
JULIA SETS OF PERMUTABLE ENTIRE FUNCTIONS

YOJI NODA

Abstract. Let C(f) be the set of entire functions permutable with a given
entire function f . In this paper we show that C(f) = {fn : n ≥ 0} holds for

almost all transcendental entire function f . For such a function f , it follows
that every transcendental entire function in C(f) has the same Julia set as
that of f .

1. Introduction and statement of results

Let f be an entire or a rational function. We denote by fn the nth iterate
of f . The Fatou set F (f) and the Julia set J(f) of f are defined by F (f) ={
z ∈ Ĉ : {fn}n∈N is defined and normal in some neighborhood of z

}
and

J(f) = Ĉ \ F (f). Julia [6] and Fatou [5] proved that rational functions
f, g of degree at least two satisfying f ◦ g = g ◦ f have the same Julia
set. It is natural to ask whether this is valid for entire functions. Baker [1]
showed that a polynomial of degree at least two cannot be permutable with
any transcendental entire function. In this paper we consider the case that
f, g are transcendental. We denote by C(f) the set of entire functions
permutable with f . Baker [2] proved that, if g = cfn + d (c 6= 0) and
f ◦g = g◦f , then J(f) = J(g). Therefore, if C(f) ⊂ {cfn+d : n ≥ 0, c 6= 0}
holds, then f ◦ g = g ◦ f implies that J(f) = J(g).

We say that f is prime (left-prime, pseudo-prime), if every factorization
f = g◦h with a meromorphic function g and an entire function h implies that
either g or h is a linear transformation (either g is a linear transformation
or h is a polynomial, either g is a rational function or h is a polynomial).
When factors g, h are restricted to entire functions, f is said to be prime
(left-prime, pseudo-prime) in entire sense. The author proved that almost
all functions are prime.

Theorem A ([9]). Let f be a transcendental entire function, h be a holo-
morphic function in C∗ with essential singularities at 0, ∞ and m be a
non-zero integer. Then there exist countable sets Ef , Eh ⊂ C such that
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f(z) + az, (z − a)f(z) are prime for each a 6∈ Ef , and that h(ez) + aemz is
prime for each a 6∈ Eh.

Theorem B ([9]). Let f be a transcendental entire function. Put Ac =
{z ∈ C : f ′(z) = 0, f(z) = c}.

(i) If ]Ac < ∞ for every c ∈ C and N(r, 1/f ′) > kT (r, f ′) (k > 0, r ∈
E, E ⊂ R+, |E| = ∞), then f is left-prime in entire sense.

(ii) If ]Ac <∞ for every c ∈ C \ {0} and N(r, f/f ′) > kT (r, f ′/f) (k >
0, r ∈ E, E ⊂ R+, |E| = ∞), then f is left-prime in entire sense.

(iii) If ]Ac <∞ for every c ∈ {|z| > R} (R > 0) and T (r, f) < rk (k > 0),
then f is pseudo-prime.

(For the definitions of T (r, f), N(r, f), see §5.)

Recently Ng [8] gives a sufficient condition which yields C(f) ⊂ {cfn+d :
n ≥ 0, c 6= 0}. By making use of Ng’s method, we obtain the following
theorems.

Theorem 1. Let f be a transcendental entire function and m be a positive
integer. Put fa(z) = f(z)+azm. Then there exists a countable set Ef such
that if f(z) = z

∑∞
k=0 akz

pk (ak ∈ C, p ∈ N, p ≥ 2) and m ∈ {jp+ 1 : j ∈
N}, then C(fa) = {e2πki/pfan : n ≥ 0, k = 1, . . . , p} for each a 6∈ Ef , and
that if otherwise, C(fa) = {fan : n ≥ 0} for each a 6∈ Ef .

The case ofm = 1 was proved by Ng [8]. He showed that for each a 6∈ Ef ,
any element g of C(fa) is of the form cfa

n + d (n ≥ 0), where c is a kth
root of unity and d ∈ C.

Theorem 2. Let f be a transcendental entire function. Put fa(z) = (z −
a)f(z). Then there exists a countable set Ef such that C(fa) = {fan : n ≥
0} for each a 6∈ Ef .

Theorem 3. Let h be a holomorphic function in C∗ with essential singu-
larities at 0, ∞ and m be a non-zero integer. Put fa(z) = h(ez) + aemz.
Then there exists a countable set Ef such that C(fa) = {fan : n ≥ 0} for
each a 6∈ Ef .

2. Common right factor theorem

Let f, g be holomorphic functions in a domain D. Let S be a Riemann
surface and h : D → S be a holomorphic surjective map. We say that (h, S)
is a common right factor of f and g, if there exist holomorphic functions

f̂ , ĝ on S such that f = f̂ ◦ h, g = ĝ ◦ h. Let (h̃, S̃) denote any common
right factor. We say that (h, S) is a greatest common right factor of f and

g, if for any (h̃, S̃) there exists a holomorphic map k : S̃ → S such that

h = k ◦ h̃. If (h, S), (h̃, S̃) are two greatest common right factors, then the

above holomorphic map k : S̃ → S is a conformal map. The existence of a
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greatest common right factor in the case of D = C was proved in [4]. In
this section we shall give another proof for a general domain D.

We define an equivalence relation ∼(f,g) in {z ∈ D : f ′(z)g′(z) 6= 0} as
follows: z1 ∼(f,g) z2 if and only if f(z1) = f(z2), g(z1) = g(z2) and there
exist neighborhoods Uj of zj (j = 1, 2) such that f(U1) = f(U2), g(U1) =
g(U2) and (f |U2)

−1 ◦ (f |U1) ≡ (g|U2)
−1 ◦ (g|U1) in U1.

Lemma 2.1. Let f, g be holomorphic functions in a domain D and c ∈ D.
Then there exist a neighborhood U of c, a holomorphic function h in U and

holomorphic functions f̂ , ĝ in h(U) satisfying the following conditions.

1) f ′(z) 6= 0, g′(z) 6= 0, h′(z) 6= 0 (z ∈ U \ {c}).
2) z ∼(f,g) w if and only if h(z) = h(w) (z, w ∈ U \ {c}).
3) f = f̂ ◦ h, g = ĝ ◦ h.

Proof. We may assume that c = 0, f(0) = g(0) = 0. Then there exist a
neighborhood U of 0 and a univalent function f0 in U such that f0(0) =
0, f(z) = (f0(z))

m (z ∈ U, m ∈ N), f0(U) = {|z| < ε} (ε > 0) and
g′(z) 6= 0 (z ∈ U \{0}). Put f1 = f ◦f0−1, g1 = g ◦f0−1. Then f1(z) = zm.

Put λk = e2πik/m (k = 1, . . . ,m). Let x, y ∈ {0 < |z| < ε}. Then
x ∼(f1,g1) y if and only if y = λkx, g1(z) ≡ g1(λkz) for some k. Put
k0 = min{k : g1(z) ≡ g1(λkz), k = 1, . . . ,m}. Then each element of this set
is a multiple of k0. Put p = m/k0. Then x ∼(f1,g1) y if and only if xp = yp.

Since f1(z) ≡ f1(e
2πi/pz), g1(z) ≡ g1(e

2πi/pz), there exist holomorphic

functions f̂ , ĝ in {|z| < εp} such that f1(z) = f̂(zp), g1(z) = ĝ(zp). Put

h = (f0)
p. Then we have f = f̂ ◦ h, g = ĝ ◦ h. Further z ∼(f,g) w holds if

and only if h(z) = h(w) (z, w ∈ U \ {0}). �

In the above lemma, z ∼(f̂ ,ĝ) w holds if and only if z = w for z, w ∈ h(U).

In the case of f ′(c)g′(c) 6= 0, we see that f̂ ≡ f, ĝ ≡ g and h ≡ id. satisfy
the conclusion of Lemma 2.1.

Lemma 2.2. Let f, g be holomorphic functions in a domain D and c ∈ D.
Let Uj (j = 1, 2) be neighborhoods of c and hj (j = 1, 2) be holomorphic
functions in Uj which satisfy the conclusion of Lemma 2.1 with U, h replaced
by Uj , hj . Then there exists a conformal map ϕ defined in h1(U1∩U2) such
that ϕ ◦ h1 = h2 in U1 ∩ U2.

Proof. Put [z] = {w ∈ U1 ∩U2 \ {c} : z ∼(f,g) w} (z ∈ U1 ∩U2 \ {c}). Then
there exists one to one correspondence between {[z] : z ∈ U1 ∩ U2 \ {c}}
and hj(U1 ∩ U2 \ {c}) (j = 1, 2). Therefore there exists a bijection ϕ :
h1(U1 ∩ U2 \ {c}) → h2(U1 ∩ U2 \ {c}). ϕ is represented by ϕ = h2 ◦ h1−1

and h′j(z) 6= 0 (z ∈ U1 ∩ U2 \ {c}, j = 1, 2). Therefore ϕ is conformal
in h1(U1 ∩ U2) \ {h1(c)}. Further h1(c) is a removable singularity of ϕ.
Therefore ϕ is conformal in h1(U1 ∩ U2). �
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We extend ∼(f,g) to D as follows: z1 ∼(f,g) z2 if and only if f(z1) =
f(z2), g(z1) = g(z2) and there exists a conformal map ϕ defined in some

neighborhood of h1(z1) such that ϕ(h1(z1)) = h2(z2), f̂1 = f̂2 ◦ ϕ, ĝ1 =

ĝ2 ◦ ϕ, where zj , hj , f̂j , ĝj (j = 1, 2) satisfy the conclusion of Lemma 2.1.

By Lemma 2.2, this definition does not depend on the choice of hj , f̂j , ĝj .
We simply write z1 ∼ z2, if there is no confusion.

Lemma 2.3. Let z1, z2 be distinct points in D and {z(j)k }k (j = 1, 2) be

sequences of complex numbers such that z
(j)
k → zj (k → ∞, j = 1, 2) and

that z
(1)
k ∼ z

(2)
k . Then we have z1 ∼ z2.

Proof. By the assumption, we have f(z1) = f(z2), g(z1) = g(z2). Let
Uj (j = 1, 2) be neighborhoods of zj (j = 1, 2) and hj (j = 1, 2) be holo-

morphic functions in Uj (j = 1, 2) and f̂j , ĝj (j = 1, 2) be holomorphic
functions in hj(Uj) satisfying the conclusion of Lemma 2.1 with c replaced

by zj . Further we assume that f̂ ′j(z)ĝ
′
j(z) 6= 0 in hj(Uj) \ {hj(zj)} and

{z(j)k }k ⊂ Uj for j = 1, 2.
By Lemma 2.2, there exists a conformal map ϕ defined in some neighbor-

hood Vk of h1(z
(1)
k ) such that ϕ(h1(z

(1)
k )) = h2(z

(2)
k ), f̂1 = f̂2◦ϕ, ĝ1 = ĝ2◦ϕ.

Since f(z1) = f(z2), g(z1) = g(z2), we have f̂1(h1(z1)) = f̂2(h2(z2)). There-

fore, there exists a neighborhood W of h1(z1) such that ϕ = f̂−1
2 ◦ f̂1 =

ĝ−1
2 ◦ ĝ1 has analytic continuation along any path in W \ {h1(z1)}. We may
assume that Vk ⊂W .

If ϕ has an analytic continuation which is multiple-valued inW \{h1(z1)},
then there exist a point c ∈ W and holomorphic functions α, β defined in

some neighborhood of c satisfying α(c) 6= β(c) and f̂1 = f̂2 ◦ α, ĝ1 =

ĝ2 ◦ α, f̂1 = f̂2 ◦ β, ĝ1 = ĝ2 ◦ β. We may assume that α, β are injections.

Then we have f̂2 = f̂1 ◦ α−1, f̂1 = f̂2 ◦ β. Therefore f̂2 = f̂2 ◦ (β ◦ α−1).
Similarly ĝ2 = ĝ2 ◦ (β ◦ α−1). Thus we have α(c) ∼(f̂2,ĝ2)

β(c). This

contradicts α(c) 6= β(c). Therefore ϕ has an analytic continuation which
is single-valued in W \ {h1(z1)}. Since h1(z1) is a removable singularity, ϕ
is holomorphic in W . Similarly, we see that ϕ−1 is single-valued in some
neighborhood of h2(z2). Therefore ϕ is conformal in some neighborhood of
h1(z1). Thus we have z1 ∼ z2. �
Lemma 2.4. Let f, g be holomorphic functions in a domain D and c ∈ D.

Let U, h, f̂ , ĝ be the same as in Lemma 2.1, and k be a holomorphic
function in some neighborhood U ′ of c′ ∈ C such that k(U ′) ⊂ U, k(c′) =
c, k′(z) 6= 0 (z ∈ U ′ \ {c′}). Put F = f ◦ k, G = g ◦ k, H = h ◦ k. Then

U ′, H, f̂ , ĝ satisfy the conclusion of Lemma 2.1 with c, f, g replaced by
c′, F, G.

Proof. 1) and 3) are obvious. Let x ∼(F,G) y (x, y ∈ U ′ \ {c′}). Put
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a = k(x), b = k(y). Since k′(x)k′(y) 6= 0, we have a ∼(f,g) b. Hence
h(a) = h(b). Therefore H(x) = H(y). Conversely, if H(x) = H(y), then we
have h(k(x)) = h(k(y)). Hence k(x) ∼(f,g) k(y). Since k′(x)k′(y) 6= 0, we
have x ∼(F,G) y. Thus 2) holds. �

Let f, g be holomorphic functions in a domain D. Let S be the set
of equivalence classes and F (c) be the class of the point c ∈ D. We put
N(c, r) = {F (z) : |z − c| < r, z ∈ D} (r > 0). If p = F (c) ∈ S, we
call N(c, r) a basic neighborhood of p. These basic neighborhoods define a
topology on S. Further, by Lemma 2.3, S is a Hausdorff space.

Let p = F (c) ∈ S, U be a neighborhood of c and h be a holomorphic
function defined in U such that U, h satisfy the conclusion of Lemma 2.1.
Then we have F (x) = F (y) if and only if h(x) = h(y) (x, y ∈ U). We define
a local coordinate in F (U) by h ◦ (F |U )−1 : F (U) → h(U). We see that
S is a Riemann surface and F is holomorphic in D. Further there exist

holomorphic functions f̂ , ĝ on S such that f = f̂ ◦F, g = ĝ ◦F . By Lemma
2.1, 2.2 and 2.4, we see that (F, S) is a greatest common right factor of f
and g.

If D = C, then S is one of C, C∗, Ĉ or a torus. Since f, g are entire,
S is either C or C∗.

The following lemma is essentially the same as in [8]. For the sake of
completeness, we describe its proof.

Lemma 2.5. Let f, g be analytic self mappings of a domain D satisfying
f ◦ g = g ◦ f and (F, S) be a greatest common right factor of f, g. Assume
that there exists a subset A ⊂ D such that ]f(A) = 1, ]g(A) = 1. Let q
be the order of f at g(A). Then there exists a subset A′ ⊂ A such that
]F (A′) = 1, ]A′ ≥ ]A/q.
Proof. Wemay assume that q < ]A. Let ]A = K andA = {zj}Kj=1. Put a =
g(z1). Let U be a neighborhood of a such that f(z) = f(a)+(ψ(z))q (z ∈ U),
where ψ is a conformal map in U with ψ(a) = 0, ψ(U) = {|w| < ε} (ε > 0).
Let xj (j = 1, . . . ,K) be distinct points near zj satisfying f(x1) = · · · =
f(xK). Further let Uj (j = 1, . . . ,K) be neighborhoods of xj such that f |Uj

is an injection and that f(U1) = · · · = f(UK), g(Uj) ⊂ U (j = 1, . . . ,K).
Put V = f(U1), ϕj = (f |Uj )

−1 (j = 1, . . . ,K). Then we have g =
g ◦ f ◦ ϕ1 = · · · = g ◦ f ◦ ϕK in V . Hence f ◦ g ◦ ϕ1 = · · · = f ◦ g ◦ ϕK .
From q < K there exists a subset N ⊂ {1, 2, . . .K} with ]N ≥ K/q such
that g ◦ ϕµ ≡ g ◦ ϕν in V for every µ, ν ∈ N . On the other hand f ◦ ϕµ ≡
f ◦ ϕν ≡ id. (µ, ν ∈ N ). Therefore xµ ∼ xν (µ, ν ∈ N ).

Thus there exist sequences of complex numbers {x(ν)k }k (ν ∈ N ) such

that x
(ν)
k → zν (k → ∞), x

(µ)
k ∼ x

(ν)
k (k = 1, 2, . . . ) for every µ, ν ∈ N .

Let A′ = {zν : ν ∈ N}. By Lemma 2.3, we have z ∼ w for every z, w ∈ A′.
Hence ]F (A′) = 1. �
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3. Proof of Theorem 1

We shall make use of the following Baker’s result about permutable entire
functions.

Lemma A ([1, Satz 6]). Let f be a transcendental entire function which is
permutable with a polynomial g. Then g(z) = αz + β (α = e2πki/p, k, p ∈
N, (k, p) = 1, β ∈ C). Further, if α 6= 1, then f(z) = c + (z − c)F ((z −
c)p) (c = β/(1− α)), where F is an entire function.

In what follows we write M(r, f) = max|z|=r |f(z)|.

Lemma B ([1, Satz 7]). Let f, g be permutable transcendental entire
functions. Then there exist a positive integer n and R0 > 0 such that
M(r, g) < M(r, fn) for all r > R0.

We also use the following results of Clunie.

Lemma C ([3, Theorem 1]). Let f(z), g(z) be entire and transcendental.
Then lim supr→∞ logM(r, f ◦ g)/ logM(r, g) = ∞.

Lemma D ([3, Lemma 1]). Let g(z) be entire and transcendental. Given
K > 0 there is a number R0 > 0 and an increasing sequence {Rn}∞1 with
R1 > R0 and Rn → ∞ (n→ ∞) such that for n ≥ 1 and all r in Rn ≤ r ≤
Rn

2 and all w satisfying R0 ≤ |w| ≤ r we have ](g−1({w})∩{|z| ≤ r}) > K.

From Lemma D, we obtain the following lemma, which is essentially the
same as in [8].

Lemma 3.1. Let f be a transcendental entire function. Let A be a subset
of C satisfying that ]f−1(A) = ∞ and ](A∩{|z| < r}) <∞ for every r > 0.
Then supw∈A ](f

−1({w})∩AC) = ∞. (By Picard’s theorem, ]A ≥ 2 implies
that ]f−1(A) = ∞.)

Proof. If ]A < ∞, it is obvious. Assume that ]A = ∞. Let K, {Rn}∞1
satisfy the conclusion of Lemma D. Put Nn = ](A ∩ {|z| ≤ Rn}) (n =
0, 1, . . . ). By Lemma D, ](f−1({w}) ∩ {|z| ≤ Rn}) > K for all w with
R0 ≤ |w| ≤ Rn. Therefore, if 2(Nn −N0) > Nn, then

](f−1(A ∩ {R0 < |z| ≤ Rn}) ∩AC ∩ {|z| ≤ Rn})
> K(Nn −N0)−Nn > (K − 2)(Nn −N0).

This implies that ](f−1({w}) ∩ AC ∩ {|z| ≤ Rn}) > K − 2 for some w ∈
A ∩ {R0 < |z| ≤ Rn}. By choosing K arbitrarily large, we have the desired
result. �

We shall show the following result, which is an extension of Theorem 2
of [9].
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Lemma 3.2. Let f be a transcendental entire function and m be a positive
integer. Put fa(z) = f(z)+azm. Then there exists a countable set Ef ⊂ C
such that fa satisfies the following conditions for each a 6∈ Ef .

1) fa is left-prime in entire sense.
2) ]{z ∈ C : f ′a(z) = 0} = ∞.
3) ]{zm : fa(z) = c, f ′a(z) = 0, z ∈ C} ≤ 1 for all c ∈ C.
4) If fa = g ◦Q with an entire function g and a polynomial Q, then g

is not periodic and Q(z) = αzp + β (α 6= 0), where p is a divisor of
m.

5) f ′a has only simple zeros in C∗.
6) If αz + β (α 6= 0) is permutable with fa, then either α = 1, β = 0

or f(z) = z
∑∞

k=0 akz
pk (ak ∈ C, p ∈ N, p ≥ 2), m ∈ {jp+ 1 : j ∈

N}, α = e2πki/p (k ∈ {1, . . . , p}), β = 0.

Proof. 3) follows from Lemma 3 of [9, p.488].

Put F (z) = −f ′(z)/(mzm−1). Then F (z) = a if and only if f ′a(z) = 0
in C \ {0}. Therefore, by the second fundamental theorem ([7, p.246]),
there exists a countable set E ⊂ C and a positive number k such that
|{r : N(r, 1/(F − a)) > kT (r, F )}| = ∞ for every a 6∈ E. Hence |{r :
N(r, 1/f ′a) > kT (r, f ′a)}| = ∞ for every a 6∈ E. Therefore 1) follows from
Theorem A of [9, p.480] and 3). Further we see that 2) holds.

4) If fa = g ◦Q, then f ′a = g′ ◦QQ′. By 2) and 3), we may assume that g′

has infinitely many zeros {wj}j∈N, and that ]{zm : Q(z) = wj , z ∈ C} = 1
for all j ∈ N. Therefore the degree p of Q is a divisor of m. Let zj be a

root of Q(z) − wj . Then Q(zj) = Q(e2πi/pzj) (j = 1, 2, . . . ). Thus Q(z) ≡
Q(e2πi/pz). Therefore Q(z) is represented by Q(z) = αzp + β (α 6= 0). Put

f̂(z) = f(z1/p). Then f̂ is entire and f̂(z) + azm/p = g(αz + β). If f̂(z) +

azm/p, f̂(z) + bzm/p are periodic functions with periods λ, µ respectively,

then f̂ (m/p) is a periodic function with periods λ, µ. Hence λ/µ ∈ R.

Therefore (f̂(z)+azm/p)− (f̂(z)+ bzm/p) = (a− b)zm/p is bounded on λR.
Hence a = b. Thus there exists a finite set E ⊂ C such that if a 6∈ E, then
g is not periodic.

5) If f ′a(z) = 0, f ′′a (z) = 0 (z 6= 0), then zf ′′(z)− (m− 1)f ′(z) = 0, a =
−f ′(z)/(mzm−1). It is easy to see that zf ′′(z) − (m − 1)f ′(z) 6≡ 0. Put
E′ = {−f ′(z)/(mzm−1) : zf ′′(z) − (m − 1)f ′(z) = 0, z 6= 0}. If a 6∈ E′,
then we have {z ∈ C∗ : f ′a(z) = 0, f ′′a (z) = 0} = ∅. Therefore f ′a has only
simple zeros in C∗ for each a 6∈ E′.

6) Assume that fa(z + α) = fa(z) + α, fb(z + β) = fb(z) + β (a 6=
b, α 6= 0, β 6= 0). Then f (m) is a periodic function with periods α, β.
Hence α/β ∈ R. Further fa(z) − z, fb(z) − z are periodic functions with
periods α, β respectively. Therefore (fa(z) − z) − (fb(z) − z) = (a − b)zm

is bounded on αR. Hence a = b. Thus any linear polynomial z+α (α 6= 0)



8 YOJI NODA

is not permutable with fa for all a ∈ C with at most one exception.

Next we assume that fa(αz + β) = αfa(z) + β (α 6= 1, 0, β 6= 0). From
Lemma A we have fa(z) = c + (z − c)F ((z − c)p) (p ≥ 2, c = β/(1 − α)).

Then fa(c) = c, f
(k)
a (c) = 0 (k 6∈ {jp + 1 : j = 0, 1, . . . }). Therefore

c 6= 0, a = (c − f(c))/cm, f (m+1)(c)f (m+2)(c) = 0. Put E′′ = {(z −
f(z))/zm : f (m+1)(z)f (m+2)(z) = 0, z 6= 0}. Then any linear polynomial
αz + β (α 6= 0, 1, β 6= 0) is not permutable with fa for each a 6∈ E′′.

Finally we assume that fa(αz) = αfa(z) (α 6= 1, 0). From Lemma A
we have fa(z) = zF (zp) and α = e2πki/p (k = 1, . . . , p). If a 6= 0, then
m ∈ {jp+ 1 : j ∈ N}. Thus we have the desired result. �

Proof of Theorem 1. The following proof is essentially the same as in [8].
For the sake of completeness, we describe it. We assume that f satisfies the
conclusion of Lemma 3.2 with fa replaced by f . Let g be a transcendental
entire function which is permutable with f . Assume that ]{z : g′(z)(g′ ◦
f(z)) = 0} <∞. Since f ′◦g(z)g′(z) = g′◦f(z)f ′(z), we see that f ′◦g(z) = 0
if and only if f ′(z) = 0 in C\{z : g′(z)(g′◦f(z)) = 0}. By ]{z : f ′(z) = 0} =
∞ and Lemma 3.1, this is a contradiction. Hence ]{z : g′(z)(g′ ◦ f(z)) =
0} = ∞. This implies that ]f−1({z : g′(z) = 0}) = ∞. From Lemma
3.1, we see that for every N ∈ N, there exists c ∈ {z : g′(z) = 0} such
that ]{z : f(z) = c, g′(z) 6= 0} ≥ N . By f ′ ◦ gg′ = g′ ◦ ff ′ we have
]{z : f(z) = c, f ′ ◦ g(z) = 0} ≥ N .

Put A = {z : f(z) = c, f ′◦g(z) = 0}. Since f ◦g(A) = g◦f(A) = {g(c)},
we have g(A) ⊂ {z : f(z) = g(c), f ′(z) = 0}. By 3) of Lemma 3.2,
we have ]g(A)m = 1. Therefore there exists a subset B ⊂ A such that
]g(B) = 1, ]B ≥ N/m. On the other hand f(B) = {c}. By Lemma 2.5 and
5) of Lemma 3.2, there exist an entire function F and holomorphic functions

f̂ , ĝ on F (C) such that f = f̂ ◦ F, g = ĝ ◦ F . Further there exists a subset
B′ ⊂ B such that ]F (B′) = 1, ]B′ ≥ N/(mq), where q = max{ord0f, 2}.
Since we can choose N arbitrarily large, F is transcendental.

Assume that F = a + eQ with a constant a and an entire function Q.

Then f = f̂(a + ew) ◦ Q. Since f is left-prime, Q is a polynomial. Since

f̂(a+ ew) is periodic, we have a contradiction from 4) of Lemma 3.2. Thus

F (C) = C and f̂ , ĝ are entire. Since F is transcendental and f is left-

prime, we see that f̂ is linear. Hence g = ĝ ◦ f̂−1 ◦ f . Put g1 = ĝ ◦ f̂−1.
Then g = g1 ◦ f . Note that f ◦ g1 = g1 ◦ f . If g1 is transcendental,
then by the same reasoning, there exists an entire function g2 such that
g = g1 ◦ f = g2 ◦ f2. Similarly we have g = gn ◦ fn (n = 1, 2, . . . ), whenever
all gn (n = 1, 2, . . . ) are transcendental. By Lemma B and Lemma C, this
is a contradiction. Thus gn is a polynomial for some n. By Lemma A we
have gn(z) = αz + β (α 6= 0). Hence g = αfn + β. By 6) of Lemma 3.2, we
complete the proof of Theorem 1.
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4. Proof of Theorem 2

First we prove the following lemma.

Lemma 4.1. Let f be a transcendental entire function. Put fa(z) =
(z − a)f(z). Then there exists a countable set E ⊂ C such that, if fa
is permutable with αz + β (α 6= 0), then α = 1, β = 0 for each a 6∈ E.

Proof. 1) Assume that fa(z + α) = fa(z) + α, fb(z + β) = fb(z) + β (a 6=
b, α 6= 0, β 6= 0). Put ha(z) = fa(z)−z, hb(z) = fb(z)−z. Then ha, hb are
periodic functions with periods α, β respectively. We may assume that α, β
are their fundamental periods. Since (z−a)f(z) = ha(z)+ z, (z− b)f(z) =
hb(z) + z, we have f(z) = (ha − hb)/(b− a). Therefore (ha − hb)/(b− a) =
ha/(z−a)+1+a/(z−a). Hence hb = ha+(a−b)+(a−b)(ha+a)/(z−a). This
relation implies that hb is bounded in {αz : |=z| < K} ∪ {βz : |=z| < K},
where K is an arbitrarily fixed positive number. Therefore, if α/β 6∈ R,
then hb is bounded in C. This is a contradiction. Hence α/β ∈ R.

We shall show that α = ±β. Assume that α 6= ±β. Further assume
|β| > |α|. Let 0 < ε < |α| and |w| < ε. Then

hb(nα+ w)− hb((n+ 1)α+ w)(1)

= (a− b)(ha(w) + a)
( 1

nα+ w − a
− 1

(n+ 1)α+ w − a

)
= O(1/n) (n→ ∞).

Put M(c) = max{|hb(z)− hb(z + α)| : |z − c| ≤ ε}. Since α 6= ±β, we have
M(c) > 0 for all c ∈ C. Further M(c) is a continuous function. Therefore
inf{M(xβ) : x ∈ R} = inf{M(xβ) : 0 ≤ x ≤ 1} > 0. This contradicts (1).
Hence α = ±β. Thus ha, hb have a period α.

Since (b− a)f = ha − hb, f and f ′ have a period α. From f ′a = h′a + 1 =
f +(z−a)f ′, we see that (z−a) = (h′a+1−f)/f ′ has a period α. This is a
contradiction. Thus any linear polynomial z + α (α 6= 0) is not permutable
with fa for all a ∈ C with at most one exception.

2) Next we assume that fa(αz + β) = αfa(z) + β (α 6= 1, 0, β 6= 0).
From Lemma A we have fa(z) = c + (z − c)F ((z − c)p) (p ≥ 2, c ∈ C).
Then fa(c) = c, f ′′a (c) = 0. Therefore a = c− c/f(c), cf ′′(c)+2f(c)f ′(c) =
0, f(c) 6= 0. Assume that zf ′′(z)+2f(z)f ′(z) ≡ 0. Then we have (zf ′(z))′−
f ′(z) + (f(z)2)′ = 0. Hence zf ′ = −f2 + f + k (k ∈ C). Therefore either
f(z) = (log z + d)−1 + 1/2 (k = −1/4, d ∈ C) or f(z) = d(d′zd − 1)−1 +
(d + 1)/2 (k 6= −1/4, d, d′ ∈ C \ {0}). This is a contradiction. Thus
zf ′′(z) + 2f(z)f ′(z) 6≡ 0. Put E′ = {z − z/f(z) : zf ′′(z) + 2f(z)f ′(z) =
0, f(z) 6= 0}. Then any linear polynomial αz + β (α 6= 0, 1, β 6= 0) is not
permutable with fa for each a 6∈ E′.

3) Finally we assume that fa(αz) = αfa(z) (α 6= 1, 0). From Lemma A we
have fa(z) = zF (zp) (p ≥ 2). Let f(z) =

∑∞
k=0 ckz

k. Assume that a 6= 0.
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Then c0 = 0 and
∑∞

k=0(ck − ack+1)z
k = F (zp). Therefore ck − ack+1 =

0 (k 6∈ pN). Since (z − a)f(z) = zF (zp), f(z) 6≡ zG(zp) for any entire
function G. Therefore cK+1 6= 0 for some K 6∈ pN. Hence cK − acK+1 = 0.
Thus we have a = cK/cK+1. Put E

′′ = {0}∪{kf (k−1)(0)/f (k)(0) : f (k)(0) 6=
0, k ∈ N}. Then any linear polynomial αz (α 6= 0, 1) is not permutable
with fa for each a ∈ C \ E′′. �

Lemma 4.2. Let f be a transcendental entire function. Put fa(z) = (z −
a)f(z). Then there exists a countable set Ef ⊂ C such that fa satisfies the
following conditions for each a 6∈ Ef .

1) fa is prime.
2) ]{z ∈ Da : fa(z) = c, f ′a(z) = 0} ≤ 1 for all c ∈ C∗, where

Da = {z ∈ C : fa(z) 6= 0}.
3) fa is not periodic.
4) f ′a has only simple zeros in Da.
5) If αz + β (α 6= 0) is permutable with fa, then α = 1, β = 0.
6) There exists a positive integer K such that {fa(z) : f ′a(z) = 0, z ∈

Da} ∩ {fan(0) : n ≥ K} = ∅.

Proof. 1) and 2) follow from Theorem 3 and Lemma 2 in [9] respectively.

3) It is easy to see that fa is not periodic for every a ∈ C with at most
one exception.

4) If z ∈ C satisfies fa(z) 6= 0, f ′a(z) = 0, f ′′a (z) = 0, then we have
f ′(z) 6= 0, f(z)f ′′(z) − 2f ′(z)2 = 0, a = z + f(z)/f ′(z). Assume that
f(z)f ′′(z) − 2f ′(z)2 ≡ 0. Then f ′′/f ′ ≡ 2f ′/f . Hence (log f ′)′ = 2(log f)′,
f ′ = cf2 (c ∈ C \ {0}). Therefore f = −(cz + d)−1 (d ∈ C). This is a
contradiction. Thus f(z)f ′′(z) − 2f ′(z)2 6≡ 0. Put E = {z + f(z)/f ′(z) :
f(z)f ′′(z) − 2f ′(z)2 = 0, f ′(z) 6= 0}. Then, for every a 6∈ E, we have
{z ∈ Da : f ′a(z) = 0, f ′′a (z) = 0} = ∅. Therefore f ′a has only simple zeros in
Da.

5) follows from Lemma 4.1.

6) Assume that f(0) 6= 0, −1. Put F (a) = (f(0) + 1)f(−af(0)). Then
fa(0) = −af(0), fa2(0) = −aF (a), fa3(0) = −a(F (a) + 1)f(−aF (a)), . . . .
Put ϕn(a) = fa

n(0) (n = 1, 2, . . . ). If z ∈ C satisfies fa(z) 6= 0, f ′a(z) =
0, fa(z) = fa

n(0) for some n ∈ N, then (z − a)f(z) = ϕn(a) 6= 0, (z −
a)f ′(z) + f(z) = 0. Therefore we have f ′(z) 6= 0, a = z + f(z)/f ′(z) and
f(z)2/f ′(z) + ϕn(z + f(z)/f ′(z)) = 0. Put

Φn(z) = f(z)2/f ′(z) + ϕn(z + f(z)/f ′(z)).

If Φn(z) ≡ 0, Φm(z) ≡ 0 for n 6= m, then we have ϕn(z) ≡ ϕm(z). By
Lemma C, this is a contradiction. Therefore there exists a positive integer
K such that Φn 6≡ 0 (n ≥ K). Put X = ∪∞

n=K{z : Φn(z) = 0, f ′(z) 6=
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0}, E′ = {z + f(z)/f ′(z) : z ∈ X}. Then, for every a 6∈ E′, we have
{fa(z) : f ′a(z) = 0, z ∈ Da} ∩ {fan(0) : n ≥ K} = ∅.

If f(0) = 0, then fa
n(0) = 0 (n = 1, 2, . . . ). Therefore fa(z) = fa

n(0)
implies z 6∈ Da.

If f(0) = −1, then fa
2n(0) = 0, fa

2n−1(0) = a (n = 1, 2, . . . ). If z ∈ C
satisfies fa(z) 6= 0, f ′a(z) = 0, fa(z) = fa

n(0) for some n ∈ N, then we
have a 6= 0, f ′(z) 6= 0, a = z + f(z)/f ′(z), zf ′(z) + (f(z) + 1)f(z) = 0.
Assume that zf ′ ≡ −(f + 1)f . Then f = (cz − 1)−1 (c ∈ C). This is
a contradiction. Thus zf ′ 6≡ −(f + 1)f . Put E′′ = {z + f(z)/f ′(z) :
zf ′(z) + (f(z) + 1)f(z) = 0, f ′(z) 6= 0}. Then, for every a 6∈ E′′, we have
{fa(z) : f ′a(z) = 0, z ∈ Da} ∩ {fan(0) : n ≥ 1} = ∅. �
Lemma 4.3. Let f, g be transcendental entire functions satisfying f ◦ g =
g ◦ f . Assume that ]{z : f ′(z) = 0, f(z) 6= 0} = ∞, ]{z : f ′(z) =
0, f(z) = c} < ∞ for every c ∈ C∗ and that there exists a positive integer
K such that {f(z) : f ′(z) = 0, f(z) 6= 0} ∩ {fn(0) : n ≥ K} = ∅. Then,
for every N ∈ N, there exists c ∈ {z : g′(z) = 0, g(z) 6= 0} such that
]{z : f(z) = c, f ′(g(z)) = 0} ≥ N .

Proof. Put E = {g(z) : g′(z) = 0} \ {fn(0) : n ≥ 0}. First we shall prove
that ]E = ∞. Assume that ]E <∞. Put

A = {z : f ′(z) = 0, f(z) 6= 0} ∩ EC ,

B = {z : f ′(z) = 0, f(z) 6= 0} ∩ E ,
C = {z : f ′(z) = 0, f(z) = 0},
D = {z : g′(z) = 0}.

By the assumption, ]A = ∞. If z ∈ g−1(A), then f ′(g(z)) = 0. From
f ′(g(z))g′(z) = g′(f(z))f ′(z), we have g′(f(z)) = 0 or f ′(z) = 0. Therefore

g−1(A) ⊂ A ∪ B ∪ C ∪ f−1(D).

Put
A0 = {a ∈ A : g−1({a}) ∩ AC 6= ∅}.

By Lemma 3.1, A0 6= ∅. We shall show that ]A0 < ∞. Let a ∈ A0, x ∈
g−1({a}) ∩ AC . Then, by x ∈ AC and x ∈ g−1(A), we have x ∈ B ∪ C ∪
f−1(D). Therefore

f(a) = f ◦ g(x) = g ◦ f(x)
∈ g ◦ f(B ∪ C ∪ f−1(D))

= g ◦ f(B) ∪ g ◦ f(C) ∪ g ◦ f(f−1(D))

⊂ g ◦ f(E) ∪ {g(0)} ∪ g(D)
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⊂ g ◦ f(E) ∪ {g(0)} ∪ E ∪ {fn(0) : n ≥ 0}.

By the definition of A, we have f(a) 6= 0, f ′(a) = 0. Therefore, by the
assumption, f(a) 6∈ {fn(0) : n ≥ K}. Thus

f(a) ∈ g ◦ f(E) ∪ {g(0)} ∪ E ∪ {fn(0) : 0 ≤ n < K}.

The right-hand side is a finite set. Therefore, by the assumption ]{z :
f ′(z) = 0, f(z) = c} <∞ (c ∈ C∗), we have ]A0 <∞.

Put A1 = A \ A0. Then we have ]A1 = ∞. By Lemma 3.1, for every
N ∈ N, there exists c ∈ A1 such that

](g−1({c}) ∩ A1
C) ≥ N.

If we choose N > ]A0, then g
−1({c}) ∩ AC 6= ∅. This contradicts c 6∈ A0.

Thus we have ]E = ∞.
Put F = {z : g′(z) = 0, g(z) 6∈ {fn(0) : n ≥ 0}}. From ]E = ∞, we have

]F = ∞. By Lemma 3.1, for every N ∈ N, there exists c ∈ F such that

](f−1({c}) ∩ FC) ≥ N.

Since c ∈ F , we have g′(c) = 0, g(c) 6∈ {fn(0) : n ≥ 0}. If x ∈ f−1({c}) ∩
FC , then f ′ ◦ g(x)g′(x) = g′ ◦ f(x)f ′(x) = g′(c)f ′(x) = 0. Therefore
f ′◦g(x) = or g′(x) = 0. If g′(x) = 0, then, from x 6∈ F , we have g(x) = fn(0)
for some n ≥ 0. Therefore fn+1(0) = f ◦ g(x) = g ◦ f(x) = g(c). This
contradicts c ∈ F . Hence f ′ ◦ g(x) = 0. Thus ]{x : f(x) = c, f ′ ◦ g(x) =
0} ≥ ](f−1({c}) ∩ FC) ≥ N . �
Lemma 4.4. Let f = PeQ with polynomials P, Q (P 6≡ 0, Q 6≡ const.)
and fa = (z − a)f(z). Then there exists a finite set E ⊂ C such that
]fa

−1({z : g′(z) = 0}) = ∞ holds for every a 6∈ E and every transcendental
entire function g which is permutable with fa.

Proof. First we assume that either degP ≥ 1 or degQ ≥ 2. Then we have
f ′a = (P+(z−a)(P ′+PQ′))eQ, deg(P+(z−a)(P ′+PQ′)) ≥ max{degP, 1}.
Let R, S, T be polynomials such that P +(z− a)(P ′ +PQ′) = R(S+(z−
a)T ), {z : S(z) = T (z) = 0} = ∅. Assume that {z : f ′a(z) = 0} = {c} (c ∈
C). Then deg T ≥ max{degS, 1}, S(c)+(c−a)T (c) = 0, S′(c)+T (c)+(c−
a)T ′(c) = 0. Therefore T (c) 6= 0, a = c+S(c)/T (c), S(c)T ′(c)−S′(c)T (c)−
T (c)2 = 0. Put E = {z + S(z)/T (z) : S(z)T ′(z) − S′(z)T (z) − T (z)2 =
0, T (z) 6= 0}. Then f ′a has at least two distinct zero points for each a 6∈ E.
Therefore ]{z : f ′a ◦ g(z) = 0, f ′a(z) 6= 0} = ∞. From f ′a ◦ gg′ = g′ ◦ faf ′a,
we have ]fa

−1({z : g′(z) = 0}) = ∞ (a 6∈ E).
Next we assume that P ≡ const. and degQ = 1. Let f(z) = ecz+d (c 6=

0). Then we have fa
−1({0}) = {a}, (f ′a)

−1({0}) = {(ca − 1)/c}. Put
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p = (ca − 1)/c. Assume that {z : g′(z) = 0} = ∅. Since f ′a ◦ gg′ =
g′ ◦ faf ′a, we get g−1({p}) = {p}. If a 6= 1/c, then p 6= 0. By Picard’s
theorem, we have ]{z : fa(z) = p} = ∞. From fa ◦ g = g ◦ fa, we see that
(fa ◦ g)−1({p}) = g−1({z : fa(z) = p}) = {z : fa(z) = p}. By Lemma 3.1,
this is a contradiction. Thus {z : g′(z) = 0} 6= ∅.

If ]fa
−1({z : g′(z) = 0}) < ∞, then by Picard’s theorem ]{z : g′(z) =

0} = 1 and the only element of {z : g′(z) = 0} is a Picard exceptional value
of fa. Therefore {z : g′(z) = 0} = {0}. Hence fa

−1({z : g′(z) = 0}) = {a}.
Further g′(0) = 0. From 0 = f ′a ◦ g(0)g′(0) = g′ ◦ fa(0)f ′a(0) we have either
g′ ◦ fa(0) = 0 or f ′a(0) = 0. Thus a = 0 or p = (ca− 1)/c = 0. Therefore we
have ]fa

−1({z : g′(z) = 0}) = ∞ for all a ∈ C \ {0, 1/c}. �
Proof of Theorem 2. We assume that fa satisfies the conclusion of Lemma
4.2. Let g be a transcendental entire function which is permutable with fa.
First we assume that f is not of the form f = PeQ with polynomials P, Q.
In this case f ′/f is not a rational function. We see that f ′a(z) = 0 if and
only if z + f(z)/f ′(z) = a in Da. Therefore, by Picard’s theorem, ]{z ∈
Da : f ′a(z) = 0} = ∞ holds for every a ∈ C with at most two exceptions.
By Lemma 4.3 and 6) of Lemma 4.2, for every N ∈ N, there exists c ∈ {z :
g′(z) = 0, g(z) 6= 0} such that ]{z : fa(z) = c, f ′a ◦ g(z) = 0} ≥ N . Put
A = {z : fa(z) = c, f ′a ◦ g(z) = 0}. Since fa ◦ g(A) = g ◦fa(A) = {g(c)}, we
have g(A) ⊂ {z : fa(z) = g(c), f ′a(z) = 0}, g(c) 6= 0. By 2) of Lemma 4.2,
we have ]g(A) = 1. On the other hand fa(A) = {c} and g(A) ⊂ Da. Thus,
by 4) of Lemma 4.2, we see that fa, g satisfy the assumption of Lemma 2.5.
From the same reasoning as in §3, we have g = αfa

n + β (α 6= 0). From 5)
of Lemma 4.2, we deduce the desired result.

Next we assume that f = PeQ with polynomials P, Q. By Lemma
4.4, we may assume that ]fa

−1({z : g′(z) = 0}) = ∞. From Lemma
3.1, we see that for every N ∈ N, there exists c ∈ {z : g′(z) = 0} such
that ]{z : fa(z) = c, g′(z) 6= 0} ≥ N . By f ′a ◦ gg′ = g′ ◦ faf ′a, we have
]{z : fa(z) = c, f ′a ◦ g(z) = 0} ≥ N . On the other hand ]{z : fa(z) = 0} ≤
(degP )+1. Therefore, from 2) of Lemma 4.2, we see that ]{z ∈ C : fa(z) =
c, f ′a(z) = 0} ≤ (degP )+1 for all c ∈ C. Therefore, by the same reasoning
as in §3, we get g = αfa

n + β (α 6= 0). From 5) of Lemma 4.2, we have the
desired result.

5. Proof of Theorem 3

We need an extension of Lemma 2.5 as follows.

Lemma 5.1. Let f be a periodic entire function with a period 2πi and g be
an entire function satisfying f ◦ g = g ◦ f and (F, S) be a greatest common
right factor of f, g. Assume that there exists a subset A ⊂ C such that
]f(A) = 1, ] exp ◦g(A) = 1. Let q be the order of f at some point of g(A).
Then there exists a subset A′ ⊂ A such that ]F (A′) = 1, ]A′ ≥ ]A/q.
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Proof. We may assume that q < ]A. Let ]A = K and A = {zj}Kj=1.
Further let nj (j = 1, . . . ,K) be integers satisfying n1 = 0, g(z1) = g(zj)+
2njπi (j = 2, . . . ,K). Put a = g(z1). Assume that the order of f at a
is q (q < K). Let U be a neighborhood of a such that f(z) = f(a) +
(ψ(z))q (z ∈ U), where ψ is a conformal map in U with ψ(a) = 0, ψ(U) =
{|w| < ε} (ε > 0). Let xj (j = 1, . . . ,K) be distinct points near zj satisfying
f(x1) = · · · = f(xK). Further let Uj (j = 1, . . . ,K) be neighborhoods of
xj such that f |Uj is an injection and that f(U1) = · · · = f(UK), (g +
2njπi)(Uj) ⊂ U (j = 1, . . . ,K).

Put V = f(U1), ϕj = (f |Uj )
−1 (j = 1, . . . ,K). Then we have g =

g ◦ f ◦ ϕ1 = · · · = g ◦ f ◦ ϕK in V . Hence f ◦ g ◦ ϕ1 = · · · = f ◦ g ◦ ϕK .
Therefore f ◦(g+2n1πi)◦ϕ1 = · · · = f ◦(g+2nKπi)◦ϕK . From q < K there
exists a subset N ⊂ {1, 2, . . .K} with ]N ≥ K/q such that g ◦ϕµ+2nµπi ≡
g ◦ ϕν + 2nνπi in V for every µ, ν ∈ N . Hence (exp ◦g) ◦ ϕµ ≡ (exp ◦g) ◦
ϕν (µ, ν ∈ N ). On the other hand f ◦ ϕµ ≡ f ◦ ϕν ≡ id. (µ, ν ∈ N ).
Therefore xµ ∼ xν (µ, ν ∈ N ). Let A′ = {zν : ν ∈ N}. By the same
reasoning as in the proof of Lemma 2.5, we have ]F (A′) = 1. �

Let f be a periodic entire function with a fundamental period λ. Put
z∗ = {z + nλ : n ∈ Z}, (A)∗ = {z∗ : z ∈ A} (A ⊂ C, A 6= C) and

ν(r, 1/(f − a)) = ]{z∗ : f(z) = a, |z| ≤ r} (a ∈ C).

The following result is an extension of Lemma D for periodic entire func-
tions. We define T (r, f), N(r, f), m(r, f) for a meromorphic function f as
follows. We assume that f(0) 6= ∞. For the details, see [7].

A(r, f) =
1

π

∫∫
|z|<r

|f ′(z)|2dxdy
(1 + |f(z)|2)2

, T (r, f) =

∫ r

0

A(t, f)t−1dt,

n(r, f) =
∑

z∈f−1({∞})∩{|z|≤r}

ordzf, N(r, f) =

∫ r

0

n(t, f)t−1dt,

m(r, f) =
1

2π

∫ 2π

0

log(1 + |f(z)|2)1/2dθ.

Lemma 5.2. Let g(z) be a periodic entire function. Given K > 0 there
is a number R0 and an increasing sequence {Rn}n∈N with R1 > R0 and
Rn → ∞ (n → ∞) such that for n ≥ 1 and all ω satisfying R0 ≤ |ω| ≤ Rn

we have ν(Rn, 1/(g − ω)) > K.

Proof. First we assume that there exists a positive number R0 such that for
every ω ∈ C satisfying |ω| ≥ R0 we have ν(|ω|, 1/(g − ω)) > K. If R0 ≤ R
and R0 ≤ ω ≤ R, then ν(R, 1/(g − ω)) ≥ ν(|ω|, 1/(g − ω)) > K. Thus we
have the desired result.
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Next we assume that there exists a sequence {ωn}∞n=1 of complex num-
bers such that {|ωn|}∞n=1 is a strictly increasing sequence satisfying |ωn| →
∞ (n → ∞) and ν(|ωn|, 1/(g − ωn)) ≤ K (n = 1, 2, . . . ). Put Rn =
|ωn|/2 (n = 1, 2, . . . ). Then

(2) ν(2Rn, 1/(g − ωn)) ≤ K (n = 1, 2, . . . ).

We choose β so that |β| > |g(0)| and N(r, 1/(g − β)) ∼ T (r, g) (r → ∞).
We put R0 = |g(0)|+ |β|+ 1 and assume that R1 > R0.

Now we assume that for every n there exists Ωn such thatR0 ≤ |Ωn| ≤ Rn

and

(3) ν(Rn, 1/(g − Ωn)) ≤ K (n = 1, 2, . . . ).

Let α be a non-zero complex number. From (3.3) of [7, p.245], we have

m(r, g′/(g − α)) ≤ 4 log+ |α|+ 8 log T (r, g)

(r 6∈ E, E ⊂ R+, |E| <∞),

where E depends only on g. (In (3.3) of [7, p.245], set w = g′/(g − α) and
ρ = r + 1/ log T (r, g), and use Lemma 2 of [7, p.245].) Therefore we can
choose ρn with Rn/2 ≤ ρn ≤ Rn such that

m(ρn, g
′/(g − ωn)) = o(T (ρn, g)) (n→ ∞),

m(ρn, g
′/(g − Ωn)) = o(T (ρn, g)) (n→ ∞).

By (2) and (3), we have

n(r, g′/(g − ωn)) ≤ K ′r, n(r, g′/(g − Ωn)) ≤ K ′r (0 < r ≤ Rn).

(Note that g′/(g − ωn), g
′/(g − Ωn) have only simple poles.) Therefore

N(r, g′/(g − ωn)) ≤ K ′r, N(r, g′/(g − Ωn)) ≤ K ′r (0 < r ≤ Rn).

Since T (r, g)/r → ∞ (r → ∞), we have

T (ρn, g
′/(g − ωn)) = o(T (ρn, g)) (n→ ∞),(4)

T (ρn, g
′/(g − Ωn)) = o(T (ρn, g)) (n→ ∞).

By the same reasoning as in Clunie [3], we have a contradiction. For the
sake of completeness, we describe the proof. Put αn = −(β − ωn)/(β −
Ωn) and hn = g′/(g − ω) + αng

′/(g − Ωn). Then hn = (ωn − Ωn)(g −
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β)g′/[(g − ωn)(g − Ωn)] and log |αn| = O(log ρn) (n → ∞). From (4) we
have T (ρn, hn) = o(T (ρn, g)). We note that

log |1/hn(0)| = O(log(|g(0)− ωn||g(0)− Ωn|/|ωn − Ωn|))
= O(log ρn) (n→ ∞).

Therefore

N(ρn, 1/hn) ≤ T (ρn, 1/hn) = T (ρn, hn) + log |1/hn(0)|
= T (ρn, hn) +O(log ρn) = o(T (ρn, g)) +O(log ρn)

= o(T (ρn, g)) (n→ ∞).

On the other hand N(ρn, 1/hn) ≥ N(ρn, 1/(g − β)) = (1 + o(1))T (ρn, g).
This is a contradiction. Thus we have the desired result. �
Lemma 5.3. Let f be a periodic entire function. Let A be a subset of C
satisfying that ](f−1(A))∗ = ∞ and ](A ∩ {|z| < r}) < ∞ for every r > 0.
Then supw∈A ](f

−1({w}) ∩AC)∗ = ∞.

Proof. If ]A < ∞, it is obvious. Assume that ]A = ∞. Let K, {Rn}∞1 be
the same as in Lemma 5.2. Put Nn = ](A ∩ {|z| ≤ Rn}) (n = 0, 1, . . . ). By
Lemma 5.2, ](f−1({w}) ∩ {|z| ≤ Rn})∗ > K for all w with R0 ≤ |w| ≤ Rn.
Therefore, if 2(Nn −N0) > Nn, then

](f−1(A ∩ {R0 < |z| ≤ Rn}) ∩AC ∩ {|z| ≤ Rn})∗

> K(Nn −N0)−Nn > (K − 2)(Nn −N0).

This implies that ](f−1({w}) ∩ AC ∩ {|z| ≤ Rn})∗ > K − 2 for some w ∈
A ∩ {R0 < |z| ≤ Rn}. By choosing K arbitrarily large, we have the desired
result. �
Lemma 5.4. Let h(w) be a holomorphic function in C\{0} satisfying that
]{w : h′(w) = 0} = ∞. Put f(z) = h(ez). Let g be a transcendental entire
function permutable with f . Then, for each N ∈ N, there exists c such that
g′(c) = 0, ]{z∗ : f(z) = c, f ′(g(z)) = 0} ≥ N .

Proof. Put A = {z : g′(z) = 0} and B = {z : f ′(z) = 0}. Assume that
A = ∅. From f ′◦gg′ = g′◦ff ′, we have {z : f ′(z) = 0} = {z : f ′◦g(z) = 0}.
By Lemma 3.1 and ]B = ∞, this is a contradiction. Therefore A 6= ∅. We
shall show that ](f−1(A))∗ = ∞. By Picard’s theorem, ]A ≥ 2 implies
]h−1(A) = ∞. Hence ](f−1(A))∗ = ∞. Therefore we assume that ]A = 1
and ]h−1(A) <∞.

Put X = {z : g′(z)(g′ ◦ f(z)) = 0}. Then we have ](X ∩ {|z| ≤ r}) =
O(r) (r → ∞). By Lemma D, we have ](g−1(B ∩{R0 ≤ |z| ≤ Rn})∩{|z| ≤
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Rn}) > K(Nn − N0), where K is an arbitrarily fixed positive number,
{Rn}∞0 is an increasing sequence with Rn → ∞ (n → ∞) and Nn = ](B ∩
{|z| ≤ Rn}) (n = 0, 1, . . . ). From f ′ ◦ gg′ = g′ ◦ ff ′, we see that f ′ ◦ g = 0 if
and only if f ′ = 0 inC\X. Hence ](g−1(B)∩{|z| ≤ Rn}∩XC) = ](B∩{|z| ≤
Rn} ∩XC). Since ]{w : h′(w) = 0} = ∞, we have Rn/Nn → 0 (n → ∞).
Therefore

](g−1(B) ∩ {|z| ≤ Rn}) ≤ ](B ∩ {|z| ≤ Rn}) +O(Rn)

= Nn +O(Rn) = Nn(1 + o(1)) (n→ ∞).

On the other hand we see that ](g−1(B) ∩ {|z| ≤ Rn}) ≥ ](g−1(B ∩ {R0 ≤
|z| ≤ Rn})∩{|z| ≤ Rn}) > K(Nn−N0). ThusNn(1+o(Rn)) > K(Nn−N0).
When K > 1, we have a contradiction. Therefore ]h−1(A) = ∞. Thus we
have ](f−1(A))∗ = ∞.

By Lemma 5.3, supw∈A ](f
−1({w})∩AC)∗ = ∞. Thus, for each N ∈ N,

there exists c such that g′(c) = 0 and ]{z∗ : f(z) = c, g′(z) 6= 0} ≥ N .
From f ′ ◦ gg′ = g′ ◦ ff ′, we have ]{z∗ : f(z) = c, f ′(g(z)) = 0} ≥ N . �

Lemma 5.5. Let h be a holomorphic function in C \ {0} with essential
singularities at 0, ∞ and m be a non-zero integer. Put ha(w) = h(w) +
awm, fa(z) = ha(e

z) Then there exists a countable set Eh ⊂ C such that
ha satisfies the following conditions for each a 6∈ Eh.

1) fa is prime.
2) ]{w ∈ C \ {0} : h′a(w) = 0} = ∞.
3) ]{wm : ha(w) = c, h′a(w) = 0, w ∈ C \ {0}} ≤ 1 for all c ∈ C.
4) h′a has only simple zeros in C \ {0}.
5) If αz + β (α 6= 0) is permutable with fa, then α = 1, β = 0.

Proof. 1) and 3) follow from Theorem 4 and Lemma 3 in [9] respectively.
2) Put H(w) ≡ h′(w)/mwm−1. Then h′a(w) = 0 if and only if H(w) =

−a. From Picard’s theorem, we see that ]{w ∈ C \ {0} : h′a(w) = 0} = ∞
for every a ∈ C with at most one exception.

4) follows from 5) of Lemma 3.2.
5) Suppose that fa(z) = ha(e

z) has a fundamental period 2πi/p (p ∈ N).
Then ha(e

αz+β) has a fundamental period 2πi/pα. Therefore ha(e
αz+β) =

αha(e
z) + β implies that α = ±1.

Suppose that α = 1, β 6= 0. Then g(z) ≡ fa(z) − z has a period β.
Therefore g′ = f ′a−1 has a period β. Hence β = 2πik/(pq) (k ∈ Z, q ∈ N).
( 2πi/(pq) is a fundamental period of f ′a.) Therefore z = fa(z)− g(z) has a
period qβ = 2πik/p. This is a contradiction.

Suppose that α = −1. Then −ha(ez) + β = ha(e
−z+β). Therefore

−h(w) − awm + β = h(eβ/w) + aemβ/wm. Let h(w) =
∑∞

j=−∞ cjw
j .

Then we have β = 2c0. Hence h(w) + h(exp(2c0)/w) − 2c0 = −a(wm +
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exp(2mc0)/w
m). Therefore a = −(cm + c−m exp(−2mc0)). Thus fa(−z +

β) 6≡ −fa(z) + β for every a ∈ C with at most one exception. �

Proof of Theorem 3. Let h be a holomorphic function in C \ {0} with es-
sential singularities at 0, ∞ and f(z) = h(ez) satisfies the conclusion of
Lemma 5.5. Let g is a transcendental entire function which is permutable
with f . By Lemma 5.4 and 2) of Lemma 5.5, there exists c such that
g′(c) = 0 and ]{z∗ : f(z) = c, f ′(g(z)) = 0} ≥ N for every positive integer
N . Let A be a subset of C such that z∗ 6= w∗ (z, w ∈ A, z 6= w) and that
(A)∗ = {z∗ : f(z) = c, f ′(g(z)) = 0}. Since f ◦ g(A) = g ◦ f(A) = {g(c)},
we have g(A) ⊂ {z : f(z) = g(c), f ′(z) = 0}. Hence g(A) ⊂ {z : h(ez) =
g(c), h′(ez) = 0}. Therefore exp(g(A)) ⊂ {w : h(w) = g(c), h′(w) = 0}.
By 3) of Lemma 5.5, we have ] exp(mg(A)) = 1. Therefore there exists a
subset B ⊂ A such that ] exp(g(B)) = 1, ]B ≥ N/m. On the other hand,
f(B) = {c}. By Lemma 5.1 and 4) of Lemma 5.5, there exist an entire

function F , holomorphic functions f̂ , ĝ on F (C) and a subset B′ ⊂ B such

that f = f̂ ◦ F, exp ◦g = ĝ ◦ F, ]B′ ≥ N/(2m), ]F (B′) = 1.
Assume that F = C + eQ with a constant C and an entire function Q.

Then f = f̂(C + ew) ◦Q. Since f is prime, we have Q(z) = αz+ β (α 6= 0).
Hence f has a period 2πi/α. Let 2πi/p (p ∈ N) be a fundamental period
of f . Then 2πi/α = 2πik/p for some integer k. Thus α = p/k, F (z) =
C + exp((zp/k) + β). From ]F (B′) = 1 we have (z − w)p/k ∈ 2πiZ for
all z, w ∈ B′. Hence ](B′)∗ = 1. This is a contradiction. Thus we have

F (C) = C. Therefore f̂ , ĝ are entire functions.
Since exp ◦g = ĝ ◦ F , we have ĝ(z) 6= 0 (z ∈ C). Therefore ĝ = exp ◦G

with an entire function G. Hence exp ◦g = exp ◦G ◦ F . This relation yields
g = G ◦ F + 2πiν for some ν ∈ Z. Put H ≡ G + 2πiν. Then we have

g = H ◦F . Since F is transcendental and f is prime, we see that f̂ is linear.

Therefore g = H ◦ f̂−1 ◦ f . Put g1 = H ◦ f̂−1. Then g = g1 ◦ f . By the
same reasoning as in §3, we get g = αfa

n + β (α 6= 0). From 5) of Lemma
5.5, we have the desired result.
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