z| — oo
[(3/€)*2/v/2m ]|~ if d=1,
T}claXfx(k) ~{ 8e(|z)? g |x])~t if d=2,6>0,
>1
[(d/2me)?/|QI*G(0)] 3]~ if d>3,6=d—2

(the bound (1.13) is applied for k < 7%/31glg |z| if d = 2 and for k < 7%/61g |z| if d > 3).

The rest of the paper is organized as follows. In Section 2 we shall provide some preliminary
formulae and lemmas which will be applied throughout Sections 3, 4 and 5, where we shall give
proofs of Theorems above for the cases d = 1, d = 2 and d > 3, respectively. The final section
consists of two appendices: we shall prove a lemma of Fourier analytic nature in the first one
and give a simple comment on the formula (1.12) in the second.

2 Preliminary formulae and lemmas

Set

1 efm-e
T (t) = @y /Td 1 —e"tw(Q)dQ (t # 0,2 € Z%)

and

fa(t) = i_o: Fu(k)e™.

Since p™(z) = (2m)~¢ [7a[t(0)]"e~%d0, we have
mo(t) =1lim > p"(x)e"™r".
rTl =0
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Substituting from the identity p"(—z) = >-7_, f.(k)p"*(0) and making usual manipulation for
the convolution sum, we infer that for ¢ # 0, 7_,(t) = do. + f2(t)m0(t), or on solving for f.(t),

. Sor  T_alt)

=@ 2y

in particular
1

7T0(t) ’

Note that mo(t) is smooth in ¢t € T* \ {0} owing to the strong aperiodicity; also that since f, is
a probability supported on the positive integers we have three expressions of f,(k):

I R A /’;fx@){ cos it }dt (2.2)

T o )ox - _isin kt

fo(t) =1-

among which we may choose one that is suitable to each occasion.
Bring in the functions R;(t,6) and Rs(t,6) by

1 1 1 1
T I—etp(0)  —it+1-w@) 0 TPT Tt 1-9(0)  —it+1Q(0)
so that 1 1
= + R1 + Ra. (2.3)

L—eityp(0)  —it +1Q(0)
Observe that (—it +1 — 1) — (1 — eep) = 512 + (—it + 5t*)(—it + 1 — 1) + O(t*) to have

3t it 2y
= [1— eitap(0)][—it +1—(0)] 1 — eity)(0) + O<|t| n 92), (2.4)

also

P(0) — 1+ %Q(G) (@) — 1+ %Q(G)

(—it + %Q(@))Q —it + %Q(O)
The next lemma (or its variants), stating elementary results, will be repeatedly used throughout
the proofs of Theorems 1.1 to 1.8.

R, = R.. (2.5)

Lemma 2.1 Let j and k be real constants such that j > 0 and 2k > —d and put « = j—k—d /2.
Then as t — 0+

CLlt|+0(1 if a>0
[%Q(@)]de B ) i| | B ( ) . g
/Td (—it+1Q0)) sAlg ] if a=0 (2.6)
2 CH +(t) if a<0
with d/2|5d 1| 2k+d—1
2 B oo T 1 k—j
A=—ri—, Ci= /————f 1 — [ (2 a0
Q2 G o (Fi+r2)’ ¢ T4 [269( )
(|S?Y is the hyper-area of d — 1 dimensional unit sphere if d > 2 and |S°| = 2) and for a < 0,
O([t|l*h if a>-—1
n(t) =§ O(tlglt]) if a=-1
O(t) if a<-—1.



Proof. Denote by V(t) the integral to be estimated. In the case o > 0 the change of variable
(scaling 6 by \/m) then shows that

17k 1k
V(t) = 1/ . 5¢] d01 o 1/ _ 5€] d91 L 0(1).
|t Jra /i (—isgnt + 5Q)  |t|* Jre (—isgnt + Q)7
In the case @ = 0 we have only to replace the right most member above by Alg [¢t|~/2.
Now consider the case a < 0. It follows that V(0) = C!! < oo and n(t) = V(t) — V(0) =
J3 V'(u)du. The required estimates of n are then obtained by the result just proved (with j
replaced by j + 1) since it yields that V'(t) = O(jt| ™) if 0 < —a < 1, V'(t) = O(lg|t]) if
—a=1and V'(t) = O(1) if —a > 1. The proof of the lemma is complete.

In the first case of Lemma 2.1 the integral is unbounded and the order of growth as ¢t — 0

is found out by scaling the variable of integration by \/m , while in the third case the integral is

bounded and the convergence is trivial. In Lemma 2.1 the results are exhibited only on typical

integrals of which there are many variants we shall encounter in the proofs of the main Theorems.

In dealing with such variants, we shall refer to Lemma 2.1 even if it is not directly applicable.
When d = 2 we shall need to evaluate integrals such that

a t a t

(k) == / IO Gktdt and IS(k) = / IO oktdt (G =0.1)
! o ti|lgtlp o ti|lgtlp

where p is a positive constant, a is a constant from the unit open interval (0,1) and g is twice

differentiable in ¢ > 0. The way of computation involved in the proof of the following lemma

will also be employed throughout the paper.

Lemma 2.2 Let 0 < a < 1, a constant and suppose that g(a) = 0, g = O(t%) and ¢'(t) =
O(t* ) ast | 0. Then I} (k) = O(1/k*(1gk)?) (fork > 2); and if a > 0, then I{ = o(1/k*(Ig k)P)
(as k — o) and if p > 1 and a = 0, then I{ = O(1/(Igk)P™1). If ¢"(t) = O(t*~?) in addition,
then I3 (k) = O(1/k*(1gk)P) and IS(k) = O(1/k*T(1gk)P).

Proof.  Splitting the range of integration and integrating by parts one obtains that

Yk g(t)] lg(L/k)| | 1] e (d g(t) )
S < — -
|15 (k)| /0 gt sin kt dt + k(g k)P + 3 /1/k’ [ (g t) cos kt dt

On using sinkt < kt the first integral on the right side is evaluated to be O(1/k'**(1gk)P).
Integrating by parts once more shows that the second one is O(1/k%(lg k)?), hence the required

estimate. Estimations of I3 (k) and I (k) are made in a similar way (for IT take €/k with a small
e > 0 as the point at which the integral is split).

The following argument or its modifications will also made throughout the paper. For sim-
plicity we consider fy(n) of the case d = 2. Let w = w(t) be a function on R that is even,
smooth, equal to 1 in a neighborhood of the origin and identically zero for || > 1. Employing
(2.1) we write the first equality in (2.2) in the form

o fo(h) = = [Tyt = [ (1= w(e)

- 0 (t) -7 0 (t)

Since (1—w(t))/mo(t) is smooth (differentiable arbitrary times) and periodic function, the second
integral is a rapidly decreasing function of k. On using (2.3) the principal part of 1/m(t) takes
on the form —C/[lg(—it) + ¢,] (C = 27|Q|'/?) as we shall see in Section 4. Writing h(t) for the
remainder term and further decomposing the first integral above we find that

0o efik’t 00 efikt
27 fo (k) :/ O,dt—/ 1—w)—C " g

—ikt

dt  (k#0).

—oo 1g(—it) — ¢ —0 lg(—'zt) — Co
- /_ _w(t)h(t)e Mt - /_ (1wl e (2.7)
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The first integral represent the principal part. The second one as well as the last one is rapidly
decreasing. Thus our task is to evaluate the third integral to reasonable accuracy.

3 The case d=1

3.1. Let d = 1. We use the letter [ (|I| < 7) instead of 6 for Fourier parameter. Let R;(¢,1) and
Ry(t,1) be the functions introduced in the preceding section and define A(t) by

Alt) = —;ﬂ /R\[_M) _Z.HdéQ() - ;ﬂ/ (Ri(t,1) + Ra(t,0))dl

so that

To(t) = ;ﬂ /" —z'tfl;@(n + ).

From the formula [5°(2% 4+ a*)"'dz = m/2a valid if Ra > 0 (R indicates the real part) we derive
forn=1,2,...
o0 d A,
/ S — (3.1)
—oo (it +u)r 2 (y/—it )]
where A; = 1, Ay = 1 and in general 4, = 27" (2n —3)(2n—5)---1/(n—1)!. This withn =1
and a simple change of variable of integration give

mo(t) = = \/1__2@15 L) (t £ 0). (3.2)

Moreover
At) = o2C" +o(|t|* V) + O(|t]'?) (t—0) if 0<5<2, (3.3)

as will be verified shortly. Here C* is a (real) constant which may be arbitrary if 6 < 1 (since
then it may be absorbed in the first error term); in the case § > 1 it is given by

cr 2 L w) —1+3Q()
2 o*n? 21 Jon 5(1—0(1)Q()

where the last integral (understood to be the principal value at 0: see (3.5) below) appears as
the limit as ¢ — 0 of [T Rsdl (it comes up as a constant in the third case of Lemma 2.1 if
0 > 1). This constant agrees with that defined just before Theorem 1.2 owing to the identity

Iy [(1 —cosl)™! — 2l*2]dl = [—coty + y’l];/zm =2/7.

The proof of (3.3) is performed as follows. In the expression defining A(t) the first integral
defines a smooth function of ¢ which is of the form ag+a;t+- - - with ag = —2/(om)?, and we have
only to examine the second integral, of which one observes, using (2.4), that the contribution of

Ry to A(t) is O(\/m) (actually of the form 37(2,/2|Q|)~*(1 — isgnt)\/m+ O(|t|*/%)).

Let § < 1. Then ¢ — 1+ 3@ = o(|I[*") and an application of Lemma 2.1 (the first case)
deduces that [ Rodl = of|t|®~1/2), which implies (3.3).

In the case 6 = 1, we need to verify the convergence of [T Rodl to [T Ry(0,l)dl as t — 0.
To this end we have only to deal with the first term of the expression (2.5) of Ry, the second one
being bounded. By symmetry F[sin X[ involved in 1 then can be deleted from the integrand.
Now the dominated convergence theorem concludes that the integral thus modified converges to
the constant

dl, (3.4)

g

. 14l _
v() —1+300) [ ’/|Xﬂcosu 1+1 Ly . (35)

(3Q()) w))?
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Combined with the bounds |E[sin X1]| = O(I*) and v¥(l) — (—1) = O(I*) this in particular
verifies the existence of the integral in (3.4).
If 1 <§ <2, then p — 14 1Q = —if31* + o(|I]**?), and (3.3) follows from (2.5) and Lemma

2.1 (the third case). It is readily seen that A(t) = e=2C* + O(4/]t]) if 6 = 2. Thus (3.3) has been
proved.
We write down the estimate (3.3) in the following form

7= oV/=2it +i2C"t + o(|t| 1) + O(t¥?) (- 0). (3.6)
o

3.2. Let 0 < 6§ < 2. By applying Lemma 2.1 again (the first case only) we obtain that as t — 0,

(d/dt)’ \(t) = o(|t|O~V/2|t|77)  for j=1,2,3; (3.7)
especially .
() = W@ +o([t]°?)), (3.8)

in view of (3.2). By (2.1) fo(t) = 1 — 1/m(t) and if n(t) is defined by

£ _ ﬂ-é)(t) _ o Y ar:
fo(t) - [Wo(t)]Q - \/m+Z2C +77(t)7

we infer from (3.6), (3.7) and (3.8) that (d/dt)In(t) = o(|t|®=V/2)|t|~7 for j = 0,1, 2.
Let w(t) be a smooth cutoff function introduced at the end of Section 2. Then by Fourier
inversion and integration by parts

folk) = i/:;fo(t) cos kt dt
T . .sink m .
= _;/_ﬁfé(t) 2 Lt = —i/_ﬂw(t)fé(t)
Lo [ g [ okttt
= K+ Ky+e(k) (say).

sin kt

dt + e(k)

Here, as well as in what follows, e(k) denotes any function approaching zero faster than k= as
k — oo for all N that needs not be the same at each occurrence. On using [° ¢~ Y2sint dt = /7 /2

and 1/v/=2it = (1+isgnt)/2/]t],

o (T —isinkt o 1

K= w(t)dt = = e (k). (3.9)

ok Jor /=21t

For 0 < 9 < 1, the estimation of K5 is carried out as in the proof of Lemma 2.2 and it is found
that Ky = o((1/vk)*"?). In the case 1 < § < 2 we perform integration by parts once more and
use 1" (t) = o([t|=5+9/2) to have the desired estimate.

If § = 2, the error term is easily evaluated to be O(k~>/2). Thus we have shown

Proposition 3.1 For0<96 <2, ask — oo

o 1

folh) = = M@ —|—0(|k|16/2> +o(i)).
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3.3. In this subsection Theorem 1.1 is proved when 0 < § < 1. (The case 1 < ¢ < 2 will be
treated in the next subsection.) Recalling f,(t) = m_,(t)/mo(t) we introduce

ex(t) :=m_(t) — mo(t) + a(x)
so that

B0 = 251

The integral representation a(x) = (27)~! [T(1—1)~ (1 —e™!)dl (cf. [4], Appendix of [14]) yields

es(t) = 217r /7; <1 - elitw(z) 1 —ip(Z))(em ~bhd.

We make the decomposition (27)e,(t) = c,(t) + is,(t), where

c(t) = /_7; <1 —;tl/)(l) 1 _11/}<l))(cosxl — 1)dl

se(t) = /7; <1 —el“w(l) 1 _tb(l))sinxldl.

Lemma 3.1 There exists a constant C' such that

()] < Ca\Jlt],  [cL(t)] < Ca?/\ It [el()] < Ca? /.

Proof.  Writing

T (e — D)p(l) coswl—1
)= | ey 1 v 310

one applies Lemma 2.1 to see that |c,(t)] = Cx?|t| [T _(|t] +1?)~1dl < C’xQ\/m, hence the first
bound of the lemma. Differentiating the defining expression of ¢, we see

() — Zt/ (1) cosxl—l)dl
[1—etp()>

which together with |1 —e'| > C~1(|t| +1?) yields the second one in a similar way to the above.
The third one is derived in a similar way.

Lemma 3.2 Let 0 <9 < 1. Uniformly in x #0, ast — 0
[s2(6)1/[2] = o(|t1*),  Isp @)1/l = o(|t1*2/1t]),  [sz(®)l/]2] = o(|t]*/[¢]?).
Proof. Write

1 /™ sinzldl 1 sin ]
L(t) ==~ el—etp(l) 2/ [1—(3% T epen) @ O
— lE[szl] sin zl

- / (1 —etp(1))(1 — etp(=1)) dl. (3.11)

Putting A(l) = E[sin X1]/I? so that [E[sin X1] = [*A(l) one observes that A(l) is integrable and
then applies the dominated convergence theorem to see that s, (t)/z = I,(t)—1,(0) - 0ast — 0
uniformly in z. We also have A(l) = o(|I]°~%) and |1 — e®*4(1)| > C~Y(|t| + ?) and, employing
Lemma 2.1 (the first case), obtain s, (t)/z = o(|t|*/?). Thus the first estimate of the lemma has
been verified. The other two are readily seen by differentiating the last expression of I, (t) and
applying the estimates just obtained together with the inequality |1 — e®(1)] > C~1|¢|.

In the case 0 < ¢ < 1 Theorem 1.1 is proved by the same argument as made for Proposition
3.1 with the help of it as well as of Lemmas 3.1 and 3.2. The details are omitted.

3.4. We prove Theorem 1.1 in the case 1 < § < 2. We need to make more detailed estimation
of ¢, and s, than we have made above. We continue to suppose = # 0.

12



Lemma 3.3 Let 0 > 1. Then uniformly in x, as k — oo
™ ) ke ( z? )
e "dt =0 .
LT{' Wo(t) k‘2\/E

Proof. Rewrite the expression of ¢, in (3.10) in the form

co(t)/2? = —i2mtmo(t) /o? + ri(t) + ra(t),

where

dl

(e —1)p(l) —it  coswxl —1
Tl_/ 1—6%) 221 — (D))

and

/ {cos:cl—l —|—idl
1—6% ?(1=y(l) ol
It is immediate that |r| < (|¢|/]z]) Jg°(1 — cosu)u?du and similar bounds for derivatives hold,
yielding
=O(t/z), r=0(1/x), r{=0(/at), r"=0(1/zt?).

Here the condition > 1 is needed for (and only for) the last estimate. Also observe that

oy cosxl—l—i— —1—1—1@
= zt/”&( 6%)1_ dl—zt/ (T Ry
= O(at) + O(1), (3.12)

where the first and second terms in the last line represent the corresponding ones in the preceding
line and we have used the integrability [;°]cosl — 1+ 112|I7*dl < oo for the first integral and
(3.5) for the second (in the case 6 = 1), and similarly that

ol < Clal, 5] < Claftl, | < Cla/t?].

Now it is easy to see

/C—xe_iktdt _ 1/ (cx)’e_i/gtdt _ /<7“1 —|—7°2> —z‘ktdt
™0 ik 0 Zk’
x? 1+ 12 ikt
= dt.
/{72 /( 0 )

The integrand of the last integral is O(z/ \/|1/T|) and in the same way as in the proof of Lemma
2.2 the integral itself is shown to be O(z/vk). Thus we conclude the assertion of the lemma.

Lemma 3.4 Let 1 <6 < 2. Then uniformly in x, as k — oo

T S:v(t) —ikt 34 T -
/_7r me dt = 0<k(3+5)/2) + O(M)
Proof. Recalling (3.11) and s, /z = I,(t) — 1,(0) we write s, /z in the form
se(t) it /7r F(t, )I*A(1) _sinal
v L ) — ()1 — )~ o(-D)
where A(l) = E[sin X1/l and
F(t,1) = (1= vD)) (1= v(=1) = (1 —e"p(1))(1 — e (=1)).

13
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One has the expansion
F =1 +it2— () — (=] + O + |t|[l|*) = £ +itQ(1) + O 1* + [¢t[|I|**) (3.14)

and those of the derivatives ] F'; the contribution of the error terms of F' in (3.14) to the integral
above is readily seen to be O(|t|1+9/2). In the denominator of the integrand in (3.13) the first
two factors 1 — e'4p(£l) and the remaining two 1 —(=4[) may then be replaced by —it + Q(l)/2
and Q(1)/2, respectively, the error caused by the replacement being negligible. We wish further
replace sin xzl/xl by 1. The error by this replacement is shown to be O(zt) in the same way as 9
is estimated in the preceding proof but this time using [;°|sinu — u|u3du < oco. Finally note
that A(l) = Bs + o(]I|°~1). These considerations then lead to

sp(t) 4B [ 2 +itQ(l)
ol /_ (—it +Q(1)/2)

provided that 1 < § < 2. Here the last error term comes from the replacement of A(l) by
Bs. If 6 = 2, it may be replaced by O(t) (hence superfluous), as assured by the inequality
J E|sin X1 — X1+ +(X1)*||l|°dl < CE|X|".

Differentiating the last expression of I, in (3.11), we derive in the same way as above that

for t # 0,
sp(t) i
o= (it 1 Q)2

From the formula (3.1) (with n = 1,2, 3) it follows that for any complex numbers «, 3,

< at? + [tu? < atu? + Bu’ 1
——————du = A, 3V —i2t d / —————du=B,g—
/_oo (mit a2 T AesV T AR i) T T

where A, g and B, s are certain complex numbers whose values are not important for our present
purpose. A simple computation then deduces from (3.15), (3.16), (3.2) and (3.8) that

S dl+ O(|zt]) + o(|t]"?), (3.15)

4

dl 4 O(|z]) + o(|t|®=272). (3.16)

(22) 0 =au it

T

with some complex number «, and the remainder term r(t) = O(x\/m) + o(|t]®=1/2), so that

™ 8:(t) kg T[T ikt g a? T
/_7r mo(t)© dt = %/_wr(t)e = O<k5/2) * O(k:(5+3)/2)’

where the estimation of the last integral is carried out by estimating the derivatives ’ and " as
that of the corresponding one in the preceding proof. The proof of the lemma is complete.

The asymptotic formula of (i) of Theorem 1.1 is immediate from Lemmas 3.3 and 3.4 and
Proposition 3.1.

3.5. Here we give a proof of Theorem 1.2. Let w = w(l) be a cutoff function as introduced in
the subsection 3.2 (but of the argument [ instead of ¢) and define

1o (T—w)edl 1 e (1—w)e™dl 1 /7r inl
Aa(t) = %/_ et %/_w Srrian tar LB+ Rowetdl, - (347)

so that

1 /OO coszl dl
21 Jeeo —it + 1Q(1)
The last integral can be explicitly computed (see (3.21)). The first and second terms on the
right side of (3.17) make only a negligible contribution to f,(k) (cf. Lemma 6.1 in Appendix

(1) (). (3.18)
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A for the first one). The integral [ Rjwe'dl is much easier to evaluate than ™ Rowe™!dl,
and we concentrate on the latter in what follows (except in the final several lines of this proof).
Decomposing

_ Y- 145Q (14500 V)—H;Qr&

Ry = , + .
(=it +3Q)?  (=it+3Q1)*  L—it +3Q(])
we write
i , T —4iB3l3we™ dl ™ 4o2bylt(—2it +12) — 83215 . dl
m:ldl / / 3 ixl 7
/Cw}buw e (=2it+12)20* T Jn (—2it + 12)3 e ST

+ ra(t), (3.19)

where by = L E[X*] if § = 2, by = 0 otherwise. The evaluation of the contribution to f,(k) of
the two integrals on the right side will be made by rather explicit computations as given shortly.
It is easy to see that r.(t) = o(|t|®~1/2) if § < 1 and for j = 1 and 2,

ra(t) = [al 7 x o(t|C72) (j <o <j+1)

(perform integration by parts j times) and |r,(¢)|, |r,(t)] < C|z|7' if 6 > 2, which lead to the
error estimates mentioned in REMARK 1.

As for the error estimate of Theorem 1.2 remember that we have the three expressions of
fz(k) given in (2.2). Here we use the last one of them. The estimate that we need to verify may
accordingly be written as

/ ro() kit dt = o(|z|727°). (3.20)
—r mo(t)

(Note that the results obtained in the preceding subsection are valid for any choice of the three.)
For the proof of (3.20) we are to employ Lemma 6.1 in Appendix A. Let m be the non-negative
integer such that m — 1 < § < m and perform integration by parts m + 1 times for the integral
that defines r,(¢). An application of Lemma 6.1 with v = § —m + 1 then will lead to the desired
estimate. Eg. if m = 1, a typical term that arises after the integrating by parts is a constant
multiple of

1 m s .
I(x) = = vV —i2t sin kt dt it —:—}(f)Q(l)Pemdl with v(l) = ¢"(1) 4 o2
—T —T 2

One sees that v(l) —v(I') = o(|l —']°) and applies Lemma 6.1 with v = § (a« = 1/2,3=10,j = 2)
to find the bound o(|z|~27%) for I(x) as required.

The rest of the proof of Theorem 1.2 consists of elementary calculus based on the following
formulae: for o > 0 and y > 0,

0 COS yl ™ —yv—i2al
7l = 3.21
/_oo “at+ 20 T J=i2at" (3:21)

and

vV 2T 2
i ) —ay*/2k
e v —z?ate—zktdt — me (k > O)

o1
L (3.22)
/_OO V—i2at 0 (k< 0).

The latter formula is the Laplace inversion of the well known formula for the resolvent kernel of
the one-dimensional Brownian motion ([1], p.146 (27)).

15



Now, applying (3.21) and (3.22) successively, we find that for a > 0, £ > 0 and y € R\ {0},

1yldl oo T . .
T =T ’ — / —zktd / _ / —ly|vV/—i2at —zktdt
k(y a) 0o —12at + 12 —o0 1/ —?:QOéte ¢
™ 27?67%2/2,{.
Vak

Hence

edl V2
/ vV —i2ate” ’ktdt/oo Tl r R = —sgny 0,1 = T kjﬂy‘ _”y2/2k (3.23)

/ _““dt/ el ] _ —82 ( _ozy) 2 _ayg/%
o —i2at + 12 200 Y 2%k o ’

of which the first and second formulae give the principal term and the polynomial Py, respectively,
in the expansion of f,(k) in Theorem 1.2, in view of (3.6) as well as (; note that the integral
SR\ [y pET A [ (—i2t + 17) " TeVdl s also a ngl. term.

Keeping (3.21) in mind we derive from (3.23) first

/ V zZte’““tdt/ M —a~ %9 (sgny@ T)
o —i2at + [? v v
2
2
_ sgny(l—y ) k\/_ﬂ ay2/2k’
and then
> o7 ik © ilPe"dl _ —1/292 —1/292
[w\/—ZQte tdt/oo(—i%zt—l—lQ)? = sgny[—a@a(a / 0,T) — « / %T}
51° yt 2T
- Sg“y(l‘zk“zkz >m v,

and you see that the last formula evaluates the contribution of the first integral on the right side
of (3.19), giving the polynomial Py in the expansion of Theorem 1.2 (note that we can replace
e~ by —2isin kt in all the formulae given above in view of (3.22)). Those of the second one in
(3.19) and of R, are evaluated in a similar way to yield the term involving P3 (as for the former
one insert w(l) in the left side integral in the last formula, which gives rise to only a negligible
term on its right side, and then differentiations by y or a give relevant formulae). This completes
the proof of Theorem 1.2.

4 The case d =2

This section, concerning solely to the case d = 2, consists of three subsections. In the first
subsection my(t) is evaluated and the asymptotic estimate of fy(k) is given. The second one is
devoted to the evaluation of 7,(t). The proofs of Theorems 1.4, 1.5 and 1.6 are completed in
the third one.
4.1.  Since (—it + :Q(0))~! is not integrable on {# € R?} we proceed somewhat differently
from the case d = 1.

Suppose E[| X |*1g" | X|] < co. From (2.3) we deduce as in the case d = 1 that

rolt) = (zjr)Q [ = +11Q<9)d9+c1+x(t), (4.1)
where
1 o V) —1+300)
1 = Gyt J 000 = s | e >
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and \(t) = (2m) 72 [r=[(R1 + R2)(t,0) — R2(0,0)]d0. We write

1 / ( (2 +it(1 — ¢+ 2Q)](¢¥ — 1+ 3Q)
(2m)% Jr2 \L (=it + 1 — ¥) (=it + 3Q)(1 — ¥)Q

The present moment condition guarantees that ¢; < oo as is verified in the same way as in (3.5).
It follows that

A(t) = + R1>d0. (4.2)

A(t) = o([t]*?) + O(tIg [t]) (4.3)

(the first (second) error term is superfluous if § = 2 (respectively if § < 2); the contribution of
Ry is O(tlg|t]), which the first integrand in (4.2) also contributes if § = 2) and

N(t) = o([t]*1) + O(lg It]);

(d/dt)A(t) = o(|t]"*77) + O(|t]"UY)  (j =2,3). (4.4)

Splitting T2, the range of integration, into two parts by the curve {Q(-) = a} with a > 0 chosen
arbitrarily so far as {Q(-) < a} C T?, we obtain

/ 1 40 — 21 /a/2 du +/ ;dQ
=it +1Q0) Q2 ) —it+u ' Jigsayrre —it +1Q(0)

of which the first integral on the right side equals lg(—it + a/2) — lg(—it) = —lg(—it) +
lg(a/2) + O(t) so that (27)~2 times the integral on the left side above may be written as
—lg(—it) /27| Q[*/? +cy +n(t) with the constant ¢, introduced in Section 1 and a smooth function
n(t) which vanishes at ¢ = 0. Thus, with ¢, = 2m/|@Q] (¢1 + ¢2) (also introduced in Section 1)

and A(t) = A(t) + n(t), le(—it) +
—lg(—1 Co 1

mo(t) = W + A(%). (4.5)
Define h(t) via
1 _ —27T|Q|1/2 B S\(t) B —27T|Q|1/2
mo(t)  lg(—it) — ¢ (1 Wo(t)> " 1g(=it) — +h(t). (4.6)

Employing (4.3) and (4.4), which are satisfied by A in place of )\, we then see that for j = 0,1, 2,

170 =) +© i) o

and, proceeding as in the subsection 3.2) (or rather by (2.7)), that

9 1/2 1 /7
L O i L [ hpatycosttat ot
g

—Co mwJ—7

On changing the variable of integration the first term on the right side may be written as

oo 1
Q|2 ec°/ a(— 1) cos(e“kt) dt,
—0o0 —1

which equals 27|Q|/? e {W(e%k‘) - e*ecok} as is easily deduced from the identity (1.4) (cf. [15]

Appendix). The second term is easily evaluated by integrating by parts (cf. Lemma 2.2) and
we can conclude that if E[X?1g" |X]|] < oo,

0 ]{?76/2
folk) = 27| QM2 e W (e k) + k;<(1g k),} + o(mlgk) (4.8)
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Without assuming the condition E[X?1g" |X|] < oo it holds that if

1 1
g(t) = /T2 Ro(t, 0)d6 = /Tz [—z‘t 1o it 00"

then

ge(t) = o(lg[t]) and go(t) = o(1), (4.9)
as t — 0, where g. and g, denote the even and odd parts of g, respectively. In fact the odd part
of the integrand takes on the form

it([3Q(O)2 — [1 — v (O))
| —it+1—¢(0)]2] — it + 1Q(0)]

and an application of Lemma 2.1 shows the second relation of (4.9); the first one is shown in
the same way. Similarly we obtain ¢'(t) = o(1/t) and ¢”(t) = o(1/t*). The integral [;» R1df is
negligible in comparison with g. With the term ¢;+A(t) in (4.1) replaced by (2m) ™! [12 (R4 Ry)d6
and with ¢, by 27|Q|'/2¢, the functions h(t) and \(t) defined via (4.6) and (4.5), respectively,
satisfy (4.7) (with & = 0) for j = 1,2 and A9 () = o(1/t) (j > 0); on the other hand, for the
even and odd parts of h(t) we have

he(t) = o< !

Y hin=of ) e
i) 0=\ gy 10
On using Lemma 2.2 the same argument as above shows (4.8) with the new c¢,.

Thus the asymptotic formula of Theorem 1.3 have been verified for z = 0.

REMARK. The proof of (4.8) for the case § = 0 given above is essentially the same as that in [8]
given to the one dimensional result mentioned in Introduction (the case & = 1). The imbedded
walk that consists of traces on the horizontal axis of our walk on Z? is a one dimensional walk
whose characteristic function is |Q["/2[t|(1 + o(1)) as t — 0 ([11]), so that according to Kesten’s
result its hitting time distribution fo(k) = 7|Q[*/?[k(Ig k)?]"*(1+0(1)). It may be worth noticing
that this asymptotic form differs from the one for the two dimensional walk itself only by the

factor 1/2 despite the fact that the time spent outside the horizontal axis is not counted for the
imbedded walk.

4.2. Define e,(t) as in the case d = 1, namely

ex(t) = m_o(t) — mo(t) + a(x)
— (27‘(‘)2 /T2 (1—6it¢(9) - 1_¢(0)>(e 9_1)d9,

so that f,(t) = ey (t)/mo(t) + 1 — a*(x)/mo(t), and c,(t) and s,(t) analogously to those given in
3.3 so that 2me, = ¢, + is,.

Lemma 4.1 There exists a constant C' such that for 0 < |t| < 1/2,
(i) lea(t)] < C2?[tIg|t]™" and  |c, ()] < Ca?lglt] ™,
(i) [ < Clal/[t] and e ()] < Claf?/[t]?,

(iii) c(t))i = a(t,x)lg|t|™" + ib(t, z) sgnt

with the functions a and b both even in t and dominated by Cx*® (in absolute value).

Proof. From the expression of ¢, corresponding to (3.10) we have

|t|(1 — cosx - 0)df
0| <G T

18

< Cy?|t]1g |t~ (4.11)



where for the last inequality we have dominated 1 — cosz - 6 by 226? and applied Lemma 2.1
(the second case). Thus the first bound of (i) is verified.
Differentiate the defining expression of ¢, we see that

Do i(1 —cosx - 0)do
0=/, i+ 1—o@p T

/ Oy R1(1 — cosx - 0)do
T2

On employing (2.4) (where the derivative of its error term is O(t/(t + 6%))) as readily seen) and
the inequality 1 — cosx - 8 < |z||f| the second integral is evaluated to be O(|z|). The first one
being evaluated as above, this verifies not only the second bound of (i) but also (iii). For the
proof of (ii) we have only to observe the bound

1—cosz-6
ez ()] < Ch /T2 WCZ@ < Cor? /1],

"

and a similar one for c}

(t). The proof of Lemma 4.1 is complete.
Lemma 4.2 Let0<d < 1. Ast — 0, uniformly in x # 0

|Sx(t)| = 0(|t|5/2), |S;;(t)| — 0(|x||t|(5—1)/2), |Sg(t)| _ 0(|x||t|(5_3)/2 )

Proof.  The proof of the first bound is the same as that of Lemma 3.2 except that we have
|sinz - 6| dominated by 1 (instead of |z - 6]). For estimation of s/, we differentiate the analogue
for s, of the expression of I, given in (3.11) to see that for any € > 0,

, |E[sin X - 0] sin x - 0|
|Sx(t)‘ S Ol /1_‘2 (‘t’ +92)3 d9+02

344
(6—1)/2 |0]°°db
elellf 72 [ e + €@

for some positive constant C'(¢) depending on e but not on x nor on ¢, showing the second bound.
The third one is proved in the same way. The proof of the lemma is complete.

In the second half of the subsection 4.1 it is notified that the bounds for the derivatives of
hU) and A9 (t) (j > 0) derived in its first half are valid without assuming E[X?1g|X]|] < oo.
Taking this as well as (4.10) into account we infer from Lemmas 4.1 and 4.2 the following

IN

Corollary 4.1  Uniformly in x € Z, ast — 0
() = —(2r|QIY2 )~ + o(Jt”2 7 (1 + [a[[¢'/2)) + O(J= 2 1g |¢]).

In what follows of this section any estimates are insignificant unless £ — oo, so k is understood
large unless the contrary is explicitly stated.

™ Calt) i, ( z’ >
/_mo(t)e =0\ oign )

Proof. Write g(t) for c,(t)/mo(t). First we verify that

Lemma 4.3

§(t) = a(t,z) + b(t,2) (sen )/ 1g |1 (0 < |t] < 1/2), (4.12)
where both @ and b are even in ¢ and bounded by C'z2. To this end we employ the estimate of h(t)

in (4.10) together with Lemma 4.1 (iii) to see that ¢, (t)/mo(t) may be written in the same form
as the right side of (4.12). On the other hand, using the estimates my(t) = C'lg|t| + O(1) and
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7y = O(1/t) as well as the bound of ¢,(¢) in Lemma 4.1 (i), one infers that |c, ()75 (t)/7a(t)| <
Cz?/1g|t|~'. Thus (4.12) holds true.

Integrating by parts (once / twice), splitting the range of integration at ¢t = +1/k, £¢ and
letting € | 0 with the help of lim.|o[¢(¢) — ¢'(—¢)] = 0, which follows from (4.12), one obtains

T . 1 . .
t)e it = {1' / ~dg (t / "(t)e ™t 4.13
/—ng( Je (1k)? alfgl a<|t|§1/k€ g(t) + 1/k;<|t\g7rg (t)e ( )

The last integral is easily evaluated to be O(2?/lg k) by applying the bounds

9" ()] < C2*/ltl gt~ [g” (O] < Cx?/t gt (0 < [t] < 1/2),

which follow from Lemma 4.1 and the bounds 7 )(t) = O(t™7), (j > 1). The limit on the right
side of (4.13) is bounded by

QCHbHooa: 2/@/ 1k 2dt

9/ =g (1R + [ = e Mg ()] de < ey

[t|<1/k lg k

The integral in the right-most member being O(1/klgk), this concludes the assertion of the
lemma.

Lemma 4.4 [f1<)<2,

™ se(t) i _ ( |z )
/_mo(t)e it =0\ 121k )

Proof.  We proceed as in the proof of Lemma 4.1 starting with a two dimensional analogue of
(3.13) (instead of (3.10)) or with (3.11) (for derivatives) to see that

|sin z - 0|
< Chlt 7d9

and similar bounds for the derivatives, which reduce to

so(t) = O(lzftlg [t]™), (1) = O(jzl/t) and s7(t) = O(|z|/t*)
(for 0 < [t| < 1/2). Further employing (3.15) (of which only the term involving it@ is relevant
here) we also deduce (as in the proof of Lemma 4.1 (iii)) that

ci) - / —i2E[sin X - 0]
: 2 (1 = ep(0))(1 — e (=0))Q(0)

= da(t,z)lg|t|”" + b(t, ) sgnt,

sinz - 6df + O(|x|)

where a and b are even in ¢ and bounded by C|z| (see the proof of (iii) of Lemma 4.1). By these
bounds we derive that of the lemma as in the proof of Lemma 4.3.

Proof of Theorem 1.3. The case 1 < ¢ < 2 is immediate from the last two lemmas (together
with the result on fyo(k) in 4.1). For 0 < § < 1, the same argument as made in the proof of
Lemma 4.3 deduces from Lemma 4.2 that

™ sa(t) _ine ( || >
LY (R o w— 4.14
/77r o’ U=\ GErgE) (4.14)

which in turn shows the asserted estimate of Theorem 1.3 in view of Lemma 4.3 and the inequality
lz|/VE <lgl|z|/1gk (3 < 2® < k). The case § = 2 is similarly dealt with. The proof of Theorem
1.3 is complete.
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4.3. We complete the proofs of Theorems 1.4, 1.5 and 1.6. Recalling (2.1) through (2.3) and

(4.6) we have
_ L —27| Q" —ikt
fx<k) = g [W (lg(—zt)—co + h(t))ﬂ'x@)e k dt,

where h = h(t) is defined via (4.6) (see the second half of 4.1 in the case E[X?Ig" | X|] = c0).
Let x # 0 and define

(k)__QW]Q\l/Q /00 et / e 0dp
T T T o) s dg(—it) — o Jre it + 1Q(0)

and

ro(t) = — [ IRa(6,6) + Ro(t, 0w (6]} b

(2m)% Jr
Then, making truncation and decomposition as in (3.17) and (3.18) (but here the truncation is
not only for 6 but also for ¢) and using (4.7) one deduces that as |z| A k — o0,

1

fo(k) = q.(k) + %/W h(t)7_o(t)w(t)e *at

Ay [T re(tw(t)e ™ dt 1
|Q‘12/4 lg(—it) — co +0(x2+5klgk>' (4.15)

One can write ¢, (k) in the form

(k) = 1 /00 ekt dt / e0dy / Ko(|z]v/—i2t) ikt gy
Ga\) = (27)2 J-oo lg(—it) — co JR2 —it + 362 21 J oo —1g/—ie ot '
The following lemma is proved in [15].
Lemma 4.5 AskA|z| — o0
lg(3e7%) o—F2/2K 2v1g(k/x?) ( 1 ) ~2
—_—c k
(lg(eCOk))2 k(lg k)? k(ig k)? Jor 2% <k,
¢z (k) = Co 2 =2 /7.\12 (4.16)
lg(3e°%%) _z2m 1+ [lg(z°/F)] -2
—e +O< > for x° > k.
B(lg(e k)2 w?(lg k)?

For the proof of Theorems 1.4 and 1.5 it is needed to evaluate the two integrals in (4.15) and
we prove the following estimates (i) through (iii) valid whenever k A |z| — 0.

(i) If E[|X|*1g" | X]|] < oo, then

m . 1
— 3 —ikt g4 < 2.
o= [* hom a(tu(t)e o<m S k)2> for 0<4<

1
In general, H = 0().

2|k 2 Ig
(ii)
™ (H)w(t)e *dt 1 3
= /_Tr l(gz—itg —c |z|kl1g k [O(k(l e bgO(l)l or 0=0<2
(iii)

1 1 by 1 L
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Proof of (i) through (iii). An application of divergence theorem gives
& e VY,
o(t) = - / Y it gp 4.17
0 = iy e (0 oy 1
and using this we deduce that 7_,(t) = O(1/|z|[t|'/?) and 7’ ,(t) = O(1/|z||t|*/?). Combined
with the estimate of h given in (4.7) and (4.10) these yield the bounds of H in (i), in view of
Lemma 2.2.
For the proof of (ii) first we see, by using Lemma 2.1, that for § < 1,

ro(t) = o[t~V /|z]) and 7, (t) = o([t|°7V/?/|x]). (4.18)
Next let § > 1. Then

’QD -1+ QQ( ) ~ ixz-0
0)e'™" df = 4.1
/ 22t + Q(0))? @(6)e || ’ (4.19)
giving the estimate of the essential part of r,(t), so that
r.(t) = bsO(1/]z|) + o(1/|x]). (4.20)

The proof of (4.19) may proceed analogously to that of Lemma 2.2: split the range T? by means
of the circle |#] = 1/|z| and apply the divergence theorem twice for the integral on |8 > 1/|z|,
in which the quantity arising in the last step is dominated by a positive multiple of

1 bg + 0(1) C bg + O( ) bg + 0(1)
7/ . < = 22 = 02—
22 J1/jal<joj<n | — 02t + Q(0)[*/? x? J1jjel<tol<n |0 ||

The first formula of (4.18) does not hold for 6 > 1 (we have the third case of Lemma 2.1), but

we still have
r(8) = o(|t| 72/ z]) + bsO(1/ )]/ |t]) (4.21)

as is readily seen. Now, (ii) follows from (4.18), (4.20) and (4.21) on using Lemma 2.2.
For (iii), i.e. in case § = 2, first integrate by parts relative to €, and then proceed as above.

Proof of Theorem 1.4. In view of (4.15) the assertion is readily deduced from (i), (ii) and
Lemma 4.5 if one also employs Theorem 1.3 and the trivial bound f,(k) < p*(z) (in disposing
of the case 2* < k/lgk and of the case 2 > k(lg k), respectively).

Proof of Theorem 1.5. This follows from (iii) given above and the following lemma.

Lemma 4.6 Ifr, = \/2e 7"%/2, then uniformly for |z| > 7., as k — oo

~ 1 1
G, (k, %) = qu (k) = O<k2(1g B " el g (2] + 1))‘

Proof. This is Lemma 4 of [15].

Proof of Theorem 1.6.  Let £ = x?/n. We derive the formula (1.8) from Theorem 1.3 if
&2 < 1/(lgn)? and from Theorem 1.4 if £ > 1/(Ign)?. First let €2 < 1/(Ign)?. Then an
elementary computation shows that 1 — D(e®n, £2/2) agrees with 21g(|x|/r.) [%% W (u)du within
the error of magnitude O((1g€)/(1gn)?), where r, is given in Lemma 4.6 (see Remark 4 of [15]).
Now (1.8) readily follows from Theorem 1.3. Next let €2 > 1 and integrate the error term in

(1.5):
n 2 2 2
/ | 1g(2*/1)] +1dt20< |18 €l% >
2 2?(lgt)? (Ign)3¢?
In view of the results of [15] (as presented in Appendix (C) of this paper) this combined with

Theorem 1.5 shows (1.8). A similar argument applies in the case 1/(Ign)? < ¢* < 1. The proof
of Theorem 1.6 is finished.
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5 The case d > 3

This section is divided into three subsections. The first two are devoted to the proof of Theorem
1.8 (the case d = 3), which is somewhat involved, while the case d > 4, much simpler, is dealt
with in the third. Here it is noted that

(2m)~! /7; T (t)e " dt = { Zo)k(x) Ek =0 (5.1)

k<0

~— —

)

which certainly holds in the dimensions d > 3.

5.1. Let d = 3. Details of the proof are quite similar to that for the case d = 1 and only main
steps of the proof will be indicated.
Since (1 — )71 is integrable over T, it is appropriate to subtract the term (1 —)~! from
(1 — e'yp)~1 and accordingly convenient to bring in
1 1

1= 0(0) " 1Q0)

Rg = Rg(t, Q) = Rg(t, 9) —

so that ) X ,
(4
T—en(0) 190 (it iQe)iem T T (5:2)
also ) ] it — 1+ 10)
1 — 14z
R3:[;Q—i_—z't—i—l—w}(l—w)(—z'tj;Q)' (5.3)

In what follows we suppose 0 < § < 2 unless explicitly stated otherwise; the case § = 2 is dealt
with at the end of the subsection 5.2.
It follows that (27)72 [7s R3df = iC°t + o(|t|1+9)/2) where C° = 0 if § < 1 and

1 / (¥ —1+30)(1 —¥ +30)
(27)? Jrs 31— ¥)QP

if § > 1. For verification we apply the third case of Lemma 2.1 (with a = (1 —0)/2) if 6 # 1 and
an obvious analogue of (3.5) if § = 1; likewise, (27)72 [ R1df = —itG(0) + O(|t|*/?). Taking

these into account we make the same manipulation with a cutoff function w(f) as before and
then apply the formula (3.1) with n =1 to find

V=2t
2| QI

C° = do (5.4)

mo(t) = G(0) — iCot + o([t]1+72), (5.5)

where Cy = —C° + G(0). A little inspection assures that the first and second derivatives of the
error term are o([t|®~1/2) and o(|t|~3)/2), respectively, so that

s 1 i
() = 2m|Q|2 T /=2t

and similarly for 7(/(¢). Combining (5.5) and (5.6) and using ey = 1/G(0) one deduces that

/
o

—iCy + o([t|C=V/2), (5.6)

1 1 . e2
Jolt) +1 =0 = 5o

mo(t)  m0(0)

with C) = —1Coped + [(2m)?Q|]'ej. Taking these and (3.9) into account we can proceed as in
the case d =1 to conclude

V—=i2t — 204t + of|t|1H9/?) (5.7)

k) = o= [ ROt = [ o) 55)
O T o J IO T T QYR (27k)3? ' '
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This formula is true also for § = 2 if o(k~%/2) is replaced by O(1/k).
5.2. For computation of f,(k) we decompose
T_.(t) G(—z) 7_.(t) —7_.(0) ( 1 1 )
— + + - T_(t) —m_2(0)),
W0 o | Go) @ o) T 7O

where the identity G(—z) = m_,(0) is used. The contribution of the first term G(—z)/m(t) to
fo(k) with z # 0 is —G(—x)fo(k) and that of the second term equals p*(—x)/G(0) (k > 0).
Hence putting

melh) = o [ (= ) et) = (0wt

:Z -7 Wo(t) 70(0)

we have
fo(k) = eqp® (=) — G(—2) fo(k) + my(k) + O(k’N]x\jrl) (x #0) (5.9)

where the error term is caused by truncation by means of w(t). Expanding 1/my(0) — 1/m(¢) in
a similar way we also have fo(k) = €2p*(0) + egm, (k) + O(k~N).
Now let d = 3. For evaluation of m, (k) we make an exact calculation based on the formula

YWkt _ \for . Yok (S ) 5.10
/_oo kVk =0 10

which follows from (3.22). The result is formulated in the next lemma. Set

ite™?do

1
H(t2) = Gy /R3 (=it +3Q(0))3Q(0)

Lemma 5.1 Forxz € R? and k > 0,

1 g . 1 1 " #\1  e(k)
— | V=i2tH(t e *tdt = : {1 — e /%(1 — )] =
5 | V(L 2l Q] Gk ¢ )R

where the first term on the right side is understood to be zero if x = 0.

Proof. First we compute (27)2H (¢, z), which may be written as

2T L oo g4t -
|C?|1/2/ San{dO{/ T_’_QCOSHZ“T COSO{] dr.
0 0o —1 r

Applying (3.21) to the inner integral above and then performing the outer integration we find

H(t,z) = (V=2 — 1) (z#£0) (5.11)

27| Q2| 7]

and by continuity H(t,0) = —(27|Q|*/?)~'v/—2it. The formula (5.10) as well as (3.9) (and its
cosine companion) is now used to verify that for z # 0,

/’;(e-mw — D)V=i2tw(t)e Mat = Xj—_z [1 - 6_532/%(1 - iﬂ ek,

showing the formula of the lemma. For the verification it suffices to see that for y > 0, the integral
2 (1—w(t))y/—i2t e ¥V =2te=tqt is O(k~—N) for any N, but its absolute value is indeed at most

CNk_N[l +yN e uVi(1 - w(t/2))dt}, which is O(k~). The proof of Lemma 5.1 is complete.
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The next lemma provides an asymptotic form of m, (k). It follows from (5.2) that

To(t) — 70 (0) = H(t,2) + /T (Ry+ Ry)e™dg + 11,(t) (5.12)

1
(27)?

where W = w(0) := w(|0|) and

1 (1 —w)(e — 1)¢€m,9 it (1 —@)e=?do
W) = G Jo ety 0y Bt e s 10710

It is readily seen that the contribution of 7, (t) to m, is O(k=%/2|z|7*7°).

Lemma 5.2 Uniformly in v € R3, as k — oo

5.2

1 — e %/2% (1 - Zﬂ 10y (z) + O(k=5/%)

2
€0

me(F) = S laek L

<¢EA |33!+> if §<1;
k2+6/2‘£[f’+ ’
\/E/\ |ZE|+ _ _ k:/\l'Z .

W % O(|.T‘+6 lg(|x|5 1 V e)) + b30(1€5/2|1‘|3—> Zf 1 S 5 < 2

Here bs is the same as in Theorem 1.8; 0(|x|jr‘5 lg(|z°~t v e)) is bounded and approaches zero

faster than |x|~°1g |x|°~ as |x| — oo (uniformly in k).
Proof. Recall (5.7) as well as (5.12) and observe that the preceding lemma gives the leading

term. The contribution to m, (k) of —i2C4t involved in (5.7) equals

G
2T

C 3 ZA\
: < _ el )e‘xQ/% + ngl.term. (5.13)

/ (—i2t) H(t, x)w(t)e ™ dt = -

- QI (27k)/?

That of the error term in (5.7) will be absorbed into the estimate of the one coming from Rj.
It remains to appraise the contribution of the integral in (5.12) that involves R; + Rs. First we

verify X , e
s . . N\
- ¢ —zktdt/ ~ —zm-@de — () )
/. (7?0(75) WO(()))“’( Je Tt | e O\ Fri

Performing the same computation as before with the help of (5.7) and (2.4) one reduces the
verification to that of

11 | I 1
— t)e~ / ity = O( ) 5.14
2 L = v)e 1 — ety k52| (5.14)

This double integral may be rewritten

00 T 1 ]
2r)° S p'(w) | () ar
n—0 —T —12t

and the integral above equals 2v/27/vk —n +e(k —n)if k —n >0 and e(n — k) if k —n < 0.
The bound (5.14) is then deduced by using the estimate of p™(z) as given in (1.13) (with § = 0)
(cf. [9]: Proof of P26.1).

We have to prove that the same double integral as above but with R3 replacing R, is appraised
with the error term given in the formula of the lemma. Denote by I,(k) this double integral.

Then on integrating by parts
N —ikt 1
];E(k?> = % ‘/_ﬂ"l,U(t)e dt s at|:< —

mo(t)  m(0)

)Rg} e,
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Note that R — Ry is independent of ¢ and integrable on T%. At first suppose that by = 0 if

§ > 1. Then with the help of &/ Ry = (¥ — 1 + Q) x O(|¢| + |0|*)"*7 for j = 0,1,2,... and
Y —1+1Q =0(]0|*) we apply Lemma 2.1 (the first case) to deduce that

T ; forj=1,2,3 if 6d<1

ix-0 — (146)/2—j J ) 4

/TgagRQwe di = o(t ) (forj:2,3 if1§6<2andb320>

and

= iwd o | O([EF), a2t X o(t?) if §<1
/Ts Rywe™"df) = { t x o(lz)0lg(Jz|~t Vee)), |x|32 x o(Jt|OD/2) if 1< <2

(for the latter (with = # 0 ) the integration by parts in 6 has been applied once if 6 < 1 and
twice if 6 > 1 but further application is not allowed in each case; in the cases § = 0,1 split the
range of the integral with the spherical surface |#| = 1/|z| for integrating by parts as in the proof
of Lemma 2.2; also, in the case § > 1, we have used an analogue of Lemma 6.1 of Appendix
A (cf. [12]: Appendix) as well as the fact that the integral defining C° in (5.4) is absolutely

convergent). From these it is inferred that for § < 1, I(k) = 0((\/%/\ |x\+)/k2+5/2\x]+) and
that for 1 < < 2 with b3 =0,

1

1Vig|z|5t _
= °"+ X 0(|$‘}F 6) ($2 S k) and = O(kj(2+§)/2x2) (.1:2 Z k'),

II(k) o k5/2

which together imply the required estimates. In order to complete the proof we must deal with
the integral involving E[(X - 6)] in the case § > 1. An essential one arising after making
integration by parts is

E[(X -0)*|w(f)sinz -0
(=it +3Q)Q?

the variants of this integral that we must actually compute are treated similarly to it. On further
integrating by parts in 6 (twice) as well as in ¢ this term is evaluated to be O(1/k%2|z|?); on
observing that the inner integral is bounded uniformly for z and ¢ it is also evaluated to be
O(1/k%?). Hence

do;

1 /7 .
T(k) = 1 /_ V=tw(t)e Mt ||

kA x?

and this completes the proof of Lemma 5.2.

Proof of Theorem 1.8. First consider the case < 1. We have

e /2% 1 1
Pi(—z) = Tk +O(k(3+6)/2 A \/E\xﬁ”)’ (5.15)
27|QI"2 (2] = G(=x) = O(1/|2**) + b0(1/|[*) (5.16)

(cf. [12]). Substitute into the right side of the decomposition (5.9) from (5.8), Lemma 5.2 and
(5.15), and you find that for x # 0,

€0 G(—x) eolZ| —52/2k
[QI72(2m k)72 [(l T GO) Qi D)

N ( ey G(—IE)>(1 B 6_52/%)1

fe(k) =

2r|Q[2 17| G(0)
+O(k( ! ! >+0(M) (5.17)

3+4)/2 A \/E|x|2+5 k2+5/2]a:\+
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(the bottle neck here is the error term in (5.15) for z? < k and that involved in G(—z)fo(k) for
x? > k). In view of (5.16) the second term inside the big square brackets is at most

(1A (2%/k)) x o(|z|™7°) + bsO[(k A %) /k|z|?]. (5.18)

Finally use f,(k) < p*(—z) to see that the error terms exhibited above other than the first one
(i.e. the one in (5.15)) are all superfluous and may be deleted: indeed, for || < 4y/klgk on the
one hand, the former ones are all dominated by the latter (the first one), which, for |Z| > 4v/klgk
on the other hand, is dominant over the Gaussian parts on the right sides of (5.17) as well as of
(5.15)). These give the formula of Theorem 1.8 if § < 1.

The case 1 < § < 2 is dealt with similarly.

For 6 = 2 the estimate of m,(k) given in Lemma 5.2 with 6 = 1 is already enough if
one takes (5.13) into account. In fact the quantity appearing in it and the third term in the
Edgeworth expansion of p*(—z) together with the two terms of order at most O(k~%2|z|™!),
one being G(—x) times the error term for fy(k) in (5.8) and the other being corresponding to
(5.18), constitute the term involving O(1 + z*/k?) in the formula of Theorem 1.8. The proof of
Theorem 1.8 is complete.

From Lemma 5.2 and the expression of mg(k) given just after (5.9) it follows that
folk) = eBpH(0) + o(k2572) + O(k™5/%)

and substitution into (5.9) yields the formula (1.10) of Theorem 1.7 for d = 3.

5.3. It remains to prove (1.10) in the case d > 4. We start at the formula (5.9) (together with
a similar one for mg(k)), which holds true whenever d > 3. Since in view of (1.9) the leading
term of (1.10) may be written as

co " (0) 1oy (2) + €0 p" (=) — egG(~2)p"(0),

the formula (1.10) for d > 4 now follows if we prove that for some constant C,

C;fk(1A|;/‘E) if d =4
mg (k)| < * 5.19
Im. (k)| < c Jhnds (5.19)

For the proof of (5.19) one has only to look at the main part of m,(tf) — mo(0) which is a
constant times

tei® 0 m 17rd=3 cos(|Z|r cos a)
o dd = it [ sinada | dr + tn(t),
/Td ST cat | sinada | i+ 2 w(r)dr + tn(t)

where 7)(t) is smooth. It is easy to see that if d = 4,

(g t) A (J1tl/|2D][e] =7 for j=0,1
[t A (1]l for j=2,3,

from which the estimate (5.19) for d = 4 follows; that for d > 5 is obtained similarly.

bt - w0 < |

6 Appendices

(A) Let «, 3,75 and v be real constants and v(l) a continuous function of I > 0.
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Lemma 6.1  Suppose that 2aa — 27+ 3 > =3, 2 — 0 —v > 1, v+ 0> -1, a—j < —1,
0<v<1,v0)=0 and
lv(l) —v()| < Cll =1

Then there exists a constant C' such that for x # 0,

1 1 AV 2
/ o CQSkt dt/ L mdl’ < % Ig[(z*/k) V €]
0 sin kt 0 (—it+12)i |:Jc|Jr L;

if 20 — 25 + 3 > —3, the logarithmic term above may be replaced by 1.

Proof.  Let g(t,1) = t*v(1)I?/(—it + [?)?. Suppose that x > 1, which gives rise to no loss of

generality. We consider the critical case 2a — 25 + 3 = —3 only; the other case is easy. Then
2

S qe (gt DldL < C [ 210t = O(zv) and

1 /T 1 . w/x
/ dt / gt Dldl < [ teridt / HPdl = O(z 7). (6.1)
1/x2 0 1/x2 0

Define h(t) = [, g(t,1)e"'dl. Then h(t) = — AT (¢, 1+ m/a)et®dl. Since the upper limit of
the inner integrals in (6.1) may be 27 /z instead of w/x, we have

1 4 1 1 , 1 .
/ okt gt g(t,1)dl = / e Mt [ [g(t,1) — g(t,l + 7/z)]e™ dl + O(z™).
1/x2 T/ 1/22 7/x

By the hypothesis of the lemma we also have
1’
(—it +12)7

« A1) +0(lu+l)]

g(tvl)_g@?l_'—ﬂ-/x): (t+l2)$

for I > 7/x, where A satisfies that A(z,l) = O(z™"). On scaling the variable [ by t as before the
contribution of the second term in the square brackets to the last double integral above may be
written in the form

1 ‘
/ RO fr)e Mdt = O(a).
1/x
Up to now e~** may be replaced by either of cos kt or sin kt. We must evaluate the contribution
of the first term. To this end suppose 22 > k in below; the case 22 < k is easy to deal with. We

decompose
Wk v | coskt L 1P A, 1)
. at [ S =T+ 1T .
(/1 /1/;;) { sin kt } /e (—it + [2)] + (say)

One observes that the inner integral and its derivative are O(1/t) and O(1/t?), respectively and
then that 17 = O(z™") and that 2" is dominated by a constant multiple of

/1/k1{ cos kt }dt‘ s{ Clgl(x2/k) V ¢]

/22 t | sinkt 1.

This completes the proof of the lemma.

(B) Let d>2 and t9 be as in REMARK 8. Then for |z| > r > 0,

Gallzl,r) _ Kappr(J2[v2A) ||~
G,\(T’, T) Kd/Q_l(T‘\/ 2)\)7’1_[1/2

where G, denotes the resolvent kernel for the d-dimensional Bessel process and K, is the usual
modified Bessel function. For d = 3 the Laplace transform is easily inverted to yield the formula

Eq[exp{-t{"}] = (A>0), (6.2)

28



(1.12) (see (5.10)), which also follows from the one dimensional result since the three dimensional
Bessel process conditioned on its eventually arriving at r is a one-dimensional Brownian motion.

(C) Here we give an asymptotic estimate of P,[t?) <t = [; g, (s, z)ds for large ¢. Put

pla) = —/100 < lg (1—;> dy (a>0),

and

A1) = L gy P12

lg(ect) [1 B lg(ect)] Ja2 2t u [lg(ecet)]?

so that D(e®n,x?/2n) = A.(t). (The function D(t, ) is defined in Theorem 1.4.) The following
result belongs to [15], but only not explicitly given there.

Theorem 6.1  Let & = |z|/\/t. Then, uniformly for |x| > r,, ast — 0o

1 { O(lg 3¢) for x® <t

6.3
O(l1g26)/€%) for * 2t (0
Proof. Immediate from Lemma 6 and Eq (26) of [15].

REMARK 4. (i) It holds that ¢(a) = O(a e *loga) as @ — oo and ¢(a) = s7° +alga+O0(a)
as a | 0.

(ii) On using the identity [°e “u"'du + [)(e™ — 1)u~'du = —

0o U /2 g7v — 1
/ € du= v —1g(£%/2) — / ¢ du.
3 0

2/2 U U

With the help of this together with 2y = 1g[2/e®r?] we deduce that as z?/t — 0,

o 2g(al/r) [, L, £/2 2
Anlt) = 1= ZE T [ ] * B o) e 1+ O€)

(iii) Integrating the formula of Theorem 1 of [15] leads to

@ g 2e(zl/ro), v g = & lg Jz| >
Poltr,) > 1] = lg(ect) L lg(ect) [(lag(ecot)]2 * } +O< (Igt)? ) (" <),

which agrees with the expression of 1—A,(t) obtained from (ii) apart from the error of magnitude
O(|lg 2¢]/(1gt)*). The error estimates for # < ¢ in the formula (6.3) and in this one cannot be
improved since otherwise they had become inconsistent as is revealed by examining the sum of
their principal terms in comparison to the error terms. On equating the error terms the latter
formula is sharper than the former if £2/1g& = o((Igt)™?).
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