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Abstract

In this paper we establish a Taylor-like expansion in the context of the rough path theory
for a family of It6 maps indexed by a small parameter. We treat not only the case that
the roughness p satisfies [p] = 2, but also the case that [p] > 3. As an application, we
discuss the Laplace asymptotics for Ito functionals of Brownian rough paths.

1 Introduction and the main result

Let V, W be real Banach spaces and let X : [0, 1] — V be a nice path in V. Let us consider
the following W-valued ordinary differential equation (ODE);

dY, = o(Y,)dX,,  with Yy =0. (1.1)

Here, o is a nice function from W to the space L(V, W) of bounded linear maps. The
correspondence X +— Y is called the It6 map and will be denoted by ¥ = &(X).

In the rough path theory of T. Lyons, the equation (1.1) is significantly generalized.
First, the space of geometric rough paths on V with roughness p > 1, which contains all
the nice paths, is introduced. It is denoted by G€2,(V) and its precise definition will be
given in the next section. Then, the It6 map ® extends to a continuous map from G, (V)
to GQ,(W). In particular, when 2 < p < 3 and dim(V), dim(W) < oo, this equation (1.1)
corresponds to a stratonovich-type stochastic differential equation (SDE). (See Lyons and
Qian [16] for the facts in this paragraph.)

In many fields of analysis it is quite important to investigate how the output of a
map behaves asymptotically when the input is given small perturbation. The Taylor
expansion in the calculus is a typical example. In this paper we investigate the behaviour



of ®(eX + A) as € \, 0 for a nice path A and X € GQ,(V). Slightly generalizing it, we
will consider the asymptotic behaviour of Y, which is defined by (1.2) below, as € \, 0;

4Y,® = o (e, Y, )edX, + b(e, V) dA,, with YZ = 0. (1.2)
Then, we will obtain an asymptotic expansion as follows; there exist Y°, Y, Y2 ... such
that
N I e R N A TR as €\, 0.

We call it a stochastic Taylor-like expansion around a point A. Despite its name, this is
purely real analysis and no probability measure is involved in the argument.

This kind of expansion in the context of the rough path theory was first done by Aida
[1, 2] (for the case where coefficients o,b are independent of ¢, [p] = 2, V, W are finite
dimensional). Then, Inahama and Kawabi [11] (see also [8]) extended it to the infinite
dimensional case in order to investigate the Laplace asymptotics for the Brownian motion
over loop groups. (The methods in [2] and [11] are slightly different. In [2], unlike in [11],
the derivative equation of the given equation is explicitly used. see Introduction of [11].)

The main result (Theorems 4.4 and 4.5) in this paper is to generalize the stochastic
Taylor-like expansion in [11]. The following points are improved:

1. The roughness p satisfies 2 < p < oo. In other words, not only the case [p] = 2, but
also the case p > 3 is discussed.

2. The coefficients o and b depend on the small parameter £ > 0. In other words, we
treat not just one fixed It6 map, but a family of [t6 maps indexed by «.

3. The base point A of the expansion is a continuous g-variational path for any 1 <
g <2 with 1/p+1/g > 1. In [11], A is a continuous bounded variational path (i.e.,
the case ¢ = 1).

4. Not only estimates of the first level paths of Y°, Y Y2 ..., but also estimates of
the higher level paths are given.

The organization of this paper is as follows: In Section 2, we briefly recall the definition
and basic facts on geometric rough paths. We also prove simple lemmas on continuous g-
variational paths (1 < ¢ < 2). In the end of this section we prove a few lemmas, including
an extension of Duhamel’s principle, for later use.

In Section 3, we first generalize the local Lipschitz continuity of the integration map
as the integrand varies (Proposition 3.1). Put simply, the proposition states that the map

(f, X) € CPF W, LV, W) x GQ,(V) — / F(X)dX € GO, (W)

b,loc

is continuous. Here, Cﬂ;l denotes the space of [p| + 1-times Fréchet differentiable maps
whose derivatives of order 0,1, ... ,[p]+ 1 are bounded on every bounded sets. Note that

in Lyons and Qian [16], the integrand (or the coefficients of ODE) is always fixed. In the



path space analysis, a path on a manifold is often regarded as a current-valued path. This
generalization is also necessary for such a viewpoint in the rough path context.

In the latter half of the section, using the above fact, we improve Lyons’ continuity
theorem (also known as the universal limit theorem) when the coefficient of the ODE
varies. (Theorem 3.8 and Corollary 3.9). Put simply, the correspondence

(0, X,50) € CHP(V,LIV,W)) x GQ(V) x W = Z = (X,Y) € GQ,(V & W)

is continuous. Here, Z = (X,Y) is the solution of (1.1) with the initial condition replaced
with yo and CV2(V, L(V,W)) (M > 0) is a subset of CP2(V, L(V,W)) (a precise
definition is given later).

In Section 4, as we stated above, we prove the main theorems in this paper (Theorems
4.4 and 4.5).

In Section 5, as an application of the expansion in Section 4, we improve the Laplace
asymptotics for the Brownian rough path given in [11]. In this paper, we are now able to
treat the case where the coefficients of the ODE are dependent on the small parameter
e > 0 (see Remark 5.2).

Remark 1.1 In Coutin and Qian [6] they showed that, when the Hurst parameter is
larger than 1/4, the fractional Brownian rough paths exist and the rough path theory is
applicable to the study of SDEs driven by the fractional Brownian motion. In particular,
if the Hurst parameter is between 1/4 and 1/3, the roughness satisfies [p| = 3 and the third
level path plays a role. Since Millet and Sanz-Solé [17] proved the large deviation principle
for the fractional Brownian rough paths, it is natural to quess that the Laplace asymptotics
as in Theorem 5.1 for the fractional Brownian rough paths is also true. However, at the
moment of the writing, the author does not have a proof. Note that Baudin and Coutin [/]
proved a similar asymptotic problem (the short time asymptotics for finite dimensional,
one fized differential equation) for the fractional Brownian rough paths.

2 The space of geometric rough paths

2.1 Definition

Let p > 2 and let V be a real Banach space. In this section we recall the definition of
GQ,(V), the space of geometric rough paths over V. For details, see Lyons and Qian [16].

On the tensor product V@V of two (or more) Banach spaces V and V), various Banach
norms can be defined. In this paper, however, we only consider the projective norm on
V ® V. The most important property of the projective norm is the following isometrical
isomorphism; L(YV @V, W) = L%V, V; W). Here, the right hand side denotes the space of
bounded bilinear functional from V x V to another real Banach space W. (For definition
and basic properties of the projective norm, see Diestel and Uhl [7].)

For a real Banach space Vandn € N = {1,2,...}, weset T™(V) = R&VS--- oV
For two elements a = (a’,a',...,a"),b = (8°,b,... ,0") € T™(V), the multiplication



and the scalar action are defined as follows;

a®b = (aobo,albo+a0b1,a2bo+al®bl+aob2,...,Za”_i(@bi),

ra = (a° ra*,r*a®, ... r"a"), r e R.
Note that, a ® b # b ® a in general. The non-commutative algebra 70" (V) is called the
truncated tensor algebra of degree n. As usual 7™ (V) is equipped with the direct sum
norm.

Let A ={(s,t) |0 <s<t<1}. Wesay X = (1, X',..., XP): A - TED(V)is a
rough path over V of roughness p if it is continuous and satisfies the following;

KXo @ Xup = Xy for all (s,u), (u,t) € A,
17 5 = {supz bl

Here, D = {0 =ty < t; < --- <ty = 1} runs over all the finite partitions of [0, 1]. The
set of all the rough paths over V of roughness p is denoted by €2,(V). The distance on
Q,(V) is defined by

} p<oo forall j=1,...,[p].

=D X7 =Y, XY € (V).

With this distance, Q,(V) is a complete metric space. For X € Q,(V), we set (X) =
Z 2 HX]||1/J It is obvious that £(rX) = |r|¢(X) for r € R.

Let BV( )={X € C([0,1,V) | Xo =0 and ||X||; < oo} be the space of continuous,
bounded variational paths starting at 0. By using the Stieltjes integral, we can define a
rough path as follows (p > 2);

Xﬁ)t::/ dX, @---®dX,, (s,)ed, j=1,...[].
s<t1<--<t; <t

This rough path is called be the smooth rough path lying above X € BV (V) and is again
denoted by X (when there is no possibility of confusion). The d-closure of the totality of
all the smooth rough paths is denoted by G€,(V), which is called the space of geometric
rough paths. This is a complete metric space. (If V is separable, then G,(V) is also
separable, which can easily be seen from Corollary 2.3 below.)

2.2  On basic properties of ¢g-variational paths (1 < ¢ < 2).

Let 1 < ¢ < 2. For a real Banach space V, set
Coq(V) ={X € C([0,1], V)| Xo =0 and [|X|]; < oo},

where || - ||, denotes the g-variation norm. When ¢ = 1, BV(V) = Cy,(V).
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Let P={0=1ty, <t <--- <ty =1} be a (finite) partition of [0,1]. We denote by
mpX a piecewise linear path associated with P (i.e., mpX;, = X;, and mpX is linear on
[ti—1,t;] for all 7). The following lemma states that mp : Cy4(V) — Cp,4(V) is uniformly
bounded as the partition P varies.

Lemma 2.1 Let 1 < g < 2. Then, there exists a positive constant ¢ = ¢, depending only
on q such that ||mpX||, < ¢ X, for any partition P of [0, 1].

Proof. Fix P={0=1ty <t <--- <ty =1}. For a partition @ ={0 =355 < 51 <--- <
sy = 1}, we set

M
SQ == Z ‘ﬂ"sti - 7T7>Xsi_1|q.

k=1

Suppose that [t;_1,t;] N Q contains three points (namely, s;_1 < s; < sj11). Then, since
mpX is linear on [s;_1,sj11], we see that

‘7T73X8j71 - 7T73X5j|q + |7T7)X5]. - 7T7)X5 S |7T7)X5].71 - 7T7)X

q q
1 ‘ Sj+1 | )

which implies that Sg < SQ\{Sj}. Therefore, we have only to consider Q’s such that
Hti—luti] N Q’ <2 for all i = 1, ,N.

Let Q be as such. If [t;_;,t;] N Q = {s;}, then define §; = ¢,_; except if s; = 1. (If
so we set §; = 1.) If [t;_1,t:] N Q = {s; < sj;1}, then define §; = ¢, and 5,41 = ;.
Note that 0 = 59 < 5; < --- < 5y = 1. Some of 5;’s may be equal. If so, we only collect
distinct 8,’s and call the collection Q. Noting that Sg < || X]|Z and that

|7TPij - WPXéj‘ < |7TPXti — p Xy ‘Xti - X

i—1| - i—l"

if s; € [ti—1,t;], we see that

M
SQ = Z ‘ﬂ-’[)ij - 7T’[)ij_1 |q

Jj=1

M M

S G [Z |7r7>X5]. — mp Xy "+ Z \7T7>ij,1 —mp Xy, |+ So
k=1 k=1

< GSs < || XL

Taking supremum over such Q’s, we complete the proof. 1

Corollary 2.2 Let 1 < ¢ < ¢ <2 and X € Cy4(V). Then,

lim ||X —mpX]|y =0.
|P|—0

Here, |P| denotes the mesh of the partition P.
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Proof. This is easy from Lemma 2.1 and the fact that 7pX — X as |P| — 0 in the
uniform topology. |

For 1 <g¢<2and X € Cy,(V), we set
Xg,t:/ dXy @+ @ dXy,, j=12,....[p
§<t1 < <t;<t

Here, the right hand side is the Young integral. As before, X = (1, X*,..., X!) satisfies
Chen’s identity and, if |X; — X,| < w(s,t)'/? for some control function w, then X7 is of
finite ¢/j-variation (i.e., there exists a positive constant C' such that \X;t\ < Cuw(s, t)i/9).
So, Cp (V) C Q,(V).

By Theorem 3.1.3 in [16], if X, Y € Cy,(V) satisty that

| X — X, [y = Y
(X — X,) = (Y = Y)]|

< w(s, )M,

< ew(s, t)Ma

for some control function, then there exists a positive constant C' depending only on
b, q, W(O, 1) such that

‘ngt — Ysjt| < Cew(s, )4, for all (s,t) € Aand j=1,...,[p].

In particular, the injection X € Cy,(V) — X = (1, X?,..., X)) € Q,(V) is continuous.
Combining this with Corollary 2.2, we obtain the following corollary. (By taking suffi-
ciently small ¢’'(> ¢).) Originally, GQ,(V) is defined as the closure of BV (V) in Q,(V).
In the the following corollary, we prove that G2,(V) is also obtained as the closure of

Coq(V).

Corollary 2.3 Let 1 <g<2andp > 2. For any X € Cy,(V), npX € BV(V) converges
to X in Q,(V) as |P| — 0. In particular, we have the following continuous inclusion;

BV(V) C Cp (V) C GQ,(V).

Corollary 2.4 Let1 <g<2andp>2with1/p+1/q>1. LetV and W be real Banach
spaces. Then, the following (1) and (2) hold:

(1). For X € GQ,(V) and H € Cy,(V), the natural shift X+H € GSQ,(V) is well-defined.
Moreover, it is continuous as a map from GS,(V) x Cy (V) to G, (V).

(2). For X € GQ,(V) and H € Cy,(W), (X,H) € GQ,(V & W) is well-defined. More-
over, it is continuous as a map from GS2,(V) x Cy (W) to GQ,(V & W).

Proof. The shift as a map from ,(V) x Co4(V) to Q,(V) is continuous. (See Section
3.3.2 in [16].) Therefore, we have only to prove that X + H € GQ,(V) if X € GQ,(V).
However, it is immediately shown from Corollary 2.3.

The second assertion can be verified in the same way. |



Now we consider linear ODEs of the following form: For a given L(V,V)-valued path
Q, we set

th = th . Mta MO = Idv, (21)
dNt - —Nt . th, N() - Idy (22)
Here, M and N are also L(V,V)-valued. It is well-known that, if Q € BV(L(V,V)), then

unique solutions M, N exist in BV(L(V,V)) and M;N; = N;M; = Idy, for all t. This can
be extended to the case of g-variational paths (1 < ¢ < 2) as in the following proposition.

Proposition 2.5 Let1 < g <2 and Q) € Cy4(L(V,V)). Then, the unique solutions M, N
of (2.1) and (2.2) exist in Cyqo(L(V,V)) + 1dy. It holds that M N, = N;M; = 1dy, for all
t. Moreover, if there exists a control function w such that
‘Qt - QS|7 |Qt - QS‘ < W(S, t)l/q7
[ — Q) — (Qt — QS)\ < ew(s, b)Y, (s,t) € A,

then, there ezists a constant C' depending only on q and w(0,1) such that

|M, — M,|, |M, — M,| < Cuw(s,t)"9, (2.3)
(M, — M,) — (M, — M,)| < Cew(s,t)"/4, (s,t) € A. (2.4)

Similar estimates also hold for N.

Proof. By using the Young integration, set I} = I°(Q); := Idy, and, for n = 1,2,...,

[tn = In(Q)t = / thn tee thl‘

0<t1<--<tn<t

If we set my = " I"(2);, then t — my_; A formally satisfies (2.1) with initial condition
replaced with my, = A € L(V,V). Therefore, we will verify the convergence. (Note that
in our construction of solutions, the “right invariance” of the given differential equation
(2.1) implicitly plays an important role.)

We will prove that, for all n € N, 0 < T < 1, and (s,t) € Aprp = {(s,1) | 0 < s <
t <T},

I — 17| < K" Yw(s, )9, where K = w(0,T)"7(1 + 2%7¢(2/q)). (2.5)

Here, ¢ denotes the (-function. Obviously, (2.5) holds for n = 1.
Suppose that (2.5) holds for n. Recall that I;'t' — [7+! = f; dQ, 17 = limp|_o Sp,

where, Sp is given by Sp = SN (Q, — Q,_)I | for a finite partition P = {s =ty <
ty < --- <ty =t} of [s,t]. It is easy to see that

Stony] = (9 = Q)7 £ K" 10(0, )1 (s, 1)1/ (2.6)
Lett; € P,(j =1,...,N —1). Then, we have

|S7> - SP\{tj}| = ‘(Qtj - Qty’—lﬂg—l + (Qtf“ B Qtj)lg B (Qt
e ‘(Qt

- Qlfj—1)]zz1

j+1 j—1‘

— Qtj)(lg — [tnj_l)‘ S Kn_1W(tj_1,tj+1)2/q.

Jj+1
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From this and a routine argument,
1Sp — Stany| < K"712%9¢(2/q)w(s, t)¥1. (2.7)

From (2.6) and (2.7), we see that |Sp| < K"w(s,t)"/. This implies (2.5) for n + 1 (and,
hence, for all n by induction).

If T is chosen so that K < 1, then t — my is convergent in g¢-variation topology
on the restricted interval and is a solution for (2.1) which satisfies that |m; — mg| <
(1 — K) 'w(s, t)V for (s,t) € Npy.

Take 0 = Ty < Ty < -+ < Ty such that w(T;—1, T3)"9(1 + 22/9¢(2/q)) = 1/2 for
i=1,....k—1and w(Ti_1, Tp)"4(1 + 2%/9¢(2/q)) < 1/2. By the superadditivity of w,
k—1<29(1+2%9(2/q))'w(0,1). Hence, k is dominated by a constant which depends
only ¢ and w(0,1). On each time interval [T;_;, T;], construct M by M; = my_r, , My, .
By the facts we stated above this is a (global) solution of (2.1) with desired estimate (2.3).
It is easy to verify the uniqueness.

Finally, we will prove the local Lipschitz continuity (2.4). In a similar way as above,
we will show by induction that

(I —I7) — (I" — I™)| < enK™ w(s, t)"/, (s,t) € Doy, n €N (2.8)

Obviously, (2.8) holds for n = 1.
In the same way as above, we see that

[Stony = Sl < 1@ = QI = I+ [0 = Q) = (4 = QL
< enK"1w(0, 8) Y90 (s, 1)1+ K" w(0, s)Y9ew(s, 1)
< e(n+ )K" w(0,1)Y9w(s, )Y, (2.9)

Lett; e P,(j=1,...,N—1). Then,

|(Sp = Sp\i1;3) = (Sp = Spviayy)]
- ‘(Qtj - Qtj—1)]zz;_1 + (Qtj+1 - Qtj)lg - (Qtj+1 - Qtj—l)Ltn

Jj—1

—(Qt]- - Qtj—l)jg_l - (Qtj+1 - Qtj>jg' + (Qfm - Qty’—lﬁg—l‘
< Q0 = Q0 - 1) — (I = 1)
H (0 — ) = (= Q)| |12 =17
< e+ )K" Wty g, tj)Y
From this and a routine argument,
[(Sp = Stasy) = (Sp = Seay)| < eln+ DE" 2092/ qo(s, 0?7 (2.10)

From (2.9) and (2.10), we see that |Sp — Sp| < e(n + 1)K"w(s,t)!/%. This implies (2.8)
for n + 1 (and, hence, for all n by induction).

In the same way as above, we can prolong the solutions and obtain (2.4). The proof
for N is essentially the same. So we omit it. Take ¢’ € (¢,1) and apply Corollary 2.2.
Then, because of the continuity we have just shown, we see that M;N; = N, M, = 1d,, for
all ¢. 1



From now on we will prove a lemma for Duhamel’s principle in the context of the
rough path theory. When the operator-valued path M below is of finite variation and
[p] = 2, the principle was checked in [11]. Here, we will consider the case where p > 2, M
is of finite g-variation (1 < ¢ < 2) with 1/p+1/¢ > 1.

We set

C(L(V,V)) = {(M, N) | M, N € Co,(L(V,V)) + 1dy,

M,N, = N;M, = Idy, for t € [0, 1]}.

We say M € C,(L(V,V)) if (M, M) € C,(L(V,V)) for simplicity.
We define a map I' : Cp 4(V) x C,(L(V,V)) — Cp (V) by

D(X, M), =T(X,(M, M), == M, /t M7'dX,,  te[0,1] (2.11)

for X € Cy4(V) and M € C,(L(V,V)). Here, the right hand side is the Young integral.

Lemma 2.6 Let V be a real Banach space, p > 2,1 <q <2 with 1/p+1/qg > 1. Let T
be as above. Then, we have the following assertions:

(1). Assume that there exists a control function w such that

XL <w(s, 0, j=1,....[p], (2.12)
| My = M|y + M = My ) < w(s, )10 (2.13)

hold for all (s,t) € /. Then,
(X, MY | < Cools 9, G=1.. [l (s.8) € A (214

where C' is a positive constant depending only on p, q, and w(0,1).

(2). T extends to a continuous map from GS,(V) xCy(L(V,V)) to GU,(V). (We denote it
again by I'.) Clearly, T'(e X, M) = eI'(X, M) holds for any X € GQ,(V), M € C,(L(V,V))
and € € R.

Proof. The proof is not very difficult. So we give a sketch of proof. From (2.11), we have
NXxX,M)y, =X, — M, fot(dMs_l)Xs. Note that the map that associates (X, M) with the
second term above is continuous from G,(V) x C,(L(V,V)) to Cy4(V). Using Corollary
2.4, we see that (X, M) — I'(X, M) is continuous from G, (V) x C,(L(V,V)) to GQ,(V).
I

The following corollary is called (the rough path version of) Duhamel’s principle and
will be used frequently below.



Corollary 2.7 Let V be a real Banach space, p > 2, 1 < q < 2 with 1/p +1/q > 1.
For Q € Cy(L(V,V)), define M = Mg and N = Mg" as in (2.1) and (2.2). For this
(Mg, Mg") and X € Co (V) define Y := ['(X, Mg) as in (2.11). Then, the following
(1)-(3) hold:

(1). Y is clearly the unique solution of the following ODE (in the q-variational sense):

(2). Assume that there exists a control function w such that

(X2 Sw(s by j=1,...,[p, (s,t)eA
‘Qt — QS|L(V,V) S w(s,t)l/q, (S,t) c A.

Then, Ysjt‘ < Cuw(s, ty/?, j=1,...,[p, (s,t) € A, where C is a positive constant
depending only on p, q, and w(0,1).

(3). (X,Q) =Y =T(X, M) extends to a continuous map from GQ,(V) x Cy ,(L(V,V))
to GQ,(V).

2.3 preliminary lemmas

In this subsection we will prove several simple lemmas for later use. Proofs are easy. Let
p > 2 and let V and W be real Banach spaces.

Lemma 2.8 For a € L(V, W) and X € GQ,(V), set a(X) = (1,a(X)},... ,a(X)F) by
@(X)‘;,t = a®J(XZ,t)> (] = 17 et [p])
(1). Then, a(X) € GQ,(W) and

~ -

(X% = X)L < ] X — XLl

for any X € GQ,(V). In particular, & : GQ,(V) — GQ,(W) is Lipschitz continuous.
(2). Ifa,B € L(V,W), then

a(X), — BX)L| < dla = Bleww(|alcomw) V 1BlLww) XL

for any X € GQ,(V).

Proof. By the basic property of the projective norm, we can see that [a®|},yei wei) =
|af7,yy)- The rest is easy |

The following is a slight modification of Lemma 6.3.5 in p.171, [16]. The proof is easy.
Note that the choice § > 0 is independent of w. In the following, I'yp. : GQ,(V & W*?) —
GQ,(V & W*?) is defined by Ty = aldy @ bldyy @ cldyy (a,b,c € R).
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Lemma 2.9 If K, K € GQ,(V ® W) with my(K) = X, mp(K) = X and if w is a
control such that

| X2 1XL < ;«J(Si)“’l |KL4|, |KL,| < (Cow(s, 1))7P

X2 = XL < Swls, ), (KD, — KL < e(Cols, )P,

forallj=1,...[p| and (s,t) € A\, then there exists a constant 6 € (0,1] depending only
on Cy and [p] such that, for any 61,09 € (0, 0], we have

}(F1,51,52K)g,t} < w(s, t)j/p> }(F1,51,52K)g,t - (Fl,51,52f()g,t‘ < €w($> t)j/p’
forallj=1,...,[p] and (s,t) € A.
Lemma 2.10 (1) LetV be a real Banach space and {0 =Ty < Ty < --- < T = 1} be
a partition of [0,1]. For each i =1,2,... ,N, A(i) : ONgy,m) — TPI(V) is a geometric
rough path which satisfies that
‘A(Z)i,t} < w(s, t)j/p’ ] = 17 st [p]? ($7t) € A[Ti—l,Ti}'
We define A : AN — TPD(V) by
A=A (k) @ Ag i, (k+ 1) @@ Ag_,(1)  in TWD(V)

for (s,t) € A such that s € [Tj—1,Ty| and t € [T)—1,T;]. Then, A is a geometric rough
path such that

AL < (Cwls, )PP, j=1,....[p] and (s,1) € A.
Here, C' > 0 is a constant which depends only on p and N.

(2) Let A(i) and A(i) be two such rough paths on restricted intervals as above (i =
1,2,...,N). In addition to the assumption of (1) for both A(i) and A(i), we also assume
that
‘A(Z)i,t - A(Z)i,t‘ < €W(8, t)j/p7 fOT’j = 17 SRR [p] and (87 t) S A[Ti—17Ti}'
Then, A and A defined as above satisfy that
}Ag’t — flﬁt‘ < e(C’w(sJ))j/p, forj=1,...,[p] and (s,t) € A.

Here, C" > 0 is a constant which depends only on p and N.

Proof. This can be done by straight forward computation. 1

The first assertion of the following lemma is Corollary 3.2.1, [16]. The second one is a
modification of Theorem 3.2.2, [16].
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Lemma 2.11 Let V be a real Banach space and let A, B : /A — TPD(V) be almost rough
paths.
(1). If there exist > 1 and a control function w such that

AL
|Az,t - (As,u X Au,t)j|

w(s,t)j/p, j=1,...,[pl, (s1t)€A,

<
< w(s,t)?, j=1,....[pl, (s,u),(u,t)e AN,

then, there is a unique rough path A associated to A € Omega,(V) such that

AL < Cuw(s, t)?, j=1,...,p], (s,t) € A,

Here, C' > 0 is a constant which depends only on p,0,w(0,1).
(2). Assume that there exists > 1 and a control function w such that, for all j =
L...,[p], e >0 and (s,u), (u,t) € A,

ALl [BLl Sw(s,ty?, AL, = BL,| < ew(s,t)’,
‘Ag,t - (As,u X Au,t)j|7 ‘B;t - (Bs,u X Bu,t)j| S w(s, t)eu
‘ (Ait - (As,u b2y Au,t)j) - (Bit - (Bs,u ® Bu,t)j)} S €w($7 t)g
hold. Then, the associated rough paths, A and B, satisfy that
‘Ag,t - Bg,t‘ S 50&)(8, t)j/p> j = 17 cet [p]v (87 t) S A

Here, C' > 0 is a constant which depends only on p,0,w(0,1).

Proof. For the first assertion, see Corollary 3.2.1, [16]. We can show the second assertion
by modifying the proof of Theorem 3.2.2, [16]. |

3 A generalization of Lyons’ continuity theorem

The aim of this section is to generalize Lyons’ continuity theorem (also known as “the
universal limit theorem”) for 1t6 maps in the rough path theory. This section is based on
Sections 5.5 and 6.3 in Lyons and Qian [16]. Notations and results in these sections will
be referred frequently. The following points seem new:

1. We let the coefficient of an It6 map also vary.

2. We give an explicit estimate for the “local Lipschitz continuity” of Ité6 maps (The-
orem 6.3.1, [16]).
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3.1 A review of integration along a geometric rough path

For a real Banach space V, we denote by GQ,(V) the space of geometric rough paths over
V, where p > 2 is the roughness and the tensor norm is the projective norm. Let W be
another real Banach space and let f : V — L(V, W) be CP*! in the sense of Fréchet
differentiation. We say f € C/1F (V, L(V,W)) if f is CP*1 from V to L(V, W) such that
|Dif] ( =0,1,...,[p] + 1) are bounded on any bounded set. In this subsection we will
consider [ f(X)dX (for X € GQ,(X)).

For n € N = {1,2,...}, let II,, be the set of all permutations of {1,2,... ,n}. We
define the left action of 7 € I, on V®" by 7(v1 ® -+ @ ) = Vp-1(1) ® * -+ @ Vr-1()-
(Note that this is different from the definition in [16], where the right action is adopted.
However, this does not matter so much since no composition of permutations will appear
below.) Given 1 = {ly,... ,;} (li,...,l; e N), let 1] =1, +---+ ;. Wesay m € ITj if
7 € I} satisfies the following conditions:

1) < - <m7(l),
a(ly+1) < - <w(ly + 1),
i+ +La+1) < - <x(|1]),
() <m(lh+1) < - <7(|]l]). (3.1)

(Note: The last condition in (3.1) is missing in p.138, [16].)
Let X € GQ,(V) be a smooth rough path. Then, for all (s,t) € A,

/ dxl, ®- - @dxl, =3 axl| (3.2)
s<uy<---<ui<t

el
(See Lemma 5.5.1, [16]. By Corollary 2.2 and the Young integration theory, (3.2) also
holds for X lying above an element of Cp4(V).)
For f € C’,E’;];;l(v, L(V,W)) in Fréchet sense, we denote f7(x) for D7 f(x) for simplicity
(j=0,1,...,[p] + 1). For X € GQ,(V), we define Y € Cy,(A, TPI(W)) by

vi= X i) ee o) (Y el (3.3)
1:(l1,,l1),1§l],|1|§£p] 7'('61_[1
for (s,t) e Aandi=1,...,[p]
For a smooth rough path X, it is easy to see that, for any (s,u), (u,t) € A,
[p] [p]
D FTHXNAX) = ) (X)) — Ri(X, X)) {dX) (3.4)
=1 =1

holds. Here, for z,y € V,

=
[
_

fk(l‘)((y —a)®t)
o

)l

Ri(z,y) = f7'y) -

ﬂM

k

- o5

>
~—

FPx + 0y — 2)((y — 2)*@=1) (3.5)

N
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(See Lemma 5.5.2 in [16]. A key fact is that the symmetric part of X, is [X] ]®/Il.)
Using (3.2) and (3.4), we see that, for a smooth rough path X (and for a geometric
rough path X € GQ,(V) by continuity),

Yiir=Ysu® Myy, in TV (W) for all (s, u), (u,t) € A. (3.6)
Here, M, is given by ngt =1land, fori=1,...,[pl,
M,, = Yoo (M) - Ru(X X)) @

@ (fY(X,) = Ry (X, X.) <Z7TXJ}7L>. (3.7)

melly

(Actually, M, depends on s, too. Eq. (3.6) is Lemma 5.5.3 in [16].) '
Set N7, =Y/, — M. Then, for a control function w satisfying that |X7,| < w(s,t)//?
for j =1,...,[p], it holds that

INZol < OM(f; [p], w(0, 1) Y (s, )PP g =10 fpl, (1) € A (3.8)
for some constant C' > 0 which depends only on p,w(0,1). Here, we set

M(f;k,R) = Orgaésupﬂfj(x)] s x| < R} for R>0and k € N (3.9)
<j<

and M(f;k) :== M(f;k,00). Then, Y defined by (3.3) is an almost rough path. Indeed,
noting that (Y, @ Nue)® =37, is0i51 Yeu ® N/ +» we can easily see from above that
there exists a constant C' > 0 which depends only on p,w(0, 1) such that

V) = (You © Yo' < CM(f; [pl, w(0, 1)y w(s, ) PO (3.10)

forall j =1,...,[p] and (s,u), (u,t) € A.
We denote by [ f(X)dX the unique rough path which is associated to Y. It is well-
known that, if X is a smooth rough path lying above ¢ — X, then [ f(X)dX is a smooth

rough path lying above t f f(X,)dX,. By the next proposition, X — [ f(X)dX is
continuous, which implies that [ f(X)dX € GQ,(W).

The following is essentially Theorem 5.5.2 in [16]. Varying the coefficient f and giving
an explicit estimate for the local Lipschitz continuity are newly added. We say f, — f
as n — 00 in Cy 1, (V, L(V,W)) if M(f — fn; k, R) — 0 as n — oo for any R > 0.

Proposition 3.1 We assume f,g € CE;I(V, L(V,W)).
(1). Let f be as above. If X € GQ,(V) and a control function w satisfy that

X Sw(s PP =100, (st) e,
then, for a constant C' > 0 which depends only on p and w(0,1), it holds that

| / JEOAX] < OM(f: [p),w(0, D)Yw(s, 0P, j=1,....[p (s,0) €A,
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(2). Let f,g be as above and let X, X e GQ,(V) such that, for a control function w,

w(s, t)’?,
cw(s, )P, j=1,...,[p], (s,t)€A.

‘Xg,t|7 |Xg,t‘

<
X7, - X1,| <

Then,
t . t A A . ~ 1 .
}/ f(X)dx’ —/ g(X)dX7| < CM(f — g;[p],w(0, 1)) M (s, 1)/
—l—eC’Mé]Hw(s,t)j/p

for j =1,....[p] and (s,t) € A. Here, M, = M(f;k,w(0,1)) vV M(g:;k,w(0,1)) and
C > 0 is a constant which depends only on p and w(0,1) .
(3). In particular, the following map is continuous:

(. X) € CPE W, LIV W) x GQ,(V) — / F(X)AX € GQ,(W).

Proof. 1In this proof the constant C' > 0 may vary from line to line. To show the first
assertion, note that

Yl < OM(f;[p],w(0,1)w(s, )7 j=1,....[pl, (s,) €A

From this and (3.10) we may apply Lemma 2.11 to M (f;[p],w(0,1))"! - Y to obtain the
first assertion.

Now we prove the second assertion. First we consider [ ¢(X)dX7 — [ g(X)dX7. It
is easy to see from (3.3) that

V], = VI < eCM(g; [p) + 1,w(0, 1) Yu(s, 077, j=1,....[p], (s,t) € A.
Similarly, we have from (3.8) that
\Nit — N{Lt\ <eCM(g;[p] +1,w(0, 1)) w(s, t)([p]ﬂ)/p, j=1...,[p], (s1t)€A.
This implies that
Vi = (Vo ®Yar)] = [V = (Vo © Vi)
< eCM(g;[p] + 1,w(0, 1)) w(s, t) D25 =1 pl,  (s,t) € A

Now, setting A = M(g; [p] +1,w(0,1))"'-Y and B = M(g; [p] +1,w(0,1))"!- Y, we may
use Lemma 2.11 to obtain that, for all j =1,...,[p], (s,t) € A,

/s t g(X)dX7 — / t g(X)dX?

< eCMéle(s? t)i/p,
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Next we consider f: f(X)dX7 — f:g(X)de. It is easy to see from (3.3) that

Y ([l = Y (94l < CM(f = g5 [p],w(0, D)My w(s, t?, j=1,....[p], (s,t) € A

Similarly, we have from (3.8) that, for j =1,... ,[p| and (s,t) € A,

IN(f)L: — N(g)h,| < CM(f — g; [p),w(0, 1) M w(s, t) P/,

[p]

This implies that

Y (Nt = Y (Dow @Y (NugV] = Y (9)2s = (Y (9)o @ Y (9)ur)’]
< CM(f = g5 [p),w(0, )M fw(s, ) PHDP =1, ], (s,1) € A

Now, setting A = ]\;[[;}1 Y, B= M[;]l Y and e = M(f —g;[p],w(0,1)) M,
(

[p]l, we may use
Lemma 2.11 below to obtain that, for all j =1,...,[p], (s,t) € A,

< CM(f = g: [p) (0, )M (s, )7,

/S t F(X)dXT — / g(X)dX7

This proves the second assertion.
The third assertion is trivial from the second. |

3.2 Existence of solutions of differential equations

In this subsection we check existence and uniqueness of the differential equation in the
rough path sense. Essentially, everything in this subsection is taken from Section 6.3,
Lyons and Qian [16].

Let V, W be real Banach spaces and let f € C’,EP]H(W,L(V, W)). We define F €
cPY YW, LV & W,V @& W)) by

Fz,y)((€n) =& fWE),  (z,y).(EneVeWw.
For given f as above and 3 > 0, we set
Vo(y, k) = B(f(y) = fly—B7k), g keW. (3.11)

Clearly, ¥ is a map from W& W to L(V,W).
In this section we consider the following VW-valued differential equation for given X in
the rough path sense:

&Y, = f(Y)dX,,  Yo=0€eW.

Note that, by replacing f with f(- 4 yo), we can treat the same differential equation
with an arbitrary initial condition Yy = yo € W. By a solution of the above differential
equation, we mean a solution of the following integral equation:

t
7, :/ F(Z)dZ?,  j=1,....[p,(s,t) € A, and m/(Z) = X. (3.12)

16



Note that Z € GQ,(V & W) and we also say my (Z) =Y is a solution for given X. (Here,
7y and my are the projections from V @ W onto V and W, respectively.)
As usual we use the Picard iteration:

Z(n+1):/F(Z(n))dZ(n), with Z(0) = (X, 0).

For a smooth rough path X, this is equivalent to

X = dX,
dY(n+1) = f(Y(n))dX, Y(n+1)y=0.

We may include the difference D(n) = Y (n) — Y (n — 1) in the equations: for n € N,

X = dX,
dY(n+1) = f(Y(n))dX,
dD(n+1) = V(Y (n),D(n))dX. (3.13)

By scaling by 3 > 0, we see that (3.13) is equivalent to the following: for n € N,

dX = dX,
dY(n+1) = f(Y(n))dX,
dBD(n+1) = Us(Y(n),3D(n))dX. (3.14)

Set @5 : VW — L(V & W™V & WP?) by

C(x,y, 2) (6. O) = (& FWIE Vs(y, 2)E),  (w,9,2),(&1.C) €V O W™
Clearly, @4 is the coefficient for (3.14).

Lemma 3.2 Let 3 > 1 and let f andf be as above and define 5 and @g, respectively.
Then, for any n, there exist positive constants c,,c, independent of 3 > 1 and R > 0
such that

M(®g;n,R) < c,(1+RM(f;n+1,R), neN,R>0.
M(®s;0,R) < 1+ (1+RM(f;1,R), R>0,
M(®s—dgn,R) < (1+RM(f-fin+1,R), neNU{0},R>D0.

Proof. First note that if |(z,y,2)| = |z| + |y| + |2| < R, then |y — 637'2] < R for any
6 € [0,1]. Clearly, |®35(y,2)] = 1+ |f(y)| + |¥Ys(y, 2)|. By the mean value theorem,
Us(y,z) = fol diD f(y — 03712)(z). Hence, we have the second inequality.

Denoting by 7, m3 the projection from V @& W®? onto the second and the third com-
ponent respectively, we have

DUs(y,z) = B(Df(y) — Df(y— B '2)) oma+ Df(y — B~ '2) o ms.

We can deal with the first term on the right hand side in the same way to prove the first
inequality of the lemma for n = 1. By continuing straight forward computation like this,
we can prove the rest. |
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For ¢, 6, 3 € R and a smooth rough path K lying above (k,1,m) € BV(VOW®?), we de-
fine I'. 5 3K by a smooth rough path lying above (ek, 0/, fm). Then, K — I'. 5 3K extends
to a continuous map from GQ,(V&W®?) to itself. (Note that I'. 55 = eldy & 0Idyy & Sldw.)
The following is essentially Lemma 6.3.4, [16].

Lemma 3.3 For any r,p,3 € R\ {0} and a geometric rough path K € GQ,(V & W%?),
we have

Fp,pﬂp/q)r(K)dK - /@ﬂr(FpJﬂK)drp,lﬁK‘

Now we consider the following iteration procedure for given X € GQ,(V):
K(n+1) = /@1(K(n))dK(n) forn € N (3.15)

with K(0) = (X,0,0) and K(1) = (X, f(0)X, f(0)X). Note that K(0) and K(1) are
well-defined not only for a smooth rough path X, but also for any geometric rough path
X. Since @ is the coefficient for (3.13), this corresponds to (3.13) at least if X is a
smooth rough path.

We also set, for n € N,

Z(n+1) = / F(Z(n)dZ(n)  with Z(0) = (X, 0). (3.16)

Then, we have m,(K(n)) = X and mpgw(K(n)) = Z(n) for all n € N. These relations
are trivial when X is a smooth rough path and can be shown by continuity for general
X € GQ,(V).

Now we set H(n) =1I'11 gn-1K(n) for § # 0 and n € N. If X is a smooth rough path,
then H(n) is lying above (X,Y (n), 3" 'D(n)). From Lemma 3.3, we easily see that

Hn+1)=T11p4 / Pgn-1(H(n))dH (n), for 3 # 0 and n € N. (3.17)

From Proposition 3.1 and Lemma 3.2 we see the following: If K € GQ,(V & W%?)
satisfies that, for some control w with w(0,1) <1,

K| <w(s, 0  forj=1,....[p) and (5,8) € A,
then, for any g > 1,
t
}/ Ds(K)dK’| < (Cyw(s, t))/P for j=1,...,[p] and (s,t) € A. (3.18)
Here, the constant C; > 0 can be chosen so that it depends only on p, M (f; [p]+1). (Note

that M(f;[p] +1,1) < M(f;[p] +1). See Lemma 3.2. Note that (i) C; is independent of
B > 1, (ii) we can take the same C; even if we replace f with f(- 4 yo) for any yo € W.)
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Proposition 3.4 Let Cy as in (3.18) and for this Cy define § as in Lemma 2.9. Choose
B > 1 arbitrarily and set p = 3/5. Let X € GQ,(V) such that |X21,| < &(s,t)’/? for

j=1,...,[p] and (s,t) € A for some control function &.
(1). Set
2 floovp -
w(s,t) = (2+ M)pw(s,t). (3.19)
p

Then, for all j =1,...,[p] and (s,t) € A,
. 1 , . ,
X< ol 9, D KO < (s, )™ (3.20)

(2). Take Ty > 0 so that pPw(0,T1) < 1. Then, on the restricted time interval [0, T], we
have the following estimate:

‘FP:LlH(n)g,t‘ < (ppw(87t)>j/p7 .] = 17 cee 7[p]7 (S7t) € A[QTﬂ' (321)

(3). It holds that

[Hm)L| < (Pw(s )", =11, (st)€bom). (3.22)

Proof. We prove the first assertion for the first and the second level paths. Proofs
for higher level paths are essentially the same. It is obvious that \X‘g’t| < 279w(s, t)I/P
for j = 1,2. Since pldy @ f(0) ® f(0) : ¥V — V & WP is a bounded linear map, it
naturally extends to pIdy @ f(0) @ f(0) : GQ,(V) — GQ(V & W*2) and T',11K(1) =
pldy, @& f(0) & f(0) X. Therefore,

1
T, K (DL < (04 2| floo) XL < (Pw(s, 1)

and, in a similar way,

2
T, K (1)2,] < (0% +4p| floo + AL )X < (pP(s, 1) 7.

Now we prove the second assertion by induction. Assume the inequality is true for n.
Then, using (3.18) with a new control function pPw,

| / Dot (T H(m))dT 1 1 H ()| < (CrpPio(s, 1)7/7

for j =1,...,[p] and (s,t) € App). By Lemma 3.3,

oo [ B (H@)H@P] < (Copls 0" (3.23)
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for j =1,...,[p] and (s,t) € Az Note that

Mol | Bt (HOAH ()] = |91 X20] < 3 (Ps, )7 (3.24)

for j=1,...,[p] and (s,t) € Apr). Remembering that ¢ (in Lemma 2.9) is independent
of the control function, we may use Lemma 2.9 for (3.23) and (3.24) to obtain

Crsis sT s / Dger (H(n))dH (n)| < (pPw(s, 1))/7

for j = 1,...,[p] and (s,t) € Apmr). Note that I'y sg-150,,, = I'p1101,1,3. Then, by
(3.17), we have

CoaaH(n+1)] | < (pPw(s, 1)/

for j =1,...,[p|] and (s,t) € Apr. Thus, the induction was completed.
The third assertion is easily verified from the second and Lemma 2.8, since p=! < 1. 1

Set Z'(n) = (Z(n),0) when X is (hence, Z(n) is ) a smooth rough path. Clearly, this
naturally extends to the case of geometric rough paths and we use the same notation for
simplicity. Remember that K(n) = I';; g-w-1nH(n) and Z'(n) = I'y 1 0H(n). Therefore,
it is easy to see from Lemma 2.8 that

|K(n)ie = Z'(n)3,| <3870V (pPw(s, t))” (3.25)

for j=1,...,[p] and (s,t) € Dppy-
Let a: VEW® — VHW be a bounded linear map defined by a{(z,y,d)) = (x,y—d).

Then, o] vewe2 vew) = 1. It is obvious that @K (n) = Z(n — 1) and a@Z'(n) = Z(n).
Combined with (3.25) and Lemma 2.8, these imply that
|Z(n)ly — Z(n = 1)%,] < 3B~V (pPw(s, 1)/ (3.26)

for j=1,...,[p] and (s,t) € Djopy-
Since 3 > 1, the inequality above implies that there exists Z € GQ,(V @& W) such that
lim,, .o Z(n) = Z in GQ,(V & W). In particular,

|Z(n)e = 204 <5 ) 87D (pPwls, 1) (3.27)
for j = 1,...,[p] and (s,t) € Apmp). This Z is the desired solution of (3.12) on the

restricted time interval [0, 7}].

Remark 3.5 Let us recall how the constants are defined. First, Cy depends only on p and
M(f;[p]+1). ¢ depends only on Cy and p and so does p := [3/9, where 3 > 1 is arbitrary
chosen. Therefore, the constants on the right hand side of (3.26) and (3.27) depends only
on p and M(f;[p] +1) (and the choice of f > 1). In particular, the constants Cy, §, Cs
(below) etc. can be chosen independent of yo even if we replace f with f(- + yo).
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From (3.27) and Remark 3.5,
‘Z ¢ < (Cw(s, t))/7, g=1....p, (s1)€ Lpmn. (3.28)

for some constant C3 > 0 which depends only on p and M(f;[p] + 1) (and the choice of
g >1).

Now we will consider prolongation of solutions. Take 0 =Ty <717 < -+ < Tny =1 so
that pPw(T;_1,T;) = 1fori=1,... ,N—1and pPw(Tn_1,Ty) < 1. By the superadditivity
of w, N =1 < pPw(0,1) = (3p + 2|f|s)?@(0,1). Hence, N is dominated by a constant
which depends only on w(0,1), p, and M(f;[p] + 1) (and the choice of 5 > 1).

On [T;_1,T;], we solve the differential equation (3.12) for a initial condition Y7, 1
instead of Yy = yo. By Remark 3.5 and Remark 3.6, we see that (3.28) holds on each time
interval [T;_q,T;] with the same C3 > 0. Then, we prolong them by using Lemma 2.10.
Thus, we obtain a solution on the whole interval [0, 1].

Remark 3.6 By the definition of w in (3.19), we can take the same T;’s even if we
replace f by f(- + yo). This is the reason why we assume the boundedness of |f|. This
fact enables us to use a prolongation method as above. If |f| is of linear growth, then the
prolongation of solution may fail. The author does not know whether Lyons’ continuity
theorem still holds or not in such a case.

Summing up the above arguments, we have the following existence theorem.

Theorem 3.7 Consider the differential equation (3.12). Then, for any X € GQ,(V)
there exists a unique solution Z € GQ,(V & W) of (3.12). Moreover, if X satisfies that

X1 | <o, ty?, j=1,....]p, (s,t)en
for some control function w, then Z satisfies that
|Z t}< (La(s, ))/P, j=1...,[p], (s,t)€A.

Here, L > 0 is a constant which depends only on ©(0,1), p, and M(f;[p] +1).

Proof. All but uniqueness have already been shown. Since we are mainly interested in
estimates of solutions, we omit a proof of uniqueness. See pp. 177-178 in [16]. 1

3.3 Local Lipschitz continuity of It6 maps

In this section we will prove the Lipschitz continuity of 1t6 maps. In [16] the coefficient
of Ito maps is fixed. Here, we will let the coefficient vary.
Let X, X € GQ,(V) and @ be a control function such that

‘Xg,t|7 |Xg,t| S ("AJ(S? t)j/pa |Xg,t - th‘ S gdj($7t)j/p (329)

S
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for j=1,...,[p] and (s,t) € A. Let yo, 9o € W be initial points such that
1ol, [90] < ro, lyo — G0 < &' (3.30)
Let f,f € C’,EPHQ(W, L(V,W)). For this f and f, we assume that, for any R > 0,
M(f;lp)+2), M(f;lp)+2) <M, M(f—f;[p)+2 R) <% (3.31)

Essentially, ¢ and €% vary only on 0 <&’ < 2ry and 0 < &, < 2M, respectlvely
As in Theorem 3.7, we can solve the differential equation f and f with the initial point
Yo and 7o, respectively, as in the previous subsection. Set

Ro =1+ Tro + L(I)(O, 1), (332)

where L > 0 is the constant in Theorem 3.7. Then, the first level paths of the solutions
satisfy

Yo+ Youl 100+ Yoo | < Ry — 1, t€[0,1]. (3.33)
Instead of (3.30) and (3.31), we assume that

vol, [9o] < Ro—1,  |yo— 3ol <& (3.34)

and that

M(f;lp]+2), M(f;[p) +2) <M,  M(f—fi[p]+2,Ro) <e"(:=¢p,).  (3.35)

Clearly, if (3.29)—(3.31) are satisfied, then so are (3.29), (3.34), and (3.35). Now we will
start with (3.29), (3.34), and (3.35).

We set fy,(y) = f(y + yo) and fyo( ) = f(y + o) for simplicity. In a similar way,
by replacmg y with y + yo (or with y + o, respectively), we define F,, U, 3, @, 3, etc.

(Fyo, \I/yo 8 <I>y0 3, etc, respectively). By straight forward computation, we see from Lemma
3.2 that

M(®y, 55 [p] +1,1)

A

M(q)yo,ﬁ - (I)ﬁo,ﬁﬁ [p]a 1)

CM(f;[p]+2)=CM,

M(®y, 5 — Pygop; [p], 1) + M (g 5 — &)ﬁ?,BQ [p],1)
CM(fyo - fﬁo; [p] +1, 1) + CM(f?Qo - f?}o; [p] + 17 1)
C(Me' +£"). (3.36)

(VAN VANRN VAR VAN

Here, C' is a positive constant depending only on p, which may vary from line to line. For
these @4, and dg, go, We define H(n), K(n), H(n), K(n) as in the previous subsection.
Assume that K, K € G€Q,(V ® W#?) satisfy that, for some control w with w(0,1) <1,

KLl K] < wls, 7P, KL, = K| < ewls, 1) (3:37)

for j = 1,...,[p] and (s,t) € A. Then, from Proposition 3.1 we obtain (3.18) for K, K
for the same Cy. Also from Proposition 3.1 and (3.36) we obtain

t t
| / Dy, (K)dK? — / Dp 40 (K)AK?| < 1 (Cluw(s, 1)7P (3.38)
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for j=1,...,[p] and (s,t) € A. Here, €1 := ¢+ £’ + " and the constant C] > 0 depends
only on M and p. (In particular, C7 is independent of 5 > 1.)

Let Cy := Cy Vv (2PC]) and define § € (0,1] as in Lemma 2.9. Take 3 > 1 arbitrarily
and set p = /0. (Here, p is defined.)

For @ as in (3.29), we set w essentially in the same way as in (3.19), namely,

p+2/fle V If\oo>pd}(8 9,

w(s,t) = <2+ p

Then we have (3.20) for X, X, ,1K(1), le,lf((l) and we also have by straight forward
computation that

. ~ . £ . . ~ . .
|Xg,t - Xg,t‘ < Elw(s, t)J/pa |Fp,1,1K(1)i,t - Fp,l,lK(l)iA <ée (PPW(& t))]/p (3‘39)

for j=1,...,[p] and (s,t) € A.
Take T} > 0 so that pPw(0,77) < 1 as in Proposition 3.4. We will prove that not only
(3.21), but also the following holds for j =1,... ,[p] and (s,t) € Ajoy:

Lo H (s = TpuaH ()] < 21 (pPls 1) (3.40)
From (3.40) and Lemma 2.8 we see immediately that
}H(n)g,t - ﬁ(n)i,t} <ér (ppw(sa t))j/p7 J= L..., [p]v (87 t) S A[O,Tl]‘ (341)

together with (3.22) for H(n) and H(n).
Assume that (3.40) holds for n. From (3.38) we have, together with (3.23) for H(n)
and H(n),

t t
}/ D1,y (Lp1,1H(n))dl 11 H(n)’ —/ D g1,y (Lp11H (n))dl 11 H(n)|

oo [ @ sanlEHNAH Y — [ Ggos ()0 ]|
< (eg + Me 4 &")(C pPw(s, 1))/ < e1(2PC) pPuw(s, t))I/P
for j =1,...,[p|] and (s,t) € App. Note that
W [ B (HAH @Y — [ G (F() R )

. . a €1 .
= /(X — X < E(PPW(SJ))W
for j =1,...,[p] and (s,t) € Ajr). Applying Lemma 2.9 with C5 := Cy V (2°C]) and
€ = €1 to these two inequalities above (and noting that I'y 55150, ,, = Tp1101,1,3), we
obtain that
T, Hn+ 1)1, =T, H(n +1)2,| < ei(pPw(s, t))7? (3.42)
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for j=1,...,[p] and (s,t) € Apr). Thus, we have shown (3.40).
From (3.41) and Lemma 2.8, we can prove the following in the same way as in the
proof of (3.28):

}Zg,t}7

th‘ < (CSPPW(Sat))j/pa ‘Zg,t - Ag,t‘ < 51(C§Ppw(5>t))j/p (3‘43)

for j =1,...,[p] and (s,t) € D). Here, C3,Cy depend only on M, p (and the choice
of 3).

Note that since the second component of H(n) is Y (n), we can easily see from (3.41)
that |Yg,, — }A/O{T1| < €1. Therefore, the difference of the initial values on the second
interval [T1, Ty] is dominated by |(yo + Yoz, ) — (o + Yoq, )| < &' + &1 < 2e1.

Therefore, from the above computation and (3.33), on the second time interval [T}, T3],
(3.29), (3.34), and (3.35) are again satisfied, with ¢’ in (3.34) being replaced with 2.
(Note that w, Ry, and M are not changed.)

Thus, we can do the same argument on [T7,75] to obtain (3.43), with £ in (3.43)
being replaced with 2¢;. Similarly, we obtain that |(yo + Ygz,) — (0 + Yign)| < 5er
Repeating this argument finitely many times and use Lemma 2.10, we can prove the
following theorem on the local Lipschitz continuity of Ito maps.

Theorem 3.8 Let &, 1o, Ro,M, e,¢ &), X, X € GQ,(V), vo,9 € W, and f.f €
C’IEPHQ(W,L(V, W)) satisfy (3.29)-(5.31). Set Ry and " = € as in (3.32). We denote
by Z,Z be the solutions of It6 maps corresponding to f,f with nitial condition g, Yo,

respectively. Then, in addition to Theorem 3.7, we have the following; there is a positive
constant L' such that

|21, = 2L < (e + & + ") (La(s, 1)) (3.44)
forj=1,...,[p| and (s,t) € A. Here, L' depends only on w(0,1), p, ro and M.
For k € Nand M > 0, set Ck, (W, L(V,W)) = {f € CFOW,L(V,W)) | M(f; k) < M}.
We say f, — f in Ck, (W, L(V,W)) as n — oo if M(f — fn;k, R) — 0 as n — oo for any
R >0.

Corollary 3.9 Let Z be the solution corresponding to X, f,yo given as above. Then, the
map

(/. X, 10) € Cly (W, LV W)) X G(V) X W= Z € G (V & W)
is continuous for any M > 0.

Remark 3.10 The above argument is based on Section 6.3, [16]. Therefore, when [p| = 2,
the regularity condition is Cy} in Theorem 3.8 and Corollary 3.9. The author guesses that
this can be improved to C}, if we mimic the argument in Sections 6.1 and 6.2, [16].
(Howewver, it has not been done yet.)
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3.4 Estimate of difference of higher level paths of two solutions

Let p>2and 1/p+1/q > 1 and let f be as in the previous subsection. In this subsection
we only consider the case f = f. For given X, the solution Z = (X,Y) of (3.12) is
denoted by Zx = (X,Yx). In Theorem 3.8 we estimated the “difference” of ch and
Z;< If X € Cou (V) C GQ(V), Then, Zy is an element of Cy,(W) and, therefore, the
“difference” Zx — Z; is a W-valued geometric rough path. The purpose of this section
is to give an estimate for (Zx — Z)7 in such a case. Note that (Zx — Z¢)’ and Z% — Z;'z
is not the same if j # 1.

Roughly speaking, we will show that ||(Zxia — Za) |5 < Clea, ko, f)E(X)? for A €
Coq(V) and X € GQ,(V) with [|All, < ¢ and {(X) < Ko. Since this is a continuous
function of (X, A), we may only think of X lying above an element of Cy ,(V). Note also
that if we set

[p]
wist) = AL+ wPIXIP7 . (here, we set k= £(X)),
j=1
then this control function satisfies that w(0,1) < ¢f + [p], [AL,| < w(s,t)Y/%, and |X7,| <
K w(s,t)/P.

First we prove the following lemma. Heuristically, x > 0 is a small constant.

Lemma 3.11 Let kg > 0. Assume that a control function &, A € Cp,(V) and X €
GQ,(V), and k € [0, ko] satisfy that

Al <@, )Y XD < (sd(s, )P j=1 ] (s 1) € A

Then, there is a positive constant C' which depends only on ko, w(0,1),p, M(f;[p] + 1)
such that

(57X A Yxn)! | S Cats, 2, s <t

Here, the left hand side denotes the jth level path of a V¥? & W-valued geometric rough
path and Yx i denotes (the W-component of ) the solution of (3.12) for X + A.

Proof. We will proceed in a similar way as in the previous subsection. We define F €
CPPY (VE2 o W L(VP2 & W, V32 @ W)) by

F(z, o' y){(&& ) = (& fy)E+¢E),  for (z,2,y),(&,¢n) e VZaW
and define &4 : V2 @ W2 — [(VE2 @ W2 V2 ¢ W?) by
By, @'y, 2)((6,€,m,O) = (6:€, FY)E+E), Waly, 2) (€ +£)),
for 3 > 0 and (z,2,y,2),(&E,n,¢) € V2 ® W2, Note that ®g satisfies a similar

estimates as in Lemma 3.2.

25



Instead of (3.12), we now consider
t
71, = / F(2)dZ,  j=1,2... [p,(s,0) € A, and mpea(2) = (X, A).  (3.45)

It is easy to check that the solution of this equation is (X, A, Yxya).
In order to solve (3.45), we use the iteration method as in (3.13) or (3.14). More
explicitly,

dX = dX, dA=dA
dY(n+1) = f(Y(n)d(X +A),

dBD(n+1) = Us(Y(n),BD(n))d(X + A). (3.46)

Now consider the iteration procedure for given (X, A) € GQ,(V) x Cy,(V) and for F
and ®; as in (3.15) and (3.16). Also define K(n) and Z(n) as in (3.15) and (3.16) with
K(0) = (X,A,0,0) and K(1) = (X, A, f(0)(X +A), f(0)(X + A)).

Set f[(n) = F171717/6n—1[2(n) = (X,A,Y(n), 8" 'D(n)). Then, in the same way as in
(3.17), we have

A(n+1)=Thi1g / By (B(n)dH(n), for B£0andneN.  (347)

Slightly modifying Proposition 3.1 and Lemma 3.2, we see from the estimates for i)ﬁ
the following: If K € GQ,(V#2*@&W™»?) satisfies that, for some control wy with wy(0,1) < 1,

‘Pl/,{’l’l,ljv{it‘ S wo(s, t)j/p fOI' j = 1, ey [p], (8, t) c A

then, for any 3 > 1,
t
}Fl/l{,l,l,l/ q)ﬁ(K)d}%]} S (Ole(S,t))j/p fOI' ] = 1, e [p], (S,t) € A (348)

Here, C; > 0 is a constant which depends only on g, p, M(f;[p] +1). (See Lemma 3.2.
Note that (i) Cy is independent of 3 > 1, (ii) we may take C; independent of o even if
we replace f with f(- + yo).)

Let Cy as in (3.48) and for this C define § as in Lemma 2.9. Choose > 1 arbitrarily
and set p = /9, where ¢ is given in Lemma 2.9. As in (3.4), there exists a constant
¢ = c(ko, pyp, | floo) such that w(s,t) = cw(s,t) satisfies that , for all j = 1,...,[p] and
(s,t) € A,

_ ; 1 . - . .
07X AV < S0 77, [Ty K (D] < (s, )", (3.49)

Now we will show that, for 77 € (0, 1] such that w(0,77) < 1, it holds on the restricted
time interval [0, 7}] that

T pin H),| < (Pw(s, ), G=1,...,0, (s,t) € D). (3.50)



We use induction. The case n = 1 was already shown since H(1) = K(1). Using
(3.48) for pPw, we have

t t
}Fl//{,l,l,l/ (I)ﬁ”—l(Fp7p71,1H(n))drmml,lH(n)]‘ = }Fp/mmp,p/ (DB"—I(H(”))CZH(”)]‘
< (Gruls ). (351)

By projection onto the V®2-component,

7TV@?FP/%,/J,;LP/ &)ﬁ"*l(ﬁ(n))dﬁ(n)J} =[P’ (v7'X, A)g,t| < %(Ppw(sat))j/p (3.52)

We may use Lemma 2.9 for (3.23) and (3.24) to obtain

t
16516 s / Bns (H(n))dE ()| < (Peo(s, 1))

From this, we see that (3.50) for n + 1. Hence we have shown (3.50) for any n. From
(3.50), it is easy to see that

‘F1/5’1’171ﬁ(n)g7t‘ S (pp(,U(S, t))j/p, j = 1, ceey [p], (S, t) S A[OJ’H. (353)
In the same way as in (3.25)—(3.28), we obtain from (3.53) that
}Fl/n,l,lzg,t} S (é3w($7t))j/pa ] = 17 ey [p]a ($>t) € A[&Tﬂ' (354)

for some constant C5 > 0 which depends only on kg, p, and M(f; [p] + 1) (and the choice
of 3> 1).

Note that (3.54) is the desired inequality (on the restricted interval). By prolongation
of solution we can prove the lemma. |

For X and A as above, set Q = Q(X,A) := Yx,p — Y,. Clearly,

dQ = f(Yx1a)dX + [f(Yx4a) = f(Ya)]dA.

Lemma 3.12 Let kg > 0. Assume that a control function ©, A € Cp4(V) and X €
GQ,(V), and k € [0, ko] satisfy that

Asl S@(s, )V, XD < (o(s, )7 j=1,.,00), (s,1) € A

Then, there is a positive constant C' which depends only on kg, w(0,1),p, M(f;[p] + 2)
such that

(571X A, Yioa, Yaw Q)1 < (Cots, )77, j=1, [, (.)€,

st

Here, the left hand side denotes the jth level path of a V? @ W®3-valued geometric rough
path.
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Proof. In this proof, the positive constant C' may change from line to line. As before we
may assume that X € Cp (V). Recall that A € Cy (V) — Yy € Co (W) is continuous
and there exists a constant C' > 0 such that |(Yy)!,| < C@(s, )"/, Combining this with
Lemma 3.11, we have

’(K_1X7A7YX+AaYA);t < (O@(‘S?t))j/p? ] = 17 s >[p]a ($7t) € A.

From Lemma 3.11, we easily see that, for some constant C' > 0,

(57 XA, Y, Ya, i / FVeen)dX)! | < (Cos, )77, j=1,....[p),(s,8) € A.

Note that from the local Lipschitz continuity of (the first level path of) the It6 map
(Theorem 3.8), we see that, for some constant C' > 0,

ot [ 0e) = FV0IA| < Cos. 0, =L Bl (€D

Here, the left hand side is the Young integral. From these, we can easily obtain the
theorem. 1

4 A stochastic Taylor-like expansion

4.1 Estimates for ordinary terms in the expansion

In this section we will estimate ordinary terms in the stochastic Taylor-like expansion
for 1t6 maps. Let p > 2 and 1 < ¢ < 2 with 1/p+ 1/¢g > 1 and let V,V, W be real
Banach spaces. Let o € C°([0,1] x W, L(V, W)) and b € C°([0,1] x W, L(V, W)). Here,
[0, 1] x W is considered as a subset of the direct sum R&W. We will consider the following

~

ODE: for € > 0, X € GQ,(V), and A € Cp,(V),
4" = o(e, Y NedX, + b(e, YA, Y =0 (4.1)

Note that if X is lying above an element of Cj,(V), then (4.1) makes sense in the g¢-
variational setting.

More precisely, the above equation (4.1) can be formulated as follows. Define & by
0 = ogopy +bopy, where p; and p, are canonical projection from V @ YV onto the first and
the second component, respectively. Then, € C;°([0, 1] x W, LOV®Y,W)). We consider
the It6 map ®° : GQ,(V @& V) — GQ,(W) which corresponds to the coefficient & (e, -)
with the initial condition 0. If X € C,(V) and A € Cy,4(V), then (X, A) € Co,(V ® V).
This map naturally extends to a continuous map from G, (V) x Co,q(f/) to GQ,(V & V)
(see Corollary 3.9). The precise meaning of (4.1) is that Y& = &°((¢X, A));.

Remark 4.1 In Azencott [3], he treated differential equations with the coefficients of the
form o(e,t,y) and b(e,t,y). ODE (4.1), however, includes such cases. In order to see
this, set W = Wa R, V' =V 3R, A, = (A, t), and add to (4.1) the following trivial
equation; dY] = dt.
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We set YO = ®°((1,A));, where 1 = (1,0,...,0) is the unit element in the truncated
tensor algebra (which is regarded as a constant rough path). Note that A € C’O,q()}) —
YY € Cp (W) is locally Lipschitz continuous (see [16]).

We will expand Y in the following form:

YVE Y0 eyt 4 22y2 4 8y3 .. as £\ 0.

(Note that Y* does NOT denote the kth level path of Y. The kth level path of Y7 will
be denoted by (Y7)¥. Similar notations will be used for I* and J* below. This may be

a little confusing. Sorry.) By considering a (formal) Taylor expansion for o(e, Yt(g)) and

b(e, Y;(E)), we will find explicit forms of Y (n € N) as follows. (Or equivalently, we may
formally operate (n!)~'(d/de)™ at € = 0 on the both sides of (4.1)).

dY;" — 0,b(0, YO (Y, dA) = dI}' +dJ}, (n €N) (4.2)
where I" = I"(X,A) and J* = J"(X, A) are given by

aIl = o(0.Y))dX,  dJ} = 2.6(0,Y")dA,,

(4.3)
with I} = Jj =0, and, for n = 2,3,.
n—2n—1—j ‘
=YY gde0 Y07 K
=0 k=1 (’Ll,... ’Lk)ES'Z 1=J
1 -
+(n )ae Lo(0,Y)dX,
n—1 n—j 4
dJr = > '—Maga;j (0, YO\ (Y, Y™ dA,)
J=1 k=1 (il,... ,i}JESZﬁ
"1 ; ; I
+ Ha{jb(o, YOV Y, Y dA) + Has b(0,Y,")dA, (4.4)
k=2

with [) = JJ' = 0. Here, 0. and 0, denote the partial Fréchet derivatives in € and in y,
respectively, and

Now we define functions which appear on the right hand sides of (4.3) and (4.4). Let
X,.1 =V&V®W. An element in X,_; is denoted by v = (z,&;4% y', ... ,y" ).
Partial Fréchet derivatives are denoted by 0,, 0,1, etc. and the projection from A&;,_; onto
each components are denoted by ps, p,, etc. Set f1, 91 € G5, (X, L(X, W) by

AW =000,4") opa, 91(y°) = 8-5(0,4°) 0 ps. (4.5)

29



Forn =2,3,..., set fu,gn € Cplpe(Xn1, L(X,—1,W)) by

—_

n—2n—1—j

Fe ) = | S o0 )

=0 k=1 (il,“. ’Lk)GSn 1=3

.

1 n—1
+maa a(0,y )} O Pa,
n—1 n—j
gn(y0> ’yn—l) = Waga];b< )<y“> s akaa >
=1 k=L G5y ipesi
+3° Lok ) 0.9 opr (46)
2 7% Loyt )+ a0,y ops (4

Clearly, the functions f,, and g, are actually independent of x and z.

Lemma 4.2 Let f, and g, be as above and 6 > 0,C > 0,r € N. For{ = (&,...,&) €
{0,...,n—1}", we set [§] = >, & Then, on the following set

{@% D) W <CO+6) foro<i<n—1},
it holds that, for any & such that || <n —1,
0% oz, 2390, oy™ Y] < C'(L+ 6"

Here, Of = 0, -+ - 0,
O fn=0.
Similarly, it holds on the same set that, for any & such that || < n,

|00 gn(, 9.,y )] < C(1+6)" L

e and C' is a positive constant independent of 6. If |£| > n—1, then

Proof. This lemma can be shown by straight forward computation since f,, and g, are
(i) C° in yY-variable and (ii) “polynomials” in (y!, ...,y !)-variables. 1

In fact, we can compute 0 f, = Oye; - - - Oyer fn explicitly as follows.

Lemma 4.3 Let f, (n =1,2,...) be as above and r = 1,2,.... For { = (&,...,&) €
{0,...,n—=1}", set u=8{k | 1L <k <r, & #0}. Then, if |{| <n—1,

O f)@°, -y )
n—2—[¢| n—1—j5—|¢| 1
J k+r—p 0N/, ihep
[ Z Z Z . j'(l{? M)[aéfay U(O7y)<yl7"'7yk ) >
k=p+1 (i1, sin_ ) €S LI
1
+ a? 1- |€|ar }Op o)
(0= 1€} ©0.47)] oPe 00
Here, the right hand side is regarded as in L™ (X, 1,... , X,_1;W). Note that if || =
n — 1 the first term on the right hand is regarded as zero. If || >n —1, 9 f, = 0.
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Proof. We give here a slightly heuristic proof. However, since the difficulty of this lemma
lies only in algebraic part, it does not cause a serious trouble.
From the Taylor expansion for o

. k
5] . e e—
80(57 yO + Ay) ~ € Zk: ﬁagajo—(ov y0)<Ay7 SO Ay? ’ >7
-])
Ay ~ eyl +e2? 4+ 4+, as € \, 0. (4.7)

Then, we get a linear combination of the terms of the form
TGl e (0,5°) (Y™, -y, ).

(In this proof we say the above term is of order j + 1 +4; + --- + i;.) Recall that the
definition of f,, is the sum of terms of order n in the right hand side of (4.7).

Let us first consider d,s f,, (s # 0). Then, if n — s > 0, 9ys f(v°, ... ,y" 1) is the sum
of terms of order n — s of the 0,s-derivative of (4.7), which is given by

k—1
Y @050 (0, Ay, ... Ay, ), Ay~ely ey
m Uk —=1)!
Picking up terms of order n, we easily see Oys f,,(v°, ... , 4™ 1) is given as in the statement

of this lemma. The case for dy f, is easier.
Thus, we have shown the lemma for » = 1. Repeating this argument, we can show the
general case (r > 2). |

We set some notations for iterated integrals. Let A’ be real Banach spaces and let ¢
be A’-valued paths (1 <i < n). Define

In[qsl,‘,.’qb”]&t:/ d¢il®"'®d¢anAl®"'®An

<up<--<un<t

whenever possible. (For example, when ¢* € C 4(A;) (1 <i < n) for some 1 < g < 2.)
Let B' be real Banach spaces (1 < i < n) and B = ®",B;,. For 7 € II, and
by ®---®b, € B, we write

7T(b1 XX bn) = (bﬂfl(l), . ,bﬂ.fl(n)> c Bﬂ—fl(l) Q- Bﬂfl(n)

Let C = @™ A; and consider C®™. The (iy,... ,4,)-component of n € C®" is denoted
by 7l € A; ®---® A;, . Clearly, D A<inon in<m nlvin) = Let ¢ = (..., ¢™)
be a nice path in C. The nth level path of the rough path lying above ¢ is I+, ... ,1].
The action of 7 € II,, in component form is given by

(P, . lag) ) = AT ], (4.8)

This equality can be verified by straightforward computation.
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Now we state our main theorem in this subsection. In the following we set
LR
§X) =YX for X € Cog(V) (or X € G,(V)).
j=1

Here, X7 denotes the jth level path of (the rough path lying above) X. Clearly, {(rX) =
|r|£(X) for r € R. In the following we set v(—2) =1, v(—1) =0, and v(i) =i for i > 0.
Theorem 4.4 The map (X,A) — (X, A, Y?, ... | Y") extends to a continuous map from
G, (V) x Coq(V) to GU(X,). Moreover, for any X € Coy(V) and A € Co4(V), there
exists a control function w = wx a such that the following (i) and (ii) hold:

(i) For any (s,t) € A, X € Co V), A € Co V), 5 = 1,...,[p], and iy,... ,i; €
{=2,—1,...,n}, it holds that

17Ty, Y| < (L4 (X)) Ty (s, 1) (4.9)

Here, for notational simplicity, we set Y2 = X, Y1 = A.
(ii) For any r > 0, there exists a constant ¢ = c(r) > 0 such that

sup{w(0,1) | X € Co,(V), A € Coy(V) with |All, <7} <c.

Proof. 1In this proof, ¢ and w may change from line to line and we will denote § = £(X).
We will use induction. The case n = 0 is easy, since the map A € Cy (V) — Y0 € Cy (W)
is locally Lipschitz continuous (see [16]). Now we assume the statement of the theorem
holds for n — 1 and will prove the case for n.

Set 2"t = (X,A,Y°, ..., Y™ 1) for n € N. Then, it is obvious that

(XA Y0,y ) = / (s ® £,)(271)dz"".

By using (3.3)-(3.7), we will estimate the almost rough path = € AQ,(X™), which defines
the integral on the right hand side.

Let 1 < k < [p]. We consider the i = (iy, ... ,ix)-component of =%, where —2 <i; <n
for all j =1,... k. Set N(i) = {j | i; = n}. Note that, if j ¢ N (i) (equivalently, if
i; #n), then 1 = (ly,...,l;) in the sum of 3.3 must satisfy [; = 1.

We will fix such an 1. For j ¢ N(i), set L; := p;; (the projection onto the i;-component)

1 L= — (1] lj—1
j,...7m' —(mj7...7mj ,_2)7

1
;)

and m; = m) = i;. For j € N(i), set m; = (m ’

and

L;= > O fu(Z07h) = > L. (4.10)

m;€{0,... n—1}1i 71 m;€{0,...,n—1}1 7"

Then, from (3.3),

0 = S Y e e L)(X mzrhlmiem)] )

m;e{0,... n—131 welly
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The sum is over such I's. From (4.8) and the assumption of induction, we easily see that

[l (2 1)) ] < o1 4 §) I (s, )M, (4.12)

Z&;lhe;re v(mj,...,m}) = Z?Zl S v(mj). Combining this with Lemma 4.2, we have
a

}[E’;t](i)} <c(l+ 5)”(i)w(s7t)k/p, k=1,...,[p], (s,t) € A, (4.13)

Next we estimate i-component of E’;t — (Esu ®Zy )" for s < u < t. For that purpose,
it is sufficient to estimate R;(z,y) in (3.5) for f = Idyn_1 & f,. If i # n, ith component
of Ry(z,y) (that is equal to R;(x,y) for the projection p;) vanishes. From Lemma 4.2, the
nth component R(f,)/(Z7!, Z"~') satisfies the following: for m; as above,

S, U

Lo (1 — @)t
)/ A DI L £ (207 4 6(Z0 ), ) (20710, P )
0 ([p] = D) ! ’
< (14 (X)) T il b < 1,

Here, the left hand side is regarded as a multilinear map from Y™ oxx Y™ x X, I
m} + -+ mé-_l > n — 1, then the left hand side vanish.

Denoting by flj the left hand side of the above inequality, we can do the same argument
as in (4.10)—(4.13) to obtain that

[EI;t . (Es,u ® Em)k} (i) <1+ 5)”(i)w(s7t)([p]+1)/p (4.14)

From (4.13)—(4.14), (X, A, Y9 ... [ Y™ 1 [") satisfies a similar inequality to (4.9) (with
Y™ in (4.9) being replaced with ™).

Now, by the Young integration theory, we see that |J7*—J7| < ¢(140)"w(s, t)'/9, which
implies that (X, A, Y9 ... Y™l [" 4 J") satisfies a similar inequality to (4.9) (with Y™
in (4.9) being replaced with I™ + J™).

Set dQ)y = 9,b(0,Y,.%)(-,dA;) and set M = M(A) by dM; = dQ; - M; with My = Idy.
It is easy to see that A € Cy (V) — M € C,(L(W,W)) is continuous (See Proposition
2.5). Also set M = Idy, , ®M € Cy(L(X,_1, X,_1)). Then, applying Duhamel’s principle
(Corollary 2.7) for M and (rX, YO, rY?, ... r 2yt pn(Im 4 J7)) with 1/r = (1 + 4),
we obtain (rX, Y0, 7Y ... rn7ly™=l pmY™) This completes the proof. |

4.2 Estimates for remainder terms in the expansion

In this subsection we give estimates for remainder terms in the stochastic Taylor-like
expansion. We keep the same notations as in the previous subsection. If X € (V) and

~

A€ Cyy(V), then

QUHE = QTEEO(XA) = YO — (YO eV 4 4"V, e €[0,1]
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is clearly well-defined. We prove that the correspondence (X, A) — Q"")(X, A) extends
to a continuous map from G, (V) x Cp4(V) to GQ,(W) and that Q") (X, A) is a term
of “order n 4+ 1”.

For simplicity we assume that X € Cg,(V) and A € Cg4(V). From (4.1) and (4.2), we
see that

dQrH© 8,b(0, Y,2)( PLE AN = o(e, YV )ed X, — Z ehdlf

k=1

+b(e, V)dA, — b(0,Y,)dA, — 0,0(0, Y)Y = Y2, dA) =Y FdIf. (4.15)
k=1

Note that I* and J* (k=1,... ,n) depends only on Y° Y ... Y"1 but not on Y™.
Set X, = V@& V@& WE2 An element in X, is denoted by (z, 2y~ 4% ..., y").
Then, in a natural way, f,, g, € C’l‘i‘foc(/'\?n, L(X,,W)) and Lemmas 4.2 and 4.3 hold with
trivial modification.
In the following theorem, we set for simplicity

ZME) = 77X A) = (e X, A YO Y0 eyt L ey Q).

This is a /'\?n-valAued path. We also set Vi) = £yt for 0 < i <n-—1, ?”’(5) = Q™)
Y16 = y@E y=26) = A and Y3 = cX. Then, 2™ = (Y=3,...,Y"). We define
v(i)=1ifori>0,v(-1)=v(-2) =0, and v(-3) = 1.

Theorem 4.5 For eachn € N and € € [0,1], the map (X, A) — 7™ (X, A) extends to
a continuous map from GQ,(V) x Cp (V) to GQ,(X,). Moreover, for any X € Cp (V)

and A € Cy4(V), there ezists a control function w = wx a such that the following (1) and
(ii) hold:

(i) For any (s,t) € A, X € Coq(V), A€ Coy(V), i =1,...,[p], and iy € {~3,-2,... ,n}
(1 <s<j), it holds that

‘_’Z‘j [Yilv(5)7 o 7}A/ij7(5)]s7t‘ < (e+ £(€X>)V(i1)+"'+l/(ij)w(s’t)j/P (4.16)

(ii) For any 1,719 > 0, there exists a constant ¢ = c(ry,12) > 0 depending only on r1,r9,n
such that

~

sup{w(0,1) | X € Coq(V) with {(eX) <y, A€ Cp (V) with ||All; < re} <ec.

Proof. 1In this proof the constant ¢ and the control function w may change from line to
line. As before we write 6 = £(X). We use induction. First we consider the case n = 1.
The estimate of the difference of ®°(X,A) and ®°(1, A) is essentially shown in Lemma
3.12. The estimate of the difference of ®¢(1, A) and ®°(1, A) is a simple exercise for ODEs
in g-variational sense. Thus, combining these, we can easily show the case n = 1.

Now we assume the statement of the theorem is true for n, and will prove the case for
n+ 1. First we give estimates for the first term on the right hand side of (4.15). Slightly
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modifying the definition of Z™©) we set Z™© = (X, A, Y© YO y»1 QmE)). We
also set

EOy 0y ) =co(e,y ) — Z f 0, .y, (4.17)
k=1

Then, Fi € C5,.(Xn, L(Xy, W) and B = 1S & B € CF5, (X, L( X0, Xoy1). Here,
W e L(X,, X,) is defined by

WOy oy = ey oy 2y eyt ey ).
We now consider [ £\ (Zm()dzm)
Since it is too complicated to give at once estimates like (3.3) for all the components
of all the level paths of the above integral, we first Consider ) for the first level path

(3.
of the last component of the above integral, i.e., [[ Fy ©)(Zme )dZ™@E)]1. Substitute i = 1,
f=F9 and X = Z™© in (3.3). Then, (the first level of) the almost rough path ©
which approximates [ [ F\~(Z™)dZ™@)]! satisfies that

[p]
O = 3" DR (20O (2O ), (4.18)

=1

Here, D denotes the Fréchet derivative on X,
Now we estimate the right hand side of (4.18). Choose [ and fix it. The contribution
from the first term on the right hand side of (4.17) (i.e., eo(e,y')) is given as follows;

O lo(e, YOUT Y, ... YO eX], ). (4.19)
By the Taylor expansion for o,

582_10(5, Y

k
AN

=Y e Y Y YO YD ) 4 <8,

]'k" Y
Jksj+k<n—1
Y(E) — YO+€Y1_‘_‘”_‘_gn—lyn—l_‘_Qn,(E)

with [eS,| < c¢(e + &d)". Therefore, (4.19) is equal to a sum of terms of the following
form;

'—Ma; o (e, YOV Y@ Ty @y i@ X)) (4.20)

Here, 1 < 4y,...,ix < nand 0 < 9341,...,04 14, < n. We say this term is of order
1+ j+ 1 0(4,), since this is dominated by (e + £8) et vlia)y(s )/P. Note
that, if a term of this form involves Y™ = Q™) then its order is larger than n.
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Let m < n. It is sufficient to show that the terms of order m in (4.20) cancel off with
"D ZE N2 )
= ™Y RO YT Y, Y X ).

¢e{0,..., m—1}-1

By Lemma 4.3 and its proof, this cancels off with all the terms of order m in (4.20).
(Note that [ — 1,m,k, and (igs1,...,%_14%) in (4.20) correspond to r,n,k — p, and
(&,...,&) in Lemma 4.3, respectively.) Hence, Dl_an(E)(Z?’(E)M[Z”’(E)]ls’t) is dominated
by c(e + e8)"w(s, t)//P. Thus, we have obtained an estimate for (4.18).

Let 1 < k < [p]. We consider the i = (iy,. .. ,ix)-component of ©F, where —3 < i; <
n+lforallj=1,... k Set N(i) = {j| i; = n+1}. Note that, if j ¢ N (i) (equivalently,
ifi; #n+1), then 1 = (I4,... ,lx) in the sum in 3.3 must satisfy [; = 1.

We will fix such an 1. For j ¢ N(i), set L; := e"Wp, if i; # n and L; := p;; if
i; = n and also set m; = m) = 4;. For j € N (i), set m; = (m;] b, m) =

IO 11F =
1 lj—1
(mj,... N ,—3), and

L _Dl-—lFs(Zn ) Z al-—lFs(Zn )Opm;
m]E{O,...,n—l}lj
Then, from (3.3),
O5)0 = S (L@@ L)Y (2Ol

1 WEH]

= D) (Li® @ L)(TF (2L, ... (Z7O))). (4.21)

The sum is over such I’s as in (3.3).

Now we estimate the right hand side of (4.21). Fix 1 for a while. For j ¢ N (i), Pairing
of L; and (Z™)4 is clearly of order v(i;). For j € N(i), consider the pairing of L; and
(Z"( )Yl Then, we can see that the same cancellation takes place as in (4.17)(4.20) and
that this is of order n + 1. If we notice that, for nice paths !, ...

A L B A il PRI T/ e R L N o
= Z 7TI|1| ’lvbﬂ- lb |l| ]8t7

melly
then, by using (4.16) for n, we obtain from the above observation for (4.21) that
(051D < cle + ed) i)+l (s, )47, (4.22)

Next we estimate R;(Xs, Xy), (s <u < t)in (3.5) with f = E and X = Zm© (since

R, of other components in £ clearly vanish). Fix 1 <1 < [p]. From (4.17), the first

term in RZ(FY(LE))(Z?’(E), 23’(5))<(Z"7<6>)37t) is given by
b =)kt ] e e\l 1®pl—l+1 Ty (e) (@)
0 d&mﬁy ( 7}/;u 9)([(Y )s,u] >I [Y st >Y ’gX]%t)? (4'23)
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where Y, =Y + 6(Y*®)! . Then, by expanding this as in the previous section, we can
see that the same cancellatlon takes place as in (4.17)—(4.20) and that

|Ry(F©Y (2 2@y (ZzmEN D] < cle+ed)™w (s, £)EH+D/p,
This implies that

105 = O = O "] < ZIRz (FNZ2©, Zy (2O, 0

n

< c(a 4 e6) (s, )PP s <y <t

From (3.5)—(3.7) and the above estimate for R;, we may compute in the same way as
n (4.21)—(4.22) to obtain that

H@’;t — (O ® @uﬂg)k](i)‘ < e + g0t trlin) (5 ¢) P/, (4.24)
From (4.22) and (4.24) we see that the map

(X, A) = (eX, A, YO YO eyt . ety @), / o(e, Y)edX — Ze’f[’f)

is continuous and satlsﬁes the mequahty (4.16) for n + 1 (with Y™ and Y1) being
replaced with Q™ and [o(e,Y&)edX — Y1, e*I*, respectively).

By expanding [b(e, Y ©)dA in (4.15) with Y& = YO ... 4 en=1yn=1 4 Q™) we see
that

t n
/ (b(e, Y O)dA, — b(0, YV,))dA, — 8,b(0, Y)Y, — V) dA,) =) " *d.Jf)

< cle +e6)"w(s, )14,

(Thanks to the third term 8,b(0, Y0)(Y,¥) — Y0, dA,), all the terms that involve Q™) in
the expansion are of order n + 1 or larger.)
Let K™ be the right hand side of (4.15). From these we see that the map

(X, A) = (X, A, YE YO eyt enlynt @me) | gt

is continuous and satlsﬁes the inequality (4.16) for n + 1 (with Y™ and Y"1 being
replaced with Q™) and K"*1() respectively).

By applying Duhamel’s principle (Lemma 2.7) in the same way as in the proof of
Theorem 4.4 in the previous subsection, we see that the map

(X, A) = (eX, A YE YO eyt o entynt @n@ Qnit) (4.25)

is continuous and satlsﬁes the mequahty (4.16) for n + 1 (with Y™ and Y"1 being
replaced with Q™) and Q") respectively). ) )
Finally define a bounded linear map « € L(V,.41, Vii1) by

3 n n+1)

a(y_7“‘7y 7y _37“‘

n+1 n+1)

= (y e VT

and apply @ to (4.25), which completes the proof of Theorem 4.5. |
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5 Laplace approximation for Ito6 functionals of Brow-
nian rough paths

In this section, by using the expansion for [t6 maps in the rough path sense in the previous
sections, we generalize the Laplace approximation for It6 functionals of Brownian rough
paths, which was shown in Aida [2] or Inahama and Kawabi [11] (Theorem 3.2). In this
section we always assume 2 < p < 3.

5.1 Setting of the Laplace approximation

Let (V,H, 1) be an abstract Wiener space, that is, V) is a real separable Banach space,
‘H is a real separable Hilbert space embedded continuously and densely in V), and u is a
Gaussian measure on V such that

/v exp(vV=1{¢, z))u(dx) = exp(—||¢)|

3:/2), for any ¢ € V*.

By the general theory of abstract Wiener spaces, there exists a V-valued Brownian motion
w = (wy)e>o associated with p. The law of the scaled Brownian motion ew on P(V) =
{y : [0,1] — Vl|continuous and yo = 0} is denoted by P, (¢ > 0).

We assume the exactness condition (EX) below for the projective norm on YV ® V and
p. This condition implies the existence of the Brownian rough paths W. (See Ledoux,
Lyons, and Qian [14].) The law of the scaled Brownian rough paths WV is a probability
measure on G$,(V) and is denoted by P. (¢ > 0).

(EX): We say that the Gaussian measure p and the projective norm on X ® X satisfies the
exactness condition if there exist C' > 0 and 1/2 < a < 1 such that, for alln =1,2,...,

E HZ MN2i—1 @ N2
i=1

Here, {n;}2, are an independent and identically distributed random variables on X such
that the law of 7; is p.

] < On®.

We consider an ODE in the rough path sense in the following form. Let W be another
real Banach space. For o € C;°([0,1] x W, L(V,W)) and b € C3°([0,1] x W, L(R,W)) =
Cpo([0,1] x W, W),

4Y,® = o(e, YNedW +b(e, Y Ndt, v =o.

Using the notation of the previous section, we may write Y (&) = ®°(cW, T). Here ®° is
the Itd6 map corresponding to (o,b) and T is the R-valued path defined by T, = ¢.

We will study the asymptotics of (Y©)); = &(cW,T); as ¢ \, 0. We impose the
following conditions on the functions F' and . In what follows, we especially denote by
D the Fréchet derivatives on L' (H) and P(W). The Cameron-Martin space for Py is
denoted by LY'(H), which is a linear subspace of P(W). Note that LY'(H) c BV(V) C
G, (V). Set WO : LY (H) — P(W) by WO(A) = ®°(A, T);.
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(H1): F and G are real-valued bounded continuous functions defined on P(W).
(H2): The function F := F o U0 4 || - HigJ(H
at a unique point A € LY (H). For this A, we write ¢ := WO(A).

(H3): The functions F' and G are n + 3 and n + 1 times Fréchet differentiable on a
neighbourhood B(¢) of ¢ € P(W), respectively. Moreover there exist positive constants
My, ..., M,.3 such that

‘DkF(n) [y, . ,y”
‘DkG(n) [y, e ,y”

hold for any n € B(¢) and y € P(W).
(H4): At the point A € L' (H), consider the Hessian A := D?*(Fo ‘I’O)(A”LQJ(H)ngJ(H)'

As a bounded self-adjoint operator on Ly'(H), the operator A is strictly larger than
—Id; 014 in the form sense.

) /2 defined on L' (H) attains its minimum

<
< Millyllbow, k=1,....n+1,

Now we are in a position to state our main theorem. This can be considered as a
rough path version of Azencott [3] or Ben Arous [5]. The key of the proof is the stochastic
Taylor-like expansion of the It6 map around the minimal point A, which will be explained
in the next subsection. (There are many other nice results on this topic in the conventional
SDE theory. See Section 5.2 of Pitarbarg and Fatalov [18]. For results in the Malliavin
calculus, see Kusuoka and Stroock [12, 13|, and Takanobu and Watanabe [19].)

Theorem 5.1 Under conditions (EX), (H1)-(H4), we have the following asymptotic
expansion: (E is the integration with respect to Py or Py.)

E [G(Y(s)) exp ( — F(y(s))/52)]
= exp ( - F(A)/52) exp ( — C(A)/g) . (ao +oje+ -+ e+ O(gn-i-l))’
(5.1)

where the constant c(A) is given by c(A) := DF(¢)[E(A)]. Here Z(A) € P(W) is the
unique solution of the differential equation

dEt — ayO'(O, th)[Et, dAt] — ayb((), th)[Et]dt = agb((), ¢t)dt UJZth EO = 0 (52)

Remark 5.2 In [11], only equations of the following form were discussed.

dY,9 = o(v\)edW, + 3 a;(e)bi(Y)dt,  vy? =o0.

i=1

Here, a; : [0,1] — R are “nice” functions. This may be somewhat unnatural. However,
since we extended the stochastic Taylor-like expansion to the ‘e-dependent case” in the
previous section, we are able to slightly generalize the Laplace asymptotics (and the large
deviation) as in the above theorem.
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5.2 Sketch of proof for Theorem 5.1

The proof for Theorem 5.1 is essentially the same as the one for Theorem 3.2, [11], once
the stochastic Taylor-like expansion is obtained. Therefore, we only give a sketch of proof
in this subsection.

Roughly speaking, there are three steps in the proof:

Step 1: A large deviation principal for the laws of Y as e \ 0.

Step 2: The stochastic Taylor expansion around the maximal point. We expand 148
as € \, 0 as in the previous sections, where Ve s given by the following differential
equation:

~

AY© =g (e, V) (edW, + dA,) + b(e, Y dt, Y =o. (53)

Here, A € LY'(H) is given in Assumption (H2). Note that ¢ = Y if we use the notation
in the previous section. R
Step 3: Combine the expansion for Y®) with the Taylor expansion for F, G, and exp.

Firstly, we explain Step 1. We use the large deviation for Brownian rough paths
(Theorem 1 in Ledoux, Qian, and Zhang [15]. The infinite dimensional case is in [9]) and
then use the contraction principle of It6 map, which is continuous. This strategy was
established in [15].

Proposition 5.3 The law of Y ) on P(W) satisfies a large deviation principle as e \, 0
with the following rate function I:

0,1
L,

00 otherwise.

Iy) = { | X[2010/2 | 4= X)) iy = B0(X) for some X € LY (),

Proof. First recall that P. on G,(V) satisfies a large deviation principle as € \, 0 with
the following rate function J (see Theorem 1, [15] or Theorem 3.2, [9]):

2 . 0,1
J(X):{ 1X 11200 /2 i X € Ly (H),

00 otherwise.

Then, from the slight extension of Lyons’ continuity theorem (Theorem 3.9) and the slight
extension of the contraction principle (Lemma 3.9, [9], for instance), we can prove the
proposition. |1

Secondly, we explain Step 2. We can use Theorems 4.4 and 4.5, if we set V =V,

~

V =V & R and regard the equation (5.3) as follows:
Ay — ole, ?;(E))Eth + [0(6, YA;(E))dAt +b(e, ﬁ(a))dﬂ’ ?O(E) —0.

Finally, we explain Step 3. This step is essentially the same as in Section 6, [9]. In
this step, a Fernique type theorem and a Cameron-Martin type theorem for the Brownian
rough paths are used. (See, for instance, Theorem 2.2 and Lemma 2.3, [8].)
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