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1 Introduction

Kummer’s formula for the usual gamma function Γ(x) is the following identity:

log Γ(x) =
1

π

∞∑
n=1

(log n) sin(2πnx)

n
+

log(2π) + γ

π

∞∑
n=1

sin(2πnx)

n

+
1

2

∞∑
n=1

cos(2πnx)

n
+

1

2
log(2π) (1.1)

for 0 < x < 1, which was discovered by Kummer [9] (1847). A spectacular application is
given by letting x be a rational number: we have formulas for special values of Dirichlet
L-functions using the gamma function. For example, when x = 1/4 we get

L′(1, χ−4) = −π log Γ

(
1

4

)
+
π

4
(γ + 3 log π + 2 log 2)

due to Malmstén [20] (1849), where

L(s, χ−4) =
∑

n:odd

(−1)
n−1

2 n−s

is the Dirichlet L-function for the non-trivial character χ−4 modulo 4. This result is equiv-
alently written as

L′(0, χ−4) = 2 log Γ

(
1

4

)
− 3

2
log 2− log π
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via the functional equation. We remark that L(0, χ−4) = 1/2 and L(1, χ−4) = π/4, so
Malmstén’s result gives the (difficult) second term of the Taylor expansion for L(s, χ−4) at
s = 0 and s = 1.

Marmstén’s study motivated the following excellent formula

log Γ(x) = ζ ′(0, x) +
1

2
log(2π) (1.2)

of Lerch [18] (1894), where

ζ(s, x) =
∞∑
n=0

(n+ x)−s

is the Hurwitz zeta function ([8]) and the differentiation is in the first variable s. Combining
this with Kronecker’s limit formula Lerch [19] (1897) obtained the formula

∆∑

λ=1

(
D

λ

)
log Γ

(
λ

∆

)
= h log ∆− h

3
log 2π −

∑

(a,b,c)

log a+
2

3

∑

(a,b,c)

log(ϑ′1(0|α)ϑ′1(0|β)), (1.3)

where ϑ1 is the usual notation of theta function (so ϑ′1 is essentially η3), Q(
√
D) is an

imaginary quadratic field of discriminant D and class number h, (a, b, c) runs over h quadratic
forms corresponding to the ideal classes, and ∆ = |D|. (It would be convenient to look at
the formula (163) of Landau [17].) In recent years this formula is called “Chowla-Selberg
formula” after the 70 years late paper of Chowla-Selberg [2] (1967) with no mention to Lerch
[19] unfortunately. Concerning the history around Kummer’s formula (1.1) and the above
two Lerch’s formulae (1.2), (1.3) we refer to the excellent survey [17] written by Landau,
which is the famous first paper on the prime ideal theorem generalizing the usual prime
number theorem to algebraic number fields.

The purpose of this paper is to present a generalization of Kummer’s formula in the case
of the multiple gamma function Γr(x). This multiple gamma function originates from Barnes
[1] and it is defined as

Γr(x) = exp(ζ ′r(0, x))

where

ζr(s, x) =
∞∑

n1,...,nr=0

(n1 + · · ·+ nr + x)−s

=
∞∑
n=0

(
n+ r − 1

r − 1

)
(n+ x)−s

is the multiple Hurwitz zeta function. We have many applications of Γr(x) in Sarnak [23],
Voros [25], Shintani [24] and our previous papers [10] - [15]. From Γ1(x) = Γ(x)/

√
2π, we
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can write Kummer’s formula as follows:

log Γ1(x) = ζ ′(0, x)

=
1

π

∞∑
n=1

(log n) sin(2πnx)

n

+
log(2π) + γ

π

∞∑
n=1

sin(2πnx)

n
+

1

2

∞∑
n=1

cos(2πnx)

n
. (1.4)

Our result is a generalization of this formula:

Theorem 1 Let 0 < x < 1. Then we have

(1)

log Γ2(x) = − 1

2π2

∞∑
n=1

(log n) cos(2πnx)

n2
− log(2π) + γ − 1

2π2

∞∑
n=1

cos(2πnx)

n2

+
1

4π

∞∑
n=1

sin(2πnx)

n2
+ (1− x) log Γ1(x).

(2)

log Γ3(x) = − 1

4π3

∞∑
n=1

(log n) sin(2πnx)

n3
− 2 log(2π) + 2γ − 3

8π3

∞∑
n=1

sin(2πnx)

n3

− 1

8π2

∞∑
n=1

cos(2πnx)

n3
+

(
3

2
− x
)

log Γ2(x)− (x− 1)2

2
log Γ1(x).

In the text we show some applications. We notice that our method is quite simple to obtain
ζ ′r(0, x) using the functional equation ζr(s, x) = ξr(r−s, x) where ξr(s, x) is a Dirichlet series
intimately related to ζr(s, x):

log Γr(x) = −ξ′r(r, x).

This natural method was discovered by Hardy [4] to reprove the original Kummer’s formula.
In [5, 6], Hardy studied the case of the double gamma function, but he did not obtain the
generalization of Kummer’s formula.

Acknowledgement. This paper was presented at the symposium “Zetas and Trace
Formulas” in Okinawa from November 27 to 29 of 2002. The authors would like to express
their hearty thanks to all the participants of Okinawa symposium. We also thank Laguna
Garden Hotel and Okinawa Convension Center for supplying the excellent atmosphere with
blue sky and sea.
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2 Multiple Gamma Functions

We prepare on the multiple gamma function Γr(x). We refer to Barnes[1] for the general
theory. First we know that the function Γr(x) is a meromorphic function of order r (Γr(x)−1

being an entire function of order r), and it has a simple pole at x = 0:

Γr(x) ∼ 1

ρrx
(as x→ 0).

We remark that Barnes [1] used ΓBr (x) normalized as

ΓBr (x) = ρrΓr(x) ∼ 1

x
(as x→ 0).

For later use we calculate ρr for r = 1, 2, 3 here.

Theorem 2 (1) ρ1 =
√

2π.

(2)

ρ2 =
√

2πe−ζ
′(−1) = exp

(
−ζ
′(2)

2π2
+

7 log(2π) + γ − 1

12

)
.

(3)

ρ3 =
√

2πe−
3
2
ζ′(−1)− 1

2
ζ′(−2) = exp

(
ζ(3)

8π2
− 3ζ ′(2)

4π2
+

5 log(2π) + γ − 1

8

)
.

Proof. From
ζr(s, x+ 1) = ζr(s, x)− ζr−1(s, x)

we have
Γr(x+ 1) = Γr(x)Γr−1(x)−1.

Hence letting x→ 0 we get

Γr(1) =
ρr−1

ρr
.

(Here we understand that ζ0(s, x) = x−s, Γ0(x) = x−1 and ρ0 = 1.) The first result ρ1 =
√

2π
follows from Lerch’s formula

Γ1(x) =
Γ(x)√

2π
∼ 1√

2πx
(as x→ 0).

Now we calculate
ρ2 = ρ1Γ2(1)−1 =

√
2πΓ2(1)−1

and
ρ3 = ρ2Γ3(1)−1 =

√
2πΓ2(1)−1Γ3(1)−1.
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Since

ζ2(s, x) =
∞∑
n=0

(n+ 1)(n+ x)−s

=
∞∑
n=0

((n+ x) + (1− x))(n+ x)−s

=
∞∑
n=0

(n+ x)−(s−1) + (1− x)
∞∑
n=0

(n+ x)−s

= ζ(s− 1, x) + (1− x)ζ(s, x)

and

ζ3(s, x) =
∞∑
n=0

(n+ 2)(n+ 1)

2
(n+ x)−s

=
1

2

∞∑
n=0

((n+ x)2 + (3− 2x)(n+ x) + (x− 1)(x− 2))(n+ x)−s

=
1

2
ζ(s− 2, x) +

3− 2x

2
ζ(s− 1, x) +

(x− 1)(x− 2)

2
ζ(s, x),

we obtain
ζ ′2(0, x) = ζ ′(−1, x) + (1− x)ζ ′(0, x)

and

ζ ′3(0, x) =
1

2
ζ ′(−2, x) +

3− 2x

2
ζ ′(−1, x) +

(x− 1)(x− 2)

2
ζ ′(0, x)

Hence, letting x = 1 and remarking ζ(s, 1) = ζ(s), we have

Γ2(1) = exp(ζ ′2(0, 1)) = exp(ζ ′(−1))

and

Γ3(1) = exp(ζ ′3(0, 1)) = exp

(
1

2
ζ ′(−2) +

1

2
ζ ′(−1)

)
.

Thus we have
ρ2 =

√
2π exp(−ζ ′(−1))

and

ρ3 =
√

2π exp

(
−3

2
ζ ′(−1)− 1

2
ζ ′(−2)

)
.

Now we use the functional equation for ζ(s):

ζ(1− s) = 2(2π)−sΓ(s) cos
(πs

2

)
ζ(s).
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By differentiating both sides of this functional equation at s = 2, we have

−ζ ′(−1) = 2(2π)−2Γ(2)(cos π)ζ ′(2) + 2(2π)−2(− log(2π))Γ(2)(cos π)ζ(2)

+2(2π)−2Γ′(2)(cos π)ζ(2)

= −ζ
′(2)

2π2
+

log(2π)

12
− 1− γ

12
,

where we used ζ(2) = π2/6 and Γ′(2) = 1− γ. Hence

ρ2 =
√

2π exp

(
−ζ
′(2)

2π2
+

log(2π)

12
− 1− γ

12

)

= exp

(
−ζ
′(2)

2π2
+

7 log(2π) + γ − 1

12

)
.

Next, from the functional equation for ζ(s) we have

−ζ ′(−2) = 2(2π)−3Γ(3)

(
−π

2
sin

3π

2

)
ζ(3).

Hence

ζ ′(−2) = −ζ(3)

4π2
.

Thus

ρ3 = exp

(
log(2π)

2
− 3

2

(
ζ ′(2)

2π2
− log(2π) + γ − 1

12

)
− 1

2

(
−ζ(3)

4π2

))

= exp

(
ζ(3)

8π2
− 3ζ ′(2)

4π2
+

5 log(2π) + γ − 1

8

)
.

3 Generalized Kummer’s Formula

To prove Theorem 1 we show

Theorem 3 Let k ≥ 1 be an integer.

(1) When k is odd,

ζ ′(−k, x) =
2(−1)

k+1
2 k!

(2π)k+1

{ ∞∑
n=1

(log n) cos(2πnx)

nk+1

+

(
log(2π) + γ −

(
1 +

1

2
+ · · ·+ 1

k

)) ∞∑
n=1

cos(2πnx)

nk+1

−π
2

∞∑
n=1

sin(2πnx)

nk+1

}
.
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(2) When k is even,

ζ ′(−k, x) =
2(−1)

k
2 k!

(2π)k+1

{ ∞∑
n=1

(log n) sin(2πnx)

nk+1

+

(
log(2π) + γ −

(
1 +

1

2
+ · · ·+ 1

k

)) ∞∑
n=1

sin(2πnx)

nk+1

+
π

2

∞∑
n=1

cos(2πnx)

nk+1

}
.

Proof. We have the following functional equation for ζ(s, x) proved by Hurwitz [8]:

ζ(s, x) = 2(2π)s−1Γ(1− s)
(

sin
(πs

2

) ∞∑
n=1

cos(2πnx)

n1−s + cos
(πs

2

) ∞∑
n=1

sin(2πnx)

n1−s

)
.

Hence we obtain

ζ ′(−k, x) = 2(2π)−k−1(log(2π) · k!− Γ′(1 + k))

×
(
− sin

(
πk

2

) ∞∑
n=1

cos(2πnx)

nk+1
+ cos

(
πk

2

) ∞∑
n=1

sin(2πnx)

nk+1

)

+2(2π)−k−1k!

(
− sin

(
πk

2

) ∞∑
n=1

(log n) cos(2πnx)

nk+1

+ cos

(
πk

2

) ∞∑
n=1

(log n) sin(2πnx)

nk+1

+
π

2
cos

(
πk

2

) ∞∑
n=1

cos(2πnx)

nk+1

+
π

2
sin

(
πk

2

) ∞∑
n=1

sin(2πnx)

nk+1

)
.

Thus, using
Γ′

Γ
(k + 1) = 1 +

1

2
+ · · ·+ 1

k
− γ

we get (1) and (2).
Proof of Theorem 1. From the proof of Theorem 2 we see the relations

log Γ2(x) = ζ ′2(0, x) = ζ ′(−1, x) + (1− x)ζ ′(0, x) = ζ ′(−1, x) + (1− x) log Γ1(x)
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and

log Γ3(x) = ζ ′3(0, x) =
1

2
ζ ′(−2, x) +

3− 2x

2
ζ ′(−1, x) +

(x− 1)(x− 2)

2
ζ ′(0, x)

=
1

2
ζ ′(−2, x) +

(
3

2
− x
)
ζ ′2(0, x)− (x− 1)2

2
ζ ′(0, x)

=
1

2
ζ ′(−2, x) +

(
3

2
− x
)

log Γ2(x)− (x− 1)2

2
log Γ1(x).

Hence we have Theorem 1 from Theorem 3.

4 Applications

As the first application of our generalization of Kummer’s formula we calculate some special
values Γr(x) for r = 2 and 3. Before this we explain our method in the simple case r = 1:
letting x = 1/2 in Kummer’s formula (1.4) for Γ1(x) we have

Γ1

(
1

2

)
= exp

(
1

2

∞∑
n=1

(−1)n

n

)

= exp

(
−1

2
log 2

)

=
1√
2

and

ΓB1

(
1

2

)
= ρ1Γ1

(
1

2

)

=
√

2π · 1√
2

=
√
π.

(Actually in this case r = 1 these results are also direct from Γ1(x) = Γ(x)/
√

2π and
ΓB1 (x) = Γ(x) using the well-known Γ(1/2) =

√
π.)

Theorem 4 (1)

Γ2

(
1

2

)
= exp

(
−ζ
′(2)

4π2
+

log π + γ − 1

24
− log 2

4

)
.

(2)

ΓB2

(
1

2

)
= exp

(
−3ζ ′(2)

4π2
+

5 log π + γ − 1

8
+

log 2

3

)
.
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(3)

Γ3

(
1

2

)
= exp

(
3ζ(3)

32π2
− ζ ′(2)

4π2
+

log π + γ − 1

24
− 3 log 2

16

)
.

(4)

ΓB3

(
1

2

)
= exp

(
7ζ(3)

32π2
− ζ ′(2)

π2
+

4 log π + γ − 1

6
+

7 log 2

16

)
.

Proof. (1). Let x = 1/2 in Theorem 1(1). Then we have

log Γ2

(
1

2

)
= − 1

2π2

∞∑
n=1

(log n) cos(πn)

n2
− log(2π) + γ − 1

2π2

∞∑
n=1

cos(πn)

n2

+
1

2
log Γ1

(
1

2

)
.

We notice

∞∑
n=1

cos(πn)n−s = −
∞∑
n=1

(−1)n−1n−s

= −(1− 2 · 2−s)ζ(s)

= (21−s − 1)ζ(s)

and its differentiation

∞∑
n=1

(log n) cos(πn)n−s = (log 2)21−sζ(s)− (21−s − 1)ζ ′(s).

Hence ∞∑
n=1

cos(πn)

n2
= −1

2
ζ(2) = −π

2

12

and

∞∑
n=1

(log n) cos(πn)

n2
=

log 2

2
ζ(2) +

1

2
ζ ′(2)

=
π2 log 2

12
+
ζ ′(2)

2
.

Thus

log Γ2

(
1

2

)
= − log 2

24
− ζ ′(2)

4π2
+

log(2π) + γ − 1

24
− log 2

4

= −ζ
′(2)

4π2
+

log π + γ − 1

24
− log 2

4
.
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This gives (1).
(2). Since ΓB2 (1/2) = ρ2Γ2(1/2), (2) follows from (1) and the formula for ρ2 in Theorem

2.
(3). Set x = 1/2 in Theorem 1(2). Then

log Γ3

(
1

2

)
= − 1

8π2

∞∑
n=1

cos(πn)

n3
+ log Γ2

(
1

2

)
− 1

8
log Γ1

(
1

2

)

=
3ζ(3)

32π2
+ log Γ2

(
1

2

)
+

log 2

16
,

where we used ∞∑
n=1

cos(πn)

n3
= (21−3 − 1)ζ(3) = −3

4
ζ(3)

and Γ1(1/2) = 1/
√

2. Hence we obtain (3) from (1).
(4). Since ΓB3 (1/2) = ρ3Γ3(1/2), (4) follows from (3) and the fomula for ρ3 in Theorem

2.
Values of Γr(x) at rational numbers are also expressed via special values of Dirichlet

L-functions besides ζ(s) through the generalized Kummer’s formula. Here we report the
following typical example.

Theorem 5

Γ2

(
1

4

)
= exp

(
L(2, χ−4)

4π
− 3L′(1, χ−4)

4π
− ζ ′(2)

16π2
+

19 log π + 19γ + log 2− 1

96

)
,

where L(s, χ−4) is the Dirichlet L-function for the non-trivial character χ−4 modulo 4.

Proof. Let x = 1/4 in Theorem 1(1). Then we have

log Γ2

(
1

4

)
= − 1

2π2

∞∑
n=1

(log n) cos(πn
2

)

n2
− log(2π) + γ − 1

2π2

∞∑
n=1

cos(πn
2

)

n2

+
1

4π

∞∑
n=1

sin(πn
2

)

n2
+

3

4
log Γ1

(
1

4

)
.

We notice
∞∑
n=1

cos(πn
2

)

ns
=
∞∑
n=1

(−1)n

(2n)s
= 2−s(21−s − 1)ζ(s) = (21−2s − 2−s)ζ(s)

and its differentiation
∞∑
n=1

(log n) cos(πn
2

)

ns
= −(21−2s − 2−s)ζ ′(s) + (2−s − 22−2s)(log 2)ζ(s).
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Hence ∞∑
n=1

cos(πn
2

)

n2
= −ζ(2)

8
= −π

2

48

and ∞∑
n=1

(log n) cos(πn
2

)

n2
=
ζ ′(2)

8
.

Using
∞∑
n=1

sin(πn
2

)

ns
=

∞∑
n=1
n:odd

(−1)
n−1

2

ns
= L(s, χ−4)

we have

Γ2

(
1

4

)
= −ζ

′(2)

16π2
+

log(2π) + γ − 1

96
+
L(2, χ−4)

4π
+

3

4
log Γ1

(
1

4

)
.

Thus we obtain Theorem 5 from the result of Malmstén [20]

log Γ1

(
1

4

)
= −L

′(1, χ−4)

π
+

log π + γ

4
,

which is obtained by setting x = 1/4 in Kummer’s formula (1.4):

log Γ1

(
1

4

)
=

1

π

∞∑
n=1

(log n) sin(πn
2

)

n

+
log(2π) + γ

π

∞∑
n=1

sin(πn
2

)

n
+

1

2

∞∑
n=1

cos(πn
2

)

n
(4.1)

= − 1

π
L′(1, χ−4) +

log(2π) + γ

π
L(1, χ−4) +

1

2

∞∑
n=1

(−1)n

2n
(4.2)

= − 1

π
L′(1, χ−4) +

log π + γ

4
, (4.3)

where we used L(1, χ−4) = π/4 and
∑∞

n=1
(−1)n−1

n
= log 2.

Now let Sr(x) = Γr(x)−1Γr(r − x)(−1)r be the multiple sine function studied in [13]. As
the second application of the generalized Kummer’s formula we prove basic properties of
Sr(x) for r = 2 and 3. This generalizes the usual sine function:

S1(x) = Γ1(x)−1Γ1(1− x)−1 =
2π

Γ(x)Γ(1− x)
= 2 sin(πx).

We notice that

S1(x) = exp

(
−
∞∑
n=1

cos(2πnx)

n

)

for 0 < x < 1 from Kummer’s formula for Γ1(x).
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Theorem 6 (1)

S2(x) = exp

(
− 1

2π

∞∑
n=1

sin(2πnx)

n2
+ (x− 1)

∞∑
n=1

cos(2πnx)

n

)

= exp

(
− 1

2π

∞∑
n=1

sin(2πnx)

n2

)
· S1(x)1−x

for 0 < x < 1.

(2)
S ′2
S2

(x) = −π(x− 1) cot(πx).

(3)

S2

(
1

2

)
=
√

2.

(4)

S2(x) = 2πxe−x
∞∏
n=1

((
1 +

x

n

)1+n (
1− x

n

)1−n
e−2x

)
.

(5)

S2(x) = exp

(
−π
∫ x−1

0

t cot(πt)dt

)
.

Proof. Since
S2(x) = Γ2(x)−1Γ2(2− x)

and
Γ2(2− x) = Γ2(1− x)Γ1(1− x)−1,

we have
S2(x) = Γ2(x)−1Γ2(1− x)Γ1(1− x)−1.

Hence, from (1) of Theorem 1 we have

logS2(x) = − 1

2π

∞∑
n=1

sin(2πnx)

n2
− (x− 1) log S1(x)

and

S ′2
S2

(x) = −(x− 1)
S ′1
S1

(x)−
∞∑
n=1

cos(2πnx)

n
− logS1(x)

= −(x− 1)
S ′1
S1

(x)

= −(x− 1)π cot(πx),

12



where we used

logS1(x) = − log Γ1(x)− log Γ1(1− x)

= −
∞∑
n=1

cos(2πnx)

n
.

Thus (1) and (2) are proved. We have (3) by setting x = 1/2 in (1). For the proof of (4) let

S2(z) = ez
∞∏
n=1

((
1− z

n

1 + z
n

)n
e2z

)

following Hölder [7]. Then we easily obtain

S ′2
S2

(x) = πx cot(πx)

and S2(1/2) =
√

2 ([7, 13]). Hence it is sufficient to show that

S2(x) = S2(x)−1S1(x).

We know S2(1/2) =
√

2 and S1(1/2) = 2. Thus the both sides are
√

2 at x = 1/2, and the
differentiations of the both sides turn out to be −(x− 1) cot(πx). Hence we get (4). Lastly
(5) follows from (2) since both sides are 1 at x = 1.

Remark 1 These results have further applications containing expressions of the difficult
special values of Dirichlet L-functions ([13]). Especially (5) gives the calculation of the
gamma factor of the Selberg zeta function for a Riemann surface (Sarnak [23] and Voros
[25]). The situation is similar in the higher dimensional case, where we use the multiple sine
function Sr(x) with r being the dimension ([13]).

Theorem 7 (1)

S3(x) = exp

(
1

4π2

∞∑
n=1

cos(2πnx)

n3
− 2x− 3

4π

∞∑
n=1

sin(2πnx)

n2
− (x− 1)(x− 2)

2

∞∑
n=1

cos(2πnx)

n

)

= exp

(
1

4π2

∞∑
n=1

cos(2πnx)

n3

)
S2(x)

3
2
−xS1(x)−

(x−1)2

2

for 0 < x < 1.

(2)
S ′3
S3

(x) =
π

2
(x− 1)(x− 2) cot(πx).

13



(3)

S3

(
1

2

)
= 2

3
8 exp

(
− 3

16π2
ζ(3)

)
.

(4)

S3(x) = 2πe−ζ
′(−2)xe

x2

4
− 3

2
x

∞∏
n=1

((
1 +

x

n

) (n+1)(n+2)
2

(
1− x

n

) (n−1)(n−2)
2

e
x2

2
−3x

)
.

Proof. Using Γr(x) = Γr(x− 1)Γr−1(x− 1)−1 we have

S3(x) = Γ3(x)−1Γ3(3− x)−1

= Γ3(x)−1(Γ3(2− x)Γ2(2− x)−1)−1

= Γ3(x)−1(Γ3(1− x)Γ2(1− x)−1Γ2(1− x)−1Γ1(1− x))−1

= Γ3(x)−1Γ3(1− x)−1Γ2(1− x)2Γ1(1− x)−1.

Hence, from Theorem 1(2), for 0 < x < 1

logS3(x) =
1

4π2

∞∑
n=1

cos(2πnx)

n3
−
(

3

2
− x
)

log Γ2(x) +
(x− 1)2

2
log Γ1(x)

−
(

1

2
+ x

)
log Γ2(1− x) +

x2

2
log Γ1(1− x) + 2 log Γ2(1− x)− log Γ1(1− x)

=
1

4π2

∞∑
n=1

cos(2πnx)

n3
+

(
3

2
− x
)

log(Γ2(1− x)Γ2(x)−1)

+
(x− 1)2

2
log Γ1(x) +

(
x2

2
− 1

)
log Γ1(1− x)

=
1

4π2

∞∑
n=1

cos(2πnx)

n3
+

(
3

2
− x
)

log(S2(x)Γ1(1− x))

+
(x− 1)2

2
log Γ1(x) +

(
x2

2
− 1

)
log Γ1(1− x)

=
1

4π2

∞∑
n=1

cos(2πnx)

n3
+

(
3

2
− x
)

logS2(x)− (x− 1)2

2
logS1(x),

where we used that
Γ2(1− x)Γ2(x)−1 = S2(x)Γ1(1− x)

and
Γ1(x)−1Γ1(1− x)−1 = S1(x).
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(2). From (1) we have

S ′3
S3

(x) = − 1

2π

∞∑
n=1

sin(2πnx)

n2
− (logS2(x) + (x− 1) log S1(x))

+

((
3

2
− x
)
S ′2
S2

(x)− (x− 1)2

2

S ′1
S1

(x)

)
.

Hence, using the previous formulas for log Sr(x) and S ′r(x)/Sr(x) (r = 1, 2), we obtain

S ′3
S3

(x) = − 1

2π

∞∑
n=1

sin(2πnx)

n2
+

1

2π

∞∑
n=1

sin(2πnx)

n2

+π

(
(x− 1)

(
x− 3

2

)
− (x− 1)2

2

)
cot(πx)

=
π

2
(x− 1)(x− 2) cot(πx).

(3). From (1)

S3

(
1

2

)
= exp

(
1

4π2

∞∑
n=1

cos(πnx)

n3

)
S2

(
1

2

)
S1

(
1

2

)− 1
8

= 2
3
8 exp

(
1

4π2

∞∑
n=1

(−1)n

n3

)
.

Here
∞∑
n=1

(−1)n

n3
= −

∞∑
n=1

(−1)n−1

n3

= −(1− 2 · 2−3)ζ(3)

= −3

4
ζ(3).

Hence we obtain (3).
(4). Let

S3(x) = e
x2

2

∞∏
n=1

((
1− x2

n2

)n2

ex
2

)
.

We prove that
S3(x) = C · S3(x)2S2(x)−3S1(x)

with C = e2ζ′(−2). Then we get (4) using the product expressions for S3(x), S2(x) and S1(x).
First, we see

S ′3
S3

(x) = πx2 cot(πx)

15



from [12, 13, 21] and

2
S ′3
S3

(x)− 3
S ′2
S2

(x) +
S ′1
S1

(x) = π

(
2 · (x− 1)(x− 2)

2
+ 3(x− 1) + 1

)
cot(πx)

= πx2 cot(πx).

Hence, it is sufficient to show that

C = S3

(
1

2

)
S3

(
1

2

)−2

S2

(
1

2

)3

S1

(
1

2

)−1

.

We calculated the value S3

(
1
2

)
in [16] ([13]) as

S3

(
1

2

)
= 2

1
4 exp

(
− 7

8π2
ζ(3)

)
,

which is equivalent to the following result of Euler [3]:

ζ(3) =
2π2

7
log 2 +

16

7

∫ π
2

0

x log(sin x)dx.

We know

S3

(
1

2

)
= 2

3
8 exp

(
− 3

16π2
ζ(3)

)

as above. Thus we have

S3

(
1

2

)
S3

(
1

2

)−2

S2

(
1

2

)3

S1

(
1

2

)−1

= 2
1
4 exp

(
− 7

8π2
ζ(3)

)(
2

3
8 exp

(
− 3

16π2
ζ(3)

))−2

(
√

2)3 · 2−1

= exp

(
−ζ(3)

2π2

)

= exp(2ζ ′(−2))

= C,

where we used ζ(3) = −4π2ζ ′(−2) coming from the functional equation for ζ(s).

Remark 2 For another approach to Theorems 6 and 7 we refer to [13], where we use multi-
plication formulas for multiple sine functions and the argument is more elaborate. The above
proofs are quite direct because of our Kummer’s formula for multiple gamma functions.
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5 Generalizations and Problems

Our investigation naturally leads to the case of Γr(x) for r = 4. This is treated similarly as
r = 2 and 3 by using

ζr(s, x) =
1

(r − 1)!
ζ(s− r + 1, x) +

r−1∑

k=1

br,k(x)ζk(s, x)

where br,k(x) is a polynomial in x determined by

(
n+ r − 1

r − 1

)
=

(n+ x)r−1

(r − 1)!
+

r−1∑

k=1

br,k(x)

(
n+ k − 1

k − 1

)

for all integers n = 0. For example

br,1(x) = −(x− 1)r−1

(r − 1)!
.

Then we have

Γr(x) = exp (ζ ′r(0, x))

= exp

(
1

(r − 1)!
ζ ′(1− r, x)

) r−1∏

k=1

Γk(x)br,k(x).

Hence our Theorem 3 gives the Kummer’s formula for Γr(x) inductively.
Beyond this we have a more general problem for Γr(x; (ω1, · · · , ωr)) with general periods

(ω1, · · · , ωr) defined by

Γr(x; (ω1, · · · , ωr)) = exp (ζ ′r(0, x, (ω1, · · · , ωr))) ,
where

ζr(s, x, (ω1, · · · , ωr)) =
∞∑

n1,...,nr=0

(n1ω1 + · · ·+ nrωr + x)−s

is the multiple Hurwitz zeta function for general parameters. We have seen the case (ω1, · · · , ωr) =
(1, ..., 1) above. First, when (ω1, · · · , ωr) is reduced to the rational parameters the situation
is quite similar to the case (1, ..., 1). For example, if (ω1, ω2) = (1, 2), then

ζ2(s, x, (1, 2)) = 2−s
(
ζ2

(
s,
x

2

)
+ ζ2

(
s,
x+ 1

2

))

and

ζ ′2(0, x, (1, 2)) = ζ ′2
(

0,
x

2

)
+ ζ ′2

(
0,
x+ 1

2

)
− (log 2)

(
ζ2

(
0,
x

2

)
+ ζ2

(
0,
x+ 1

2

))
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(see [15]). Since

ζ2

(
0,
x

2

)
+ ζ2

(
0,
x+ 1

2

)
= ζ2, (0, x, (1, 2))

=
1

4

(
x2 − 3x+

11

6

)
,

we have

log Γ2(x, (1, 2)) = log Γ2

(x
2

)
+ log Γ2

(
x+ 1

2

)
− log 2

4

(
x2 − 3x+

11

6

)
.

Hence we obtain Kummer’s formula for Γ2(x, (1, 2)) from our Theorem 1(1).
The non-rational (or “non-commensurable”) parameter case, we face the problem to have

the functional equation for ζr(s, x, (ω1, · · · , ωr)) of the form

ζr(s, x, (ω1, · · · , ωr)) = ξr(r − s, x, (ω1, · · · , ωr))

by using the residue calculation as in Riemann [22] and Hurwitz [8]. This problem is in
general highly non-trivial (delicate convergence) as investigated by Hardy [5, 6]. After that
we would have the desired Kummer’s type formula:

log Γr(x; (ω1, · · · , ωr)) = −ξ′r(r, x, (ω1, · · · , ωr)).

We postpone the detailed investigation to the next opportunity.
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