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Abstract

We realize a series of irreducible representations of the Iwahori-Hecke
algebra on the space of homology group with coefficients in the local sys-
tem associated with a Selberg type integral. This gives an affirmative
answer to the conjecture by R. Lawrence [11].

A Selberg type integral is

/( | T -t T II -2)vdndte, ()

1<i<j<m 1<i<m1<j<n

where v and A; are complex parameters, and v is a suitable cycle. This is
a natural generalization of the Selberg integral [14] and the Euler integral of
Gauss’ hypergeometric function. It is known that the integral (1) gives a con-
formal block of the minimal model [5] and that of su(2) Wess-Zumino-Witten
model [4] [6] [16] in conformal field theory.

Associated with the integral (1), a homology group with coefficients in local
system can be defined. The purpose of this paper is to give a family of represen-
tations of the Iwahori-Hecke algebra in terms of the cycle of such a homology
group. More precisely, we first describe an action of the braid group B, on
specific cycles (Theorem 1) and give linear relations among such cycles (Theo-
rem 2); next, after imposing the condition on the exponents v and A;’s, which
corresponds to a degenerate case of its homology group and is called a reso-
nant case (see [12]), we extract a representation of the Iwahori-Hecke algebra
H(6&,,) as a submodule of the previous representation of the braid group. This
representation turns out to be the irreducible one parametrized by the two-row
Young diagram (n —m,m) for n > 2m (Theorem 3). This is an affirmative an-
swer to the conjecture by R. Lawrence (Conjecture 2.4 in [11], where she proved
m = 2 case). We note that our irreducible representation corresponds to that of
Tsuchiya-Kanie [18] in the conformal field theory, where they derive it without
integral. We also note that the representation of B,, in Theorem 1 corresponds
to the R-matrix for the m-th symmeric tensor representation of U,(slz), as is
proved in [17].



1 Preliminary and results

Let Conf,,(C) be the configuration space of n distinct points of C :
Conf,(C) ={(#1,...,2n) €C"; z; #£ z;if i #j }.

For each point z = (z1,...,2,) € Conf,(C), let T, be a complex manifold
C™\D,, where

D, = Ui<icj<m {ti —t; = O}U Ui<i<m {ti —z;=0 }
1Z5<n

Let u(t) be a multivalued holomorphic function

uwty=" [ &-t) I I t-2)"

1<i<j<m 1<i<m1<j<n

defined on T,. Let £, be a sheaf consisting of the local solutions L of dL = Lw
for w = du(t)/u(t). Let HY(T,,L.) be the m-th locally finite homology group
with coefficients in £,. Elements of this homology group are represented by
0-closed locally finite chains

C:Zapp®vp (a, € C),

p

where each p is an m-simplex and v, a section of £, on p. The boundary operator
9 is defined to be a C-linear mapping satisfying d(p®@ v) = Y7 ((=1)"p'® v] 1,
where p is an m-simplex, p* denotes the i-th face of p, and v|,: is the restriction
of v on p’. This is a realization of the homology group with local coefficients
defined by N. Steenrod [15]. We refer the reader [2] for more references on the
application of such homology (and cohomology) theory to the hypergeometric
type functions.

The action of the symmetric group &,,, of degree m on the space T, is defined
by ot = (to-—l(l),...,to-—l(m)) for o € G, and t = (tl,...,tm) € T,. This
induces the action on HY/ (T, L.). Take a chain v(t) = p(t) ® v,(t). Then, for
each o € &,,,, (ov,)(t) = v,(01t) turns out to be a section of L, on (op)(t) =
p(o~1t). Hence (oy)(t) = y(c~'t) gives a representation of &, on HY (T, L.).
In this paper we are interested in the &,,-invariant part H f,{ (T, L,)5m.

The braid group B, of n-strands is algebraically presented by generators
g1, -,9n—1 and the defining relations

9i9; = 9;59; if |i—j[>2, 1<i,j<n-—1, and
9i9i+19i = Gi+19iGi+1, 1<i<n—2.

Let v : B, — &, be a homomorphism defined by v(g;) = 0;,1 < i <n-—1,
where o; = (i,7 + 1) is the transposition of ¢ and ¢ + 1. The kernel of this
homomorphism is called the pure braid group. The fundamental group of
Conf,,(C) is known to be the pure braid group, and the fundamental group



of the quotient space Conf,,(C)/&,, is known to be the braid group, where &,,
acts naturally on Conf,(C), namely, 0z = (2,-1(1), ..., 25-1(n)) for o € &,, and
z = (z1,...,2n) € Conf,(C). In what follows, we identify the elements of the
braid group B,, with the closed paths of Conf, (C)/&,.

Let V' be the vector bundle Uzeconfn((c)Hf,{ (T, £.)®™ with fiber HY (T, £.)%™.
For each z € Conf,(C), a path 7 € B,, with starting point z induces the map

T H%(Tz, Ez)Gm, — H%(T,,(T)z, [:V(T)Z)Gm.
Hence, we have a representation p of 7 € B,, on HY (T, £,)®™ defined by
(p(7)7)(2) = V(1) (1) (2) for ~(2) € HI (T, L),

To study such a representation of the braid group B, concretely and without
loss of generality, we first fix a point z € Conf,(C) as

—00 <21 <zg << 2y < 400,
and a path 7, = (¢1(¢),...,¢n(t)) (0 <t < 1) € Confy(C) as

% Zi Zitl — % 2z 2 Zid1 — 2
G(t) = Zi41 t % _ V=1 il i G () = Zit1 + 2 N Ay i

2 2 2 2 ’

and (i (t) = 2 (k # 4,9+ 1). Each path 7; corresponds to a generator of B,, and
called the half Dehn twist (see Figure 1).

/N

o o o o

Zi-1 ZU%H Zit2

Figure 1

Let O
i ds g (2):1 <1 < ja <--- < jm <}

be a set of elements of Hf (T, £.)®™ (precise definition is given in Section 4).
Then we have an expression of

p(ri) + HY(T., £.)% — HY(T., L)%™,

and relations among 7, j, ... (2).



Theorem 1. For 0 <i <n —1, we have

p(Ti) V101 man (2)

- v v v a;
= Sz:;) (6(/\1+1 +ait1 5)7 6(5))%75 e(s(Nit1 + az‘+1§)) { L(V)

X W..‘i‘liﬁ»l‘#“i_s (i4+1)5--- (z),

where Y1ai1...pan Means

M-12---2m---n(2)
—— N ——

a1 a5 an
with a1 + - - -+ a, = m, and
m (¢:9)
=72 with (a;q)n = 1—ag).
[ n L (4 ) (@3 Dm—n (@:9) E,( )

Theorem 2. Suppose that Ay + -+ + A, + (m — 1)v & Z. Then, for 1 < j; <
Jo <+ < Jm—1 <n, we have

m—1 Ji+1—1

SN (e A ) —e(M -+ A D))

- 2 2
t=0 s=j:+1
X ﬁjl cJt SJt+1  Jm—1 (Z)
m—1 v v
+ Z(e(/\1+~~~+)\jt71+(t—1)5)—e(>\1+~~~+)\jt +13))
t=1

X Yy oo Ger e de dear - w1 (Z)

with jo =0 and j, =n+ 1.

Remark 1. The representation of Theorem 1 in the case of m = 2 (called the
Lawrence-Krammer representation) is used in [3] [9] [10] to prove that the Braid
groups are linear.

Remark 2. Contents of Theorem 1 corresponds to Proposition 5.1 in [7], where
the action is considered as the one on the paths, not on the cycle of the (locally
finite) homology with coefficients in the local system. See also [17].

v
Next, if we impose the condition that A; + 5 € Z for 1 < j < n, then
V =®1<ji< . <jn,<nCHj, .. j,. factors through the space of HY (T, L£,)®™ as a



submodule over the braid group B,,, and moreover V' turns out to be a module
over the Iwahori-Hecke algebra H(S,,).

The Iwahori-Hecke algebra H(&,,) is the associative C-algebra with genera-
tors g1, . ..,9n—1, @ parameter ¢ € C, and the defining relations

9i9i+19; = git19:i9i+1, 1<i<n—2,
995 = 959 » li —j| > 2,
(i —1)(9:s +4q) =0, qeC.

Under the condition

ql4+q) - (1+qg+-+q"")#0, (2)

called n-regular, H(&,,) is isomorphic to the group algebra C&,,; hence, the
representation theory of H(&,,) is equivalent to that of &,,, and, in particular,
irreducible representations of H(S,,) are parametrized by the Young diagram
with n boxes (See [8] [19]).

At this stage, we can sate our main theorem.

Theorem 3. Suppose that \j + g €Z(1<j<mn), g(Q(m —1)—n)¢Z and
n>2m. Then

> CYji-m

1<j1 < <jm<n

is an irreducible H(S,)-module with ¢ = e(—g) parametrized by the Young

diagram of type (n —m,m), and its dimension is (') — (," ).
Remark 1. This is an affirmative answer for the Conjecture 2.4 of [11], where
only the cases of m = 1 and m = 2 are proved.

Remark 2. In [6], the solution of the Knizhnik-Zamolodchikov equation for the
SU(2) Wess-Zumino-Witten model is given in terms of the Selberg type integral
with ) )
v
Aj o 5= and k=142,

where [ is the level of the model. We note that n-regular is equivalent to [ #
0,1,...,n — 2 and that the cases [ =n — 1,n,n+ 1,... are available. Compare
our theorem with the result of [18].

Remark 3. Dimension (;’l) - (mril) is equal to the rank of the twisted coho-
mology H™(T,,LY)®m, where LY is dual to £, (See [1]).

A proof of these Theorems 1 and 2 in case of m = 1 will be given in Section
2. By using the technique in Section 2, a proof of the m = 2 case will be given
in Section 3. And a proof of the general m case will be completed by induction
in Section 4. Concerning with Theorem 3, we will give a proof in Section 5.



2 Case m=1.

Set u(t) to be

uty = [[ t-2)V,

1<j<n

where A\; e C(j =1,...,n) and first z = (21, ..., 2p) is fixed to be
—00 <2 << 2y < HF00.

Let £, be the local system on T, = C\{z1,...,2,} determined by u(t), that
s
is, the sheaf of the local solutions of dL/dt = 3, ,, —]_L. For each j =

t— zj
1,...,n, define the element v;(2) € Hif(Tz, L) to be
v ={ - e s
21 Zj Zn o0
— { e /.‘)_\ } ® u(t)’
Zj o0

where the argument of each factor of u(¢) on the path is fixed to be arg(t—=z,) = 0
for t > z,. Then, the linear mapping 7; is described as follows, which leads to
Theorem 1 in the case of m = 1.

Proposition 1. Fori=1,...,n — 1, we have

7i+1(z) ’l)'.yi("'azﬂrlazia"')a
vi(z) S (T —eig) V(oo zigts Zis )+ e(Nip1)Vir1 (s 2ig 1, Zis - ),
’yk(Z) 'l)’yk(...,ZiJthi,...), k;’é’i,i-i-l,

where e(\) = exp(2my/—1)).

Proof. These relations are obtained by deforming the cycles appropriately. The
third relation is trivially derived. For the first relation, it is enough to look at
the following.

Ti

. T ®ult) — — T Qu(t).

Zi  Zi41 o] Zi+1 %4 o0

For the second relation, we first describe the transformation of 7; as



soos o Zit1 %

The right hand side is regarded as the sum of the following two cycles.

arg(t — z;41) =0

. C_f\i . @ u(t)

Zi+1 24 R e 9]

arg(t — zi+1) =0
+ . ¢ ® u(t).

-0

n R 00

Here 2, < R, and the first term is described as

arg(t — zit1) =0

® u(t)
Zit1 Zi T R
= ® u(t)
arg(t — zip1) = 27
+ . /Q ® u(t)
Zi+1 Zi R




By using Lemma 1 below, the first term of the right hand side of (2) turns out
to be
arg(t — zit1) =0

(1 —e(it)){ /*\f ® u(t).
Zi+1%i R

Hence we have

C\ ® u(t)

Zi+1 %i o0

arg(t — zit1) =0

Zi+1%4 R

+eip) ¢ L ® u(t)
Zi41 Zi R
arg(t — z;41) =0
i o ®u(t)

Zn R 00

= (1 — 6()\7;_;,_1))’}/1'(. ey Zi+17 Ziy .- ) + e()\i+1)7i+1(~ cey Zi+17 Ziy - )

This completes the proof.



Lemma 1. Fix R to be z,, < R. Then, as a loaded cycle,

arg(t —z;) =0

Zj Zn /R

arg(t — z;) = 2w

s homologous to

where e(\) = exp(2my/—1\).
Proof. It is enough to prove that a loaded cycle

(arg(t —2)=0

[arg(t —z)=2m

for z < R is homologous to

arg(t—z) =0
(I—e(\) { —t» @ (t— )
z R
To prove it, we first note that
arg(t—z) =0
(1—e) { ® (t - 2)}
z R
arg(t —z) =0
'
—  ——— c— ® (t — z)/\,
z T R

arg(t —z) =27



By using this, we have

arg(t —z) =0
(1-e(n) { ot ® (t—2)*
z R

The right-most is the boundary of a locally finite loaded 2-chain supported by
a slitted disc. This completes the proof of Lemma 1.

We prepare two more Lemmas for the proof of Theorem 2 in the case of
m = 1.

Lemma 2. For a fized real number R such that z, < R, as a loaded cycle,

arg(t —z;) = =2 (1 <i<n)
é ® u(t)

AN
arg(t — z;) =0(1 <i<mn)

is homologous to

arg(t — z;) =0(1 <i<mn)

(1—e(=A— - —An)) R ® u(t),
21 Zn R 00

where e(\) = exp(2mv/—1)).

Proof. Change of the coordinate such that ¢ — 1/t shows that the equality is
equivalent to

10



_ . o i ®u(t_1).
71 _ _
0 \R an 211

argt =27 (1 <i<n)

Here u(t™1) =t~ 2772 (1 — 28)M ... (1 — z,¢)*. This equality follows from
Lemma 1. This completes the proof of Lemma 2.
Combination of Lemma 1 and Lemma 2 implies the following.

Lemma 3. Suppose that \; ¢ Z(1 < j <mn) and A1 +---+ A, ¢ Z. Then, for
a fized real number R such that z, < R,

wa={ - /\;o bt

is homologous to

arg(t —z;) =0
e()\l)_l @/ ® u(t)
’ Zj Zn /R
arg(t — z;) = 2w
arg(t;zi) =-21(1<i<n)
1
_6(_>\1_,,,_)\n)_1 R ® u(t),

\
arg(t —z;) =0(1 <i<mn)

as a loaded cycle.

At this stage, we prove the following, which is Theorem 2 in the case of m = 1.

11



Proposition 2. Suppose that Ay + -+ + A\, & Z. Then we have a liear relation
among v;(z) (1 <i < n) such as

z”: M4+ XN1)—eM+--+X)v(2) =0.

Jj=1

Proof. For simplicity, we demonstrate the n = 2 case: u(t) = (t —21)*(t — 22)*;
the general n case is obtained in the same way.

Lemma 3 implies

(1 —e(A))n(2) + (e(h) — (A + A2))72(2)

arg(t — zl) 0
- @ ult)
arg t —21) = 27r
arg(t —z1) =0
arg(t — z2) =0
el @N\ @ ult)
R
arg(t —z1) =0
arg(t — z9) =27

arg(t — z;) = =27 (i = 1,2)
1-— 6()\1 + )\2) /
s R ® u(t)
arg(t — z;) =0(: =1,2)



Since

arg(t — z2) =27

arg(t — z1) = 2w
arg(t —z2) =0

J/

arg(t — z1) = 2w

arg(t — z9) = 2m

arg(t —z1) =0
arg(t — z2) =0
. ® u(t)
21 22 / R
arg(t —z1) =0

the sum of the first and the second term of the right handside of (3) is equal to

Z1 22

arg(t — z1) =27

arg(t — z2) =0
arg(t —z1) =0
— arg(t—22)=0 ® u(t)
'R

arg(t — z1) =27
arg(t — z2) =27

Hence we have the result.

13

® u(t).



3 Case m=2.

Set u(t) to be

u(t) =t —t2)” [T TI =2,
where A; (j =1,...,n) and v are complex numbers, and z = (z1,.. ., z,) is first
fixed to be

—00 <21 <<z < H00.

For 1 < j1 < jo <m, let 7, j,(t; 2) be the element

tq
m
LT ®u(t) € HY (T., L),

Vi1 ja (t; Z) =

where the argument of ¢; — z; on the path is fixed to be zero for ¢; > 2, and
the argument of t; — t2 on the path is fixed to be zero for t; > to. This picture
describes two paths; one is the path in ¢;-space , and the other one is the path
in to-space:

Zj1 Zjs o0
t1-space
to-space arg(t; —t2) =0
arg(ty —to) =m
- /\ n/’—\;_/;\\ ® U(t)
“n “a o© Zj1 Zja \ 9]
to

The suffix jij2 does not indicate the points z; and zj;, but the ji-th point and
the jo-th point. Hence, for instance,

y12(t; 23, 24, ... ) = o .o ® u(t).

14



A symmetrization of «;, ;,(¢;2) with respect to the variables ¢t = (¢1, t2) is
defined to be

Tinia(2) = D Vjr i (to(r)s to(2); 2)

ceG2
with
. to(2)
o(1)
Vi1 g2 (o (1)s Lo(2)5 2) = A ® ulto() o)
Zj1 Zja oo

where the argument of ¢, ;) — z; on the path is fixed to be zero for ;) > 2n
and the argument of ¢,(1) —t,(2) on the path is fixed to be zero for t,(1) > t,(2)-

It is seen that 7;, ;,(2) is an element of the symmetric part of Héf(Tz, L,). The
linear mapping 7; : Héf(Tz,llz)62 — Héf(Taz,llgz)G2 is described as follows,
which induces Theorem 1 in the case of m = 2.

Proposition 3. Fori=1,...,n — 1, we have

Vitt,i+1(2) 5 Fiile oo Zig1s Ziy - ),

~ 3 V., ~

Fiir1(2) o (L —e(ip + o) Vil zivn, i,

V., -
+e(Xip1 + 5) Yiit1 (- - s Zig1, Ziy - - ),

~ Ti | 2NN
¥i,i(2) = (1= e(Ait1))(1 —e(Nip1 + 5))%‘,1‘(~ ey Zid 1y By e )
14

+e(irn) (1 —e(Ai)) (1 +e(3

)) Viit1 (e -5 Zit1s Ziy - - -)
+e(2Xit1) Vir1,it1 (s Zig1, Zis - - 1),

Vit1,ks (2) nlﬁi’kz(...,ziﬂ,zi,...), 1+ 1< ko,

Vi ,i+1 (%) 'Lﬁkl7i(...,zi+1,zi,...), k1 <1,

Fi ks (2) LN (1= e(Xit1)Visko (o ooy Zi1, Ziy - - 2)
+e(Nit1)Vit1,ko (o vy 2ig1, 20y - 0)y G4+ 1 < ko,

Vior,i (2) o (1 — (N 1) Ak i (- o vy Zits Ziy e o)

+6()\7;_:,_1)?1“71_5_1(...,Zi_;,_l,zi,...), k1 < 1,

Wkl,;@(z) IL?khb(...,zi_;,_l,zi,...), ki, ko # 0,0+ 1.

15



Proof. The first relation is trivially derived. For the second relation, we start
with the following.

to(1)
Z % @ u(to(1), to2))
€&y |- -

}
— Z .- % 0y u(to'(l)a ta(?))' (5)
[ASICP)

Zi+l Z; [e%e)

Here the summand of the right hand side is considered as

Lo (2)-Space Lo (1)-Space
to(2)
Zi+l % 00 Zi+l % 00

Therefore, deformation of the cycle in ¢, ;)-space as in the proof of Proposition
1 shows that the summand of the right hand side of (4) is equal to

to() lo(2)
A @ ulto(1)s to(2)
Zi+1 zz . 00
to(2) to(1)
+e(Nit1 +v) %:k @ ulto(1), to(2))
R Ri+1 Zz . 00

16



to(2)

toy

+ 6(>\i+1 + l/) & u(ta(l)a ta(2))v

Zit1 % 00

where arg(t,(1) — ty(2)) = 0 for t51) > ty(2) on the path and arg(t; — z,) = 0
for t; > z,. On the other hand, Lemma 4 below gives the equality

to(2) to(1)
A ® u(te(1),to(2))
Zit+1 Zz . o0
to(2) to(1)
- e(—g) A ® ults(2), to(1))-
- Zi+1 Zz oo

Consequently, the right hand side of (4) turns out to be
Voo V...
(1 - €()\i+1 + 5))’)/171( ce s R4l Ry e e ) + e(Ai+1 + 5)’)/1'7“_1(. ce sy Zi415 Ry - e )

This is a second relation of Proposition 3.

For the third relation, we start with the following:

2
toq) (2)
Z % @ u(ty(1),to(2))
0e6y | - o -
Zi  Zit1 o0

lo(1) ta(2)
Ti \
— Z ® u(ta(l), tg(g)).

gSGP! o °

Zi+l 2 o0

17



By applying the second relation of Proposition 1 to the path in the ¢, ,)-space,
the right hand side turns out to be

ty(2)

to(1)

(1—e(Ais1) ) ® ulta(1): to(2)
cEGH . -
Zi+l % 0
to(1) lo(2)

\

+e(Aix1) Z @ u(ty(1), to(2))-
0'662 P e
Zi+1 %i 0

Apply the second relation of the present Proposition to the path in ¢,(;)-space of

the first term and the second relation of Proposition 1 to the path in ¢, ;)-space
of the second term. Then we have the third desired relation. Other relations
which remains to be proved are induced by Proposition 1. This completes the
proof of Proposition 3.

Lemma 4. The loaded cycle

m
t1
T & ultr, 1),

where arg(ty — t2) = 0 on the path for t1 > to and arg(t; — z,) = 0 for t; > zy,
is homologous to

to
v %
e(_§) ® u(ta, t1),

where arg(ta — t1) = 0 on the path for to > t1 and arg(t; — z,,) = 0 for t; > z,,
that is, vj, j, (t2, t1;2).

18



Proof. The left hand side is considered as

t1-space

to-space
arg(t1 — tQ = —
arg( 1 — tQ ‘

t1

X u(tl, tg).

Hence, by considering u(t) only as a function of ¢5, this turns out to be

to-space
t1-space arg(ta —t1) =0
v arg(te —t1) =7
e(_§) Q/”\ 0/,.\;_/\\) ®u(t27tl)’
“i “2 o0 Zj1 Zja \t oo
1

which is the right hand side of the desired equality. This complets the proof of
Lemma 4.

Next, linear relations among 7;, ;, () are given as follows, which is Theorem 2
in the case of m = 2.

Proposition 4. Suppose that \y + -+ X\, + v & Z. Then, for 1 < j <n, we

have
j—1
Z(e()\l +-- /\s—l) - 6(/\1 + )‘S))ﬁs,j(z)
s=1
+ (e ++ -+ Aym1) = e+ A + 2) T (2)

n

+ > (e(/\1+~--—|—)\S_1+%)—e()\1+-~-

V.,
+As + 5)) ¥j,s(2) = 0.
s=j+1

Proof. We have the equality

19



i1 to(1)
{Z(e()\1+~~+)\51)—e(>\1+...+)\s)) %

Zs Zj 00
t
ta(l) a(2)
te( -+ Aj) %
Zj 00
t
t0(2) o(1)
—e(M 4+ A +v) N
n
+ Z (e()\l'f'"'-‘r/\s—l-f—u) —e(M +--F A +1)
s=j+1

lo2)  toq)
} @ u(to(1), to2))

Zj Zs 00
t,(2)-space -1
= /\ {Z(e()\1+-..+)\3_1)—e(A1+...+/\S))
o o s=1
Zj 00
ta(l)-SpaCe ta(l)_space
| m +e()\1—|—+)\]71) m
. > Zj 00

20



to(1)-Space
—e(A+- A+ ) olo(2)
.. /l.-’-»—\g

Zj 00

n
+ D (et A+ v) e+ + A + 1)
s=j+1

s (1)-Space

° to’(2) } (%9 U(tg(l),ta(2)) =0,
o e T TS
Zj Zs o0

where arg(t, (1) —ty(2)) = 0 for t,(1) > t(2) on the path. Under the assumption
that Ay + - - -+ A\, + v ¢ Z, the last equality follows from the same argument as
in the proof of Proposition 2 (apply it to the path in ¢,(;)-space). On the other
hand, Lemma 4 implies that the loaded cycles

t
to(2) a(1)
\ ®u(t0(1)7t0(2))

Zj o0

and

to2)  to(1)
& u(ta(l)v ta(2))a

Zj Zs o)

where arg(t,(1) — ty(2)) = 0 for t, (1) > t5(2) on the path, are homologous to
t
v to(2) o(1)
\ & u(ta(2)7 ta(l))
Zj 00
and

to2)  to(1)

Zj Zs 00
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where arg(t,(2) — to(1)) = 0 for t,(2) > t,(1), respectively. Therefore, by taking
a symmetric sum for o € Go, we obtain the desired result.

4 General m case.
Let T, be a complex manifold C"™\D,, where

D, = Ui<i<j<m {ti —t; = O}U Ui<i<m {ti —zj= 0 }
1<5<n

Let u(t) be a multivalued holomorphic function
uwty= J[ @G-t T I t-2)
1<i<j<m 1<i<m 1<j<n

defined on T,. Let £, be a sheaf consisting of the local solutions L of dL = Lw
for w = du(t)/u(t). Associated with the function wu(t), we define the elements,
for 1 <j1 <jo <+ <jm <,

Tirgaim (2) = D g so g o) - s ta(m) 2)
o€Gm,

with

Vs g i (65 2) = ®u(t) € HI(T., L),

where arg(t,(;) — to(;)) = 0 for t,;) > to(j) and arg(tey — 20(;)) = 0 for
(i) > 2n. In what follows, we also use the symbol

Y1e1 222 | npan (Z) or 51“1 2a2 | pan (z)

in stead of

Moo 12,0, 20emy - n(2) o0 A 12 2 n(2)
W—JH/—/ —— W—JH/—/ H,_/

al a2 an al a2 an

with a1 + - -+ + a, = m. Then we have the following, which implies Theorem 1
in the general m case.
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Proposition 5. For1 <i<n—1, we have

Tiﬁln...nan (Z)
2 v v v i
= Z (6(/\i+1 + ait+1 §)§ 6(5)) e(s(Ni+1 + ai+1§)) [ y ]
s=0 ai—$ e(%)

X ’Y.”iai+1+ai—s7(i+1)5“.(. ey Rty Ry e e ),

where

(a;9)n = nl:[l(l —aq') and [ 7;7 L _ (q;q(L)m.

bl In(@; Dm—n
Proof. Without loss of generality, we prove

TiYik (i41ym—* (2)

k
v v v k
=3 (eOu+ (m = DF)iel5) eloha+ -0z | * |
s=0 k—s e(
X Yim—s (i41)s (- + > Zit15 Zir - -+ )s

for 0 <k < m. We prove this by induction on k. The case k = 0: 7 11)m (2) =
Fim (. ..y Zit1, Ziy - . - ) 18 trivially derived. For the case of k+ 1, we start with the
following:

TiYir+1 (ip1ym—r—1(2)

t(r(m
Lo(k+2)
lo(k+1)
= tot)s - stoim). (6
> tor) . @ ulto() (m))- (6)
ceG,y, ~ *
Zi+1 Zi 00

Apply the relation in the case of k to the paths in t,(;)-space for 2 < i < m.
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Then the right hand side of (5) turns out to be

k

14 14 v k
> (e(AiH +(m—1-k)3); e(—)) e(shiy1 +(m—1—k)=)) [ }

2 27 k—s 2 S v
=0 e(%)

to(2)
ta(l) o(m—s)
o~ t
o(m—s+1)
% Z ta(m) & U(ta(l), - 7ta(m))~
o€G,

R+l z; 00

By the same way as the proof of the second relation of Proposition 3 (along

with Lemma 5 below), the sum over the symmetric group &, of the right hand
side is shown to be

V.~
(1 — e()\i_l,_l + (m — S — 1)5))’}/im—s,(i+1)s(. ey Ri41y Riy - - )

V.~
+ 6(>\i+1 + (m - 1)5)’Yim,—s—17(i+1)s+l ( ey Zidly By e )
Hence

Ti%kﬂ J(i4-1)m—k—1 (Z)

k
— ;) <€(>\i+1 +(m—-1- k)g), 6(5))k_8+1 e(s(\ig1 +(m—1—k)=))
8 { IZ L(g)%’"—s,(iﬂ)sﬂ-~,zi+1,zi,...)
k
+ ; (e(/\i+1 +(m—-1- k)§)’ e(§)> e e((s+1D)Ny1 +(m —1— k)§))

v | k ~
X 6((]6—8)5) |: :| ’Y,L"rnfsfl,(i_;’_l)s«#l(...721'_)'_1727;,...).
e(5)

Change of the index s into s — 1 of the sum of the second term of the right hand
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side leads to

TiYir+1 (ip1ym—r—1(2)

k+1
1% 1% 1%
=3 (it m=1=R)D)e())  elsia + (m—1-K)5))
s=0 s
k Vigs k ~
X { [ < L(") + e(a)k +1 [ oo L(V)} Fim=s (i41)s (- + s Zig 1, Ziy - - )
i 14 14 v
=3 (e + m—1=k)F)e()) s+ (m—1=k)5)
s=0 s
kE+1 ~
X s (V)'Yim—s,(i+1)5('"aZiJrlaZia"')'

Here we have used the relation

k k—s+1 k | B+
BT DS R
q q q

This completes the proof of Proposition 5.

Lemma 5. For o € G,,, a loaded cycle

& u(tl, R ,tm),

& u(ta(l)a sy ta(m))a

where arg(ty iy —to(;)) = 0 for touy > togy with 1 <i < j <m, and (o) stands
for the inversion number of o € &y, : l(0) = Card{ (,7); o(i) > o(j)andi <
J}-

Proof. Apply Lemma 4 repeatedly. Then we obtain the result.

25



Next, the follwing linear relations among 7;, j, ...j,. (2) (1 < ji1 < jo <--- <
Jm < m) are obtained in the same way as in the proof of Proposition 4.

Proposition 6 (Theorem 2).Suppose that Ay +---+ A, +(m—1)v ¢ Z. Then,
we have, for 1 < j3 <jo <-- < jmo1 <,

ji—1
D leMat A1) — e+ X)) gy oo (2)
s=1
V. | ~
FeAr 4+ A1) —e(A 4+ Ay, + 5))%‘1 i gme (%)
j2—1 ”
- Z (e +-+ A1 + 5)
s=j1+1

124 ~
- e()\l +o A+ 5)) Vi1 sj2 - Jm—1 (Z)

)

V., ~
- 6()\1 Rl )\j'lnfl + (m - 1)5)) Yi1 oo Gm—1Jm—1 (2)

N

+He +- o+ A, o1+ (m—2)

- 14
+ ZH@(M ot A (m=1)3)
$=Jm—1

—e(A+- o F A+ (M =12 o s(2) =0.

NN

5 Proof of Theorem 3
In what follows, we suppose the condition, called n-regular,

g(l+q)-(L+g+--+g"1) #0. (7)

Let ¥ be a H(S,,)-module spanned by the elements ;,...;,, for 1 < j; <--- <
Jm < n endowed with the action determined by

Yojo—1., i T#je1,i+1=7,,
Ti . . . . .
,ll)jl"'j'm. — (1 - q),(/)jl"'jm, + q,(/}jl s+l Gmo if = Jsy v+ 1 7é Js+1,
Yivejms A (404 1) = (JsyJs41) or G i+1% ji,. ., Jm.
It is seen that

U= Z Cjy i

1< < <jm<n
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is generated by 112...,, as an H(&,,)-module, and that the element 112...,,, is in-
variant with respect to the action of 71, ..., Tom—1, Tmt1, - - - s Tm—1 € H(Spm X Gpmn)-
Hence, as H(S,,)-modules,

A H(G)
UeIndye ve, b

where 1 means the trivial representation of H(&,, X &,_m,).

Let Rj, ...;,,_, be the elements defined by
le B Z qsilie(ﬁ{jl’""jm*l})'lp:{jl,---,jm71}U{s}:
se{l,...n}\{J1, " s Jm—1}
for1 <j1 < -+ <Jm-1 <mn,wherel(s;{j1, -+, jm-1}) =kand: {j1, -, Jm-1}U
{s} == g1 JksSir+1 -+ Jm-1 if jr +1 < s < jrr1 — 1 (generally, for a set
A ={ay,...,am} with a; < -+ < am,, a normal ordered set : A : means the
ordered sequence aq as ... G,). Then it is shown that

R...jb,,l..., if i js—1,14+1=7js,
Ti . . . . .
le"'jmfl (1 - q)le"'jm,—l + qul gl 1o if = Jsy i+ 1 7& Js+15
Ry if (i7i+1) = (.js,js+1) or 4,0+ 17#j1,..0 jm—1-

Hence

3 L H(SW)
(CR]I"'Jmfl 7IndH(6m 1XGp— m+1) ’

1<j1 < <jm—-1<n

H(&,)

as H(&y)-modules. Furthermore, it is known that Indj " s |1 has an

irreducible decomposition such as

H(G,)
Iy el = e nmm @ E:% it e

@ [ [1n-1 & [] []
m 1 "

As a consequence, we have

\I’/( Z CRJI"'jm—l) ~ E:l :Ln*m .

1< < <jm-1<n

On the other hand, if the condition A; + g € Z (1 <i <n) isimposed, then
Theorem 1 and Theorem 2 are reduced to the following.
Proposition 7. Suppose that \; + % €Z(1<j<mn). Then, for1<i<n-—1
and 1 < j; < -+ < jJm < n, we have
Voorjomtoy Af 0 F Jso1, i+ 1= s,
Torm P00 (L= (=2 A + =3 i gty 0= s i1 o,
Vireegms 1 (G i+1) = (Js,Js+1) oOr G0+ 1# ji,. .., Im.
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Proposition 8. Suppose that \; + g €Z(1<j<n), g ¢ Z and 3(2(m -
1)=n) ¢ Z. Then, for 1 <j1 <ja <-++ < jm-1 <n, we have

Ji—1
v,
>~ o= = D3 Feist o1 (2)
s=1
J2—1 v
£ Y =D )
s=j1+1
+..

n
V.~
+ Z e(—(s— m)§)’yj1, ~~~’jm72,jm71,8(2) =0.

s=jm-1+1
At this stage, it is clear that there is an H(&,,)-isomorphism

\Ij/( Z Cle"'jmfl) - V

1< < <jm-1<n

determined by ¥, ... — YVj1-j and g — e(—%). This completes the proof of
Theorem 3.
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