JULIA SETS OF PERMUTABLE ENTIRE FUNCTIONS

YOJI NODA

ABSTRACT. Let C(f) be the set of entire functions permutable with a given
entire function f. In this paper we show that C'(f) = {f™ : n > 0} holds for
almost all transcendental entire function f. For such a function f, it follows
that every transcendental entire function in C(f) has the same Julia set as
that of f.

1. INTRODUCTION AND STATEMENT OF RESULTS

Let f be an entire or a rational function. We denote by f™ the nth iterate
of f. The Fatou set F(f) and the Julia set J(f) of f are defined by F(f) =
{z € C: {f"}nen is defined and normal in some neighborhood of z} and

J(f) = C\ F(f). Julia [6] and Fatou [5] proved that rational functions
f, g of degree at least two satisfying f o g = g o f have the same Julia
set. It is natural to ask whether this is valid for entire functions. Baker [1]
showed that a polynomial of degree at least two cannot be permutable with
any transcendental entire function. In this paper we consider the case that
f, g are transcendental. We denote by C(f) the set of entire functions
permutable with f. Baker [2] proved that, if ¢ = ¢f™ + d (¢ # 0) and
fog =gof,then J(f) = J(g). Therefore, if C(f) C {cf"+d:n >0, c# 0}
holds, then fog = go f implies that J(f) = J(g).

We say that f is prime (left-prime, pseudo-prime), if every factorization
f = goh with a meromorphic function g and an entire function A implies that
either g or h is a linear transformation (either g is a linear transformation
or h is a polynomial, either g is a rational function or h is a polynomial).
When factors g, h are restricted to entire functions, f is said to be prime
(left-prime, pseudo-prime) in entire sense. The author proved that almost
all functions are prime.

Theorem A ([9]). Let f be a transcendental entire function, h be a holo-
morphic function in C* with essential singularities at 0, oo and m be a
non-zero integer. Then there exist countable sets Ey, Ej C C such that
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f(2) +az, (z—a)f(z) are prime for each a ¢ Ey, and that h(e*) + ae™* is
prime for each a € E},.

Theorem B ([9]). Let f be a transcendental entire function. Put A. =
{zeC:f'(2)=0, f(z) =c}.
(i) If A, < oo for every ¢ € C and N(r,1/f") > kT(r, f') (k >0, r €
E, ECR4, |E| =00), then f is left-prime in entire sense.
(i) IffA. < oo for every c € C\{0} and N(r, f/f") > kT(r, '/ f) (k >
0, r€ E, ECRy, |E| =0), then f is left-prime in entire sense.
(iii) IffA. < oo foreveryc € {|z| > R} (R > 0) and T'(r, f) < r* (k > 0),
then f is pseudo-prime.
(For the definitions of T'(r, f), N(r, f), see §5.)

Recently Ng [8] gives a sufficient condition which yields C(f) C {¢f™+d :
n > 0, ¢ # 0}. By making use of Ng’s method, we obtain the following
theorems.

Theorem 1. Let f be a transcendental entire function and m be a positive
integer. Put f,(2) = f(2)+az™. Then there exists a countable set Ey such
that if f(z) =2 peyarz® (axk €C, peN, p>2)andme {jp+1:j €
N}, then C(f,) = {e*™*/Pf,» :n >0, k=1,...,p} for each a ¢ E;, and
that if otherwise, C(f,) = {f." : n > 0} for each a € Ey.

The case of m = 1 was proved by Ng [8]. He showed that for each a ¢ Ey,
any element g of C(f,) is of the form cf,” + d (n > 0), where c is a kth
root of unity and d € C.

Theorem 2. Let f be a transcendental entire function. Put f,(z) = (z —
a)f(z). Then there exists a countable set Ey such that C(fq) = {f." :n >
0} for each a & Ey.

Theorem 3. Let h be a holomorphic function in C* with essential singu-
larities at 0, oo and m be a non-zero integer. Put f,(z) = h(e*) + ae™*.
Then there exists a countable set E; such that C(f,) = {fa" : n > 0} for
each a & Ey.

2. COMMON RIGHT FACTOR THEOREM

Let f, g be holomorphic functions in a domain D. Let S be a Riemann
surface and h : D — S be a holomorphic surjective map. We say that (h, )
is a common right factor of f and g, if there exist holomorphic functions
f g on S such that f = f oh, g=goh. Let (h S) denote any common
right factor. We say that (h, S) is a greatest common r1ght factor of f and
g, if for _any (h S ) there exists a holomorphic map k : S — S such that
h=koh. If (h,S), (h,S) are two greatest common right factors, then the
above holomorphic map k : S — S is a conformal map. The existence of a



JULIA SETS OF PERMUTABLE ENTIRE FUNCTIONS 3

greatest common right factor in the case of D = C was proved in [4]. In
this section we shall give another proof for a general domain D.

We define an equivalence relation ~ s o in {z € D : f'(2)g'(z) # 0} as
follows: z1 ~(f4) 22 if and only if f(21) = f(22), g(21) = g(22) and there
exist neighborhoods U; of z; (j = 1,2) such that f(Uy) = f(Us), g(U1) =
9(U2) and (flv,) ™" o (floy) = (9lv) ™" o (glvy) in Ut

Lemma 2.1. Let f, g be holomorphic functions in a domain D and c € D.
Then there exist a neighborhood U of ¢, a holomorphic function h in U and
holomorphic functions f, g in h(U) satisfying the following conditions.

1) f'(2) #0, g'(2) #0, W(2) #0 (2 € U\ {c}).
2) z ~(f.g) W if and only if h(z) = h(w) (z,w € U \ {c}).

3) f=Foh g=Goh.

Proof. We may assume that ¢ = 0, f(0) = g(0) = 0. Then there exist a
neighborhood U of 0 and a univalent function fy in U such that fo(0) =
0, f(z) = (fo(z))™ (z € U, m € N), fo(U) = {|z|] < €} (¢ > 0) and
g (2) #0 (2 € U\{0}). Put f1 = fofo~ !, g1 =gofo~t Then f1(z) = z™.

Put A\, = e2™*/™ (k = 1,...,m). Let x, y € {0 < |2| < ¢}. Then
T~ ¥ if and only if y = Az, g1(2) = g1(Mkz) for some k. Put
ko = min{k : g1(2) = g1(M\x2), K =1,... ,m}. Then each element of this set
is a multiple of kg. Put p = m/kg. Then x ~(y, 4,y y if and only if 27 = yP.
Since f1(z) = f1(e®™/P2), gi(z) = ¢1(e*™/P2), there exist holomorphic
functions f, § in {|z| < €} such that f1(z) = f(zP), g1(z) = §(zP). Put
h = (fo)?. Then we have f = foh, g =go h. Further 2 ~(;.4) w holds if
and only if h(z) = h(w) (z,w e U\ {0}). O

In the above lemma, 2 ~Fg W holds if and only if z = w for z,w € h(U).

In the case of f'(c)g’(c) # 0, we see that fz f, g = g and h = id. satisfy
the conclusion of Lemma 2.1.

Lemma 2.2. Let f, g be holomorphic functions in a domain D and ¢ € D.
Let U; (j = 1,2) be neighborhoods of ¢ and h; (j = 1,2) be holomorphic
functions in U; which satisfy the conclusion of Lemma 2.1 with U, h replaced
by Uj, hj. Then there exists a conformal map ¢ defined in h,(U; NUs) such
that gOOhl == h2 in Ul N U2.

Proof. Put [z] = {w € UyNUx\{c}: 2 ~q w} (2 € UNUs \ {c}). Then
there exists one to one correspondence between {[z] : z € Uy N Uz \ {c}}
and h;j(Uy N Uz \ {c}) (j = 1,2). Therefore there exists a bijection ¢ :
hi(Uy NUs \ {c}) = ha(Uy N Uz \ {c}). ¢ is represented by ¢ = hy o hy !
and h%(z) # 0 (z € U1 NUz \ {c}, j = 1,2). Therefore ¢ is conformal
in hy(U; NU2) \ {h1(c)}. Further hi(c) is a removable singularity of ¢.
Therefore ¢ is conformal in hy(U; NUz). O
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We extend ~ s 4 to D as follows: 21 ~(f.9) %2 if and only if f(z1) =

f(22), g(z1) = g(22) and there exists a conformal map ¢ defined in some
neighborhood of hq(z1) such that ¢(hi(z1)) = ha(z2), fi=foy G =
g2 © @, where z;, hj, fj, g; (j = 1,2) satisfy the conclusion of Lemma 2.1.
By Lemma 2.2, this definition does not depend on the choice of h;, fj, g;-

We simply write z; ~ z9, if there is no confusion.

Lemma 2.3. Let 21, z2 be distinct points in D and {z,(gj)}k (1 =1,2) be
sequences of complex numbers such that z,(j) — 2j (k— o0, j =1,2) and

that z,(cl) ~ z,(f). Then we have z1 ~ 2s.

Proof. By the assumption, we have f(z1) = f(22), g(z1) = g(22). Let
U; (j = 1,2) be neighborhoods of z; (j = 1,2) and h; (j = 1,2) be holo-
morphic functions in U; (j = 1,2) and J/”;, g; (7 = 1,2) be holomorphic
functions in h;(U;) satisfying the conclusion of Lemma 2.1 with ¢ replaced
by z;. Further we assume that f;’(z)ﬁg(z) # 0 in h;(U;) \ {hj(2;)} and
{z,(cj)}k c Uj for j =1,2.

By Lemma 2.2, there exists a conformal map ¢ defined in some neighbor-
hood Vi, of hy (2") such that (b1 (2)) = ha(2\2), Ji = faop, G1 = Gaoe.
Since f(z1) = f(22), g(1) = g(z2), we have fi(ha(21)) = fa(ha(23)). There-
fore, there exists a neighborhood W of hi(z1) such that ¢ = fz_l ofi =
G5 ' 0g1 has analytic continuation along any path in W\ {h1(21)}. We may
assume that V,, C W.

If  has an analytic continuation which is multiple-valued in W\ {h1(z1)},
then there exist a point ¢ € W and holomorphic functions «, g defined in
some neighborhood of ¢ satisfying a(c) # B(c) and fl = fg o, g1 =
Jo 0« fl = f/; o, g1 = g2 o . We may assume that «, [ are injections.
Then we have fg = fl oat, fl = fg o . Therefore f2 = ]/“\2 o(Boal).
Similarly go = g2 o (B o a™!). Thus we have a(c) ~(Fag) Blc). This
contradicts a(c) # [B(c). Therefore ¢ has an analytic continuation which
is single-valued in W\ {hi(z1)}. Since hy(z1) is a removable singularity, ¢
is holomorphic in W. Similarly, we see that ¢! is single-valued in some
neighborhood of ha(z2). Therefore ¢ is conformal in some neighborhood of
hi(z1). Thus we have z; ~ z5. O

Lemma 2.4. Let f, g be holomorphic functions in a domain D and ¢ € D.
Let U, h, f, g be the same as in Lemma 2.1, and k be a holomorphic
function in some neighborhood U’ of ¢ € C such that k(U') C U, k(') =
¢, K'(2) 20 (2 € U'\{d}). Put F = fok, G=gok, H=hok. Then
U', H, f, g satisfy the conclusion of Lemma 2.1 with ¢, f, g replaced by
d, F, G.

Proof. 1) and 3) are obvious. Let  ~ppg) vy (z, y € U\ {¢'}). Put
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a = k(z), b = k(y). Since k'(x)k'(y) # 0, we have a ~(4) b. Hence
h(a) = h(b). Therefore H(x) = H(y). Conversely, if H(z) = H(y), then we
have h(k(x)) = h(k(y)). Hence k(x) ~(s 4 k(y). Since k'(x)k'(y) # 0, we
have x ~(p ) y. Thus 2) holds. [

Let f, g be holomorphic functions in a domain D. Let S be the set
of equivalence classes and F'(c) be the class of the point ¢ € D. We put
N(eyr) = {F(z) : |z—¢| <r, z€ D} (r >0). If p=F(c) € S, we
call N(c,r) a basic neighborhood of p. These basic neighborhoods define a
topology on S. Further, by Lemma 2.3, S is a Hausdorff space.

Let p = F(c¢) € S, U be a neighborhood of ¢ and h be a holomorphic
function defined in U such that U, h satisfy the conclusion of Lemma 2.1.
Then we have F(x) = F(y) if and only if h(z) = h(y) (z,y € U). We define
a local coordinate in F(U) by ho (F|y)~! : F(U) — h(U). We see that
S is a Riemann surface and F' is holomorphic in D. Further there exist
holomorphic functions ]?, g on S such that f = fo F, g=goF. By Lemma
2.1, 2.2 and 2.4, we see that (F,S) is a greatest common right factor of f
and g.

If D = C, then S is one of C, C*, C or a torus. Since f, g are entire,
S is either C or C*.

The following lemma is essentially the same as in [8]. For the sake of
completeness, we describe its proof.

Lemma 2.5. Let f, g be analytic self mappings of a domain D satisfying
fog=go f and (F,S) be a greatest common right factor of f, g. Assume
that there exists a subset A C D such that §f(A) = 1, #g(A) = 1. Let q
be the order of f at g(A). Then there exists a subset A" C A such that
JF(A) =1, tA" > 1 A/q.

Proof. We may assume that ¢ < §.A. Let 4 = K and A = {z; JK:y Puta =
g(z1). Let U be a neighborhood of a such that f(z) = f(a)+(¢(2))? (z € U),
where v is a conformal map in U with ¢(a) =0, ¢(U) = {|w| < €} (e > 0).
Let z; (j = 1,...,K) be distinct points near z; satisfying f(z1) = --- =
f(zk). Furtherlet U; (j = 1,... , K) be neighborhoods of x; such that f|y,

is an injection and that f(Uy) =--- = f(Uk), g(U;) CU (j =1,... ,K).
Put V = f(Uh), ¢; = (fl,)™" (j = 1,...,K). Then we have g =
gofopr=-=gofoprinV. Hence fogoyp, =--- = fogopk.

From ¢ < K there exists a subset N' C {1,2,... K} with A" > K/q such
that go, =gop, in V for every pu, v € N. On the other hand f oy, =
fop, =id. (u,v € N). Therefore z,, ~ z,, (u,v € N).

Thus there exist sequences of complex numbers {x,(:)}k (v € N) such
that xg/) — 2z, (k — o0), xé“) ~ xg/) (k=1,2,...) for every u, v € N.
Let A" ={z, : v € N'}. By Lemma 2.3, we have z ~ w for every z, w € A'.
Hence §F(A") =1. O
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3. PROOF OF THEOREM 1

We shall make use of the following Baker’s result about permutable entire
functions.

Lemma A ([1, Satz 6]). Let f be a transcendental entire function which is
permutable with a polynomial g. Then g(z) = az 4+ 8 (o = >™/P k.p €
N, (k,p) =1, p € C). Further, if « # 1, then f(z) = c+ (2 — ¢)F((z —
c)P) (¢ = B/(1 — «a)), where F is an entire function.

In what follows we write M(r, f) = max|,—, | f(2)].

Lemma B ([1, Satz 7]). Let f, g be permutable transcendental entire
functions. Then there exist a positive integer n and Ry > 0 such that
M(r,g) < M(r, f*) for all r > Ry.

We also use the following results of Clunie.

Lemma C ([3, Theorem 1]). Let f(z), g(z) be entire and transcendental.
Then limsup, . log M(r, f o g)/1og M(r, g) = .

Lemma D ([3, Lemma 1]). Let g(z) be entire and transcendental. Given
K > 0 there is a number Ry > 0 and an increasing sequence { R, }3° with
Ry > Ry and R,, — o0 (n — o0) such that forn > 1 and allr in R,, <71 <
R,? and all w satisfying Ry < |w| < r we have (g~ ({w})N{|z| <7}) > K.

From Lemma D, we obtain the following lemma, which is essentially the
same as in [§].

Lemma 3.1. Let f be a transcendental entire function. Let A be a subset
of C satisfying that §f~1(A) = oo and §(AN{|z| < r}) < oo for every r > 0.
Then sup,,c 4 $(f " ({w})NAY) = co. (By Picard’s theorem, §A > 2 implies
that ff ~1(A) = c0.)

Proof. If A < oo, it is obvious. Assume that §4 = co. Let K, {R,}{°
satisfy the conclusion of Lemma D. Put N, = (AN {|z] < R,}) (n =
0,1,...). By Lemma D, #(f~!({w}) N {|z] < R,}) > K for all w with
Ry < |w| < R,,. Therefore, if 2(N,, — Ny) > N, then

B (AN{Ro < 2| < R} N AN {|2] < R.})
> K(N, — No) — N, > (K — 2)(N,, — No).

This implies that §(f~'({w}) N A N {|z| < R,}) > K — 2 for some w €
AN{Ry < |z| < R,}. By choosing K arbitrarily large, we have the desired
result. [

We shall show the following result, which is an extension of Theorem 2
of [9].
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Lemma 3.2. Let f be a transcendental entire function and m be a positive
integer. Put f,(z) = f(z)+az™. Then there exists a countable set E; C C
such that f, satisfies the following conditions for each a ¢ Fy.

1) fa is left-prime in entire sense.

2) {z€C: fl(z) =0} = 0.

3) t{z™: fu(z)=¢, fl(2)=0, 2€ C} <1 forallceC.

4) If f, = g o Q with an entire function g and a polynomial Q, then g
is not periodic and Q(z) = azP + 8 (a # 0), where p is a divisor of
m.

5) f! has only simple zeros in C*.

6) If vz + B (« # 0) is permutable with f,, then either « =1, § =0
or f(2) =2 pegarz?t (ay €C, peN, p>2), me {jp+1:j€
N}, a=e*™*/P (ke {1,...,p}), B=0.

Proof. 3) follows from Lemma 3 of [9, p.488].

Put F(z2) = —f'(2)/(mz™"1). Then F(z) = a if and only if f/(2) = 0
in C\ {0}. Therefore, by the second fundamental theorem ([7, p.246]),
there exists a countable set £ C C and a positive number k£ such that
{r : N(r,1/(F —a)) > kT(r,F)}| = oo for every a ¢ E. Hence [{r :
N(r,1/fl) > ET(r, f1)}| = oo for every a ¢ E. Therefore 1) follows from
Theorem A of [9, p.480] and 3). Further we see that 2) holds.

4)If f, = goQ, then f = ¢’ 0cQQ'. By 2) and 3), we may assume that ¢’
has infinitely many zeros {w;};en, and that §{z" : Q(z) =w;, 2 € C} =1
for all j € N. Therefore the degree p of @ is a divisor of m. Let z; be a
root of Q(z) — wj. Then Q(z;) = Q(e*™/?Pz;) (j = 1,2,...). Thus Q(z) =
Q(e*™/P2). Therefore Q(2) is represented by Q(z) = azP + 3 (a # 0). Put

~

f(z) = f(2}/?). Then f is entire and f(2) + az™/? = g(az + B). If f(z) +
azm/p, ]?(z) + bz™/P are periodic functions with periods A, v respectively,
then f(m/p) is a periodic function with periods A, p. Hence A\/p € R.
Therefore (f(z) +az™/P) — (f(z) +b2™/P) = (a—b)2"™/? is bounded on AR.
Hence a = b. Thus there exists a finite set £ C C such that if a € F, then
g is not periodic.

5)If fo(2) =0, fi'(2) =0 (2 #0), then 2 f"(2) — (m —1)f'(2) =0, a =
—f'(2)/(mzm=1). Tt is easy to see that zf”(z) — (m — 1)f'(z) # 0. Put
B = {=f/(2)/(mzm"1) : 2f"(2) — (m— D)f'(z) = 0, = £ 0} Ifa & B,
then we have {z € C* : f/(2) =0, f/(z) =0} = (). Therefore f. has only
simple zeros in C* for each a ¢ E’.

6) Assume that fo(2z + ) = fo(2) + o, fi(z +8) = fio(2) + B (a #
b, @ #0, 8 # 0). Then f™ is a periodic function with periods a, f.
Hence /8 € R. Further f,(z) — 2, fy(z2) — 2z are periodic functions with
periods «, ( respectively. Therefore (f,(z) — z) — (fo(2) — 2) = (a — b)z™
is bounded on aR. Hence a = b. Thus any linear polynomial z + « (a # 0)



8 YOJI NODA

is not permutable with f, for all a € C with at most one exception.

Next we assume that f,(az + ) = afs(2) + 8 (o # 1,0, 8 #0). From
Lemma A we have f,(z) = c+ (z —c)F((z —¢)?) (p > 2, ¢ = B/(1 — a)).
Then f,(c) = ¢, ék)(c) =0k & {jp+1:j5=0,1,...}). Therefore
¢ £ 0, 0= (c— f(@)/em, [ = 0. Put B = {(s -
f(2) /2™ 2 frt(2) fm+2)(2) = 0, 2z # 0}. Then any linear polynomial
az+ f (a#0,1, f#0) is not permutable with f, for each a ¢ E”.

Finally we assume that f,(az) = af.(2) (o # 1,0). From Lemma A
we have f,(z) = 2F(2?) and a = e*™*/? (k. = 1,...,p). If a # 0, then
m € {jp+1:j € N}. Thus we have the desired result. [

Proof of Theorem 1. The following proof is essentially the same as in [8].
For the sake of completeness, we describe it. We assume that f satisfies the
conclusion of Lemma 3.2 with f, replaced by f. Let g be a transcendental
entire function which is permutable with f. Assume that §{z : ¢’(2)(¢’ o
f(2)) =0} < oo. Since f'og(2)g'(z) = g’of(2)f'(2), we see that f'og(z) =0
if and only if f'(2) =0in C\{z: ¢'(2)(¢'o f(2)) = 0}. By #{z: f'(2) =0} =
oo and Lemma 3.1, this is a contradiction. Hence #{z : ¢'(2)(¢' o f(2)) =
0} = oo. This implies that §f~1({z : ¢’(z) = 0}) = co. From Lemma
3.1, we see that for every N € N, there exists ¢ € {z : ¢’(z) = 0} such
that #{z : f(2) = ¢, ¢'(2) # 0} > N. By f'ogg = ¢ o ff’ we have
Hzt f(z) = floglz) =0} > N.

Put A= {z: f(z) = ¢, ['og(z) = 0}. Since fog(A) = go f(A) = {g(c)},
we have g(A) C {z : f(z) = g(¢), f'(z) = 0}. By 3) of Lemma 3.2,
we have #g(A)™ = 1. Therefore there exists a subset B C A such that
fg(B) =1, B8 > N/m. On the other hand f(B) = {c}. By Lemma 2.5 and
5) of Lemma 3.2, there exist an entire function F' and holomorphic functions
f, Gon F(C) such that f = foF, g=7goF. Further there exists a subset
B’ C B such that §F(B') = 1, 48" > N/(mq), where ¢ = max{ordyf,2}.
Since we can choose N arbitrarily large, I is transcendental.

Assume that F' = a + e with a constant a and an entire function Q.

Then f = J?(a +e¥)o@. Since f is left-prime, @ is a polynomial. Since
f(a + e") is periodic, we have a contradiction from 4) of Lemma 3.2. Thus
F(C) = C and f, § are entire. Since F is transcendental and f is left-
prime, we see that fis linear. Hence g = g o f’l of. Put gy =go f’l.
Then g = g1 o f. Note that fogs = g1 0 f. If g1 is transcendental,
then by the same reasoning, there exists an entire function g such that
g=g10f =geof% Similarly we have g = g, o f* (n=1,2,...), whenever
all g, (n =1,2,...) are transcendental. By Lemma B and Lemma C, this
is a contradiction. Thus g, is a polynomial for some n. By Lemma A we
have g,(z) = az+ 8 (o #0). Hence g = af™ + 3. By 6) of Lemma 3.2, we
complete the proof of Theorem 1.
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4. PrROOF OF THEOREM 2
First we prove the following lemma.

Lemma 4.1. Let f be a transcendental entire function. Put f,(z) =
(z — a)f(z). Then there exists a countable set E C C such that, if f,
is permutable with az 4+ 3 (o #0), then « =1, 8 =0 for each a ¢ E.

Proof. 1) Assume that fo(z + ) = fa(2) + o, fo(z + B) = fio(2) + B (a #
b, a #0, f#0). Put hy(2) = fa(2)—2, he(z) = fo(2) —2. Then h,, hy are
periodic functions with periods «, [ respectively. We may assume that «, 3
are their fundamental periods. Since (z —a)f(2) = ha(2)+2, (2 —b)f(2) =
hy(2) + z, we have f(z) = (hq — hy)/(b— a). Therefore (h, — hy)/(b—a) =
ha/(z—a)+1+a/(z—a). Hence hy = hy+(a—b)+(a—b)(hq+a)/(2—a). This
relation implies that Ay is bounded in {az : |Sz| < K} U {fz : [Sz] < K},
where K is an arbitrarily fixed positive number. Therefore, if a/8 ¢ R,
then Ay, is bounded in C. This is a contradiction. Hence o/ € R.

We shall show that o = +8. Assume that o # +3. Further assume
|B] > |a|. Let 0 < € < |a] and |w| < e. Then

(1) hy(na + w) — hy((n 4+ 1)a + w)
= (@ = b)(ha(w) + a)<na +1w —a (n+ 1)a1+w — a)

=0(1/n) (n— o).

Put M (c) = max{|hy(2) — hp(z + a)| : |z — ¢| < €}. Since o # £, we have
M(c) > 0 for all ¢ € C. Further M(c) is a continuous function. Therefore
inf{M(zB) : v € R} = inf{M(2zf) : 0 < 2 < 1} > 0. This contradicts (1).
Hence a = £5. Thus h,, hy have a period .

Since (b—a)f = hy — hy, f and f’ have a period . From f! =h!/ +1=
f+(z—a)f’, we see that (z —a) = (hl,+1— f)/f' has a period a. This is a
contradiction. Thus any linear polynomial z + « (« # 0) is not permutable
with f, for all a € C with at most one exception.

2) Next we assume that f,(az + 5) = af,(2) + 8 (o # 1,0, B # 0).
From Lemma A we have f,(z) = c+ (z —)F((z —¢)?) (p > 2, c € C).
Then f,(c) = ¢, f/(c)=0. Therefore a =c—c/f(c), cf"(c)+2f(c)f'(c) =
0, f(c) # 0. Assume that zf"”(z)+2f(z) f'(z) = 0. Then we have (zf'(z)) —
I'(2) + (f(2)?) = 0. Hence zf' = —f?+ f + k (k € C). Therefore either
f(z)=(ogz+d) ™t +1/2 (k=-1/4, d € C) or f(z) =d(dz?—-1)"! +
(d+1)/2 (k # —1/4, d,d" € C\ {0}). This is a contradiction. Thus
2f"(2) +2f(2)['(2) # 0. Put E' = {z —2/f(2) : 2f"(2) + 2f(2)f'(2) =
0, f(z) # 0}. Then any linear polynomial az + § (a # 0,1, 8 # 0) is not
permutable with f, for each a € E’.

3) Finally we assume that f,(az) = af,(z) (a # 1 0) From Lemma A we
have f,(z) = 2F(2P) (p > 2). Let f(2) = > peyckz”. Assume that a # 0.
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Then ¢y = 0 and >, o(cx — acks1)2” = F(2P). Therefore c; — acyi1 =
0 (k &€ pN). Since (z — a)f(z) = zF(zP), f(z) # zG(zP) for any entire
function G. Therefore cx 11 # 0 for some K ¢ pN. Hence cx — acky1 = 0.
Thus we have a = cx /cxq1. Put B = {0}U{kf*E=1(0)/f*)(0) : fFF)(0) #
0, kK € N}. Then any linear polynomial az (o # 0,1) is not permutable
with f, for each a € C\ E”. O

Lemma 4.2. Let f be a transcendental entire function. Put f,(z) = (z —
a)f(z). Then there exists a countable set Ey C C such that f, satisfies the
following conditions for each a & Ey.

1) fa is prime.

2) #{z € D, : fo(2) = ¢, fl(z) = 0} < 1 for all ¢ € C*, where
D, ={2€C: fu(2) # 0}.

) fa Is not periodic.

) f! has only simple zeros in D,.

) If az + B (a # 0) is permutable with f,, then a« =1, 8 =0.

) There exists a positive integer K such that {f,(z) : fi(z) =0, z €
Dy {fa"(0):n> K} =0.

3
4
5)
6

Proof. 1) and 2) follow from Theorem 3 and Lemma 2 in [9] respectively.

3) It is easy to see that f, is not periodic for every a € C with at most
one exception.

4) If z € C satisfies fo(2) # 0, fi(z) = 0, f/(z) = 0, then we have
f(z) #0, f(2)f"(2) = 2f(2)2 =0, a = z+ f(2)/f'(z). Assume that
F(2)£7(2) — 2f/(2) = 0. Then f"/f' = 2"/. Hence (log f')' = 2(log f)’,
' =cf? (c € C\ {0}). Therefore f = —(cz+d)~! (d € C). This is a
contradiction. Thus f(2)f"(z) — 2f'(2)? £ 0. Put E = {2z + f(2)/f'(2) :
f(2)f"(z) — 2f(2)? = 0, f'(z) # 0}. Then, for every a ¢ E, we have
{z€D,: fl(z) =0, f/(2) =0} = 0. Therefore f/ has only simple zeros in
D,.

5)

(

) follows from Lemma 4.1.
6) Assume that f( ) #0, —1. Put F(a) = (f(0) + 1)f(—af(0)). Then
) = —af(0 ) fa*(0) = —aF(a), f*(0) = —a(F(a) + 1) f(—aF(a)),....

gon(a) fa™(0) (n =1,2,...). If z € C satisfies fq(2) # 0, fi.(z) =
fa(2) = fa™(0) for some n € N, then (z — a)f(z) = ¢n(a) # 0, (z —
) f(z )+f( ) = 0. Therefore we have f/(z) #0, a = 2z + f(2)/f'(z) and

F(2)2/f'(2) + en(z + f(2)/ f'(2)) = 0. Put
On(2) = f(2)*/f'(2) + @nlz + F(2)/ f'(2)).
If ®,(2) =0, ®,,(2) = 0 for n # m, then we have ¢, (2) = pm(z). By

Lemma C, this is a contradiction. Therefore there exists a positive integer
K such that @, # 0 (n > K). Put X = U2 {2z : ®,(2) =0, f'(2) #
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0}, E' = {2+ f(2)/f'(2) : z € X}. Then, for every a ¢ E’, we have
{fa(z): fL(2) =0, 2€ D} N{f,"(0) : n > K} = 0.

If f(0) =0, then f,"(0) =0 (n = 1,2,...). Therefore f,(2) = f."(0)
implies z € D,,.

If £(0) = —1, then £,27(0) = 0, f,2"1(0) =a (n=1,2,...). Ifz € C
satisfies fo(2) # 0, fl(2) = 0, fa(2) = fa"(0) for some n € N, then we
have a £ 0, f/(2) £ 0, a = 2+ f(2)/['(2), 2f'(2) + (() + Df(z) = 0.
Assume that zf’ = —(f +1)f. Then f = (cz — 1)~! (¢ € C). This is
a contradiction. Thus zf" # —(f + 1)f. Put E” = {z+ f(2)/f'(2) :
2f'(z2) + (f(z) + 1) f(2) =0, f'(2) # 0}. Then, for every a ¢ E”, we have
{fa(2) : fl(2) =0, z€ D} N{fa"(0):n>1}=0. O
Lemma 4.3. Let f, g be transcendental entire functions satisfying fog =
go f. Assume that §{z : f'(z) = 0, f(z) # 0} = oo, #{z : f'(2) =
0, f(z) = ¢} < oo for every ¢ € C* and that there exists a positive integer
K such that {f(z) : f'(z) =0, f(z) Z0}n{f™(0):n > K} = 0. Then,
for every N € N, there exists ¢ € {z : ¢'(z) = 0, g(z) # 0} such that
Hz: f(z) =c f(g(2)) =0} = N.

Proof. Put €& = {g(z) : ¢’(z) = 0} \ {f™(0) : n > 0}. First we shall prove
that §€ = co. Assume that € < co. Put

A={z:f'(z) =0, f(2) #0}NET,
B={z: () =0, f(z) £0} NE,
C={z:f(2) =0, f(z) =0},
D={z:¢4'(z) =0}

By the assumption, fA = oo. If 2 € g~ 1(A), then f'(g(z)) = 0. From
F/9(2))g(2) = ¢ (£())'(2), we have g/ (£(2)) = 0 or /(=) = 0. Therefore

g YA cAuBUCU D).
Put
Ao ={ae A: g {a}) N A° £ 0}.

By Lemma 3.1, Ay # (. We shall show that #4y < co. Let a € Ay, = €
g '({a}) N A®. Then, by z € A® and = € g~ 1(A), we have x € BUC U
f~Y(D). Therefore

fla)=fog(x)=go f(z)

cgo f(BuCuU f1(D))
fB)ugo f(C)ugo f(f~ (D))
f( g

F(€)U{g(0)}ug(D)

=go
Cgo
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Cgo f(E)Ufg(0)}ueu{f*(0):n=>0;.

By the definition of A, we have f(a) # 0, f’(a) = 0. Therefore, by the
assumption, f(a) € {f™(0) : n > K}. Thus

fla) e go f(€) U{g(0)}UEU{f™(0):0<n <K},

The right-hand side is a finite set. Therefore, by the assumption f{z :
f'(z) =0, f(z) =c} <0 (c € C*), we have 4y < 0.

Put A1 = A\ Ap. Then we have f4; = co. By Lemma 3.1, for every
N € N, there exists ¢ € A; such that

to ({ch) NALY) > N.

If we choose N > f#Ag, then g~ ({c}) N A® # ). This contradicts ¢ & Ap.
Thus we have € = oc.

Put F={z:4¢'(2) =0, g(z) €{f"(0) : n > 0}}. From € = oo, we have
fF = oo. By Lemma 3.1, for every N € N, there exists ¢ € F such that

1 {eHnFO) = N.

Since ¢ € F, we have ¢'(c) = 0, g(c) & {f"(0) : n > 0}. Ifx € f~1({c}) N
FC, then f' o g(x)g'(x) = ¢ o f(x)f'(x) = ¢'(c)f'(x) = 0. Therefore
flog(x) =org'(z) =0. If ¢’(x) = 0, then, from x ¢ F, we have g(z) = f™(0)
for some n > 0. Therefore f"*1(0) = fog(x) = go f(x) = g(c). This
contradicts ¢ € F. Hence f' o g(z) = 0. Thus ${z : f(z) = ¢, f og(x) =
0} > 4(f'({cHNF)=N. O

Lemma 4.4. Let f = Pe® with polynomials P, Q (P # 0, QQ # const.)
and f, = (z — a)f(z). Then there exists a finite set E C C such that
tf. ({2 : ¢'(2) = 0}) = oo holds for every a ¢ E and every transcendental
entire function g which is permutable with f,.

Proof. First we assume that either deg P > 1 or deg () > 2. Then we have
J1 = (P+(2~a)(P'+ PQ'))e?, deg(P+ (s—a)(P'+ PQ")) > max{deg P, 1}.
Let R, S, T be polynomials such that P+ (z —a)(P'+ PQ') = R(S + (z —
a)T), {z:S(z) =T(z) =0} = 0. Assume that {z: f/(2) =0} = {c} (c €
C). Then degT > max{deg S, 1}, S(c)+(c—a)T(c) =0, S'(c)+T(c)+(c—
a)T’(¢) = 0. Therefore T'(c) # 0, a = c+S(c)/T(c), S(c)T"(c)—S"(c)T(c)—
T(c)? =0. Put E = {2+ S(2)/T(2) : S(2)T'(2) — S"(2)T(2) — T(2)? =
0, T(z) # 0}. Then f! has at least two distinct zero points for each a & E.
Therefore #{z : f/, 0 g(2) = 0, f1(2) # 0} = co. From 0 g’ = ¢’ o fufl,
we have fif, 1({z:¢'(2) =0}) =< (a € E).

Next we assume that P = const. and deg @ = 1. Let f(2) = e (¢ #
0). Then we have f,~1({0}) = {a}, (f2)"'({0}) = {(ca — 1)/c}. Put
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p = (ca —1)/c. Assume that {z : ¢'(z) = 0} = (. Since f. o gy =
g o fufl, we get g ({p}) = {p}. If a # 1/c, then p # 0. By Picard’s
theorem, we have f{z : f,(z) = p} = co. From f, 0 g = go f,, we see that
(Jao9) ({p}) = ({2 : fu(2) = p}) = {2 : fa(2) = p}. By Lomma 3.1,
this is a contradiction. Thus {z : ¢’(2) = 0} # 0.

If £f,1({z : ¢'(2) = 0}) < oo, then by Picard’s theorem #{z : ¢'(z) =
0} =1 and the only element of {z : ¢’(z) = 0} is a Picard exceptional value
of f,. Therefore {z: ¢’(z) = 0} = {0}. Hence f,"'({z: ¢'(2) = 0}) = {a}.
Further ¢’(0) = 0. From 0 = f} 0 ¢(0)¢’(0) = ¢’ o f,(0) f.(0) we have either
g o fa(0)=00r f/(0) =0. Thus a =0 or p = (ca— 1)/c = 0. Therefore we
have #f,"1({z: ¢’(2) =0}) = oo for alla € C\ {0,1/c}. O

Proof of Theorem 2. We assume that f, satisfies the conclusion of Lemma
4.2. Let g be a transcendental entire function which is permutable with f,.
First we assume that f is not of the form f = Pe® with polynomials P, Q.
In this case f’/f is not a rational function. We see that f,(z) = 0 if and
only if z + f(2)/f'(z) = a in D,. Therefore, by Picard’s theorem, #§{z €
D, : fl(z) = 0} = oo holds for every a € C with at most two exceptions.
By Lemma 4.3 and 6) of Lemma 4.2, for every N € N, there exists ¢ € {z :
g'(z) =0, g(z) # 0} such that 8{z : fo(2) = ¢, fLog(z) =0} > N. Put
A= {2 fu(2) = ¢, fLog() = O}, Since fo0g(A) = go fa(A) = {g(c)}, we
have g(A) C {z: fu(2) = g(c¢), f.(z) =0}, g(c) # 0. By 2) of Lemma 4.2,
we have fg(A) = 1. On the other hand f,(A) = {c} and g(A) C D,. Thus,
by 4) of Lemma 4.2, we see that f,, g satisfy the assumption of Lemma 2.5.
From the same reasoning as in §3, we have g = af,” + 8 (a # 0). From 5)
of Lemma 4.2, we deduce the desired result.

Next we assume that f = Pe® with polynomials P, Q. By Lemma
4.4, we may assume that ff,~'({z : ¢’(2) = 0}) = co. From Lemma
3.1, we see that for every N € N, there exists ¢ € {z : ¢’(z) = 0} such
that #{z : fu(2) = ¢, ¢'(2) # 0} > N. By f; 099 = ¢’ o faf,, we have
#{z: fa(z) = ¢, flog(z) =0} > N. On the other hand #{z : fo(z) =0} <
(deg P)+1. Therefore, from 2) of Lemma 4.2, we see that f{z € C: f,(z) =
¢, fl(z) =0} < (degP)+1 for all ¢ € C. Therefore, by the same reasoning
as in §3, we get g = af,” + B (o # 0). From 5) of Lemma 4.2, we have the
desired result.

5. PROOF OF THEOREM 3
We need an extension of Lemma 2.5 as follows.

Lemma 5.1. Let f be a periodic entire function with a period 27i and g be
an entire function satisfying f o g = go f and (F,S) be a greatest common
right factor of f, g. Assume that there exists a subset A C C such that
8f(A) =1, fexpog(A) = 1. Let q be the order of f at some point of g(A).
Then there exists a subset A" C A such that §F(A") =1, 1A’ > §A/q.
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Proof. We may assume that ¢ < §4. Let f4 = K and A = {z; le
Further let n; (j = 1,..., K) be integers satisfying n; = 0, g(z1) = g(z;) +
2nimi (j = 2,...,K). Put a = g(z1). Assume that the order of f at a
is ¢ (¢ < K). Let U be a neighborhood of a such that f(z) = f(a) +
(¥(2))? (z € U), where 1 is a conformal map in U with ¢(a) =0, ¢(U) =
{lw| < €} (e>0). Let z; (j =1,..., K) be distinct points near z; satisfying
f(z1) = -+ = f(zx). Further let U; (j = 1,...,K) be neighborhoods of
x; such that fly, is an injection and that f(Uy) = -+ = f(Uk), (g +
2n;mi)(U;) cU (j=1,... ,K).

Put V = f(Uh), ¢; = (flu;)™" (j = 1,... ,K). Then we have g =

ofowp; =-=gofoprginV. Hence fogop; =---= fogopg.
Therefore fo(g+2nymi)op; =--- = fo(g+2ngmi)opk. From ¢ < K there
exists a subset N' C {1,2,... K} with 4N > K /g such that goy, +2n,mi =
gop, +2n,mi in V for every u, v € N. Hence (expog) o ¢, = (expog) o
oy (u,v € N). On the other hand fo g, = fop, =id. (n,v € N).
Therefore z,, ~ x, (p,v € N). Let A = {z, : v € N}. By the same
reasoning as in the proof of Lemma 2.5, we have {F(A") =1. O

Let f be a periodic entire function with a fundamental period A. Put
z*={z4+n\:neZ}, (A)*={z*:2€ A} (ACC, A+#C) and

v(r,1/(f—a)) =H{z": f(z) = a, [2| <7} (a€C)

The following result is an extension of Lemma D for periodic entire func-
tions. We define T'(r, ), N(r, f), m(r, f) for a meromorphic function f as
follows. We assume that f(0) # oo. For the details, see [7].

|f'(2)]2dxdy e B
//|<r (L+[f(2)2)* T<’”’f)—/014(tvf)t dt,

n(r, f) = S ord.f, N(rf)= / n(t, F)i-Ldt,
z€f~1({ooh)N{|2|<r} 0

2T
mirf) = 5= [ o1+ 11()P) " 2an

Lemma 5.2. Let g(z) be a periodic entire function. Given K > 0 there
is a number Ry and an increasing sequence {R,}neNn with Ry > Ry and
R, — oo (n — o) such that for n > 1 and all w satisfying Ry < |w| < R,
we have v(R,,,1/(g —w)) > K.

Proof. First we assume that there exists a positive number Ry such that for
every w € C satisfying |w| > Ry we have v(jw|,1/(g —w)) > K. If Ry < R
and Ryp < w < R, then v(R,1/(9 —w)) > v(jw|,1/(9 —w)) > K. Thus we
have the desired result.
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Next we assume that there exists a sequence {w,}52; of complex num-
bers such that {|w,|}72 is a strictly increasing sequence satisfying |w,,| —
oo (n = o0) and v(lwy|,1/(g —wpn)) < K (n = 1,2,...). Put R, =
lwn]/2 (n=1,2,...). Then

(2) V2R, 1/(g—wn)) <K (n=1,2,...).
We choose (5 so that |3 > |¢g(0)| and N(r,1/(g — B)) ~ T(r,g) (r — o0).
We put Ry = |g(0)] + |8] + 1 and assume that R; > Ry.

Now we assume that for every n there exists €2, such that Ry < [Q,| < R,
and

3) VRl /(g - 2) <K (n1=1,2,...).
Let v be a non-zero complex number. From (3.3) of [7, p.245], we have

m(r,g'/(g—a)) < 4log™ || +8log T(r, g)
(T€E7 ECR+7 ’E’ <OO)7

where E depends only on g. (In (3.3) of [7, p.245], set w = ¢'/(g — «) and

p=r+1/logT(r,g), and use Lemma 2 of [7, p.245].) Therefore we can
choose p,, with R,,/2 < p, < R,, such that

m(pn; g /(g —wn)) = o(T(pn,g)) (0 — 00),
m(pn, g’ /(g — Q) = o(T(pn,g)) (1 — ).

By (2) and (3), we have

—

n(r,g' /(g —wn)) < K'r, n(r,g'/(g—Q) < K'r (0<r<R,).
(Note that ¢'/(g — wn), ¢'/(g — Q) have only simple poles.) Therefore
N(r,g'/(g—wn)) < K'r, N(r,g'/(g— Q) < K'r (0<r<Ry).

Since T'(r, g)/r — oo (r — 00), we have

(4) T(pn,9'/(g — wn))
T(pnvg//(g - Qn))

o(T(pn,9)) (n— 0),
o(T(pn,g)) (n— o0).

By the same reasoning as in Clunie [3], we have a contradiction. For the
sake of completeness, we describe the proof. Put a,, = —(8 — wy) /(B —
Q) and h, = ¢'/(g —w) + ang’ /(g — Q). Then h, = (W, — Qp)(g —
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B8)g' /(g — wn)(g — Q)] and log |ay,| = O(log py,) (n — o0). From (4) we
have T'(py, hy) = o(T(pn,g)). We note that

log [1/hn(0)] = O(log(|g(0) — wnlg(0) = Qnl/|wn — nl))
=O0(logpn) (n— o).

Therefore

N(pn,1/hn) < T(pn,1/hn) = T(pn, hy) +1og [1/hn(0)]
= T(pn, hn) + O(log pn) = o(T(pn, 9)) + O(log pn)
=0(T(pn,9)) (n— o0).

On the other hand N(p,,1/hy) > N(pn,1/(g — 8)) = (1 + o(1))T(pn, g)-
This is a contradiction. Thus we have the desired result. 0O

Lemma 5.3. Let f be a periodic entire function. Let A be a subset of C
satisfying that #(f~1(A))* = oo and $(AN{|z| < r}) < oo for every r > 0.
Then sup,,¢c 4 8(f 1 ({w}) N A9)* = o0.

Proof. If A < o0, it is obvious. Assume that 4 = oo. Let K, {R,}{° be
the same as in Lemma 5.2. Put N,, = (AN {|z] < R,}) (n=0,1,...). By
Lemma 5.2, 1(f~1({w}) N {|z| £ R,})* > K for all w with Ry < |w| < R,,.
Therefore, if 2(N,, — Ny) > N,,, then

B (AN {Ro < 2] < R} N A9 N {|2] < Rn})
> K(N, — No) — N, > (K — 2)(N,, — Np).

This implies that §(f~*({w}) N A° N {|z| < R,})* > K — 2 for some w &€
AN{Ry < |z| < R,}. By choosing K arbitrarily large, we have the desired
result. [

Lemma 5.4. Let h(w) be a holomorphic function in C\{0} satisfying that
f{w : h'(w) = 0} = co. Put f(z) = h(e?). Let g be a transcendental entire
function permutable with f. Then, for each N € N, there exists c such that
9'(c) =0, H{z": f(2) = ¢, [(9(2)) =0} = N.
Proof. Put A = {z: ¢'(z) = 0} and B = {2z : f'(2) = 0}. Assume that
A=10. From f'ogg’ =g’ off',wehave {z: f'(2) =0} = {z: fog(z) = 0}.
By Lemma 3.1 and B = oo, this is a contradiction. Therefore A # (). We
shall show that f(f~!(A))* = co. By Picard’s theorem, $4 > 2 implies
th=1(A) = oo. Hence f(f~1(A))* = oo. Therefore we assume that $4 = 1
and fh=1(A) < oo.

Put X = {z: ¢ (2)(¢' o f(2)) = 0}. Then we have §(X N {|z| < r}) =
O(r) (r — o). By Lemma D, we have #(g~(BN{Ro < |z| < R,})N{|z| <
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R,}) > K(N,, — Ny), where K is an arbitrarily fixed positive number,
{R,}§° is an increasing sequence with R,, — oo (n — o0) and N,, = (BN
{I2| < R,}) (n=0,1,...). From f'ogg’ = g'o ff', we see that f'og =0 if
and only if f = 0in C\X. Hence fi(g~*(B)N{|z| < R,}NXY) = #(BN{|z| <
R,} N X%). Since #{w : V' (w) = 0} = oo, we have R,,/N,, — 0 (n — 00).
Therefore

89" (B) N {lz] < Rn}) (BN {[2] < Ra}) + O(Ry)
=N, +O(R,) = N,(1+0(1)) (n— ).

On the other hand we see that #(g~*(B) N {|z| < R,}) > #(¢g " (BN {Ry <
|z2| < Rn,})N{|z| < R,}) > K(N,,—Ny). Thus N,,(1+0(R,,)) > K(N,,—Np).
When K > 1, we have a contradiction. Therefore §h~1(A) = co. Thus we
have #(f~1(A))* = oo.

By Lemma 5.3, sup,,c 4 #(f ' ({w}) N A9)* = co. Thus, for each N € N,
there exists ¢ such that ¢’(c) = 0 and #{z* : f(z) = ¢, ¢'(2) # 0} > N.
From f'ogg’ =g o ff’, we have #{z* : f(2) =¢, f'(9(2)) =0} >N. O

Lemma 5.5. Let h be a holomorphic function in C\ {0} with essential
singularities at 0, oo and m be a non-zero integer. Put h,(w) = h(w) +
aw™, fu(z) = ha(e®) Then there exists a countable set Ej, C C such that
h. satisfies the following conditions for each a & Ej,.

1) faq is prime.

2) t{w € C\ {0} : ) (w) =0} = o0.

3) H{w™ : ho(w) =c¢, hl(w) =0, we C\{0}} <1 forallceC.
4) Rl has only simple zeros in C \ {0}.

5) If az + B (« # 0) is permutable with f,, then « =1, § = 0.

Proof. 1) and 3) follow from Theorem 4 and Lemma 3 in [9] respectively.

2) Put H(w) = K (w)/mw™ . Then h/(w) = 0 if and only if H(w) =
—a. From Picard’s theorem, we see that f{w € C\ {0} : bl (w) =0} = 0
for every a € C with at most one exception.

4) follows from 5) of Lemma 3.2.

5) Suppose that f,(z) = h,(€?) has a fundamental period 27i/p (p € N).
Then h,(e®**+#) has a fundamental period 27i/pa. Therefore h,(e®*#) =
ahg(e?) 4+ [ implies that o = £1.

Suppose that « = 1, § # 0. Then g(z) = f.(z) — z has a period 3.
Therefore ¢’ = f/ —1 has a period 8. Hence 8 = 2wik/(pq) (k € Z, ¢ € N).
( 27mi/(pq) is a fundamental period of f!.) Therefore z = f,(z) — g(z) has a
period ¢f = 2wik/p. This is a contradiction.

Suppose that @ = —1. Then —hy(e*) + 8 = ha(e *T#). Therefore
—h(w) — aw™ + B = h(e’/w) + ae™ /w™. Let h(w) = E;‘;_Oo cjwl .

Then we have 8 = 2¢yp. Hence h(w) + h(exp(2co)/w) — 2¢y = —a(w™ +
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exp(2mcy)/w™). Therefore a = — (¢, + c—pm exp(—2mcy)). Thus fu(—
B) # —fa(z) + B for every a € C with at most one exception. [

Proof of Theorem 3. Let h be a holomorphic function in C\ {0} with es-
sential singularities at 0, oo and f(z) = h(e®) satisfies the conclusion of
Lemma 5.5. Let g is a transcendental entire function which is permutable
with f. By Lemma 5.4 and 2) of Lemma 5.5, there exists ¢ such that
g'(c) =0and #{z* : f(z) =¢, f'(9(2)) =0} > N for every positive integer
N. Let A be a subset of C such that z* # w* (z,w € A, z # w) and that
(A" ={z": f(2) = ¢, f'(9(2)) = 0}. Since fog(A) = go f(A) = {g(c)},
we have g(A) C {z: f(z) = g(c), f'(z) = 0}. Hence g(A) C {z: h(e*) =
g(c), h'(e*) = 0}. Therefore exp(g(A)) C {w : h(w) = g(c), h'(w) = 0}.
By 3) of Lemma 5.5, we have fexp(mg(A)) = 1. Therefore there exists a
subset B C A such that fexp(g(B)) = 1, #8 > N/m. On the other hand,
f(B) = {c}. By Lemma 5.1 and 4) of Lemma 5.5, there exist an entire
function F, holomorphic functions f, § on F (C) and a subset B’ C B such
that f = fo F, expog=goF, 4B > N/(2m), §F(B’) = 1.

Assume that F = C + €9 with a constant C' and an entire function Q.
Then f = f(C’ +e")o@. Since f is prime, we have Q(z) = az+ 3 (a # 0).
Hence f has a period 27i/a. Let 2mi/p (p € N) be a fundamental period
of f. Then 27i/a = 2mik/p for some integer k. Thus o = p/k, F(z) =
C + exp((zp/k) + B). From $F(B') = 1 we have (z — w)p/k € 2miZ for
all z, w € B'. Hence #(B’)* = 1. This is a contradiction. Thus we have
F(C) = C. Therefore f, § are entire functions.

Since expog = go F, we have g(z) # 0 (z € C). Therefore g = exp oG
with an entire function G. Hence exp og = exp oG o F'. This relation yields
g = G o F 4 2miv for some v € Z. Put H = G + 27iv. Then we have
g= HoF. Since F'i is transcendental and f i Is prime, we see that f is linear.
Therefore g = Ho f~ o f. Put gy = Ho f~'. Then g = g, o f. By the
same reasoning as in §3, we get ¢ = af,” + 5 (o # 0). From 5) of Lemma
5.5, we have the desired result.
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