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Abstract

In this paper, we establish asymptotic expansions for the Laplace approximations
for It6 functionals of Brownian rough paths under the condition that the phase
function has finitely many non-degenerate minima. Our main tool is the Banach
space-valued rough path theory of T. Lyons. We use a large deviation principle
and the stochastic Taylor expansion with respect to the topology of the space of
geometric rough paths. This is a continuation of a series of papers by Inahama [7]
and by Inahama and Kawabi [8], [9].
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1 Introduction

Let (X, H, ) be an abstract Wiener space, i.e., X is a real separable Banach
space, H is the Cameron-Martin space and p is the Wiener measure on X. Let
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Y be another real separable Banach space and w := (w;)o<t<1 be the X-valued
Brownian motion on a completed probability space (2, F,P) associated with
. We consider a class of Y-valued Wiener functionals X¢ := (X7 )o<t<1 defined
through the following formal stochastic differential equation (SDE) on Y:

dX; = o(X}) o edw, + b(e, X;)dt, X5=0, (1.1)

where the coefficients o and b take values in L(X,Y') and Y, respectively, with
a suitable regularity condition. In this paper, L(B, B’) denotes the space of
bounded linear maps from B to B’ for real separable Banach spaces B and
B’. We note that, since the diffusion coefficient o takes values in L(X,Y"), we
cannot interpret the equation (1.1) through the usual theory of SDEs generally
when X and Y are infinite dimensional Banach spaces. See Section 3 for the
precise formulation of these Wiener functionals X. As examples of (1.1), we
can give a class of heat processes on loop spaces and the solutions of SDEs on
M-type 2 Banach spaces. See Inahama and Kawabi [9] for details.

The main objective of this paper is to discuss the precise asymptotic behavior
of the Laplace type functional integral E{G(XE) exp(—F(X‘f)/£2)} as € \, 0.
For heat processes on loop spaces, Laplace’s method was studied in the earlier
paper Inahama [7]. In this paper, as a continuation of [7] and [9], we establish
the asymptotic expansion formulas for wider classes of (infinite dimensional)
Banach space-valued Wiener functionals by using the fact that the rough path
theory of T. Lyons works on any Banach space.

To establish the Freidlin-Wentzell type large deviation principle for X¢, due
to the lack of the continuity of the Ito6 map w — X¢, Schilder’s theorem
and the contraction principle may not be used directly. To overcome this
difficulty, Freidlin and Wentzell developed refined techniques involving the
exponential continuity (see Deuschel and Stroock [6]). On the other hand,
recently, Ledoux, Qian and Zhang [14] gave a new proof for the large deviation
principle by using the rough path theory. The basic idea in [14] is summarized
as follows: First, they show that the laws of Brownian rough paths satisfy the
large deviation principle. Next, they use the contraction principle since the
[t6 map is continuous in the framework of the rough path theory. Hence their
approach seems straightforward and much simpler than conventional proofs.
In [8], it is shown that their approach is also applicable to a class of stochastic
processes on infinite dimensional spaces.

As an application of the large deviation principle, Laplace’s method is investi-
gated in many research fields of probability theory and mathematical physics.
In finite dimensional settings, Schilder [16] initiated the study in the case of
X¢ = ew and Azencott [4] and Ben Arous [5] continued this study for (1.1).
(For results concerning with more general Wiener functionals, see Kusuoka
and Stroock [11], [12] and Takanobu and Watanabe [17].) In these papers, the
stochastic Taylor expansion for X¢ plays an essential role. The problem of [16]



is rather easier because each term of the expansion is continuous, which comes
from the fact that X¢ is nothing but the scaled Brownian motion. So, there is
no ambiguity in the formulation. However, in general, it is very complicated
to give a precise interpretation on each term of this expansion through con-
ventional stochastic analysis because the It6 map is not a continuous Wiener
functional. On the other hand, Aida [2] proposed a new proof with the rough
path theory for this problem recently. In [2], he obtained the stochastic Taylor
expansion with respect to the topology of the space of geometric rough paths
for finite dimensional cases. Since the [t6 map is continuous in the rough path
sense, each term of the expansion is continuous. Hence we do not need to face
the difficulty mentioned above. By these reasons, the authors guess that, on
the space of geometric rough paths, there could be many other probability
measures to which this method is applicable. Based on the idea of [2], the first
author [7] has already showed the stochastic Taylor expansion up to the order
2 in an infinite dimensional setting.

Our method of the stochastic Taylor expansion is slightly different from Aida’s
method in [2]. He uses the derivative equation, whose coefficient is of course of
linear growth. Since it is not known whether Lyons’ continuity theorem holds
or not for unbounded coefficients, he extends the continuity theorem for the
case of the derivative equation in [1]. On the other hand, we use the method in
Azencott [4] and we only need the continuity theorem for the given equation,
whose coefficient is bounded. The price we have to pay is that notations and
proofs may seem slightly long. However, the strategy of this method is quite
simple and straight forward.

The organization of this paper is as follows: In Section 2, we give a simple
review of the rough path theory and introduce the Cameron-Martin theorem
and Fernique’s theorem in the framework of Brownian rough paths. In Sec-
tion 3, we give the framework and state the asymptotic expansion formula
in the case where the phase function has a unique non-degenerate minimum
point (Theorem 3.2). In Section 4, we establish the Taylor expansion for our
Wiener functionals X¢ in the sense of rough paths. This expansion plays an
essential role in this paper. It is deterministic in this case and, hence, the term
“stochastic Taylor expansion” may not be appropriate anymore. In Section 5,
we estimate the remainder terms of the Taylor expansion. In Section 6, we
prove Theorem 3.2 and give the explicit representation for the coefficients in
the asymptotic expansion (Theorem 6.5). Finally, we also establish the asymp-
totic expansion formula in the case where the phase function has finitely many
non-degenerate minima (Theorem 6.7).

Throughout this paper, we denote by ¢ unimportant positive constants which
may vary from line to line. When their dependence on some parameters are
significant, we specify as c(||v[/1), ¢(ro, 1), etc.



2 Preliminaries from the rough path theory

In this section we set notations and review some basic results of the rough
path theory.

2.1 A review of the rough path theory

First, we recall the definition of spaces of geometric rough paths. Let B be
a real separable Banach space. The algebraic tensor product is denoted by
B ®, B. We consider a norm | - | on B ®, B such that |z ® y| < |z|s - |y|B
holds for all z,y € B. We denote by B ® B the completion of B ®, B by this
norm. We often suppress the subscripts of Banach norms when there is no fear
of confusion. We also use the notation B" :== B&® --- & B.

N

n—times

Let 2 < p < 3 be the roughness and fix it throughout this paper. A continuous
map T = (1,71,Ty) from the simplex A := {(s,¢)] 0 < s <t < 1} to the
truncated tensor algebra T (B) := R@® B @ (B ® B) is said to be a B-valued
rough path of roughness p if it satisfies that, for every s < u <t,

2(u, t) + T1(s,u) @ T (u, t) (2.1)

n N\J/p
Ilhs = (sup > [t )P < oo forj=1.2,
=1

where D = {0 =ty < t; < --- < t, = 1} runs over all finite partition of the
interval [0, 1]. Equation (2.1) is called Chen’s identity and the norm || - ||, is
called p-variation norm. [ - ||,s,q denotes the p-variation norm on the time
interval [s,t]. We define by €2,(B) the set of B-valued rough paths of finite
p-variation. The distance between T and 7 in §2,(B) is defined by

dp(Z,7) = |71 — T1llp + T2 — Tallp/2-

We also set {g(T) = ||T|l, + ||T2H;g In the sequel, we will suppress the
subscript in the case where B is the abstract Wiener space X.

Let P(B) := {z € C([0,1], B) | y = 0}. For x € P(B), we define the norm by
||| p(B) := SupPy<s<; |7¢|p and sometimes write z(t) for z,. We often write 7, (-)
for 71(0,-) € P(B) for simplicity. We define by BV(B) := {v € P(B) | ||7|1 <



oo}, where ||y]|; denotes the total variation norm of ~. For v € BV(B), we set
7= (1,71:72) by

t
Ti(8,t) = — s, Tals,t) ::/ (Y —7s) @dy, 0<s<t<1,

where the right-hand side of 7, is the Riemann-Stieltjes integral. A rough
path obtained in this way is called the smooth rough path lying above 7. A
rough path obtained as the d,-limit of a sequence of smooth rough paths is
called a geometric rough path and the set of all the geometric rough paths
is denoted by GQ,(B). It is well-known that G$,(B) is a complete separable
metric space.

We set
t 1
H(B) = L3"(B) = {y € P(B) | = [ vlds with lylByoy = [ luifpae < oo,

Clearly, there are natural continuous injections H(B) — BV(B) — GQ,(B).
Note that H(B) is dense in GQ,(B) and, when B is a Hilbert space, it has a
natural Hilbert structure.

Now we present a simple lemma which will be used in Section 4. We set

BV(L(B, B)) := {(M, N) \ (M —1dp, N — Idp) € BV(L(B, B)®?),

MtNt = NtMt = IdB fOl" t e [0, 1]}

We say M € BY(L(B, B)) if (M, M~') € BV(L(B, B)) for simplicity.

We define a map I' : BV(B) x BV(L(B, B)) — BV(B) by
t
I(h, M), =T (h, (M, M7Y) = Mt/ M ldh,, 0<t<1
0

for h € BV(B) and M € BV(L(B, B)). The next lemma shows that it has a
continuous extension from GQ,(B) x BV(L(B, B)) to GQ2,(B), which will be
denoted by I' again.

Lemma 2.1 Let I' : BV(B) x BV(L(B, B)) — BV(B) be as above. Assume
that there exists a control function w such that
[Pi(s, 1)) < w(s, )77, i=1,2, (2.2)
| My — M|y + 1M — M ps,) < wis, ), (2.3)

hold for 0 < s <t < 1. Then we have the following assertions:



(1) For h € BV(B) and M € BV(L(B, B)),
T, M),(s,)| < ciw(s, )7, i=1,2, 0<s<t<1 (2.4)

where ¢; and ¢y are positive constants depending only on w(0,1).

(2) T extends to a continuous map from GQ,(B) x BV(L(B, B)) to GQ,(B).
(We denote it again by (h, M) € GQ,(B) x BV(L(B, B) h
GQ,(B).) Clearly, T'(ch, M) = el'(h, M) holds for any h
BY(L(B,B)) and € € R.

Proof. At the beginning, we define A(h, M) € BV(B) by
t s
M M= [an (M= [ a0,
0 0
We note I'(h, M)y = 0 and
t
d0(h, M), = th/ MYdh, + dhy, t> 0.
0

Then by the integration by parts formula, it is easy to see

t t s
O M), = [ dho+ [ dMs< / Mu‘ldhu>
0 0 0

t S
bt [ M (M = [T M) = et A M) £ 0.
0 0

(2.5)
On the other hand, we have an estimate

[A(h, M), — M, M),

t t u
<| [ ant ()| + | [ ana( [ dna )

s s 0
<|12llp@) (L + 1M HDIM (|15 + 121 ps) - 1M (M ]| s
< 2[Rl sy (1 + M) M ]| g1 (2.6)

Then by noting ||Al|ps) < w(0,1)'/7, (2.5) and (2.6), we obtain an estimate
on the first level path of T'(h, M) as follows:



[T, M), (s, )| = [T(h, M) = T(h, M),
<[P (s, )] + [A(h, M) — A(h, M),
<w(s, )7+ 2[[hll ey (1 + 1M D)1 M 1,5,
<w(s, )7+ 2w(0, )M (1 4 w(0,1))w(s, 1)
< (14 2w(0,1) + 20(0, 1)*)w(s, 1)'/7. (2.7)

For the second level path of I'(h, M), we also have

[T, 2D, (s, )| = /: {(hu = ) + (A M)y = Ah, M),) } @ d(h+ AR, M))u}

< [Fats, )] + (X0 W0, )| + | [ (= ) anca, ),

Ok M) = A AD,) © () = [ AR M) ()
<w(s, 0P + I A(hy M)|F (5.9 + 1Bl s - 1A, M)l
F2[| A, M)l s - [17llp s
<w(s, )P + 4| Rl B (1 + ML) IMIE L 4
+3{ 2010l (1 + MM s | - [Rllps.
<w(s, )¥P + 4w(0,1)¥P(1 4+ w(0,1))%w(s, t)?
+3{20(0, 1)1 + w(0, 1)w(s, 1) pu(s, )7
< (14 6w(0,1) + 10w(0, 1)* + 8w (0, 1)* + 4w(0, 1) )w(s, £)*7. (2.8)

This completes the proof of (1).

Next, we aim to show (2). For h,k € BV(B) and M,N € BV(L(B, B)), we
assume that (2.2), (2.3) and

|Ei(s,t)| < w(s,t)i/p, \Ei(s,t) —Ei(s,t)| < ew(s,t)i/”, 1=1,2,
|Ny — Ns|r(B,B) + IN, ! — NS_I\L(B,B) <w(s,t),
(M = N), = (M = N), )

L(B,B) S
‘(M—l o N—l)t o (M—l - N_l)s

L(B,B)

hold for 0 < s <t < 1. Under these assumptions, we have



\A(h M) (.t >——A<h, N)y(s,t)]
—/thu(Nu‘l
/dM / M1, ) /sthu(/OudN;lhT)

[ aor = Ny )|+ | [N, - N,

S

<|

t u
+ / d(M —N)u(/ M1y )| + S Nh)
s 0
<[llo) (14 M7 11) - 1M = Nl gog + [ollo 1M = N7Hl - [N
Hklp@ 1M (1M = Nl + [Blp@ 1M = N7 [N s
<2w(0,1)7(1 4 4w(0, 1) )w(s, t). (2.9)

Then by noting (2.6), (2.9) and the equality A(h, M) —A(k, M) = A(h—k, M),
we have the following estimate on the first level path:

[D(h, M), (s,1) = T(k, N), (s, 1)
<[ha(s,t) = Fa(s, 1) + AB = &, M)y (s, £)| + [Ak, M), (s,) — Ak, N, (s, )|
<ew(s, )" + {2|h = Ellpe) (1+ (1M ) - [M [0}
t+ew(0, 1) (1 4 4w (0, 1) )w(s, 1)
<ew(s, )7 + 2ew(0,1)7(1 + w(0,1))w(s, t) + £(w(0, 1) + 4w(0, 1)?)w(s, )7

<e(143w(0, 1) + 6w(0,1))w(s, 1) /7. (2.10)

For the second level path, we can proceed as

T (h, M)y (s,1) — T(k, N)y(s, )|

g{ [Foa(s.1) = Fa(s. )] + [N, D) (5. 1) — AR, D) (s, )]

s (s, u) @ dA(h, M), —/s Fa(s,u) ® dA(k, M),

[ TN (5v0) @, — [ XD 5. )
+{ [N 5, 6) = N M)y (,)] +

+

I}

:El(s,u) @ d(A(k, M) — A(k, N))
/St (Wl(s,u) — Wl(s,u)) 5 }

u

+




< { cw(s, t)¥P + /t)\(h —k,M),(s,u) @ dA\(h, M),

+ [ X000, (5, 0) © dA(h — k., M),

+ /t (&), (s,u) ® dA(h, M), + /tEl(s,u) © dA(h — k, M),

+ /t)\(h Tk, M), (s, 1) @ dhy + /tA(k, M), (s,u) @ d(h — k).

}

/St (Wl(&w — Ak, N), (s, u)) ® dA(k, M),

8

+

u

[ A, N), (5, 0) @ d(AGE M) — A, V)

[ Fats @ d(Ak M) = A, V)|

[ (A, 5 0) = N8 W) (5,0 ) | )
< {ew(s, )7+ IAB = b, M) 1 gssy - (IACe, M) 1oy + 1A, M) gy )
1= Ellp gy - (1N M) 1oy + 2N, M) 1 o)
A =k M)y - (2l + 1F o) }
+{ K, M) = A, Nl oy - (1A M) oy + IAE, N[00
+3[IACk, M) = Ak, N1 sy 1l gy
< {ew(s, )7 + 4lh = Mllp) - (1llp@) + 1K) - (L+ 1270) 1M
+2([12llpesy + 20k pesy) - (T4 1M 0) - IM ey = 12— Ellp o
+201h = Kl - (1 IM7 ) - M - (20805 + 1Kl isn) }
HlIAC, M) = Ak, N) sy - (IME M) 1y + A N ey + 311K ge)
<{ew(s, )7 + 82w(0, 1)/7(1 + w(0,1))?w(s, 1)
+122w(0, 1)'/P(1 + w(0, 1))w(s, 1) F/7}
+ew(0, 1)MP(1 4 4w (0, 1))w(s, t) - {4w(0, 1)7(1 + w(0,1))w(s, t) + 3w(s,t)"/7}
<e{1+8(1 +w(0,1))%w(0,1)* + 12(1 + w (0, 1))w(0, 1) puw(s, t)*7
t+e{dw(0, 1)2(1 + 5w(0, 1) + 4w(0, 1)) + 3w(0, 1)(1 + 4w(0, 1)) Jw(s, £) %"
<e(1+15w(0,1) + 36w(0, 1) + 36w (0, 1)* + 24w (0, 1) )w(s, 1)*/7. (2.11)

+

+

Then (2.10) and (2.11) lead us that I' is locally Lipschitz continuous on
BV(B) x BY(L(B, B)) with respect to the product topology induced by the
distance d, on GQ,(B) and || - || on BV(L(B, B)). Hence by remembering
that BV(B) is dense in GQ,(B), the map I' extends to a continuous map from



GQ,(B) x BY(L(B, B)) to GQ,(B). The final assertion is almost trivial. This
completes the proof. 1

Before closing this section, we review integrals along rough paths. Let B’
be another separable Banach space and f € C},.(B,L(B,B")), ie., V'f,
1 = 0,1,2,3, exist and are bounded on every bounded set of B. Here, V
denotes the Fréchet derivative on B. For k& € N, V*f is a map from B
to LK(B,...,B;L(B,B')). Here L*(By, ..., By; Byy1) denotes the space of
bounded k-linear maps from the direct sum of Banach spaces @, B; to an-
other Banach space Bj.

For B-valued rough path 7 € GQ,(B), we consider
Jo = f(a)T(s, 1) + V() [Tals, )], 0<s<t<1

We see that, for s < u < t,

ot = Jsu = Jup=— /01 dn’ /On/ dﬂVQf(l"s + 0T (s, U)) {Tl(s, u) @ T1(s,u) @ T (u, t)}
— /01 ng2f(x5 + nT (s, u)) {Tl(s, u) ® Ta(u, t)}, (2.12)

where we used the Taylor expansion for the function f and Chen’s identity
(2.1) for T. Equation (2.12) will be used in Section 5.

For f denoted above and T € G€,(B), we define [ f(z)dT € GQ,(B’) by

N-1

(/f($)df)1($>t) ::m(ljijr)n_@ ; Jtz‘ﬂfiﬂ’
([ f@)dz),(s.0):= lim z {(#@n) @ 1) [pattistisn)]

+(/f(x)df)1($7ti)® (/f(x)df)l(ti,ti+1)}>

where D = {s =ty < t; <ty <--- <ty =t}. When 7 is in a bounded set
of G§,(B), the sup-norm of the first level path 7;(-) is also bounded. Hence,
we easily have the following continuity theorem by Theorems 5.2.3 and 5.3.1
in Lyons and Qian [15]. In the sequel, we often take integrands of the form
Idg & f € C} (B, L(B,B & B')), where f € C},,.(B,L(B, B)).

Theorem 2.2 Let 7,5 € GQ,(B). We assume that there exists a control
function w such that

(s, )|V [7i(s, O] < wis, )77, [Tils, 1) = Tus, )] < ew(s, )77, i=1,2.

10



Then there exist positive constants Cy and Cy depending only on p, w(0, 1)
and sup{|V7 f(2)| : |z| < w(0,1)/P},j =0,1,2,3, such that

‘(/f(x)df)i(&t)‘ < Crw(s, t)/7,
’(/f(x)df)i(&t) - (/f(y)d?)i(&t)’ < e Chu(s, )7,

hold fori=1,2.
2.2 Some fundamental results for Brownian rough paths

In this subsection, we introduce Brownian rough paths on an abstract Wiener
space (X, H, ). Let w = (wy)s>0 be the X-valued Brownian motion introduced
in the previous section. For ¢ > 0, the law of ew on P(X) is denoted by P..
Then (P(X), H(H),P}) is also an abstract Wiener space. We write H := H(H)
for simplicity. When | - |xgx and u satisfy the following ezactness condition

(EX): There exist constants C' > 0 and « € [1/2, 1) such that, for any N € N
and for any sequence {G;}?Y] of independent X-valued random variables with
common distribution y, it holds

gl

(cf. Definition 1 in Ledoux, Lyons and Qian [13]), the Brownian rough path
exists (see Theorem 3 in [13]). Let w = (1, W, Ws) be the Brownian rough path.
It is the P-almost sure limit of the w(m) as m — oo in GQ,(X) with respect
to dy-topology, where w(m) is the m-th dyadic polygonal approximation of w.
Note that (s, t) = w; — wg for P-almost surely. We denote by P.,e > 0, the
law of the scaled Brownian rough path gw = (1, ewy, 2105).

N
Z Ga1 ® Gy

=1

} < ON°. (2.13)
X®X

Now we present a theorem of Fernique type for Brownian rough paths. The
following proposition is taken from Theorem 2.2 in [7]

Proposition 2.3 There exists a positive constant 3 such that

Elexp (56%)] = [ exp (8602 Py(am) < oc

Finally, we give a theorem for absolute continuity of the laws of shifted Brow-
nian rough paths. It is similar to the well-known Cameron-Martin theorem.
For 7 € GQ,(X) and v € BV(X), we define the shifted rough path z +7 €
GQP(X ) by

11



(x+7),(s,t) =T1(s,t) +7,(s, 1),
(x+7)2(s,t)zf2(s,t)+/8 El(s,u)®d%+/s (Yo = ) @ T (5, dut) + To(5, 1)

Here the second and the third terms on the right-hand side are Young integrals.
It is well-known that the map (Z,~v) — x £ 7 is continuous from G2,(X) x
BV(X) to GQ,(X). (See Theorem 3.3.2 in [15].) The following proposition is
taken from Lemma 2.3 in [7].

Proposition 2.4 Let ¢ > 0 and h € H. Then for every bounded measurable
function F' on GS,(X), it holds that

F(w + h)P.(dw) = F(w) exp - 1 B (t)dwy (t) — —2Hh||${ P.(dw),
/GQP(X) /GQP(X) <51 /o 22 >

where [} W (t)dw,(t) is the stochastic integral with respect to the scaled Brow-
nian motion (W1(0,t))o<t<1 defined on the probability space (GSL,(X),P.).
(Hereafter we sometimes denote it by [h|(W) for simplicity.)

3 Framework and the main result

In this section, we set notations, introduce our Wiener functionals through
the It6 map in the rough path sense and state our results. From now on, we
only consider the projective norm on the tensor product of any pair of Banach
spaces, and we assume condition (EX) for | - |xgx and p to treat Brownian
rough paths. Note that (EX) holds with v = 1/2 if dim(X) < oc.

First, we set notations for coefficients. Let o € C°(Y, L(X,Y)) and by, ... ,by €
C2(Y,Y), N € N. V denotes the Fréchet derivative on Y. For k € N, VFo
and V*b are maps from Y to LF(Y,... | Y; L(X,Y)) and L¥(Y,... YY), re-
spectively. We set X := X @ R and define 5 € C°(Y, L(X,Y)) by

N

a(y) [(x,u)}j{ =o(y)r+> bi(y)u, yeY,xe X u=(u,...,uy) €R".

=1

Next, we consider the following differential equation in the rough path sense:
dys = 6 (y)dz,  with yo = 0. (3.1)

Then for any 7 € G,(X), there exists a unique solution z € GQ,(X @ Y)
in the rough path sense. Note that the natural projection of Z onto the first
component is Z. Projection of Z onto the second component is denoted by
7 € GQ,(Y) and we write § = ®(Z) and call it a solution of (3.1). The

12



map ® : GQ,(X) — GQ,(Y) is called the Itd6 map and is locally Lipschitz
continuous in the sense of Lyons and Qian. See Theorem 6.2.2 in [15] for

details. If ; = (%,)\El) - ,)\EN)) is a X-valued continuous path of finite
variation, the map ¢ — ®(7);(0,¢) is the solution of

N .
dy: = o(y)dye + ) bz’(yt)d)\gz) with yo =0
i=1
in the usual sense and 7 is the smooth rough path lying above (Z;, ®()1 (0, t))o<t<1-

For A = (AW ... ] AM) € BV(RY) and T € GQ,(X), we set +(T, \) € GQ,(X)
by (T, A)1(s,t) = (T1(s, 1), Ay — As) and

U, N)a(s, 1) = (@(3715), / (s, w)@dA, :()\u—/\s)®fl(s,du), / t(Au—AS)®dAu>.

Here the second and the third component are Young integrals. If A is a smooth
rough path lying above i € BV(X), then t(h, \) is a smooth rough path lying
above (h,\) € BV(X). Note that the map ¢ : GQ,(X) x BV(RY) — GQ,(X)

1S continuous.

For € € [0,1], we define A\* € BV(RY) by X°(¢) := (a1 (e)t, ... ,an(e)t), where
a=(ay,...,ax):[0,1] = RY is a R¥-valued smooth curve. In what follows,
we usually use the notation

o () i:j— OVEL(Y), gk € NU {0},

Next, we regard the It6 map defined above as a map from BV (X) to BV(Y).
We define W : BV(X) — BV(Y) by W.(h), := ®(u(h, X)) (0,¢) for 0 <t < 1.
That is, y := W.(h) is the unique solution of the ordinary differential equation

dy; = o(ys)dhy + a(e) - b(yy)dt  with yo = 0. (3.2)
We note that W, also maps H(X) to H(Y).

For the X-valued Brownian motion w, let @ be the Brownian rough path over
X. For € € [0,1], we define a Wiener functional X¢ € P(Y) by

X7 = ®(uzw, ) (0,4), 0<t<1
We investigate the asymptotic behavior of the law of X as ¢ Y\, 0. First, we

recall a large deviation principle which was essentially shown in Theorem 4.9
of Inahama and Kawabi [§].
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Theorem 3.1 For e > 0, we denote by V. the law of the process X¢. Then,
{V:}eso satisfies a large deviation principle as € \, 0 with the good rate func-
tion A\, where

A(¢) = {%mf{”y”%\ o= ‘1’0(7)}, if @ = Wo(y) for some v € H,

0, otherwise.
More precisely, for any measurable set K C P(Y), it holds that

— inf A(¢) <liminfe®log V.(K) < limsupe?log V.(K) < — inf A(¢).
PEK® e\o e\0 PEK

As a consequence of Theorem 3.1, we have the following asymptotics for every
bounded continuous function £ on P(Y):

lim *log E[exp (- F(X%)/e%)| = —inf{F(¢) + A(¢) | € P(V)}.

This is Varadhan’s integral lemma. See [6] for example. Our next concern is to
investigate the more precise asymptotics of a generalization of the integral on
the left-hand side of above equality. That is, we aim to establish the asymptotic
expansions of the integral E[G(Xa) exp ( — F(XE)/az)] as € \, 0.

In this paper, we impose the following conditions on the functions F' and G.
In what follows, we especially denote by D the Fréchet derivatives on BV (X)
and P(Y).

(H1): F and G are real-valued bounded continuous functions defined on P(Y').

(H2): The function Fy := F oW+ ||-[|,/2 defined on H attains its minimum
at a unique point v € H. For this 7, we write ¢ := Uy(7y).

(H3): The functions F and G are n+3 and n+1 times Fréchet differentiable on
a neighborhood B(¢) of ¢ € P(Y'), respectively. Moreover there exist positive
constants My, ..., M,.3 such that

D" F@) [y, - ]| < Millylby, k=1, ,n+3,
DGy, ]| < Millyllby, k=1l

hold for any n € B(¢) and y € P(Y).

(H4): At the point v € H, we consider the Hessian A := D?(F o W) (7)|#x-
As a bounded self-adjoint operator on ‘H, the operator A is strictly larger than
—Idy in the form sense. (By the min-max principle, it is equivalent to assume
that all eigenvalues of A are strictly larger than -1.)
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Now we are in a position to state our main theorem. The explicit values of
{am 1 _, will be given later since we need to introduce a few more notations
which we cannot introduce briefly. See Theorem 6.5 for the detail.

Theorem 3.2 Under conditions (EX), (H1), (H2), (H3) and (H4) we
have the following asymptotic expansion.:

E [G(X&) exp (— F(X) /52)}

=exp ( - FA(W)/gz) exp ( — c(v)/g) . (Oéo +aget+ o+ + O(g"“)),
(3.3)

where the constant c(y) in (3.3) is gwen by c(y) := DF(¢)[Z1(7)]. Here
Ei(y) e HY) c P(Y),j € N, is the unique solution of the differential equa-
tion

A=y — Vo (é)[Ze, dy] — a(0) - Vb(dy)[Ze]dt = a(0) - b(¢y)dt  with =, = 0.
(3.4)

4 Taylor expansion in the sense of rough paths

In this section, we establish the Taylor expansion for the differential equation
(3.2) in the sense of rough paths. In Sections 4 and 5, we discuss without
conditions (EX), (H1), (H2), (H3) and (H4). In particular, v € BV(X)
and ¢ = Wy(y) are not the special elements as in (H2). Notice also that we
do not need the imbedded Hilbert space H C X, neither.

At the beginning, we discuss in a heuristic way in order to find out what the
terms in the expansion are like. Fix 7 € BV(X) and ¢ = ¥y(y) € BV(Y).
Suppose that we have an expansion around ¢ as

Ap:=0((y+eh, X)) —p~ed' +- e+, as €\ 0.

Of course, we also have

a(e) ~ a(0) +ed (0) + -+ - +&"

4 as € \ 0.

From the equation (3.2),
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o0

d(p+ Ap) ~o(p+ Ap)d(y + ch) + (Z 2a™(0 ) ~b(op+ Ag)dt

N @% SV 0(6)[80, A6+ )
+<g)gn“ )(Z —V"()[ A, .., ¢]dt>. (4.1)

Picking up terms of order n € N, we see the following definition is quite
natural.

(n

Definition 4.1 For fized v € BV(X), We set ¢° = ¢ by

doy = o(¢)dy; + a(0) - b(¢)dt with ¢o =0 (4.2)
and set ¢! by

Forn=23,..., we set ¢" = ¢"(h,~y) by

dey —Va(o)[ey, dye) — a(0) - Vb(gy) o] dt
=dk(, 0", ... 8" h) +dk(o, ¢ .. ") with ¢ = 0. (4.3)

Here k(¢, 0", ..., ¢" Y h), and k(¢, ¢, ..., ¢" ), are defined by
tn 1 ) )
k(0,0 4" ht—/ —vk ()]0, .. 6% dhy],  (4.4)
F(6,6% .. 0" t—/ —vkwawwu.w&dﬁ

oy Z 7) Vo) (65 6] ds

tn—1n—j a0 .

0 55 SEED SR LSS LTPRI O 2
0 j=1k=1 (i1, in)ESE ™I R
t

+ [ Lam(0) - b(o,)ds, (4.5)
o n!

where the sum on the right-hand side runs over

Sii={(i1,...,ixg) ENFl4; > 1 forall1 <j <k andiy+---+i,=n }.

Before providing the main theorem of this section, we recall a lemma which
will play a key-role in the sequel.
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Lemma 4.2 Let v € BV(X). We define by M(~) : [0,1] — L(Y,Y) the

solution of
dM, = dQ2 (), M, with My = Idy, (4.6)
where
Q) = Vo(gy)| - dv] + a(0) - Vb(¢y)dt, t>0. (4.7)
Then we have the following assertions:
(1) For all t € [0,1], the inverse M(v); ' exists and it is the solution of
dM; ' = —M;1dQ(y), with My * = Idy. (4.8)
(2) For k € BV(Y), we define by I'(k,~) :=T'(k, M(v)) € BV(Y), i.e.,

T(k, 7): = /M ) ldk,,  t>0. (4.9)

Then it is the unique solution of
dl'y — Vo (¢y)[Th, dy] — a(0) - Vb(¢)[D]dt = dk,  with  To=0.

(3) T': BV(Y)xBV(X) — BV(Y) extends to a continuous map from G€,(Y") x
BV(X) to GQ,(Y). (In the sequel, we denote it again by (k,7v) € GQ,(Y) x
BV(X) — ['(k,v) € GQ,(Y), and usually abbreviate as T'(k) if the dependence
of 7y is not significant.)

Proof. Since (1) and (2) are shown in Lemma 3.1 of Inahama [7], we only
give the proof of (3). Let v,5 € BV(X). We set a control function w; by

N
wi(s,) = VeIl sate v =Hpa 20 1ai0)]-(t=s), 0<s<t<1.
i=1

We note that w; satisfies

~

e =2l VI = Al Swilst), (v =40 — (1= 4)s

First, we set 4; := (9, a1(0)t,... ,an(0)t) and 3, = (%, a1(0)t, ... ,an(0)t).
These are of BV(X). We consider ¢ = Wy(vy) and ¢ = ¥o(5). Slnce ng is the
solution of the differential equation

dpy = & (p¢)dy with @9 =0,

we may apply Theorems 2.3.1 and 2.3.2 in Lyons and Qian [15]. Then there ex-
ists a positive constant K depending only on ||[Vo|ao, || Vb1 loos - -« 5 | VON] oo
and w;(0, 1) such that
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(61 — 6 < Kiwi(s, 1), |(6—0)— (& — 0)s

hold for 0 < s <¢ < 1.

(s,1), (4.10)

Next, we consider (). By (4.7) and (4.10), we have the following estimates:

() = Q)| <

< (Voo + max [|Vhillso) - wis, 1) (4.11)

O)f - [[Vbillos - (£ =)

(209 - (@), - (200 - o)) |
< kumrw — Ao + 1720 llooll6 = Dl l4]1115.

+Z |ai(O)] - [1V0illsoll 6 = Pllv.jes) - (£ = 5)
§5{||Va||oo + K1w1(0,1) - (V20| + max IVbilloo) } - wi(s,t). (4.12)
Here we set a control function wy by
wi(s,1) = {|IVolloe + (14 K1w1(0,1)) - (V%000 + max 1Vbilloo ) Jwr (5, 1).

Then (4.11) and (4.12) imply

Q) = Q)| V [25): = QF)s| Swals, 1), (4.13)
\(mw—ﬂm)t—(ﬂ(v) (). \<e«uz<s ), (4.14)

for 0 < s <t < 1. Hence, we may apply Theorems 2.3.1 and 2.3.2 in [15] again
for differential equations (4.6) and (4.8), and we also have that

M) = M(3)s| VM)t = M(7);Y] < Kawa(s, 1),
(M) = M), = (M) = M) | < eFawnls. 1),
(M) = M3)) = (M) = ME)™) | < eRaws(s, 1),

hold for 0 < s <t < 1, where K, is a positive constant depending only on
wa(0,1). We note that these estimates means that the maps v € BV(X) —
M(v) € BV(L(Y,Y)) and v € BV(X) — M(y)~! € BV(L(Y,Y)) are locally
Lipschitz continuous. Hence by recalling Lemma 2.1, we can see our desired
continuity. This completes the proof. 1
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Next we introduce another maps which are similar to ¢! and ¢%. For given
v € BV(X) and each h,h € BV(X), we define x = x(h) := x(h;7) and
¥ =1(h, h) :=1(h, h;v) through Y-valued differential equations

dx: — Va(o)[xt, dy) — a(0) - Vb(oy)[xs]dt = o(pi)dhy  with xo =0,
(4.15)

and

dipy — Vo (¢¢)[Yr, dyi] — a(0) - Vb(¢y)[1hr]dt
=Vo(¢) [X(iL; Y)e, dhe] 4+ Vo (@) [x(h; )i, diLt]

~ ~

+V20 (d0) X (h; 7) e X (h; Y)es doya] + a(0) - V2b(¢he) [x (B )i, X (B; )]t with g = 0.
(4.16)

We should note that
X(h;7) = DUo(y)[h], (ki) = D*Wo(v)[h, h]. (4.17)

By recalling Definition 4.1 and Lemma 4.2, we can easily see the representation
of Z;(7),j € N, and the following relationship between ¢', $* and y, 9.

Lemma 4.3 Let ¥, : BV(X) — BV(Y) and Z;(v) € BV(Y),j € N, be
defined as in Section 3. For h € BV(X), we consider x(h),(h,h) € BV(Y)

as above. Then we have

==L [ a9(0)-b(o.)ds) .
(h')t + El (7)757
(W (h, B) + Y (B 7)e + Za(7)1),

2AVo)(@)[E1(1)es dh] + (T20) (6 [2x(R). + E1(1)0s Z1 () ] )
[ (200 b(@0) [x(h). + 2,

+a(0) - V3(0,) 2x(), + Z:(7)0, Ea(0),] )ds) 1= 0.

t

t

+I

I

=
A/~
TN S—

Now we are in a position to state the main theorem in this section.
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Theorem 4.4 Let v € BV(X) be given and ¢™ = ¢™(h,v),n € NU{0}, be as
in Definition 4.1. Then, the map ¢" : BV(X) x BV(X) — BV(Y) extends to
a continuous map ¢" : GQ,(X) x BV(X) — GQ,(Y'). Moreover, there exists
a positive constant ¢ = c(||v||1) independent of h € GQ,(X) and v € BV(X)
such that the following estimate holds:

[¢" ]| <e(1+em)"” (4.18)

Proof. As we will see the continuity is almost obvious from the integration
theory in the sense of rough paths. Since we prove the estimate (4.18) by
mathematical induction, we divide the proof into two steps. Throughout the
proof, we set x := £(h). By recalling (4.10), the boundedness of ||y, leads us
to the boundedness of ||@||;.

Step 1: We consider the case n = 1. We set a control function w; by

_ P\ Pl 1P/2
wi(s,t) = Pllugsa + &Rl g + 5Bl gy OSs<t<L

Then we can see that wy(0,1) < 14 ||7;]]:. It is also easy to see

1P| lp sy < wr (s, )P, Nhallpjapg < Kwi(s, )7 and 7,19 < wils, t).
(4.19)

We denote by (h, ¢) := t(h, ¢) for h € GQ,(X) and ¢ € BV(Y). We note that
(h, @)y (s, t) = (Ra(s,1), & — s ). Then by (4.19), we have

(R, 0)y(5,6)| < e(1+ mwn(s, )77, [(h, 9)y(s, )] < c(1 4 K)Pwi(s, )7
(4.20)

Let Vi:=X@®Y and Vo =X Y dY. Weset f: V] — L(V4,V3) by

f(z1,22) [0, mo] = (7]1,7]270@2)771) for x1,m € X, 29,m2 €Y.

Clearly, f € Cp°(V1, L(Vi, V). Hence, the integration with respect to f defines
a continuous map from G€Q,(V;) to GQ,(V2). It is also bounded on every
bounded set in the following sense: if T € G,(V}) satisfies &y, (U) < ¢ for a
constant ¢ > 0, then &y, ([ f(v)dv) < ¢ holds for some constant ¢ > 0 which
depends only on ¢, p and f, but not on v.

Therefore we have the following composition of continuous maps:

(h,7) € GR(X) x BV(X) -5 (h,6) € G, (Vi) % [ (0, 0)d(h,6) € GOy(Va),

where 7 = tqa, ) © (Idaa,x) X ¥o). Hence by (4.20), we have
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K/f(h, ¢)dW>1(s,t)‘ <e(1+ R)wi (s, )P, (4.21)
([ 50,0)d0:3)) (50| < 1+ rnts, 07 (122)

holds for some constant ¢ > 0 depending only on p, o and f, but independent
of h,y € BV(X) with ||v[[1 < ro.

Here we note that if i is a smooth rough path lying above h € BV(X),

([ 100003 (5:1) = (Fals.0).00 = 6. [ o(0u)dn).

where the third component on the right-hand side is the usual Riemann-
Stieltjes integral.

Then by (4.21) and (4.22), we can conclude that

[ o6
[ ([ o@an)

Next, let M(7), be as in Lemma 4.2 and set M (v), = Idx ®Idy & M(7),. Note
that, if [|v|[1 is bounded, then [|M ()1 + |M(~v)~Y|; is bounded, too. Clearly,
M(y) satisfies the assumption of Lemma 2.1 with B =V, =X @Y @Y. By

using M (7), we can define I in the same manner as (4.9). Furthermore we set
g(h,¢) € BV(V3) by

c (1 + 5(%))%(3, t)l/p,
<e(1+ €M) wils, 0.

o(h,0) = (0.0, [ a(0) - 06.)ds), =0,
Then we can see that
A TN S Ty _ . _ 11
O [ #0000 6)) (5.)+ L (gT0) ) (5,6) = (ks = hs = 6101 = )
holds at least if h € BV(X). Clearly, the map (h,v) — (h, ¢, ¢') extends

to a continuous map from G€,(X) x BV(X) to G,(V3). By Lemma 2.1, the
third component of the first level path satisfies that

c (1 + 5(%))(,02(8, t)l/p,
c (1 + 5(%))2@(3, t)2/7,

1 — 65| <
[ (- a)
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for a control function wy defined by
wa(s,) = wn(,8) + (= 8) + [N o + I Dy 0<s <t L.

Note that ws(0,1) is dominated by a positive constant independent of h,~y €
BV(X) with ||v|l1 < 7. Hence we have (4.18) for n = 1.

Step 2: We set V,, := X @ Y™ for n € N. In order to use mathematical in-
duction, we aim to show Proposition P(n) below. Note that P(1) has already
been shown in Step 1. As before, v € BV(X) is arbitrarily given.

Proposition P(n): The map (h,7y) — (h, o, P, ... ,ng”) extends to a con-

tinuous map from GQ,(X) x BV(X) to GQ,(Vit1). There exists a control
function w such that

161 — 61 < (1+ R wls, )7,
(& dh)(s.t)] < (1+€R) " w(s. )P, j=1,....n,

holds for all h € BV(X) and v € BV(X) with ||v]1 < 1. Here

(- d)(s,1) = [ (64— o) @ dn,

and w(0,1) is dominated by a positive constant ¢ = ¢(ro) which may depend
on n, but not on h,y € BV(X) with 7|1 < ro.

From now, we will prove Proposition P(n) under Proposition P(n-1). First
we treat the first term on the right-hand side of (4.3). For simplicity, we set
ky o= k(p, ¢, ..., 0" L h), and ky = k(o ¢, ... ,¢" ' 7). Then we easily see
that

ky — k—/s Ev’f o(6u) |00, ok, dhy).
1y eS” 1
For each (iy,... i) in the above sum and s < t, we set
St= Vo (gl |6l ,aozkﬁl(s t)]
vk+1a(¢ N (CRDICN)

+ZV’€ (Gs) @, 0Y, @, 007, o0, o [(67 - dh)(s,1)],

1 ) 7
Js,t = Z Z E s,ltw”7 k.

k=1 (31,... ,ik)GSlg_l
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For a partition D = {s =ty < t; < --- <ty = t} of the interval [s, ], we set
Js1(D) := 01 Ty 4, 1t is well-known that limypjg Js+(D) = k; — ks, where
| D| denotes the mesh of the partition D.

Here we set a control function ws by

ws(s, 1) Z(t—8)+ Tl s + 1Bl s + &Pl g + 57712l 2

£S04 P+ S0P B
j=0

for 0 < s <t < 1. Since we assume P(n-1), w3(0,1) is dominated by a
constant independent of h € GQ,(X) and v € BV(X) with [|v|; < ro. It is
easy to see that

n—1
<>
k=

L (iy,e. ik

Z ‘ 11,... zk| SC(l+/i)n(w;-;(S,t)l/p+w3($7t)2/p)
yesy ™!

(4.23)

holds for some constant ¢ > 0 independent of h and v € BV(X) with ||y]|; <
To-

Now we estimate |Js+ — Jgu — Jui| for s < u < t. By Chen’s identity, we see
that

J;'lt,l..,ik B Jz'l,...,ik . Jaiﬂk
= (Vitea) [0l .. ,ezsikﬁl(u,t)} o601, i T, )] )

+VE o (g0)[ @ 00 ok, ] [@y(s,u) @ B (u, 1))
+<Vk+10(¢5)[0 O, .]
V(0 [0 0 o] )[(6- dh) (w,)
+ka (@)@, o, @ g, o0, e | [, (s,u) @ Fa(u, 1)
+Z(V"” (@a)[00, ... QU @ g0, gl ]
_ Vo (¢u>[ noo 7¢zj_1’ .7¢zj+1"” ¢ij ‘])[(¢23 .dh)(u’t)]

By using P(n-1), it is easy to see that |I3] + |I5| < c(1 + x)"ws(s,t)%? for
some constant ¢ > 0 independent of h and v € BV(X) with ||v|[; < ro.
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Fory = (Yo, 41, -- ,yx) € Y weset g : YL — L(X)Y) by

9(y) = Violyo) v, yes o] s

Then, by straight forward computation,

V2g(y) | Ay, Ay| = V"0 (yo) [ Ayo, Ayo, y1, - s ks @]

k
+22Vk+10-(y0) [Ay07y17”‘ 7Ay]7 y Yk .:|

Jj=1

+2 Z Vka(yO)[yl>"'>Ayi>"'7ija"'>yk’>.]

1<i<i<k

It is well-known that

g(y +Ay) — gy) = Va(y) |Ay] = /0 La 09/ doV2g(y + 0Ay)[Ay, Ay].

— Al

By letting y; = ¢§j and Ay; = ¢ — Y= @, (s,u) for j=0,1,... &, we sce
from (4.24) that

L+L+I=— /0 L /0 " 02 (y + 0Ay) Ay, Ay] [T (u,1)].

Then we have
|Iy + I + Iy < c(1+ k) ws(s, t)3/p

for some constant ¢ > 0 independent of A and v € BV (X) with [|v], < ro.
Therefore, we see that

1

— 1 . , . . . .
[ Ssp = Jsu = Jua| < D e T
k=1 (iy,...ig)esp™t
<c(14 r)"ws(s, t)*?, (4.25)

where c is a positive constant independent of s < u < ¢, h and v € BV(X)
with ||v|l1 < 7o.

Then it is a routine to see from (4.25) that
[Ja(D) = Jog| < e2¥7C(p/3)(1 + )"ws(s, 1) (4.26)

for any partition D of the interval [s, t], where ¢ denotes the (-function. Com-
bining this with (4.23), we have
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|k — ks |—‘ hm Jst(D)’

<c (1 + k)" (wals, 1) 7 + ws(s, )P + ws(s,1)*/7)
< (14 r)"ws(s, t)Y?. (4.27)

Next we estimate the p/2-variation norm of (s,t) — [!(k, — ks) ® dh,. For
each (i1,... ,ix) € Sp~ ' and s < t, we set

Kityie = (Vra(g,) o4 ot o] @Idx> [Tols,t)] e Y @ X,

1
1 T1yeee s0k
Ks,t = Z E K ! .
k

L(ig,.ig)eSE ™!

I
3|/‘\

Clearly, it holds that
|K| < c(1+ r)"wg(s, t)?/?

for some ¢ > 0 independent of s < ¢, h and v € BV(X) with ||v][; < ro.

Let D be a partition of the interval [s,t| as above. We set K (D) by
N — J—
K57t(D) = Z(Ktilyti + kl(t07 ti—l) ® h’l(ti—la tl)> . (428)

=1

It is well-known that lim|p_o Ks¢(D) = [H(ky — ks) ® dh,, holds.

S

For each (i1, ... , i) in the above sum and s < u < ¢, we see from P(1),...,P(n-
1) and Chen’s identity that

‘K;Itzk . K;Iqu . K;thlk . J;luzk ® El(u, t)‘
<|(VHotoa ot air, o] = Vrolou) o, ot o] ) @ Tx [Tl )|
—l—’(Vk“U((;ﬁs)[ OB, oH((ﬁ-dh)(s,t)D ®E1(u,t)’

(W ([0, 1, 0,000l o ][(97 - d)(s.1)] ) © Pa(u 1)

c(l + k)" g (s, )PP, (4.29)
Summing up with respect to (iy,... i),
}K&t — Koy — Kuy — Jou @ hi(u, )] < c(14 5)"ws(s, )7, (4.30)
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where ¢ > 0 is independent of s < u < ¢, h and v € BV(X) with |||y < ro.
Then it is a routine to see from (4.26), (4.28) and (4.30) that
|[Koa(D) = Kol < e27¢(p/3)(1+ k)" g (s, )77,

Therefore, we have

t
/ (ku — ks) ® dh,

=| })i‘mOKs,t(D)‘ < c(1+K)" (s, )P, (4.31)

where ¢ > 0 is independent of s < t, h and v € BV(X) with [|v]|; < ro.

From (4.3) we see that

do} — Vo (¢n)[6}, dn] — a(0) - Vb(en) 67| dt = dk, + dki,
where k satisfies that

1l < e (14 &) Iyl + (= 9)}.

Therefore, we see that

|(k+ k) — (k+ k)| <c(1+ K)"ws(s, )7,
/t((k + k) = (K + k)s) @ dh,

<c(1+ k)" ws(s, )P, (4.32)

Here, ¢ > 0 is independent of s < t, h € G,(X) and v € BV(X) with
7]l < ro. Note that we have seen that (h,7vy) — (h,®,¢1,...,¢0n_1,k + k)
extends to a continuous map from G€Q,(X) x BV(X) to GQ,(V,,4+1), which
maps a bounded subset to a bounded subset in G§,(V,,41).

Finally, let M(v), be as in Lemma 4.2 and set M (v); = Idx & Idya-1 & M(v),
and a control function

wi(s, 1) = ws(s,8) + MMl + 1M (D)1 st

Then by using Lemma 2.1 for M(y)t and (h, ¢, ¢1, ..., on_1,k + /%), we can
draw the same argument as in Step 1. Hence, we obtain P(n). This completes
the proof. 1

By combining Lemma 4.3 and Theorem 4.4, we can easily see

Corollary 4.5 Let x; = x(h;¥)e, ¥y = ©(h,h;y)e and Y = Y (h;7); be as in
Lemma 4.3. Then the maps (h,v) € BV(X)xBV(X) — x(h;7y),¥(h, h;v), Y (h;v) €
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BV(Y) extend to continuous maps from GS2,(X) x BV(X) to GQ,(Y). More-
over, there exists a positive constant ¢ = c(||v||1) independent of h € GQ,(X)
and v € BV(X) such that

IXEA M+ 1Y Elly < c(T+EM), 1@ Bl < e (1+60) .
(4.33)

5 Estimate for remainder terms

In this section, we estimate the remainder terms of the Taylor expansion for
the differential equation (3.2). Let v € BV(X). For € € (0, 1] and h € BV(X),
we define R? = R”(h) = R*(h,v),n € N, by

n—1
Ri(h,y) = @(u(7 T ek, X)), — 6 — X &6 (h).
j=1

The following theorem gives an estimate of the remainder term R defined
above.

Theorem 5.1 Forn € N, ¢ € (0,1], and h,y € BV(X), let R = R(h,~)
be as above. Let ro and ry be any positive constants. Then, there is a positive
constant ¢ = c(rg, 1) such that

IRE ), llp < (2 +E@ER))" = ce(1+&(R)" (5.1)

holds for all v with ||¥||; < ro and h with £(eh) < r1. Moreover, for fized ¢,
(h,v) € BV(X) x BV(X) — RZ(h,v) € BV(Y) extends to a continuous map
from GQ,(X) x BV(X) to GQ,(Y). (We denote it again by T € GQ,(X) X
BV(X) = R(T) = RI(T,7) € GQ(Y).)

Proof. We show the estimate (5.1) by mathematical induction. We divide the
proof into several steps. Throughout the proof, we set x := ¢ (eh) for simplicity.
We also note that eh; = €h; holds for i = 1, 2.

Step 1: We consider the case n = 1. Set a control function w by

w(s,t) = Tillisg + £ llehall? o0+ & pH5h2||p/2 (5.4
+||)\ 1“1,[5,1&] + H>\01H1,[s,t] +e 1“)\51 — 1H1,[5,t], 0<s<t< 1.

Then it is easy to check that there exists a positive constant ¢ = ¢(rg, 1) > 0
such that w(0,1) < ¢, and that, for j = 1,2,
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(7, )\O)j(s, t)‘ + [ty 4+ eh, X);(s, t)‘ <cw(s, t)j/p,

L7, A, (s, ) — (7 T eh, Aa)j(s,t)‘ <cle+ K)w(s, )77

hold. Then by Lyons’ continuity theorem (Theorem 6.2.1 in Lyons and Qian
[15]), it holds that there exists a positive constant ¢ = ¢(rg, 1) such that

z(u(7, AO))j(s, t) - z(u(y+eh, Af))j(s, t)‘ < (e+r)w(s, t)P  forj=1,2.
(5.2)

Here, 2(7) € GQ,(X @ Y) is the unique solution of the differential equa-
tion (3.1). Note that the Y-component of Z(Z) coincides with ®(T). The Y-
component of the above inequality (5.2) immediately implies that there exists
a positive constant ¢ = ¢(rg, 1) such that

RL(h),(s, t)‘ < c(e+&(zh) w(s. 1)

holds. Therefore we obtain our desired estimate | RL(h), ||, < ¢ (6 +¢ (ﬁ)) for
some positive constant ¢ = ¢(rg, r1).

Step 2: Next we prove that

£ < (e + k) w(s, )P (5.3)

(R;(h) . dh)(s,t)‘ = ‘/:ml(s,u) ® edhy,

for some control function w such that w(0,1) < ¢ = ¢(rp,r1). In what follows,
we denote <I>(L(fy + ¢h, )\5))1 by ¢° = ¢°(h,~y) for simplicity of notation. Then

by considering Y ® X-component of (X @ Y)®? = (X & RY) @ Y)®?, we see
from (5.2) that

< cle+ r)w(s, )¥P. (5.4)

[ (65— @i+ eh) - [0 - ) @,

From the estimate for R!(h) = ¢° — ¢, we see that

/:(aﬁi — ¢;) ®dvy — /:(aﬁu — ) @ dy| < c(e+ K)w(s, t)¥?. (5.5)
(5.4) and (5.5) imply that
/t((bi — ¢°) @ edhy| < c(e + K)w(s, t)¥P. (5.6)

From (3.2) we see that
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Rl (s,u) @ edh,, _/ / o(d) — o ¢v))d%®€dhu
+// b(@7) — a(0) - b(¢) )dv @ edh,
+// v)edhy ® edhy. (5.7)

From Step 1 and the fact that 1 + 1/p > 2/p, the first and second terms on
the right hand side of (5.7), regarded as Young integrals, are easily dominated
by c(e + k)2w(s, t)*?, respectively.

Next we fix the interval [s,¢] and consider [’ [* o (¢S)edh, ® edh,. For s < t,
we define J,; = (0(¢%) @ Idx)[e?ha(s,t)]. By straight forward computation,
| Joi| < cr2w(s, t)¥P and, for s < u < t,

‘Jsﬂg - Js’u - Juﬂg - O'(Qbi)&f_hl(s, U) ® e_hl(u, t)|
=|((e(5) = o(¢5)) @ 1dx)[Eha(u, 1)]| < crw(s, )", (5.8)

Similarly, by using the results in Step 1, we easily see that

[ o6 )edh, — (6207 s,1)

<| [ o(6p)edh, = o(65)(5,1) — Vo (DI - (s, 1)
+Vo(69)[(¢° - edh) (s, 1)]
< ckw(s, t)3P + crw(s, t)?/P < chw(s, t)*P. (5.9)

Here, we used the integration theory for first level paths.

For any partition D = {s =t, < --- <ty =t} of [s,t], we set
J (D) Jtz 1.t +/ ¢5 €dh ®€h1( i—1 )) (510)

It is well-known that limp| o Js+(D) = [} [ 0(¢5)edh, ®edh,. Let t; € D (i #
0, N) be as above. From (5.8)- (5.10),

| Jst(D\ ti) — Js(D)]
<I [ ol6D)edh, — o6, JeRltior, )] - [t tisn)

+|Jti—l7ti+1 - ‘]tz;l,ti - Jti,ti+1 - U(@Z,l)%l (ti—la ti) ® gl(tia ti+1)|
<ckw(tiq, tiv1)Y/P
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By a routine argument, we see that
| Jor = Jor(D)| < c2°/P¢(3/p)R*w(s, )7,

which implies (5.3).

Step 3: We denote by (R! - dh)(s,t) = [!(R2(h), — R(h),) ® dh, and
V, =X @ Y™ as before. Here we aim to prove the following proposition:

Proposition Q(n): The map

(h,y) = (eh, @(uly +2h, X)) 6,61, buor, RE)

extends to a continuous map from GQ,(X)x BV(X) to GQ,(V,42). Moreover,

RE(h)e — RZ(h)s

[ (Re(w). — R2(h).) @ can,

< (6 + £(€_h))nw(s, t)l/p,

< (e+ 5(%))"“@‘)(57 £)2/r (5.11)

hold for all h € BV(X) with £(eh) < 7y and v € BV(X) with ||| < ro. Here,
w(0,1) is dominated by a positive constant ¢ = ¢(rg,r1) which depends only on
ro and 1.

We will show Q(n+1) under assuming Propositions Q(1),..., Q(n). We also
set it =2t (h) by

£

dﬁ?—i_l(h)t = O'(QS:)gdh’t — O'(th)gdht

n—l 1 o o
— Z Z Evka(@) {5“ O, ... ek 5dht].

k=1 (il,... ,ik)EU;-lz_ll Si

Since we assume Q(n), the right-hand side can be regarded as integral in the
rough path sense. We set
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Joui=(0(83) = 0(6,))ehu(s,1)
— i Z %Vka(gbs) {5"1 oL ek ehy (s, t)}

kE=1(,... k) EUTZ 15]

+Vo (69)[(¢° - edh)(s,t)] — Vo (4,)|(6 - =dh)(s,1)]
> ¥ %V’“*lo—ws)[-,eh Gl o |(¢-edh)(s, 1)

R=1 (g, k)€Ul 2 8]
ko1
- Z > X

k=1 (315... ’Lk)GUH 1SJ-] 1

kaa(gbs){g“ e ek 0} [aij(gbiﬂ' -adh)(s,t)}, s < t.
(5.12)

We will show that |Jg:| < c(é + £(€_h))n+1 (w(s,t)l/p + w(s,t)2/p) for some
control function w such that w(0,1) < ¢ = ¢(ro,r1). First we will consider
the first and the second terms on the right-hand side of (5.12). By the Taylor
expansion of ¢ at ¢y,

(0(¢2) — 0(6))eha (s, 1)
:”z:; SV (00) [Ri () R (), (s, )]

+ /0 Loy - /0 " 10,V 0 (6, + 0,5 () [R5 (R)as . R5 (1), Tn (s, 8)]
(5.13)

where
Ri(h):==¢° —p=c¢' +---+"'¢" " + R (h). (5.14)

From the estimates for Rj(h) and from the boundedness of V"o, we easily
see that the second term on the right-hand side of (5.13) is dominated by
c(e + k)" w(s, t)V/?, where k = £(eh). Put (5.14) in the first term on the
right-hand side of (5.13) and, then, expand it. In that expansion, terms of
order 1,... ,n is exactly the same as the second term on the right-hand side
of (5.12). (Here, we say a term is of order k if its absolute value is dominated
by c (e + k)*w(s,t)/?.) Because of the cancellation, the first and the second
term on the right-hand side of (5.12) is dominated by c(e + )" w(s, t)1/7.

Next, we will consider the last three terms on the right-hand side of (5.12).
Set Z =Y ® X and fi(y,2) := Vo(y)[z] for y € Y and z € Z. Clearly,
fi € Cp5,.(Y © Z,Y). It is easy to see that
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V* (y, 2) [A(y, 2), ..., Ay, z)} = Vk+10(y) [Ay, . Ay, z]
+EVFa(y) {Ay, VAT Az]. (5.15)

It is also easy to see that

n—1 1
By + Ay, 2+ A2) — fi(y,2) = Y 5V (Y. 2)[AW. 2),., Aly, 2)]
k=1"""

1 en—l
+/ 6, - - / A0, V81 (y + 0,0y, = + 0,02)[A(y, 2), ..., Aly, 2)].
0 0
(5.16)

Now we will use (5.15) with y = ¢,, Ay = ¢S — ¢, = RL(h), 2 = (¢-edh)(s, 1),
and

Az = (¢ - edh)(s,t) — (¢ - edh)(s, t) = (R (h) - edh)(s, ).

Note that Az is of order 2 by (5.3) while Ay and z are of order 1. There-

fore, the second term on the right hand side of (5.16) is dominated by ¢(e +
k)" w(s, 1)/,

We put (5.14) and

Az = (R{(h) - edh)(s,t) = ((5(;51 el 4 Rg(h)) : 5dh) (s,1),
(5.17)
in the first term on the right hand side of (5.16) and, then, expand it. We will
use P(n), Q(k), 1 < k < n, and the symmetry of V¥o. In that expansion,
terms of order 1,... ,n, is exactly the same as the fourth and the fifth terms
on the right-hand side of (5.12). Therefore, the third, the fourth, and the fifth

terms on the right-hand side of (5.12) are dominated by c(e 4 )" 'w(s, t)%/?.
Thus, we have obtained the desired estimates for |Jg|.

Now we show that, for all s < u < t,
—\n+1 3/
ot = Jou = Jutl S c(e+EER))" w(s, 1)

holds for some control function w such that w(0,1) < ¢ = ¢(rg, 7).
Here we apply (2.12) to (5.12). In this case, (minus of) the first term on the

right-hand side of (2.12) is given by the integration [, dn’ fO”I dn of the following
quantity:
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V20 (65 ) [ 31 5, 4) @ G4 (5, 0) © B (1, )] — V20 (D) [ (5. 0) © By (5. w) © 11, )]

n—1
k+2
=D DD DI 1 O] YR TEL EL rY

k=1 (i,... ix)eUr =} 51

[Bu(s,0) © By (s,u) @ el (u, )]

n—1 k
-2 > > Hvkﬂa(qﬁ&um)[o R o}

k=1 (i,... ,ik)euggllsi j=1

[Bu(s,0) @10, (s, 1) © T (u, 1)

n-l 1 o o
-2y 3 3 Hvka(@,w)[e%;{m,...,.,...,.,...,g%gz);ljw.}

k=1 (... ,ik)eu?;fsi 1<j<i<k
(€767 (s,u) @ €"9T, (5, u) @ el (u, 1)) (5.18)
where ¢%,. is a shorthand for ¢ + né:(s,u), ete. Similarly, (minus of) the

second term on the right-hand side of (2.12) is given by the integration f; dn
of the following quantity:

V20 (65 ) [ 01 (5, 0) @ (67 - 2dh) (1, 1) = V20 (@) [ 61 (5, 1) @ (6 - 2dh) (u, 1)]

n—1
1 2 . .
-3 3 VT O (Gaun)[ @, @, D, 0]

k=1 (i, ix)eUr—} 1

[D1(s,u) @ (¢ - edh)(u, 1)]
no! koq o o
o Z Z Z Hvk+lo—(¢57“”l) [. ’ " Zs{u:n’ ey @y 76% ?ju:’]’ .}

k=1 (7:17... ,ik)EU?;llsZ 7=1

1. 0) © (504 - 2dh)(u,0)+ 957 (5,0) © (6 - ), )
1

n—1
-> > > k'Vka(qﬁs,u;n) {5“9252%777 T TR TR o o}

k=1 (... ,z’k)eu?;fsi 1<<i<k ™"

[5%%1(8, u) @ ("¢ - edh)(u, t) + "¢ (s,u) @ (¢ - edh)(u, t)]
(5.19)

Now we will show that (5.18) and (5.19) are dominated by c(e+x)" w(s, t)%/.
Here, we note that neither ¢ nor w(0, 1) must depend on 7. For y,z € Y, we

set f5 € C5%,u (Y2 LIX,Y)) by £a(y, 2) := V2o (y) [z @ 2, o |.

Then for k£ € N, we have
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ka2(y7 Z) [A(yv Z)? ey A(?/? Z)}
=V 25 (y) {Ay, LAY 2 ® 2, o} + 2kVF o (y) [Ay, LAY 2R Az, o}
+k(k — 1)V*a(y) [Ay, LAY, AR Az ey } (5.20)

By the Taylor expansion for f;, we see that

f2(y + Ay, z + Az) — f5(y, 2)

= nz:: %kag(y, Z) {A(y, Z)? R A(?/? Z)}

1 en—l
0 0
(5.21)

As before, we set y = ¢4y and 2z = ¢, (s, u). By recalling Proposition Q(n),
we can write as

Ay = i,u:n - ¢8,u:77 - R;(h)(S, u 77) = gQ%,u:n + e+ gn_laﬁg’;}n + R?(h)($7 u e 77)7
and
82 = 5, s0) = By(5,) = IR, ) = (s, ) + -+ &G (s, ) + RER) 5, ).

Then, from (5.20), the remainder term on the right hand side of (5.21) is
dominated as follows:

Vs (y + 0Ay, z + 0Az) [A(y, 2), ... Aly, 2),ehy (u, t)} ‘Y

<cle+r)"Mw(s, t)3P, (5.22)
where ¢ is independent of 7,0 and of s < u < t.

Then, we expand the first term on the right-hand side of (5.21) by using (5.20).
In the same way as before, the terms of order k,1 < k < n, are exactly the
same as the third, the fourth, and the fifth terms on on the right-hand side
of (5.18). Hence, they cancel each other. Notice that we have repeatedly used
the symmetry of V¥*o.

In a similar way, we will estimate (5.19). In this case we set, for y,z € Y
and w € Y ® X, f3(y,z,w) = VZ(y) {z,w] Then, it is easy to see that
f3 € Cl?;l)oc(YQ D (Y ® X)7 Y)

By using the Taylor expansion for f3, we obtain in the same way that (5.19)

is dominated by c(e + k)" 'w(s,t)*/P. In this case, however, we also need the
following identity:
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Aw

(0= 0)-an) )
(R(h) - edh)(u, t)
=(c¢' - edh)(u,t) + -+ (" '¢" - edh)(u, t) + (Rg(h) : 5dh) (u,t),

where we used Proposition Q(n) for the last term above.

Then by combining these, we obtain the desired estimate for |Js; — Js . — Jusl-
By a routine argument, we see that

27t = et < ele + w) (s, )P,
where ¢ and w(0, 1) are independent of s,¢,¢ and h € BV(X).

Next, we will prove the estimate

t
(- edn) (s, )] = } [t =ty @ edh) < e+ Ry (s, 02,
(5.23)

where ¢ and w(0,1) are independent of s,t¢,¢, and h € BV(X). We set, for
s <1,

Koy = ((a(¢§) —o(9,)) ® IdX) [ha(s, 1)

n-l 1 o o _

— Z Z o (Vka(qbs) [g“ oL o} ® IdX> {6]12(8, t)}
k=1 (il,“. ,ik)GU?:_fSi ’
(5.24)
Then, in the same way as above, we can see that
| K| < c(e+ k)" 2w(s, t)¥P,

where ¢ and w(0, 1) are independent of s, ¢, h, €.

Now, we will estimate | K — Ky — Kyt — Jou @hy(u,t)| for s < u < t. Here
Jsu 1s defined in (5.12). By using Chen’s identity, we obtain that

Ks,t - Ks,u - Ku,t - Js,u & 6_hl(u7 t) = Il - ]27

where
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1= (69 @ 1dx = o(65) © I ) [Fal 1)
~(0(60) @ 1dx = 7(60) Ty ) [Pl 1)
—YS Z %(Vka(@)[e“ AL Ll o} ® Idx
R=1 (i, ip)eU 2l s]

~VEo(gu) [ gt ... ek, o] @ IdX) (2o, )]

and

I=(Vo(69)[(¢° - cdn)(s.w)] ) @ Fh(u,t) — (Vo(6))[( - cdh)(s,w)] ) © (a1
Y (ve[e.erer o]
k=1 iy, ix)eur=tsy
[((é -edh)(s, U)D ® ehy(u,t)
> <Vka(¢s)[5il¢il,... el o}

S =1

(5 - edh)(s, u)D © 2 (u, t).
In the same way as before, we can see that the Taylor expansion leads us to

‘Ks,t - Ks,u - Ku,t - Js,u ®5_hl(uat)| < |]1‘ + ‘]2‘
<cle+ r)"2w(s, t)¥P,

where ¢ and w(0,1) are independent of s,u,t,e and h € BV(X). We have
already obtained

[(Jor = 17T (s,0)) @ 2ha(u, 8)] < cle+ R)" (s, ).

For a partition D = {s =ty < --- < tiy =t} of the interval [s, ], we set

N
Ks’t(D) = Z(Kti—hti + 7]n+11(t0, ti_1> X 5h1(ti_1,ti)). (525)

i=1

It is well-known that limp|_o Ky (D) = [L(n*™' — n"™) ® edh,,. From above
inequalities, we see from a routine argument that

[Koa(D) = Kool < c2%2(p/3) - (e + 1) (s, ).
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Combining this with the estimate for |K;|, we obtain that

t
(n™*t - edh)(s, t)‘ = / (it — M) ® edhy| < c(e + k)" 2w(s, t)z/p.

u

Thus, we have shown the desired estimates for n"+1,(s,t) and for (n™*! -

edh)(s,t).

From (4.3) in Definition 4.1, we see that

AR (h) = Vo (¢0) [ R (W)i, do] = a(0) - Vb(en) [RUF ()| dt = dn2 (1) + dC,

where C; is a continuous path of finite total variation, which is explicitly given
by

dCy = (0(¢5) — 0(6))dye — Vo () |6 — ér, dyi]

R SR D TS| S

k=2 (iy,... ig) €U SL
¥ale) - b(6)dt — a(0) - b()dt — a(0) - Vb(on)[¢5 — oi]dt
n a(0 i1 Al ik b
5 3 % - VFb() [e“qb?, . 75Zk¢tk}dt
k=2 (iy,... ig)eup_ S "
n—1n—j &‘ja(j) (O)
i

- V*b(¢y) [€i1¢i1a e >5ik¢ik]dt
j=1 k=1 (1,... ,ik)GU?;1jSIZc

n 2l (1)
3 2 g
=1 :

Here we note that the terms 77 C' do not involve ¢". By the Taylor expansion
for o and b, we can easily see as before that

|Cy — C4| < c(e+ r)"Tw(s,t),
where ¢ and w(0, 1) are independent of s,t,e and h € BV(X).
Therefore, (n2+!+ C),(s,t) and [(77}}“ + C) - 5dh} (s,t) satisfy the desired
estimates. By using Lemma 2.1, R*+! (s,t) and (R - edh)(s, t) satisfy the

desired estimates, too. Thus, we have obtained Q(n+1). This completes the
proof. 1
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6 Proof of the main result

In this section, we prove our main results. First, we devote ourselves to give
the proof of Theorem 3.2 based on the argument of Albeverio, Rockle and
Steblovskaya [3]. We consider the precise asymptotic behavior of the following
integral as € \, 0:

I(e):=exp (Fa(v)/2%) exp (e(7)/e)
X/GQ (X)G( (5, %)) 1)exp[——F( ((a—w,x))l)]m(dm)

= Jea, ) G(@(u(zw, X))1 ) exp {% - iFA(cb( (gw,x))l)]lpl(dm)
(6.1)

= G(2(u(@, \))

GO (X)xHRN)

X exp [C(g) - Lh(auE, A))l)](m @ 6y ) (dwd)). (6.2)

where F) is a non-negative bounded continuous function on P(Y") defined
by Fo(-) := F(-) — FA(7). In (6.2), H(RYN) denotes the closure of H(RN) :=
L' (RY) in BV(RY). We work on this subspace since it is clearly separable
and complete unlike BV(RY).

We divide the proof into several steps.

Step 1: Let B(¢,p’) be an open ball centered at ¢ with radius p’ in P(Y)
on which D'F, i = 1,... ,n+3, and D'G, i = 1,...,n + 1, exist and are
bounded. Let v € H and ¢ € H(Y') be as in condition (H2). For p > 0 and
v € H, we denote by 7+ U, := {z + v € GQ,(X) | £(T) < p} and by (7+U,)°
the complement set of 7 + U, in G€Q,(X). Then by the continuity of the
maps T — x £, {§ + U,},>0 forms a fundamental system of neighborhood
of 7. Then by the continuity of the It6 map, there exists p > 0 such that
(1T, \)1(0,-) € B(¢) if T€F+ U, and A € {A € HRN) | |A = ||, < p}.
Here B(¢) is the neighborhood of ¢ in P(Y) which is denoted in condition
(H3). In the following we assume that p > 0 is sufficiently small so that it
satisfies the above condition. Later, we will choose p > 0 sufficient small so
that the integrability theorem of Fernique-type holds.

We divide the integral () into as

I(e) = Iy(e) + L (e),
where Iy(e) and I;(g) are defined as (6.1), with G(®(.(Fw, A®))1) replaced by
1y, u, (W) - G(®(v(zw, X7))1) and Lz4p,)c(EW) - G(P(L(EW, X7))1), respectively.
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Here we investigate the decay of the integral I;(g). We recall that the family
of measures {P. ® 0 }.~o satisfies a large deviation principle on the space
GQ,(X) x H(RY) with a good rate function A given by

0, otherwise.

~ 1 2 e (= (T )0
AT, \) = {2||h||H= if (T, A) = (h,\") for some h € H,

It is a corollary of the large deviation principle for Brownian rough paths.
See Lemma 3.9 in [8] for the proof. As a consequence of this large deviation
principle, we have the following assertion: there exist positive constants a and
g0 such that

exp (= e(v)/e) - (o)

<[ [e@Em )| e {— 6—12FA(¢(L(a—w, Aa))l)}m(dw)
_ HG”OO/WU — - 6—12FA(c1>(L(w, M)1)| (B2 @ b))
<||Gllos - exp(—a®/e?) (6.3)

holds for all 0 < € < gj. See Lemma 8.2 in [7] for the proof. Then we have

|I(e)| < ce™, meN, 0<e<e, (6.4)

where ¢ is a positive constant depending on ||G ||, a, ¢(y) and m.

Step 2: Let us now consider the integral I(¢). By using the Cameron-Martin
formula for Brownian rough paths (Proposition 2.4), we can calculate [y(¢) as
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/GQ - 15410, (EW) G((I)(L(ew X)) )exp {@ — iFA((I)( (ew, Aa))l)]Pl(dw)

2

= L0, (0 F7) G(S((@ 7, A)) )

GQp(X)
cesp [0 L (@0, ) [P (0m)
= Joon o, 1740 (@ F D) G(OL@F7,2))
coxp [ - LAy (@@ ) esp (U7 12 p, (im)
=y 170 0T G(2((EF7, X))
coxp [ - LAy (00 9)) | e (- 0 00)p, (4

coxp "0 LA (amr o)) exp (- 1 - 100e, ()
(6.5)

where P, _, is the law of P; induced by the map @ +— ew — . We note that
W +— D(t(ew + 7, X%)); is the continuous extension of the map h — W.(sh+7).
Thus all the integrands are everywhere-defined on G€2,(X) and we may change
variables.

Then by using the Taylor expansion for F' and Theorems 4.4 and 5.1, we
can develop F (@(L(sw -+, )\6))1) into a Taylor expansion with respect to a
parameter € € (0,1]. For n € NU {0}, we have

n+2

F(O(uEwF7,2)) = Z e™JI (¢) (W) + RY (e, ) (w). (6.6)

Here the functions J&™ (6)(-) : G,(X) — R,m =0,... ,n + 2, are given by

N ( > DR @), ,¢ik(w)1]>, m=1,...,n+2
k

where S and ¢'(w) := ¢'(wW,7),i = 1,... ,n+2, are defined in Definition 4.1

and Theorem 4.4, respectively.

Besides, the remainder term R](;;HS) (e,¢) : GQH(X) — R is given by
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RIeom=3 = 5 DE@R .. )]
k=1 ‘(il,... in)eSpT?
+(n = / D"+3F(9¢ +(1—0)0 (w7, AE))J
[RL(@)y,..., RL(w)1)do,
(6.7)

where R**3(m;-) : GQ,(X) — R,m =1,... ,n+ 3, are defined by
R (m; ) := ™), m=1,... ,n+2, and R""(n+3;w):= R""3(w).
We note that the all functions in (6.6) are continuous on G€2,(X).

For our later use, we need estimates on JI(;‘m)(Cb) (w), m =0,...,n+ 2, and
RY) (e, ¢)(w). By Theorem 4.4, we have

il X om H I @)l )
k=1 (i1, i) EST

LT m—1 am _m
se{Xq ||} (re@) =c(irem)”,  ©s)
where ¢ is a positive constant independent of .

On the other hand, by Theorem 5.1, we can obtain the following estimate for
the remainder term R (n+3) (5, ¢)(w) under ||7||; < 1 and £(Fw) < p:

n+2 1

’R;F”)(g,gs)(w)} Skz:: (E | Z M, 1;[1 HRQ+3(2']-;E)1HP)

M
3 n -+ 2 . RN
<l (m) frem (1 em)™

)", (6.9)

_ C€n+3<1 + £()

where ¢ = ¢(n + 3,79, p) is a positive constant independent of w € GQ,(X).

Next we recall condition (H2). Since the function Fj : H — R attains its
minimum at a unique point 7, it holds that
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0= (v, h)H + DF(¢)[x(h)]
= (v.h),, + DE(@)[0" ()] = c(7)

for any h € H. Here we used Lemma 4.3 for the second line. By Theorem 4.4,
h +— ¢'(h) extends a continuous map on G€,(X). Hence the extension

/01 v (t)dw, (t) + DF(¢)[¢' (W0)1] = c(7) (6.10)

holds P.-almost surely, where [; +/(t)dw,(t) is the stochastic integral and we
write [y](w) for it. For the more detailed derivation of (6.10), the readers are
referred to see pages 190 and 191 in [7]. Then (6.10) leads us that

I (6) (@) = DF () [¢' ()] = e(v) — () (6.11)
holds P.-almost surely.

Now we return to the integral /y(¢). By (6.5), (6.6) and (6.11), we can proceed
as

lole) = /GQP(X) 1y, (W) G(‘b(ﬁ(m, )\E))l) - exp <C(7> _bl@) _ ||7||3¢)

€ € 2e2

+ 5 emao)m) + By e, o)m) | By

n+2

X exp ( Z em- QJ (w) + 6_2R](;L+3)(€, ¢)(w)>P1(dW)
= /GQ ) 1y, (W) G(é(b(aw +7, )\E))l) - exp ( - J}Q)(qﬁ)(w))

n+2

xexp( > e 270 () (w ))Pl(dw)
+ L oy 1 (@ >G(<1><L<ew+% M) -exp (= I () (w))
xexp ( - zm 2 0) @) e (- SRED e 0)@)) - 1} By
= To1(e) + 1Y >(5). (6.12)

Next we expand in a similar way G (@(L(éw +7, )\E))l) in a Taylor series with
respect to ¢, and insert this expansion into /y;(¢). Then we obtain
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hale) = [, 10, (0): (gwé?(w @) - exp (~ J2(0)(m)

n+2

><eXp< > e 2 7m) ())Pl(dw)
+ / o, R<”+”<e 6)(w) - exp (— & (0)(w))

n+2

xexp( > e 270m) () (w ))Pl(dw)

=:Too(e) + 1P (e). (6.13)

Moreover by expanding the exp-function appearing in the right-hand side of
In2(g), we can rewrite as

he®) = [ w0 (I @) -exp (- I ) (w)
1

=:Tos(e) + I (e). (6.14)

We denote by G(k,n) the set of all maps = : {1,... ,k} — {3,... ,n+ 2} for
k=1,...,n. By using this notation, we can rewrite I, 3(c) as follows:

= Jeo,x)
- (D" G @)
#3310 IO - exp (= I @)
x 3 N0 T 15D (¢) ()P (dw). (6.15)
TeG(k,n) i=1

We now have the disjoint union G(k,n) = G,(j,k,n) UG(j,k,n) UG (4, k,n),
with
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G, (j, kyn) = {w € Gk,m) |+ (i) —2) < n}
G(j.k,n) = {7 € Glk,n) | j+ Y (x(1) =2) = .
Gl(j, kn) = {w €G(km) | j+ 3 (x(0) - 2) > n}

For our later use, we also set

~

G, (J, k,n):= {w € G(k,n) } i+ Zj(w(z’) —2) < n}
= gl(jakan)Ug(jakan)'

By inserting these into the right-hand side of the second term of (6.15), we
obtain

Ios(e) = {ésj /G o ) 2o (@) I (6) (@) - exp (= Ji7) (6) (W) ) Py (d)
+x3 G [ 1@ ) e (- I o))
> Z 6J+Zrl(7r(%)—2) ﬁ J}“(i))(gb)(w)Pl(dw)}
mn€G| (4,k,n) i=1
HE S G [ 10 00 0 (= 7))
« Z 8J'+Zf:1(7r(i)—2) ﬁ Jl(;f(i))(QS) (WP, (d@)}
7e€G1(j,k,n) i=1
=:Toa(e) + IV (e). (6.16)

We observe that Ij4(e) contains only terms where ¢ is taken to a power less

)

than or equal to n and Iél e 1'54) contain only terms with higher powers of

£.

Finally, we want to remove the characteristic function 1y, () from Io4(¢).
We divide Iy 4(¢) by Ipa(e) = Los(e) + 155) (€), where
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sy B e m e (- P 0)m)
oo K Jeawx F
k
x 3 TR EODTT IED (6) (w)Py (dw), (6.17)
€6, (5,k,n) i=1
WEe==3 [ 10,0 @ L@@ - exp (= I (0)@)Pa(am)
ey EE T @ @) - exp (- 120 w)
i K Jan,o0 0" ¢ !
k . k .
« Y IGO0 ] S5O () ()P, (dm). (6.18)
WGGL(j,k,n) i=1

Here we note that Theorem 4.4 and Lemma 6.4 denoted below, the integrand
in (6.17) is integrable on G€2,(X) with respect to P;. (See Step 3 for more
detailed discussions.)

We remark that y5(¢) can also be written as Ios(e) = Y1 _ @ (y)e™ with

exp (= Ji (¢) (@) )Py (d)

G (X)
and
owi= [ {irem+ T s El0em
ca,x) L7¢ S0 =t klU¢
< X IV @@] e (- I2(6) @) Pi(dm)
T€G(4,k,m) i=1
for m = 1,...,n. This proves the asymptotic expansion (3.3) claimed in

Theorem 3.2, provided we give suitable estimates on >_5_, I () given below.
Note that we have already estimated I;(¢) in Step 1.

Step 3: We start by estimating the term I(gl) (¢). By the mean value theorem,
there exists some constant 6 € (0, \R;?Jr?’) (e,0)(w)|/e?) such that

exp (= SRV o)) — 1] < (S]RE o))

holds. Moreover by using the estimates (6.8) and (6.9), we obtain the following
estimates for w € U, .:
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IR @ @) e+ o)A@, k=120, (6.19)

SRED (€ 0)@)] < (1 + €@ < e + ) (1 + £,
(6.20)

where ¢; = ¢;(k) and ¢y = ¢o(n,179) are positive constants.

Then we have

e <|dl., [ oo, &P (= T O)®))

(3 ctmec+ o)1+ )]

m=3

X exp

xexp [eale + o)1+ €@ - {11+ ) Y (am)

<t [ oo (= 0)m)
x exp [cal1 -+ @) (14 €m) " Puam),

where ¢35 = c3(n, ro, €, p) is a positive constant, and note that the constant cs
converges to 0 as €, p \, 0.

Now we use the fact that exp(— }P(qb)()) belongs to LY(G,(X),Py) for some
g > 1. (This is shown in Lemma 6.4 below.) We take ¢, p > 0 sufficiently small

such that 4c3q < (¢ — 1) holds. Moreover by Proposition 2.3, it holds that
for any m > 0,

/G o <m£(w))P1(dw) T oo (W)™ P (dw) < oo. (6.22)

Then Holder’s inequality leads us that

Joay 0 (= 2 @)@) - exp ol €@)?| (1 + @) Pa(am)
< { /GQP(X) exp ( — qJP(9) (W))Pl(d@)}l/q

A [ o (C2 0+ @) )P

2q(n+3) qQ_q

x{ /G - (1+&@@) Pl(dw)} < oo (6.23)

q—1

2q

By combining (6.21) and (6.23), we see that Iél)(g) < ¢1(n)e™! holds.
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The contribution for I’ )( ) is treated in the same way as above and we can
casily see the estimate I§? (g) < ¢y(n)e™ 1.

Next we proceed to estimate the term 153) (¢). We use an elementary inequality

k<|xi

< ‘em, r€e€R,neN.
n!

By inserting this estimate and recalling (6.19) and (6.20), we have the following
estimate:

N[, 1@ (S @) o (- I @) w)

GQp(X)

Ao (Eerom)”
- (gam—Q}J}Ww o) fpatam
< Gt 11 oy 1o (@) o0 (I ) m)
(3 Z em-?’yJé%) @) e (5 e @) b
< o (Z e +0)) e (— T2 0))
{(fj e+ o) (14 & 3)n+l
X exp :i e(m)(e + p)"2 - (1 + £(@) )”Pl(dm)

3(n+1)
<ce”+1/ e — I @)) - (1 + &
< o0 P (TP @@) - (1+ (@)
2
xexp (¢(1+&(w)) )Py(dm),  (6.24)
where ¢ = (n,e,p) is a positive constant, and note that the constant ¢
converges to 0 as €, p \, 0. Now we take ¢, p > 0 sufficiently small. Then we

may apply Proposition 2.3. Therefore by using Hélder’s inequality and (6.22),
we get, in a similar way as for the term Iél)(g)7 that 1" (e) < ez(n)e™.

Let us now consider the term 1" (¢). We note that the number of elements of
G(k,n) is less than n*. Then we have
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FACEEED o or y MY >\-e><p( 2 (6)@))

7=0k=1

% Z €]+Ez L (m(1)=2)—(n+1) “]F l) )( )‘Pl(dw)

WEQT(jkn)
e (n 4 1) Z k,/ exp JQ@)(@))
<(1+&@)"" " (dw).
(6.25)

Hence Holder’s inequality and (6.22) lead us that I, (4)( ) < cq(n)e™ L.

Finally, we give an estimate on the term 155) (¢). By using similar estimate to
(6.25), we have

1) |<cz / ooy Y (@) (16@) exp (= 1 () ) ) B (am)

"k _ 2 __
telnt+l) 1; k! /Gﬂp(x) L, . (W) - exp ( - J})(@(w))
(1 €)™

Here we see the following Gaussian estimate holds by remembering Proposition
2.3:

)<ew[-0(2)] [, o (@) P, 620

3

Py (¢(@) >

™MD

For the constant ¢ > 1 denoted in Lemma 6.4 below, we take positive constants
¢1,q2 such that 1 < ¢; < g and 1/¢q; + 1/go = 1. Then by Holder’s inequality
and (6.26), we can continue to estimate as
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IV (e) <Py (f(w) > p/€> 1/g2

’ JZ:) G (X) (L S(w))qu cexp (= a1/ (9) (w))IPl(dw)}l/m
n k - ) 1
+1§1 %{ ~/GQp(X) (1+¢@)) q1+k(n+2)q

<exp (= @ J2(9) (w))IPl(dw)}l/ql]
ccoa]-2(2]

Therefore this estimate leads us that \165) (e)] < es(m)e™ holds for all m € N.

Hence by getting together this estimate and the previous estimates on I, [él) U ¢ 54)
we complete the proof of the asymptotic expansion formula (3.3).

Y

Step 4: In the following, we discuss the higher integrability of exp (—J%((;S) ())

based on [7] and [9]. First we give an explicit representation of the Hessian A
which are defined in Section 3. By recalling (4.17) and using Lemma 4.2, we
have that for each h,h € 'H,

(Ah.h), = DF(¢)|D*W()[h, k]| + D*F () DWo()[h], Do()[A]
= DF@)[0( [ (Fo)(@0) [x(h)ssdhs] + (F0)(60) [x(h),dni] )

+F( /0 (V20)(62) [X (D)o X(B)s dys] + a(0) - F2b(6,) [x(h)., X(ﬁ)s]dsﬂ
+D?F(¢)[x(h), x(h))] (6.27)

holds, where x(h) := x(h; ) is defined through the differential equation (4.15).

We define a bilinear map V : H x H — P(Y) by

Vi) = ( [ (Vo) (@) [\t dh] + (Vo) @) [x()dn]) . 20,
(6.28)

and define a bounded self-adjoint operator A on H by
(An,h), = DF(¢)[V(h,h)|  for h,h e H. (6.29)

Then by (6.27), (6.28) and (6.29), we obtain
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((A = A)h, h)

h

H
=DF)[0( [ (72062 [xl)er X(B)es ] + a(0) - F20(00) [x(B)o, x(0).] s )
+DF(9)[x(h), x(h

By drawing the proof of Lemma 5.1 in [7], we can see the following: there
exists a positive constant ¢ such that ||x(h)|pvy < cllh| p(x) holds for any
h € H C BV(X). Hence (6.30) leads us that

(A= Dhh), | < el - Bl < e lhlle - 1hllpe

for some constant ¢ > 0. Now we may apply Theorem 4.6 in [10] to an abstract
Wiener space (P(X),H,P}) to obtain that A — A is of trace class operator on
H.

The following properties on the operators A and A are taken from Lemma 4.6
in [9].

Lemma 6.1 (1) A and A are self-adjoint Hilbert-Schmidt operators on H.
(2) The continuous extension of the quadratic form defined by A — A is ex-
pressed as

(A= Ayw,w) = D*F () | x ()1, x(W):]
+DF@) |1 ( [ (720)(00) [x(@)i(5), x(w)i(s), ]
+ [ a(0) - 7260 [x(@)s(s), x(@n(s)]ds )|

Next, we consider the stochastic integration of the kernel associated with A.
Since H = L*([0,1], H) = L*([0,1],R) ® H, any self-adjoint Hilbert-Schmidt
operator S on H corresponds to a kernel function Kg € L*([0,1]x[0,1], H® H)
with Kg(u,s) = Kg(s,u)* for almost all (u, s). Here ® denotes the Hilbert-
Schmidt tensor product. The correspondence S — Ky is isometric. Then for
the X-valued Brownian motion w = (wy)o<t<1, an iterated stochastic integral

~

Ks(w) := 2/01 /OS Ks(u, s)[dw,, dws]

is well-defined. Clearly, this random variable is in L*(PP}) with expectation 0.
The correspondence S +— Kg € L*(IP}) is isometric.

20

)] (6.30)



For y € Y, we define Q1(y) € L*(X, X;Y) by

Qe aa] = SV oW, € X,

Then by Theorem 3.1 in [10], we can define Tr(Qs)(y) € Y by

Q)W) = [ Q)aluld).  yeY.

The following lemma is essentially shown in Corollary 7.3 and Lemma 7.4 in
[7].

Lemma 6.2 (1) For each o € P(Y)*, a oV is a Hilbert-Schmidt symmetric
bilinear form on H. (We also denote by a oV the self-adjoint Hilbert-Schmidt

operator on 'H associated with this bilinear form.)
(2) For any a € P(Y)*, it holds that

~

a(O(w)) = Kyoy (W7), Py -almost surely,

where

O(@) =1 (w,w)s ~ I( [ Tr(Qu)(@:)ds)
-1 ([ (F20) @bl (s), x(@)i ().
+a(0) - V2b(00) [\(@)(3). X(@) ()] ds ).

In particular, DF(¢)[©(w)] = K ;(w,) holds Py-almost surely.

Next we present the following integration formula. See the proof of Lemma
8.3 in [7] for details. This formula plays an important role to compute the
quantity «p.

Lemma 6.3 It holds that

/GQP(X) P {_ %< < 4(W1) — (A — A)w, m>>}P1(d@)

=€

NI

A=A dety(Idy + A) Y2,
where dety denotes the Carleman-Fredholm determinant.

Now we discuss the integrabilities of exp(—.J, 1(;2) (¢)(+)). By Lemma 4.3, we have
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TR ()W) = DF@)*@)] + 5 D*F(8)[6! @), 6 ()]
- %(DF((;S) [zp(w, W) + Y (W) + Ez(v)}
+D?*F (o) [X(Wh + Z1(y), x(@)h + EI(V)D

_ %(DF(@ [zb(W,W)l} + DzF(¢) [X w)l;X(w)lD
1

(
+3 (DF(gb) [Y (@)1] + 2D*F(¢) | x(@), EM)D

% ( DF(¢)[Ea(y)] + D*F(¢)[Z1(7), Edv)])

= IV () (@) + T (6) (@) + JEP ().

Here we note that J&” (¢)(w) = 0 and J&¥(¢) = LDF(¢)[Za(7)] hold if
a’(0) = 0. By Lemmas 6.1 and 6.2, we can proceed as follows on the term

T (6) (w):

I @)@) = 5 (Kaw) + DF@[r( [ 1Q)@ds)] + (4 - Aymm) ).

Then Lemma 6.3 implies

/GQP()Q exp (= JV (0)(w) ) Py (dm)

= exp < - %Tr(A — A) - DF(¢)[1( /0 ' Tr(QQ)(ng)ds)D - dety(Idg + A)~Y2.
(6.31)

On the other hand, by condition (H4), there exists a constant ¢y > 1 such
that (Idy + goA) is strictly positive. Hence by (6.31) and qOJI(;Q’l)(QS)(E) =
J(z’l)((b)(w), we can see that exp ( — Jl(f’l)(qﬁ)(-)) € L?(GQ,(X),P;) holds.

qF

Moreover, by Corollary 4.5, we have |J&(¢)(w)| < ¢ (1 + 5(@)) for P;-
almost surely w € GQ,(X). Therefore for any 1 < ¢ < qo, by (6.22) and
Holder’s inequality, we have
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L e (=0 (6)() Py (dm)
p(X)
<exp ( o QJI(;2,3)(¢)) . { /GQ . exp ( _ qOJ(Q ,2) (Cb)(W))Pl(dw)}q/qo
1—q/q0
x{ /GQ . exp ( — qoqo_qq(]l(gﬂ)((zg) (w))Pl(d@)}

<exp (- a/%0) - { [ o (- (qﬁ)(w))IP’l(dw)}q/qo

(ool cmrm) <o

Hence we have shown

Lemma 6.4 There exists a constant ¢ > 1 such that

exp (= I (9)(-)) € LUGR(X), P1).

Finally, by summarizing above all arguments, we can state

Theorem 6.5 We have the asymptotic expansion (3.3) and the coefficients
{an}I_o are given by

ao=ao(7) = G(9) [ exp(— I (0)(@))Pi(dm),

GQp(X)
am=an()i= [ I )@ + mz s G em

<Y O]} (— I @)Pyam)

meG(j,k,m) =1

where

and

G(j, kym) = {W:{l,... Y — {3, ,m+2}’j+g(ﬂ(i)—2):m}.

In particular, if ' (0) = 0, then c(y) = 0 and the coefficient o has the explicit
representation
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a0 = G(8) - exp ( _ %Tr(A _ ) - DF(¢) [%52(7) ([ Tr(Qg)(gbs)ds)D
xdety(Idy + A) 72,

where dety denotes the Carleman-Fredholm determinant.

Remark 6.6 If a")(0) = 0 for odd j, then by putting a(—¢) := a(e), € > 0,
we can extend a : [0, 1] — RN to a smooth even function defined on the interval
[—1,1]. Moreover, by the symmetry of the law of the Brownian motion, our

functional integral E{G(XE) exp(—F(X‘E)/62)} is an even function of €. Hence
we see that the coefficients av,, are equal to zero for odd m.

Finally, we generalize Theorem 6.5 to the case where the phase function has
finitely many non-degenerate minima.

Theorem 6.7 We assume that the phase function Fy has a finite set M :=
{71, 7} of minimum points and conditions (H3) and (H4) hold sepa-
rately for every v;, i =1,... k. We denote by ¢c(M) := inf{c(v)|y € M} and
J={je{l,... k}c(vj) = c(M)}. Then we have the following asymptotic
expansion formula:

E{G(Xa) exp (- F(Xa)/az)} =exp (= Fa(n)/e*) exp (= c(M)/e)
X (ao +ae+-FaEe” + O(a"“)),
(6.32)

where the coefficients {au,}_o in (6.32) are given by cuy = Y (), 0 <
JET
m<n.

Proof. We denote ¢; := Vy(v;),i = 1,... ,k, and choose p, p’ > 0 sufficiently

small such that open balls B(¢;, p) C B(¢;),i =1,... , k, are pairwise disjoint
in P(Y) and

{@(L@, N),(0.) [T €7+ U lIh = A < p} C B(6s, p'/4)
holds. Here B(¢;) is the neighborhood of ¢; € P(Y') in condition (H3). We
define a cut-off function n € C°(R,R) by n(z) = 1 for |z| < p/2, n(z) =0 for
|z| > pand 0 <n < 1. Foreachi=1,..., k, we define a continuous function
G;: P(Y)—Rby
Gi(y) :==n(2lly — dillpv)) - Gly), y € P(Y).

We define Gy := G — Zle G;, so that Zf:o Gi=G. Foreacht=1,... k, we

o4



also define a continuous function F; : P(Y) — R by

Fily) ={1=n(ly - éillrer) } + Fly), e PY).

Then the functions {F;}¥_ | and {G;}F_, satisfy conditions (H1), (H2), (H3)
and (H4) in Section 3, where each (F;)p := F; o ¥o + || - ||3,/2 achieves its
minimum at the unique point 7; € H. Moreover we can see that for i =
1,... .k

Lo Gi(@Em o) e - SF(@6Ew,x)))[Fam)

G (X) ’ g2 ’

e 1 e .
= [, G (RU(Em X)) exp [— S ((u(zm A ))1)}1@1(@).

Then by noting above, we have

/Qp( )G(cb( L(zTw, /\s))l) exp [— ;—QF(cb(L(m, AS))l)]Pl(dw)
35 [ O80T - Lot 00
:/ p(x) Qo((b(a(m, AE))l)exp[—éF(QJ(L(m’ AE))l)]Pl(dw)

+Z /G ) WET,X))1 ) exp [— 6—12]%((1)@(5_1(), AE))l)}IP’l(dw)
) + ZL(a). (6.33)

For the term Zy(g), we note that the following equality holds:

exp (FA(%)) - Zo(e)

W, \° 1z = )€ .
:/ﬂf_l(mﬂjp)c gO((I)(L(Ew, A ))1) - eXp {— ?FA((I)(L(&U, A ))1)]P1(dw).

Here we recall the estimate (6.3). Then there exists positive constants a and
£ such that

exp (Fa(n) - [To(6)| < K G o - exp(—a?/<?) (6.34)
holds for all 0 < ¢ < &g.
For each term Z;(¢),i = 1,... , k, we may apply Theorem 3.2. Therefore we get

together estimates (3.3) on Z;(¢), ... ,Zy(e) with (6.34), and insert these into
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(6.33). Then we can obtain the desired asymptotic expansion formula (6.32).
1
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