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1 Introduction

Kummer’s formula for the usual gamma function I'(x) is the following identity:

1 <=~ (logn)sin(2mnz) log(27r + 7 = sin(27nz)
N D
n=1 n=1
1 <& cos(2mnz) 1
+§n21 210g(27r) (1.1)

for 0 < x < 1, which was discovered by Kummer [9] (1847). A spectacular application is
given by letting = be a rational number: we have formulas for special values of Dirichlet
L-functions using the gamma function. For example, when = = 1/4 we get

E(’y+310g7r+210g2)

1
L'(1,x-4) = —7logT (Z) T3

due to Malmstén [20] (1849), where
L<S7 X—4) = Z (_1)%”'_8

n:odd

is the Dirichlet L-function for the non-trivial character y_4 modulo 4. This result is equiv-
alently written as

1 3
L'(0,x_4) =2logT (Z) - 510g2 —logm
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via the functional equation. We remark that L(0,x_4) = 1/2 and L(1,x_4) = 7/4, so
Malmstén’s result gives the (difficult) second term of the Taylor expansion for L(s, x_4) at
s=0and s =1.

Marmstén’s study motivated the following excellent formula

logT'(z) = {'(0,x) + % log(2) (1.2)
of Lerch [18] (1894), where
((s,2) =) (n+a)”°

is the Hurwitz zeta function ([8]) and the differentiation is in the first variable s. Combining
this with Kronecker’s limit formula Lerch [19] (1897) obtained the formula

A
Z (%) logT <%> = hlog A — glog 27 — Z loga + ; Z log(1(0]e)¥(0[5)), (1.3)

A=1 (a,b,c) (a,b,c)

where 7, is the usual notation of theta function (so ¥, is essentially 7°), Q(v/D) is an
imaginary quadratic field of discriminant D and class number h, (a, b, ¢) runs over h quadratic
forms corresponding to the ideal classes, and A = |D|. (It would be convenient to look at
the formula (163) of Landau [17].) In recent years this formula is called “Chowla-Selberg
formula” after the 70 years late paper of Chowla-Selberg [2] (1967) with no mention to Lerch
[19] unfortunately. Concerning the history around Kummer’s formula (1.1) and the above
two Lerch’s formulae (1.2), (1.3) we refer to the excellent survey [17] written by Landau,
which is the famous first paper on the prime ideal theorem generalizing the usual prime
number theorem to algebraic number fields.

The purpose of this paper is to present a generalization of Kummer’s formula in the case
of the multiple gamma function I',.(z). This multiple gamma function originates from Barnes
[1] and it is defined as

Iy (2) = exp(¢(0, 7))

where

CT(S,ZL') = Z (n1+...+nr+x)—s

is the multiple Hurwitz zeta function. We have many applications of I',.(z) in Sarnak [23],
Voros [25], Shintani [24] and our previous papers [10] - [15]. From I'y(z) = I'(z)/v 27, we
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can write Kummer’s formula as follows:

logT'y(z) = ¢'(0,x)
1 log n) sin(27nx

n
n=1
log(27) + 7 = sin(2mnz) 1 = cos(27nr)
= —. 1.4
Tk e in o

Our result is a generalization of this formula:

Theorem 1 Let 0 < x < 1. Then we have

(1)

log T (z) — — 1 io: (logn) cos(2mnx) B log(2m) +v—1 i cos(2mnz)

272 — n2 72 e 2
i g sin( 27mac (1 - 2)log Ty (2).
(2)
log T's () = _471T3 i (logn) 221(27?71:5) B 210g(27r8)7:; 2v—3 g sin(i;mx)
_ # i cos(i—;m:c) + (g — :1:) log 'y () — wlogrl(@'

In the text we show some applications. We notice that our method is quite simple to obtain
¢/(0,x) using the functional equation (.(s,z) = &.(r — s, x) where &,(s, x) is a Dirichlet series
intimately related to (. (s, z):

log Fr(aj) = —f;(T’, 33)

This natural method was discovered by Hardy [4] to reprove the original Kummer’s formula.
In [5, 6], Hardy studied the case of the double gamma function, but he did not obtain the
generalization of Kummer’s formula.

Acknowledgement. This paper was presented at the symposium “Zetas and Trace
Formulas” in Okinawa from November 27 to 29 of 2002. The authors would like to express
their hearty thanks to all the participants of Okinawa symposium. We also thank Laguna
Garden Hotel and Okinawa Convension Center for supplying the excellent atmosphere with
blue sky and sea.



2 Multiple Gamma Functions

We prepare on the multiple gamma function I';(x). We refer to Barnes[1] for the general
theory. First we know that the function I',(z) is a meromorphic function of order r (T, (z)™?
being an entire function of order r), and it has a simple pole at = 0:

1

T,(z) ~
(z) o

(as x — 0).

We remark that Barnes [1] used I'?(x) normalized as

I2(z) = p,I(z) ~ i (as x — 0).

For later use we calculate p, for r = 1,2, 3 here.
Theorem 2 (1) p; = /2.
(2)

y "(2 7 log(2 —1
Py = Vore <D — exp _C ( ) + Og( 7T) + .
272 12

(3)

872 472

ps = VZre DA oy <C(3) _3¢@) 510g(27ré+ v - 1) .

Proof. From
Cr(sa x + 1) = Cr(sv J}) - Cr—l(sam)

we have
[(z+1) =T, ()0, (x)"

Hence letting © — 0 we get

(Here we understand that (y(s,z) = 275, Tg(x) = 27! and pg = 1.) The first result p; = /27
follows from Lerch’s formula
['(x) 1

I'(zr) =— ~
() V2T 2rx

(as z — 0).

Now we calculate
p2 = pila(1)~" = V2rTy (1)~

and
P3 = ngg(l)il = \/%FQ(l)ilrg(l)il.
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Since

Glsa) = S+ Dn+a)

and
G(s.x) = Z (n+ 2)2(n +1) (n+ )~
= %Z((n +z)?+@B-2z)n+2)+(x—1)(z—2)(n+x)"°
= 220+ (s 1)+ T
we obtain
G(0,7) = {'(=1,2) + (1 = 2)¢'(0, )
and

C(0,2) = %C’(—Q,x) + %g’(—m) I G (0, 7)

Hence, letting z = 1 and remarking (s, 1) = ((s), we have

[a(1) = exp((3(0, 1)) = exp(¢'(—1))

and

L) = exp(G0.1) = exp (36/-2) + 5¢(-1).

Thus we have

ps = V21 exp(—('(—1))

and 5 .
p3 = V2w exp (—§C'(—1) - §C'(—2)) :
Now we use the functional equation for ((s):
C(1—s)=2(2m)°I'(s) cos (g) ¢(s).
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By differentiating both sides of this functional equation at s = 2, we have
—('(=1) = 2(2m)7°T(2)(cosm)¢'(2) + 2(2m) > (— log(2m))T'(2) (cos )¢ (2)
+2(27) 7217 (2)(cos m)¢(2)
@) log(m) _1-1
272 12 12 7
where we used ((2) = 72/6 and I"(2) = 1 — 7. Hence

pr = V2mexp <_</<2> | log(2m) _1- ’y)

272 12 12
B ¢'(2)  Tlog(2m)+~v—1
= exp ( 92 + 12 .
Next, from the functional equation for ((s) we have
3
—C@Q)z%%ﬁ*ﬂ@(—%ﬂn%)(@)
Hence @)
!
—2) = —>—.
((-2) = -2
Thus

b = exp <log(227r) ; <§2’7(TQ2) B log(27r)1;—”y — 1) _% (_i(_;)))
)

C(3) 3C'(2)  Slog2m) +v -1
- eXp(s(nz 4752)+ Og”)s - )

3 Generalized Kummer’s Formula

To prove Theorem 1 we show

Theorem 3 Let k > 1 be an integer.
(1) When k is odd,

, 1 . (logn) cos(2mnx
((—k,z) = ((Qﬂ)ycﬂ {Z( g )nk:-i-l( :

n=1

1 1 = cos(2mn)
+ <log(27r)+’y— (1+§++E>)ZW
n=1

Z sm 27rnx
nk+1



(2) When k is even,

2(—1)2k! [ X (logn) sin(2mna)
Cokn = 20 {3 sl

27'(' (9 \k+1
n=1

1 1 . sin(27n)
+ (10g(27T)+’Y— <1+§+"'—|—E)) ZW

Proof. We have the following functional equation for (s, x) proved by Hurwitz [8]:

C(s,2) =2(27)" 'T(1 — ) (Sin <§> i —cosrr(jir?x) + cos <§> i —Smgﬁ?@> :

Hence we obtain

((—k,x) = 202m) " (log(2n) - k! = T'(1 + k))

= cos(2mn) Tk = sin(2mnx)
> oo () o

n=1

)
+2(2m) "k <_ sin (W_’f) i (logn) cos(2mnx)

nk—l—l

n=1

+ cos (l"“) i (log n) sin(27nz)

nk+

T . [Tk w= sin(27nz)
+ ESIH (7) Zw> .

Thus, using

we get (1) and (2).
Proof of Theorem 1. From the proof of Theorem 2 we see the relations

log Iy(x) = (3(0,2) = ¢'(=L,2) + (1 = 2)¢’(0,2) = (=1, 2) + (1 — x) log I'1(x)



and
3—2x (x —1)(z—2)

logTs(a) = G(0,2) = 5¢'(~2,2) + 2200 (—1,0) + T2 o
_1\2
= %C’(—Q,ZE} + <g - I) C;(O,x) - (J: 1) C,(va)
C1\2
= %C’(—Q,x} + <g - x) log 'y () — (= 5 D log Ty (z).
Hence we have Theorem 1 from Theorem 3. |

4 Applications

As the first application of our generalization of Kummer’s formula we calculate some special
values T'.(z) for » = 2 and 3. Before this we explain our method in the simple case r = 1:
letting = 1/2 in Kummer’s formula (1.4) for I';(x) we have

) - (E)

n—

1
= exp (—5 log 2)

Sl

and

1(2) - on ()

1
_ m.ﬁ
—- /T

(Actually in this case r = 1 these results are also direct from T';(z) = T'(z)/v27 and
I'B(x) = I'(z) using the well-known I'(1/2) = \/7.)

Iy ¢'(2) logm+~v—1 log2
L2 (E)_eXp <_ T w4 )

Theorem 4 (1)

(2)

1 3¢'"(2) blogm+vy—1 log2
Ff(E):exp<— 12 + 3 + 5 )



(3)

1 3¢(3) ('(2) logm+~vy—1 3log2
D)= _ _ ,
3 (2) P (327r2 i T 24 16

(4)

2 3272 2 6 16
Proof. (1). Let x = 1/2 in Theorem 1(1). Then we have

ro (1) — exp <7§(3) (2 N 4logm +v—1 N 710g2) .

e}

log Iy (1) 1 i (logn) cos(mn)  log(2m) +~ —1 Z cos(mn)

2 272 n? 272 n?

1

—|—§logF1
We notice
Zcos(wn)n_s = —Z(—l)”_ln_s
n=1 n=1
= —(1-2-27°)((s)
(27 = 1)¢(s)
and its differentiation
Z(log n) cos(mn)n~* = (log 2)2' *¢(s) — (2175 — 1){'(s).
n=1
Hence ,
= cos(mn) 1 T
— _Z((2) = -
; n? QC() 12
and
= (logn) cos(mn) log 2 1,
= 2 —('(2
DR 522)+ 53¢
m2log2  ('(2)
- 12 T
Thus
1 log2 ('(2) log(2m)+~vy—1 log2
logTy (=) = —282_ _
o8 2(2) 24 4m 24 4
(2 N logm+v—1 log2
472 24 4

(

1
2

)



This gives (1).

(2). Since I'B(1/2) = poI'5(1/2), (2) follows from (1) and the formula for p, in Theorem
2.

(3). Set x =1/2 in Theorem 1(2). Then

1 1 & cos(mn) 1 1 1
logTs (=] = — logTs (=) = =logTy ( =
o8 3(2) GE 2 g Tlos 2(2) g8 1(2)

n=1

363) +1log T, <1> | log2

3272 2 16’

where we used

3 COSTEZ”) = (20— 1)C(3) = ~2¢(3)

and I';(1/2) = 1/4/2. Hence we obtain (3) from (1).
(4). Since T2(1/2) = p3['3(1/2), (4) follows from (3) and the fomula for p3 in Theorem
2. 1
Values of I',(x) at rational numbers are also expressed via special values of Dirichlet
L-functions besides ((s) through the generalized Kummer’s formula. Here we report the
following typical example.

Theorem 5

1 L(2,x—4) 3L(1,x_4) ({'(2) 19logm+19y+log2—1
r,(>) = - -
2 <4> P < in ir 1672 96 ’

where L(s, x_4) is the Dirichlet L-function for the non-trivial character x_4 modulo 4.

Proof. Let © = 1/4 in Theorem 1(1). Then we have

1 1 <= (logn)cos(Z)  log(2m) +7 — 1 o= cos(Z2)
1 T — = — 2 — 2
e <4> 2m? ; n? o2 ; n2

We notice

™

i COS(S2 ) _ i (—1)8 = 2752170 — 1)¢(s) = (2172 — 27°)((s)
n (2n)

n=1 n=1

and its differentiation

) <10g”>nios<%) = (217 = 27)((s) + (27° — 2°7%) (log 2)( (s).



Hence

— n? 8 48
and
> logn cos(3)  ('(2)
n=1
Using
[o I 7rn [e8) 1 anl
N
n=1 n=1 n
n:odd
e have 1 C2)  log(2n) 1 L2y 3 |
0g(2m) + 7 — s X—4
Ny(=)=— ZlogTy (= ).
2(4) 1672 96 T Tis 1(4)

Thus we obtain Theorem 5 from the result of Malmstén [20]
1 L'(1,x_ 1
10gF1 (Z) — _ ( » X 4)_'_ Og’ﬂ'—’—’}/

m 4 7
which is obtained by setting z = 1/4 in Kummer’s formula (1.4):

1 1 <= (logn) sin(Z2)
loghy (=) = =) ————-2-
el (4> T Z n

n=1
log(27m) + sin % 1 <= cos(
L Z t32

1 10g(27r)—|—7 1 & (—1)"
= () + B T -

- (1, x-a) + - X4+2; o

1 log m +
= ——L’(l,x_4)+—g !

4 Y
where we used L(1, x_4) =7/4 and )~ 1)" : = log 2.

(4.1)

(4.2)

(4.3)

Now let S,(z) = [,(z)"'T,(r — x)(_l)r be the multiple sine function studied in [13]. As
the second application of the generalized Kummer’s formula we prove basic properties of

Sy(x) for r = 2 and 3. This generalizes the usual sine function:

Si(z) =Ti(z) 'Ii(1 —2) ' = ﬁ = 2sin(7z).

(2
Sy(z) = exp ( Z cos(2mnz )
)-

for 0 < z < 1 from Kummer’s formula for I'; (=

We notice that

11



Theorem 6 (1)

Sg(l‘) = exp <_i Z Sin(27Tan) + (l’ _ 1) Z COS(27TnI)

for0 <z < 1.

(2)

—=(z) = —7m(xz — 1) cot(mx).

(3)
2

S, (1) V3

(4)

o0

o) =2mee TL((14) ™ (1-2) o).

n=1

(5)

Sy(x) = exp (—7r /O x_ltcot(wt)dt) |

Proof. Since
SQ(x) = FQ(I’)_lrz(2 — ZL‘)

and
(2 —2)=Ty(1—2) (1 —2)"

we have

Sy(z) = To(x) Tyl — )T (1 — )"t

Hence, from (1) of Theorem 1 we have

log S (x i sin( 27m:17 — (z —1)log Si(z)
[t
and
%(@ _ g cos(2mnx) ~log S (x)
= - 1>§—1< )



where we used

log Si(z) = —logI'i(z) —logly(1 —x)
B i cos(2mnz)
—

n=1

Thus (1) and (2) are proved. We have (3) by setting © = 1/2 in (1). For the proof of (4) let

s T((52) =)

following Hélder [7]. Then we easily obtain

8/
Ss

—2(z) = mx cot(nx)

and Sy(1/2) = /2 ([7, 13]). Hence it is sufficient to show that
82(33) = 82(.1')_151(1').

We know S5(1/2) = /2 and S;(1/2) = 2. Thus the both sides are v/2 at x = 1/2, and the
differentiations of the both sides turn out to be —(x — 1) cot(mz). Hence we get (4). Lastly
(5) follows from (2) since both sides are 1 at x = 1. 1

Remark 1 These results have further applications containing expressions of the difficult
special values of Dirichlet L-functions ([13]). Especially (5) gives the calculation of the
gamma factor of the Selberg zeta function for a Riemann surface (Sarnak [23] and Voros
[25]). The situation is similar in the higher dimensional case, where we use the multiple sine
function S, (z) with r being the dimension ([13]).

Theorem 7 (1)

S(z) = exp ( 1 Z cos(2mnx) 2z —3 Z sin(272mw) (- 1)2(x —2) Z cos(2n7mm)>

472 n3 4 n
n=1 n=1 n=1
1 X cos(2mnx) - e-1)?
:exp(4ﬂzz e >S() Si(x)~
n=1
for0<x < 1.
(2)
S 7T

(x — 1)(x — 2) cot(mz).

13



(3)

S, (%) = 2% exp (—%g@)) .

4 00 (nt1)(n+2) (n=1)(n—2)
S3(x) = 271'6_0(_2)%6%_%:5 H ((1 + %)f (1 — %) o 6122_3“") .
Proof. Using T',.(z) = T(x — 1)[,_1(z — 1)7! we have
53(2?) = Fg(:v)_ng(S — .T)_l
= F3<J])_1(F3<2 — l‘)FQ(Q — ZL‘)_I)_I
= Fg(l’)il(Fg(l — l’)FQ(l — 33)71112(1 — x)71F1(1 — I’))il
Fg(l‘)_lrg(l - Qf)_1F2(1 - $)2F1(1 - x)_l.

Hence, from Theorem 1(2), for 0 < x < 1

1 = cos(2mnx) 3 (x—1)2
log S3(xz) = o) > — 3 (5 - :17> log 'y () + 5 logI'y ()
1 7
— (5 + x) loga(1 —2) + Elogf‘l(l —x)+2logTy(1 —z) —log'y (1 — )
1 = cos(2mnz) 3 _
= 13 Z — + (5 - x) log(Ty(1 — x)Dy(x) ™)
n=1
—1)? 2
+(m ) log 'y (z) + (% — 1> logTy(1 — x)

= 4%?2 2 cos(i—;rmc) + (g — :v) log(Sa(x)I'1 (1 — x))
(LIZ' _ 1)2 2

_|_

5 log 'y (z) + (% - 1> logI'1 (1 — )

1 s cos(2mnx) 3 (x —1)?
= 13 2 — + (5 - x) log Sy (z) — 5 log S1(x),

where we used that
FQ(]_ - .T)FQ(I)_I == Sg(.l‘)rl(l - .T)

and

Ly(2)7'T(1 —2)™t = Si(x).

14



(2). From (1) we have

g‘i“) = > O g i) + (2 — 1) log 1 (x)

n=1

(G- rEe)

Hence, using the previous formulas for log S, (z) and S/.(x)/S,(z) (r = 1,2), we obtain

S’ B 1 &sin(2mnz) 1 o= sin(2mnz)

21 n?2 27 n?
n=1 n=1

o ((x .y (x - ;) @ - 1>2> cot(nz)
- g(x — 1)(z — 2) cot(ra).
5 G) - (4;2 cos(mna )Sz )é

Here
00 _1)n 00 n—
Zl : n3) - Z
- <1—2 272)((3)
3
= _ZC(3)

Hence we obtain (3).
(4). Let

We prove that
83(1') =C- 83(1')252(1‘)_331(?[7)

with C' = €2 (=2, Then we get (4) using the product expressions for S3(x), S2(z) and S (z).
First, we see
S/
S

—2(x) = 2’ cot(nx)

15



from [12, 13, 21] and

25—2(@ - Bg—i(az) + %(m) =7 <2 N 1)2("7" —2) +3(x—1)+ 1) cot(mx)

= 72’ cot(mx).

Hence, it is sufficient to show that
1 N2, 1\, 1\
OO EIORION
We calculated the value S; (3) in [16] ([13]) as

Ss (%) = 2% exp (—8—; (3)) :

which is equivalent to the following result of Euler [3]:

272

16 (2
((3) = —1log2+ —6/ xlog(sin z)dz.
7 7 Jo

1 3 3
% (5) =28 exp <—WC<3>)
as above. Thus we have

5(3)2() =() ()

= 2iexp (—8—;2 (3)) (23 exp (—1637T2§(3))>_2(\/§)3-2—1

We know

—-
where we used ((3) = —472¢’(—2) coming from the functional equation for ((s). 1

Remark 2 For another approach to Theorems 6 and 7 we refer to [13], where we use multi-
plication formulas for multiple sine functions and the argument is more elaborate. The above
proofs are quite direct because of our Kummer’s formula for multiple gamma functions.
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5 Generalizations and Problems

Our investigation naturally leads to the case of I',.(x) for r = 4. This is treated similarly as
r = 2 and 3 by using

r—1

CT(Sv CL’) = (r — 1)'C(8 —T+ 1,.I‘> + Zbr,k(x)gk(‘s?x)

k=1

where b, () is a polynomial in = determined by

n+r—1 (n+z)rt & n+k—1
S LV b,
( r—1 ) (r—1)! +; #@{ oy
for all integers n = 0. For example

(x — 1)1

bra(r) = R

Then we have

@) = exp(C/(0,2))
= ex 1 ) rk(ﬂf
= exp (<r ¢ ) HF

Hence our Theorem 3 gives the Kummer’s formula for I'; (x) inductively.
Beyond this we have a more general problem for I'.(z; (w1, - - ,w,)) with general periods
(w1, ,w,) defined by

FT(J:; (le U 7w7">> = eXp (C;(Owr? (Wh e 7w7“))) )

where
oo
Cr(57$7<w17"' 7(-‘)7“)): Z (nlwl—i_""i‘nrwr‘i‘m)is
N1y, Np=0
is the multiple Hurwitz zeta function for general parameters. We have seen the case (wy, -+ ,w,) =
(1,...,1) above. First, when (wy, -+ ,w,) is reduced to the rational parameters the situation

is quite similar to the case (1,...,1). For example, if (w1, ws) = (1,2), then

R e )
G(0,2,(1,2)) = C2< ) Cz( x—;l)—(logQ)(C2<07;>+<2<0’$—21—1))

17
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(see [15]). Since

@(03)+a(055) = @o.m0.2)

we have

1 log 2 11
logT'a(x, (1,2)) = log 'y (g) +log Iy (I; ) - Oi; (x2 — 3z + E) :

Hence we obtain Kummer’s formula for I'y(z, (1,2)) from our Theorem 1(1).
The non-rational (or “non-commensurable”) parameter case, we face the problem to have
the functional equation for (.(s,z, (w1, ,w;)) of the form

CT(S,JZ, (wh'" 7WT)) = 57«(7” -5, (wlv"’ 7wr>>

by using the residue calculation as in Riemann [22] and Hurwitz [8]. This problem is in
general highly non-trivial (delicate convergence) as investigated by Hardy [5, 6]. After that
we would have the desired Kummer’s type formula:

logFT(x; (WL T 7w1“)) = _57,"(7"’377 (wla" ’ 7("-)7“))'

We postpone the detailed investigation to the next opportunity.
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