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1 Introduction
The Catalan constant ([C])
— (="
- on 12 1.1
¢ ; 2n 1 1) (1.1)
= 0.9159655941772190 - - -

is a famous mysterious constant appearing in many places in mathematics and physics. Using
Euler’s dilogarithm

n

. N
Lis(z) = Z por
n=1

(G can be written as

1 : .
G = pY (Lig(z) — Lig(—1)) . (1.2)
The integral representation
1 —1
t
G = / an (@) (1.3)
0 x
follows from the expression
& 2n+1
t =
- nzg 2n +1

The basic interpretation of GG is considering it as the special value of the zeta function

G = L(2a X—4)7



where

L(sy ) = Xt (1.4)

n
is the Dirichlet L-function for the non-principal Dirichlet character y_4 modulo 4:

1 ifn=1 (mod4)
X-4(n) =< —1 ifn=3 (mod 4)

0 otherwise.

Then, the algebraic nature of G would be clarified via the K3(Z[v/—1])-regulator according
to the Lichtenbaum-Beilinson conjecture since

Cawv=p(2) 6
GI—Q(%/(;; = (2

Recently, Rivoal and Zudilin [RZ] made a progress towards the irrationality problem for G:

they proved that one of L(2, x_4)(= G), L(4,x-4), --- , L(14, x_4) is irrational.
In previous papers [K1] [KK] [KOW] we showed that

G = 2 log (F G) zé) : (1.5)
F(z) = ¢" 1 (G J: ;)n&) (1.6)

is the double sine function defined by Holder [H] in 1886. This is a quasi-periodic function
satisfying

where

F(x+1) = F(z)(—2sin7z).

We refer to Manin [Man] for an excellent survey of multiple sine functions. The formula
(1.5) comes from

3 —Sin(izm) = le (Lia(€2™%) — Lig(e~>""))
= 2rlog (F(z)(2sin7z) ") (1.7)

valid for 0 < z < 1, where the left hand side is the Clausen function (see Lewin [L] and
Milnor [Mil]).



On the other hand, there is a formula due to Smyth [S] for G using the Mahler measure
originating from the theory of transcendental numbers (Mahler [Mah]):

G = gm(w+y—xy+1). (1.8)
See [Mah] [S] [LSW] [D] [S] [EW] for background concerning the Mahler measure. We recall
that the Mahler measure of a rational function f(xy,---,z,) € C(xy,--- ,x,) is given by

1 1
m(f) = / / 10g|f(62m917"' aeQﬂ—wn)‘del"'den
0 0
1 1
= Re/ / log (f(e*™, -+, ™)) db; - - - db,. (1.9)
0 0

Thus we have a triangle:

T
G — §m(x+y—xy+1)

A /
27 log (F (}1) 2—é> .

The purpose of this paper is to make a quantum deformation (or a g-deformation) of this
triangle to

(1.10)

(1.11)

1 1
5 log Fq (Z)
(mod 7Z)

for 0 < g < 1. (Actually we treat all ¢ > 0.) When letting ¢ T 1 (the “classical limit”) we
recover the original triangle: note that

m<z_1y+1):m((:c—1)y+x+1) (since m(z+1)=0)

=m(zy —y+az+1) (taking y+—— —y)
=m(—zy+y+z+1).

On the other hand taking the “crystal limit” ¢ | 0 we have

3



2 +1
(1.12)
i 1
3 log Fj (Z)
with Go = 7, mo(Z3y + 1) = 5, and F (§) = —i.
The g-deformations are defined as follows. We define
1 t —1
G, = / tan” (@) o (1.13)
0 x

by the Jackson integral. For simplicity, here we restrict to the case 0 < g < 1 (see the text
for the general case), then the Jackson integral is given as

/0 f@)ds =S Fla)@ — ¢™). (1.14)

It is shown that

G, = ixdn) (1.15)

_ N (="
=2 (2n+1)[2n + 1], (1.16)

where

Using the quantum dilogarithm

mM@g:§§;$q (1.17)
(see Kirillov [Kir|] and Faddeev-Kashaev [FK]) we see that
@:%@%@—mﬁwy (1.18)
The g-Mahler measure was introduced in a previous paper [K2] as
ma(f) = Re/o1 - /01 Ly (f(e2 - ) dg, - do), (1.19)



for a rational function f(zy,...,z,) € C(z1, ..., x,) with the ¢-logarithm

) = 3 =

originally defined for |z — 1| < 1 and analytically continued to x € C via

o0

(@) =(1-q))

m=0

r—1
r—1+qg™

Lastly, we put
O 1— qn627rix 1—¢
F = —_—
=11 ()

which is expressed also as

Fy(w) = exp (—m )3 —Smé?sﬁx)>
and

F,(z) =exp (LiQ,q(e’%m) — Liqu(e%”)) .

(1.20)

(1.21)

(1.22)

(1.23)

(1.24)

In the text, we make also another deformation of F(z) using the regularized double sine
function F'(x,(1,7)) introduced by Shintani [Shi] to investigate Kronecker’s Jugendtraum

for real quadratic fields.

Concerning the parameter ¢, we investigate certain dualities such as G, «— G-,

my(f) «— myg-1(f), and F, « F 1.

Lastly we notice that our result can be generalized to some extent to other polynomials

and rational functions. We refer to the paper [KO] for related matters.

2 Quantum Catalan constant

We already defined G, for 0 < ¢ < 1. In the case ¢ > 1 we define also

1 t -1
6= [

T

via the Jackson integral

/0 F@dr =S Fa™) @™ —q7™).

We see easily the following properties of G,.



= (1
Th 1. (1) G, = 0 1 and 1.
eorem (1) G, n;o RSV IS for0<g<1andqg>

(2) imG, =G.
qil
) ™
e
li =1.
@ Jim, G

Proof. (1) Let 0 < ¢ < 1. At this point we must be careful, because of the non-absolute
convergence of tan~!(1). We have

Gy = (1—q)§:tan1(Q”)

= (1—g)tan™ (1) + (1 —¢q) Ztan‘l(qn)

m ,(2m+1)n
T "q
- Z<1_q ; — 2m+1
= (1 =y
= (1-¢ Z 1—Q)Z 2m+1
2 2 G+ 1)1 = )

q2m+1
1 _ q2m+1

> —1)™
N Z: (2m+1)[2m + 1],

mO

M

m()

/\

The case ¢ > 1 is exactly similar.

(2)(3)(4): These follow from (1) by noting the uniform convergence of the series for G, on
taking the following limits:

li —
;gl[n]q n,

] —1,
;g)l[ nlq

and

. 1 ifn=1
hm[n]q - +oo ifn>1



3 Quantum Mahler measure

We prove the following result:

Theorem 2. For all g > 0,

We fix the notation by putting

— ()" Yz —1)"
3! >[n§ )

n=1 q

which is absolutely convergent in

2 — 1] < max{1,q},

where -
if g#1

nly=13 T—q
n if g =1.

The function [y (x) = log(z) is the well-known logarithm. For ¢ # 1, the analytic continuation
of I,(x) to all = € C is given by

( [e’¢) 1

x_
1-— — if 1
( Q)mEZOx_lJrq_m if0<q<
ly(z) =
- r—1
—1 _ if 1.
k(q )mzzlx—l—i—qm ne

Both calculations are similar and easy. For example, when 0 < ¢ < 1

o0

Wa) = (- ETE e

1 L—g"

n—

ST B S

n=1m

= (1-9) (x_l)

=1+ (x—1)gm
> z—1
m=0



Thus [,(z) is meromorphic on C for 0 < ¢ < 1 or ¢ > 1. We notice that
l =1-—
o() T

and
lo(z)=2—1

are obtained as lim/,(z) and lim [,(z).
ql0 ql+o0

Proof of Theorem 2: We calculate

for 0 < a <1, and show that

B 2n+1)[2n+1] '

_ i (Lig,g(ia) — Lig,(—ia)).

X

Then we see easily that

from Theorem 1(1). We prove (3.1) for 0 < ¢ < 1. The calculation is similar for ¢ > 1. By

definition
e — 1 o 2mif2
my = Re 627”914—1 +1 d@ld(gg

ai tan(mb, e 2mifs
= (1-aoR —d0,db.
q GZ/ / aitan 7T91 €2me2+q 1abs

We show that

t 9 2mi60o 2
/ / ai tan(m6, )e —dfydf, = = tan”'(ag™™). (3.2)
T

ai tan(mwhy)e? 02 4 g—m

Then, using the absolutely convergent series

tan~! () = Z (=yra



for |z] < 1 we have

2 > B .
mg = ;(1—Q)Ztan Hag™™)
m=0
201 oSS (1) ag )
= Z(1-
il Q)mz_og m+ 1
2 S )n 2n+1

7T 2n—|—1 2n + 1],

which is valid for 0 < a < 1. In the case a = 1 we again take care, because of the non-
absolutely converging series tan~'(1):

2 (0.0
m, = %(1—q)2tan1 m
m=0
= z(1—Q)tan 1(1)+2(1—Q)§:tan '(g™)
T T —
1 2 X (_1)nq(2n+1)m
- Z(1-— “1— A S
5(1—a)+ —( Q)mzzmzzo ST
2 e (_1)n 9 & (_1)nq2n+1
- Z1- ‘-
o q>§%2n+1+7r( Q);(znﬂ)u—q%ﬂ)
2 > (_1)n q2n+1
= =(1-— 1
7r< q>;2n+1< —i_l—q2"+1
T = (2n+1)[2n + 1]
2
= —G,

Now, we return to the calculation of the integral (3.2):
t 0 27102
/ / ai tan(m6y e _ 9, do,
ai tan(mfy)e? 0z 4 g—m

- / / dfdby
B o aitan(mwfy)e? b2 4 g—m

/1 dfy g™ if aitan(n0y)] < g™
o aitan(mb)e2mi0z 4 g—m 0  if |aitan(w6y)| > ¢ ™
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Notice that




Take the number «,, in 0 < a,, < % satisfying
cot(mayy,) = ag™.
Then,

laitan(mhy)| < 7™ <= |cot(mby)| > aq™
— O<b<aporl—a,<b; <l.

Qm 1
I, = 1—q¢™ ( / q"db, + / qmd91)
0 l1—am

= 1-2aq,

Hence

2
= 1— Zcot ' (ag™)
s

2
— Tt -1 my
= tan~!(aq")

Here we introduce a reciprocity G, «— Gg-1.

m
G,— =
1

Theorem 3. 18 tnvariant under ¢ — g~ .

q

Proof. This can be proved directly from the definition of G, but we prefer to obtain it from

a more general reciprocity mgy(f) «<— mg-1(f) shown in Theorem 4 below, using Theorem
2. O

my(f) —mo(f)
V4

Proof. From the definition of m,(f) it is sufficient to show the invariance of

ly(x) = lo(x)
Vi

under g — ¢~ *. This is obvious for ¢ = 1. Let 0 < ¢ < 1. Then

Theorem 4.

is invariant under g — q 1.

we) == (1- 1)+ a0 X
and -
lble) = (6 DY



Hence

ly(x) = (1 = @)lo(x) + qlg—1 (x).

ly(x) = lo(x) g1 (z) — 10(33').

Vi q!

Thus

4 Quantum Holder’s double sine function

Before introducing into the quantum double sine function, we recall briefly the expression

F(z) = (2sinmz)” exp <% Z sm(i#x)) (4.1)

in 0 < 2 < 1 for Hélder’s double sine function F(z). There are several ways to reach this,
and we refer to [KK] [KOW] for a general treatment containing multiple sine functions; we
notice that F(x) = #(z) in [KK] [KOW] and we treated .#,.(z) for integres r > 1.

A simple way to see (4.1) is as follows. From the defintion (1.6) of F'(z) we have

log F'(z) :x—l—i (n <log (1 — %) — log (1—1—%)) +2x)

and

F'(x) = 2

- 1 =
F(z) * ; 2 —n?
= mxcot(mx).

Hence, noting F'(0) = 1, we see

F(z) = exp ( /0 zmﬁcot(ﬂt)dt)
_ exp([tlog(sinwt)]:— /0 ' log(sinmf)dt)

= exp (x log(sin ) —/ log(sinmﬁ)dt) :
0

Here, we use

- 2
log(sin7z) = —log2 — Z M
n
n=1
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for 0 < z < 1, then by uniform convergence

T oo 1 T
log(sinnt)dt = —xlog2 — — / cos(2mnt)dt
| togtsin ) >, ) costamnt)

1 X sin(2mna)
— _plog2— — § " RemnT)
vo8 2 ; n?

Thus, we obtain (4.1). Hence, letting z = § we get

G = 2rlog <F G) (2 sin 9_‘1‘)
= 2rlog <F G) Q—é)
as in (1.5).

Now, define the quantum Holder’s double sine function:
( oo ; -1
1— g™ 2mix \ 4
II (q—) for g > 1,
ot 1 _ qfnef UL
(F(z)(2sinwz)~7) " for ¢ =1,

0 1 — gne?riz 1—q
H(lq—2> for 0 < ¢ <1,
— qre2miz

n=0

_ 2mix

e for ¢ = 0.

Theorem 5. (1)

F,(z) = exp (—2@2—81%%%))

— [m],

= exp (Li27q<6_27m'x) — Lizq(ez’m)) )

(2)

D)
Il

7 1
=5 log I, (Z) mod 7Z.

Proof. We prove the case 0 < ¢ < 1. The case ¢ > 1 is similar.

12



(1) From the definition of F,(x),

log Fq(.ZU) = (]_ — q) Z (10g(]— _ qn62ﬂ'i$) . 10g(]_ . qn6—27ria:))
n=0
. x® 6—27rzmw _ 627rimx .
SR D) pre
n=0 m=1
0 e~ 2mima e2mima
= (1-9
mzzl m(l—q™)
0 e—?m'm:v _ eQmmx
B m=1 m[m]q
= Lig,(e7?™*) — Lig ,(e*™")
= sin(2mma)
= -
mZ:l m[m]q

(2) This follows from (1) by putting = = 1.

Theorem 6. The function
log Fy(z) — log Fy(x)

Va

is invariant under ¢ — q~ 1.

Proof. This follows from Theorem 5(1) with some calculation. Alternatively, we may proceed
as follows. For a suitable series {a(n) | n =1,2,...} and 0 < ¢ < oo define

4y S0

n=1 [n]q
with 1 "
7 q for ¢ #£ 1,00
—q
[nly = n forg=1
On1 for ¢ = 0.
Then Aq;\/;o is invariant under ¢ — ¢~!. Actually, the proof is simple: let 0 < ¢ < 1. Then
— a(n)
A, =
- Z [n]tr1
1

3
Il

I
<

i gta(n)
; [y
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There is another quantization of F'(x) using the regularized double sine function

Lo(wi +ws — o, (Wi, ws))
o(z, (wi,ws))

F(ZL’, (wlva)) =

due to Shintani [Shi], where I's(z, (w1, w2)) is the (regularized) double gamma function of
Barnes [Bar|; we refer to [KK] for a general treatment of regularized multiple sine functions
S(z, (w1, ,w,)) generalizing Sy(z, (w1, w2)) = F(z, (w1,w2)) and Si(z,w) = 2sin(~F).

Theorem 7. Let 0 < g <1 and put 7 = lgif. Then

i F (3, (L,7) F (5, (1, -7))
Gq—g(l—Q)log< (0% ) () )

Proof. From Shintani [Shi] (Proposition 5) we have

0 e2mimz 2mima /T

qd™"e
log Fz Zml—q mZ::l m(1—q™)

m=1
+m' x? 1+1 +7rz'+7m' 1+
R —_— — x‘ R —_— —
2 \ 7 T 4 2\ 1 )

where

Similarly

0 Qmmy 0 m ,—2mwimy
q"e
et (0. (1-7)) =~ R S
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Hence,

log F(z, (1,7)) + log F (; (1_%))

- Z e2mima _ —2mimx B o e27rimx/'r B Tix ﬂ
1 —q ) —~ m T 2
- i e2mimz __ o—2mimz 0 e~ 2mima B > e%rim:p/‘r B Tix 71'_2
— m(1 — q™) —~ m — m T 2
=L sin(2rmar) 5 2 mTix i
- _9 [ Sl 1 1 — T 1 1 — miz/Ty U =
zmzlmu_q)—l—og( ) + log( ) — 13
Then letting x = and multiplying 2 ( 1 —q) we get
i(1—q) 1 1 1
—1 Fl-,(1 Fl—, |1 —-
s (r (00) P (5 (05))
1 log2 3mi m
= —(1— — — — +log(l —e2) ).
Gq+5( q)<2 + 4 T losl 62)>
Then, as the homogeneity
F(cx, (cwq, cws)) = F(x, (w1, ws))
proved in [KK] implies
1 1 1
Fl—,1,— = F|- -1
(+(1-1)) = 7 (30n-0)
1
= F <Za (_177-)) )

we obtain Theorem 7. O
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