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ABSTRACT. In this paper, we study a compact minimal surface in a
4-dimensional flat torus via degenerate Gauss map. Then, we give a
refinement of Nagano-Smyth’s argument [9] and an alternative proof of
Arezzo-Pirola’s proposition [2] about the Moduli space of compact min-
imal surfaces in flat 4-tori. Moreover, we show that a compact minimal
surface of genus 4 in a 4-dimensional flat torus is either a holomorphic
minimal surface, or a non-holomorphic hyperelliptic minimal surface, or
a non-holomorphic trigonal minimal surface, where a trigonal Riemann
surface is a Riemann surface which can be represented as a 3-sheeted
branched cover of the sphere.

1. INTRODUCTION

Our study is about a compact minimal surface M, of genus g in a flat
torus R™/A, so an n-periodic minimal surface in R". By the isothermal
coordinates, we can consider M, as Riemann surface. The main subject is
to consider a compact minimal surface in a 4-dimensional flat torus from
viewpoints of degenerate Gauss map. Then we refine the Nagano-Smyth’s
argument and give an alternative proof of Arezzo-Pirola’s proposition about
the Moduli of compact minimal surfaces in 4-dimensional flat tori. Moreover,
we classify compact minimal surfaces of genus 4 in 4-dimensional flat tori.
In the next paragraph, we will explain about the backgrounds.

An example of periodic minimal surfaces was found by H. A. Schwarz
[12] first and, after that, it has been known many examples [6], [11]. On
the other hands, Nagano-Smyth [9] and W. H. Meeks [5] established general
theory of periodic minimal surfaces. The basic ingredient is the following
(p.884 [5]):

Theorem 1.1 (Generalized Weierstrass Representation). If f : M, —
R"/A is a conformal minimal immersion then, after a translation, f can be
represented by

p
(1) f(p)—%/ (wl,wg,...,wn)T Mod A,
p

0
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where pg € My, the superscript T means the transposed matriz and wy, wa,
..., wy are holomorphic differentials on M, satisfying

(2)  {w1,ws2,...,wn} has no common zeros,

(3) Enjw? =0,
=1

(4) {?R/(wl,wg, wn) |y € Hy(M,, Z)} is a sublattice of A.
v

Conversely, every minimal surface in R"/A is obtained by the above con-
struction.

Condition (4) is called the periodic condition and guarantees that path
integral (1) is well-defined. Now we define the associate immersion fy of f:
P

f@(p) =R ew(wl,WQ,...,wn
Po

)T

If fy is well-defined, then we call it the associate surface of f. The conjugate
surface of f is the associate surface f;/o. Recall that the Gauss map of the
minimal surface defined by (1) is given as a holomorphic map from M, to
the quadric Q—2 := {{w] € CP" Hw-w = >, (w")? = 0}, where ” - 7 is the
complex bilinear inner product:

My — Qn_2 C CP™!

p— (Wi,wa, - ,wy)

In CP" 1, (wi,ws, -+ ,wy) agrees with €'? (wy,ws, - ,wy,). But they are
different objects as minimal surface because we take real parts of the path
integrals. Thus, it is an important subject to study gap between complex
category and real category for minimal surfaces. Existence of associate sur-
faces is a part of this problem, in fact, if a minimal surface in a flat 3-torus
has some associate surfaces, then the Jacobi variety can be represented by
three elliptic curves and (g — 3)-dimensional complex torus (Corollary 5.1
in [5]). So existence of associate surfaces has an effect on complex category
since the Jacobi variety is a complex object. Nagano-Smyth [8], [9] con-
sidered a criterion for existence of associate surfaces. We now review the
Nagano-Smyth’s argument. Given f : M, — R"/A a conformal minimal
immersion of a compact Riemann surface M, into a flat torus R" /A, we may
assume f(pg) = idgn/s. Then it is known that the Jacobi variety J(M,) of
M, has the universal property that f = ho j, where h : J(M,;) — R"/A
is a real homomorphism of tori and j : My, — J(M,) is the Abel-Jacobi
map. Hence, Jacobi variety contains a good information for the minimal
surface. Nagano-Smyth considered complex kernel V' defined below to in-
vestigate the Jacobi variety for study of the minimal surface: The kernel
of h determines a real subspace U of the tangent space to J(M,) at the
identity called the real kernel of f and its maximal complex subspace V is
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called the complex kernel of f. In this paper, we consider a full minimal
surface, that is, f(My,) does not lie in any subtorus of R"/A. It follows that
dimg U = 2g — n. The complex kernel V' plays an important role to study
existence of associate surfaces. Nagano-Smyth [9] calculated the dimension
of V under the assumption of irreducible symmetry for f (dimcV = g—n).
On the other hands, M. Micallef [7] dealt with the gap by considering the
converse of Wirtinger’s result. Micallef proved that a stable minimal surface
in a 4-dimensional flat torus is holomorphic with respect to some complex
structure of the torus. Correspondingly, we considered whether the stability
in Micallef’s Theorem can be removed or not. In case g = 2, every minimal
surface in 4-dimensional flat torus is holomorphic, and hence, it is removable
condition. But, in case g = 3, we can construct a family of minimal surfaces
which are not holomorphic with respect to any complex structure of the
tori [14]. This family of minimal surfaces motivates us to study the Moduli
of compact minimal surfaces in flat 4-tori. The Moduli space of compact
minimal surfaces in flat tori has been studied by C. Arezzo and G. P. Pirola
2], [10]. The key space is My which is defined as a subvariety of a bundle
over the Teichmiiller space (we refer to M later). In particular, for n = 4,
it is possible to give precise description of M‘gl. Arezzo-Pirola [2] gave four
components of Mg and calculated their dimensions. In a previous paper, we
found other components of Mj and calculated their dimensions [13]. There-
fore, our interest is the case n = 4. Now we consider the dimension of the
complex kernel V' from the point of view of Gauss map instead of irreducible
symmetry in case n = 4. Before we state our first result, we review degener-
ate Gauss map. If the Gauss image lies in a hyperplane of CP"~!, that is, if
there exists a non-zero vector A € C" such that A-(wq,ws, -+ ,wy) = 0, then
we call the Gauss map is degenerate. Moreover, the Gauss map is said to be
k-degenerate if and only if k£ is the maximal number of independent vectors
for A. Note that a 0-degenerate in this terminology is non-degenerate. We
observe a good nature of minimal surface in flat 4-torus with degenerate
Gauss map in the next Remark.

Remark 1.1. It is known that, in case n = 4, (1) the Gauss map is 2-
degenerate if and only if f is full holomorphic with respect to some complex
structure of the torus, (2) the Gauss map is 3-degenerate if and only if the
image of f lies on a totally geodesic 2-dimensional subtorus of the torus
(Proposition 4.6 in [4]).

By (2) in Remark 1.1, we deal with the case 0 < k < 2. Our first result
is the following;:

Proposition 1.1. Let M, — R4/A be a conformal minimal immersion.
Then, the Gauss map is k-degenerate (0 < k < 2) if and only if dimcV =
g+ k—4. As a result, Nagano-Smyth’s situation is the case k = 0, that is,
non-degenerate Gauss map.
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By the way, in case n = 3, Nagano-Smyth [8] showed that dimc V = ¢g—3
without irreducible symmetry for f. They also proved that any two minimal
surfaces of genus 3 (if and only if V' = 0) in flat 3-tori must be associates.
Moreover, we can also investigate structure of minimal surface of genus 3 in
flat 3-torus, in fact, such a minimal surface is hyperelliptic. This suggests
that the condition V' = 0 may give a good property. In case n = 4, the
condition V' = 0 implies ¢ = 4 — k, that is, g = 2, 3, 4. Minimal surface
of genus 2 is holomorphic curve as we mention above. By Arezzo-Micallef’s
method [1], minimal surface of genus 3 is either holomorphic or hyperelliptic
(we show this fact in Remark 4.1). These results motivate us to study general
theory of minimal surfaces of genus 4 in 4-dimensional flat tori. Now we state
our next result:

Theorem 1.2. Let f : M, — R4/A be a conformal minimal immer-
sion. Then either f is holomorphic with respect to some complex structure
of the torus, or f is a hyperelliptic minimal immersion with non-degenerate
Gauss map, or f is a trigonal minimal immersion with non-degenerate or
1-degenerate Gauss map.

By (1) in Remark 1.1, the minimal surface is not holomorphic with respect
to any complex structure of the torus in the latter two case in Theorem 1.2.

Finally, we consider the Moduli of minimal surfaces in 4-dimensional flat
tori. First, we review Arezzo-Pirola scheme My [2]. We then consider a
fixed symplectic basis {a;, 5;}7_; of Hi(My,Z), and define

Ty = {(Mg, {ai, B:}_))}/ ~,

where (Mg, {ci, Bi}_)) ~ (M, {as, B;i}]_,) if and only if there exists a bi-
holomorphism ¢ : My — Mg such that ¢.([i]) = o] and ¢.([8i]) = [Bi]
([ ] denotes the class in homotopy). We also define

HZ = {(Mg7 {ahﬂi}gzl))wth? e, Wn | (M97 {aivﬂi ?:1) S 7;7

Wi, wa, Wy € HO(MQ,K) without common zeros},
and
My = {(My, {ai, Bi}_y), w1, w, -+ ,wn € Hy |wf + w3 + -+ +wi =0}

Clearly Hy is a smooth manifold of complex dimension 3g — 3 +ng and My
is a subvariety of Hj. Arezzo-Pirola defined the period map on Mg and
considered the infinitesimal deformation of the period map for study of the
Moduli. Since we will consider the case n = 4, we next review the structure
of Mg.

If n = 4, Q2 is isomorphic to the product of two lines, and isomorphism is
given by the Veronese map V' (p.19 [4]). We have the following commutative
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diagram:

G
M, - Qy, C CP?

@) Vv

CP! x cp!
V' can be given by
V((s1,82), (t1,t2)) = (s1t1—s2te, i (s1t1+s2t2), s1ta+saty, i (s1ta—s2t1)).

Let us call ¢ and o the projection of ¢ on each of the two factors.
Because the Gauss map is evaluation of holomorphic differentials, we know
that G*(O(1)) = [(wy)] = K. If we put ¢ (O(1)) = L; (i = 1, 2), the
commutativity of the diagram implies that

(5) Li+ Ly =K.

This pair of line bundles still does not identify the minimal immersion,
because we are not able to reconstruct the holomorphic differentials. This
can be done precisely if we know not just the line bundles but also a pair
of holomorphic sections for each of them. In fact, 1 = [s1,s2], and ¢y =
[t1,t2], where s; € HO(My, L) and t; € HY(My, Ls) (i = 1, 2). Knowing
these sections, we can recover the holomorphic differentials just using the
expression of the Veronese map.
We define

M; = {(Mg7 {O[i, ﬁi}?:l)u Lu S1,82,11,12 | s; € HO(Mga L)7 li € HO(Mg7 K_L)})
and construct a surjection ¥ : M;} — Mg given by
wy = s1t1 — sata,
wo =1 (81 t1 + s2 tg),
wg = s1t2 + s2tq,
Wy = i(Sl tg — 89 tl).
A simple calculation shows that
\Ij_l((Mg, {ai7 ﬁi}?:l)u w1, W2, wWs, (.4)4)
= {(My, {c, Bi}Y_1), L, A s1, Asa, AN, ATt | A € C*}
and therefore
4 ~ N4 *
Mg = ./\/lg/C i
In this paper we restrict ourselves to the study of minimal immersions free
of branch points. A direct calculation shows that this is equivalent to s =
so=0o0rt; =t =0. L and K — L have two holomorphic sections without
common zeros. This means |D| and |K — D| are base point free, where

D is the divisor coressponding to L and K means the canonical divisor.
Therefore we can assume k(L) > 1 and h°(K — L) > 1, unless one of these
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bundles is trivial. It is easy to see that this can happen if and only if the
immersion is holomorphic with respect to a complex structure of the torus.

Arezzo-Pirola considered degenerative components of /\/13 for study of
the Moduli. Recall that an irreducible component C;l of M;} is called de-
generative if there exists ((My,{as, Bi})_;), w1, w2, ws3,0) € C;l such that
dim(spanc{wi,w2,ws}) = 3. Then, they proved that for g > 4, the generic
point (Mg, {ci, Bi})_), w1, wa, w3,ws) in each degenerative component is
complex full, that is, dim(spanc{w1,ws,ws,ws}) = 4 (Proposition 1 in [2]).
We give an alternative proof of this proposition by the theory of degenerate
Gauss map and spin bundles.

2. APPLICATION OF DEGENERATE GAUSS MAP TO NAGANO-SMYTH’S
ARGUMENT

In this section, we prove Proposition 1.1.
Proof. First, we observed dimg U = 2g — 4. Then,
2g > dimg (U + JU) = dimg U + dimg JU — dimg (U N JU),

where J is the complex structure of J(M,). Hence, we obtain dimgr V' =
dimg (U N JU) > 2¢g — 8. On the other hands,

dimg V = dimg (U N JU) < dimg U = 2g — 4.

These inequalities imply that ¢ — 4 < dimcV < g — 2. Next, we consider
the case dimgV =g — 2,9 — 3, and g — 4, respectively.
Recall that T;4.J (M) /U is isomorphic to Tf(pO)R4/A via h, and the Abel-
Jacobi map j : My — J(M,) is given by
P

](p):g:E (7717"'77797i7717"'7i779
Po

)7,

where {n;}; is a basis of the space of holomorphic differential H°(M,, K).
Then TjqJ(M,) can be identified with H°(My, K) = spanc{ni, -+ ,ng}

case dimgV =g —2

In this case, dimgp V' = dimgr U = 2g — 4. It follows that U = V. Then,
since T;qJ(My)/U is a 2-dimensional complex vector space with respect to
the original complex structure J of J(M,), it can be spanned by some holo-
morphic 1-forms w; and wy (i.e., it can be spanned by wy, iw1, we, and i ws in
the real category). Hence, it is equivalent to 2-degeneracy of the Gauss map.

case dimcgV =g —3

TiqJ(My)/(U + JU) is a 1-dimensional complex vector space (i.e., it
can be spanned by some holomorphic 1-form w) with respect to the orig-
inal complex structure J of J(M,). Thus, T;qJ(M,)/U is isomorphic to
W& TiqJ(My)/(U+JU), where W is a real 2-dimensional vector space (not
complex space). So it is equivalent to 1-degeneracy of the Gauss map.
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case dimcgV =g —4

TiqJ(My)/U is a real 4-dimensional vector space (not complex vector
space with respect to the original complex structure J of J(M,)). Hence, it
is equivalent to non-degeneracy of the Gauss map because it can be spanned
by linearly independent complex 1-forms wq, ws, w3, and wy.

The above arguments complete the proof. O

3. THE MODULI SPACE OF MINIMAL SURFACES IN FLAT TORI

In this section, we give an alternative proof of Arezzo-Pirola’s Proposition.
First, we review surveys of linear series (or system) over Riemann surfaces
in [3]. The geometry of /\/l;l is closely related to the classical theory of linear
series over Riemann surfaces and we give notation about linear series. Let
V be a vector subspace of H’(M,,O(D)) and PV is the projective space.
A linear series PV is said to be a g, if deg D = d, dimV =1r + 1.

We introduce the variety Wj(M,) (p.153, p.176 [3]):

supp(Wj(M,)) ={L € Pic*(M,) | h°(L) > r + 1}
={|D|| deg D =d, h°(D)>1r+1},

where 7 > d — g. The following Lemma explain about structure of W (M,):

Lemma 3.1. (p.182 [3]) Suppose r > d—g. Then no component of Wj(My)
is entirely contained in W£+1(Mg). In particular, if Wj(My) # ¢, then
Wi (M) = Wit (My) # ¢.

Next, we show the following Lemma for our proof of Arezzo-Pirola’s result.

Lemma 3.2. Let f : M, — R4/A be a conformal minimal immersion and

we use notation given in Introduction. If the Gauss map is 1-degenerate,
then Ly = Lo, that is, L; is the spin bundle by (5).

Proof. We first note that we may assume that s; t; + so ta = a(s1t1 — s2t2)
for a constant « € (0,1) by Lemma 4.5 in [4]. It follows that soty = —(s1t1
(6 € (0,1)). Hence, the image of the Gauss map is given by

1 2 0 O

0 0 1 =«
(s1t1,81t2,82t1,82t2) 0 0 1 —i € Q2

-1 2 0 O
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By the following projective transformation, the Gauss image can be reduced
to:

-2y 0 0 §

0 1 ¢+ 0

(s1t1,s1t2,82t1,52t2) 0 1 —i 0
0 0O 0 1

—2y/Bs1t1,51ta + sat1,i (s1ta — s9t1),0) € Q1 C Q2

Then, by direct calculation, we obtain the following diagram:

- Q1 C Q2

o

Ly cp!

where i, ®, and V' are given by

P(y/Bs1,82) = ((51,82), (t1,12)) = ((s1, 52), (—\/15 $2.v/51))

D(\/Bs1,52) = (2¢/Bs1 52,857 — 53, (B3 +53),0)
V((s1,52), (t1,t2)) = (—2+/B s1t1,51t2 + s2t1,i (s1t2 — s2t1),0)

Note that the image of ® agrees with V in Q1. It can be rewritten as follows:

- Q1 C Q2

ke

Lvcp!
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where ¥ and ® are given by
s t
,5)),

1/}(37t) = ((ﬁ?t)v (_ﬁ
D(s,t) = (2st, 52 —t2,i (s> +2),0)

Therefore, we conclude Ly = Ly = [(s)] by the diagram, where [(s)] means
the line bundle defined by the divisor (s). The proof is complete. (]

By Lemma 3.2, we can show Arezzo-Pirola’s proposition as follows: Let
p = (Mg, {ci, 3i})_{), w1, w2, ws3,0) be an element of degenerative compo-
nent of Mg. Thus the minimal surface defined by p has 1-degenerate Gauss
map. It follows that the corresponding line bundle L; is the spin bundle
with h°(L;) > 1 by Lemma 3.2. We observe that the set of spin bundle L
satisfying h°(L) > 1 has codimension 1 in the Riemannian Moduli space
(p-401 [10]). Hence, by a suitable deformation of p in /\/l;}, we can obtain
elements of /\/l;} such that the line bundles are not spin. Therefore, the cor-
responding minimal surfaces have non-degenerate Gauss map by Lemma 3.2
and give complex full elements of the degenerative component. Obviously,
these points are generic in M‘;. This completes the proof.

Finally, we refer to the area of the Gauss map.

Remark 3.1. It is known that the metric Qa = CP' x CP! is just the
product metric, where each factor CP' has the metric on a sphere with area
half that of the standard unit sphere. Thus each factor is a sphere of radius

1/V2 (p.22 [4]).

01, o are finite-sheeted coverings of each of the copies of CP! since
Gauss map of minimal surface is holomorphic. Because each of the latter
has area 27 in the given metric, it follows that the area of G(M,) is 2N«
for some positive integer N. We state the following theorem (Theorem 2.1
p.23 [4]):

Theorem 3.1. Let G be the Gauss map of a minimal surface f : My —
R*Y/A\. Then the area of G(M,) is of the form 2N for some integer N.

4. PROOF OF THEOREM 1.2

In this section, we give a proof of Theorem 1.2. Let f : My — R4/A be
a compact minimal surface and G the Gauss map. It is well-known that the
total curvature is just the negative of the area of the Gauss map (p.37 [4]):

Area(G(My)) = — Kdv.
Mg
In case g = 4, we can conclude N = 6 in Theorem 3.1 by the above equation
and Gauss-Bonnet theorem. We now consider the case N = 0+6, 1+5, 2+4,
and 3 + 3, respectively.
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case N =0+ 6:
one of the projections ; is constant, and thus, f is holomorphic with respect
to some complex sturcture of the torus.

case N =14 5:

one of the projections ; is a biholomorphism from M, to CP! since a holo-
morphic map between Riemann surfaces with degree 1 is a biholomorphism.
It contradicts the fact that the genus of My is 4.

case N =2+ 4:

we may assume that ¢; is 2-sheeted branched covering and 3 is 4-sheeted
branched covering of CP?, respectively. It follows that M, become hyper-
elliptic Riemann surface via L; = g%. We observe that there exist no spin
bundles with base point free over hyperelliptic curves in even genus case (32
p.288 [3]). Thus, we conclude the Gauss map is non-degenerate by Lemma
3.2. We remark that it is known that the Gauss map of hyperelliptic minimal
surface factors through the covered sphere CP':

G
My - Q2
Y1 d
CP!
@ = (1, 902) 4
(0
CP!' x Ccp!

1) and @ can be given by

w(svt) = ((S,t), (527t2))7
B(s,t) := (s — 13,0 (57 + %), st? + s*t,i (st* — 5%t))

case N =3+ 3:

we first note that a Riemann surface M, is trigonal if and only if it has a
base point free linear series gi. We observe that W4 (M) consists of a single
point gi or two distinct points g3 (p.206 in [3]). By Lemma 3.1, these g3
are complete. Recall that each L; is a base point free line bundle satisfying
hO(L;) > 1 and deg L; = 3. These imply L; € Wi (My). So we conclude that
each L; gives a base point free complete g%, and therefore, My has a trigonal
structure. Next, we consider the following two cases, L1 = Ly or Ly # Lo :
(i) in case L1 = Ly. Then we obtain 2L; = K by (5). Hence, L; is the spin



CONSIDERATION OF COMPACT MINIMAL SURFACES OF IN FLAT 4-TORI

bundle. Moreover, the following diagram holds :

G
My - Q2
01 ®
cp!
v = (p1,01) v
(0
cprP! x cp!

1) and @ can be given by

1/](87 t) = ((37 t)? (57 t))?
B(s,t) == (s — 12,0 (s* +1%),2st,0)
Note that the Gauss map is 1-degenerate.

11

(ii) in case L1 # Lo. Then, by Lemma 3.2, the Gauss map is non-degenerate

since L; is not spin bundle via (5).
The proof is now complete.

Remark 4.1. By the same arguments, we can prove that minimal surface
genus 3 is either holomorphic curve or hyperelliptic. In fact, g = 3 impli
N =4 in Theorem 3.1. We consider the case N =0+4, 143, and 2 +

of
es
2,

respectively. In case N = 0+ 4, the minimal surface is holomorphic curve.
Next, in case N = 1+ 3, it cannot happen because the genus is 3. Finally,

N = 2+ 2 implies the minimal surface is hyperelliptic.

REFERENCES

1. C. Arezzo and M. Micallef, Minimal surfaces in flat tori, Geom. Funct. Anal 10 (2000),

679-701.

2. C. Arezzo and G. P. Pirola, On the existence of periodic minimal surfaces, J. Alg.

Geom 8 (1999), 765-785.

3. P. A. Griffiths E. Arbarello, M.Cornalba and J. Harris, Geometry of Algebraic Curves.

I, Springer-Verlag, 1985.

4. D. A. Hoffman and R. Osserman, The geometry of the generalized Gauss map, Mem.

Amer. Math. Soc. vol.28, No.236 (1980).
5. W. H. Meeks III, The theory of triply periodic minimal surfaces, Indiana Univ Ma
Journal 39 No3 (1990), 877-935.

th

6. H. Karcher, The triply periodic minimal surfaces of Alan Schoen and their constant

mean curvature companions, manuscripta Math 64 (1989), 291-357.

7. M. Micallef, Stable minimal surfaces in Euclidean space, J. Diff. Geom. 19 (1984),

57-84.

8. T. Nagano and B. Smyth, Periodic minimal surfaces, Comment. Math. Helv 35 (1978),

29-55.

, Periodic minimal surfaces and Weyl groups, Acta. Math 145 (1980), 1-27.



12

10

11.

12.

13.

14.

TOSHIHIRO SHODA

. G. P. Pirola, The infinitesimal variation of the spin abelian differentials and periodic
minimal surfaces, Communications in Analysis and Geometry 6 (1998), 393—426.

A. Schoen, Infinite periodic minimal surfaces without self-intersections, Technical Note
D-5541, N. A. S. A, Cambridge, Mass., May 1970.

H. A. Schwarz, Gesammelte Mathematische Abhandlungen, vol 1, Berlin: Springer-
Verlag, 1890.

T. Shoda, New components of the moduli space of minimal surfaces in 4-dimensional
flat tori, to appear in J. London. Math. Soc.

, A construction of a dense family of compact minimal surfaces in 4-
dimensional flat tori, J. Math. Soc. Japan 56 (2004), 627-633.

DEPARTMENT OF MATHEMATICS, TOKYO INSTITUTE OF TECHNOLOGY, 2-12-1 OH-

OKAYAMA, MEGURO-KU, TOKYO 152-8551 JAPAN

E-mail address: tshoda@math.titech.ac.jp



