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Abstract

For the Cauchy problem associated with a nonlinear, strictly hyperbolic
system of conservation laws in one-space dimension we establish a general
existence theory in the class of functions with sufficiently small total vari-
ation (say less than some constant ¢). To begin with, we assume that the
flux-function f(u) is piecewise genuinely nonlinear, in the sense that
it exhibits finitely many (at most p, say) points of lack of genuine nonlin-
earity along each wave curve. Importantly, our analysis applies arbitrary
large p, in the sense that the constant ¢ restricting the total variation is in-
dependent of p. Second, by an approximation argument, we prove that the
existence theory above extends to more general fluz-functions f(u) that can
be approached by a sequence of piecewise genuinely nonlinear flux-functions
fe(u).

The main contribution in this paper is the derivation of uniform esti-
mates for the wave curves and wave interactions (which are entirely inde-
pendent of the properties of the flux-function) together with a new wave
interaction potential which is decreasing in time and is a fully local
functional depending upon the angle made by any two propagating discon-
tinuities. Our existence theory applies, for instance, to the p-system of gas
dynamics for general pressure-laws p = p(v) satisfying solely the hyperbol-
icity condition p’(v) < 0 but no convexity assumption.

1. Introduction

We are concerned with the initial value problem for general nonlinear
hyperbolic systems of conservation laws in one space variable, that is,

Ou+ 0, f(u) =0, u=u(z,t)cRY, zcIR, t>0. (1.1)
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As is usual, we restrict attention to solutions taking their values in a neigh-
borhood of some constant state in IR". We denote by Bs(v) the open ball
in IRY with center v € IRY and radius § > 0, and we set By := Bj(0).
Without loss of generality we assume that u(x,t) € By, for some §; > 0.
In (1.1), the flux f : Bs, — IR" is a given smooth, strictly hyperbolic map-
ping, that is, the Jacobian matrix A(u) := Df(u) admits N real distinct
eigenvalues A\1(u) < -+ < Any(u) for each u € By, . It is well-known that
solutions to nonlinear hyperbolic equations generally exhibit propagating
discontinuities in finite time, and that weak solutions in the sense of distri-
butions only can be sought. Moreover, for the sake of uniqueness, solutions
must be constrained by a suitable admissibility condition. For background
material on the subject, we refer the reader to [19], [29], [11], [22].

In the particular case of genuinely nonlinear (GNL) flux-functions,
that is, when

VAi(u)-rj(u) #0, ue By, (1.2)

has been extensively studied. A typical example is given by the inviscid
Burgers equation for which N = 1 and f(u) = u?/2. Under the assumption
(1.2), it is well-known that entropy solutions should satisfy Lax shock ad-
missibility inequalities (Lax [19]). Another special case is given by linearly
degenerate (LD) fields, which by definition satisfy

VAj(u)-rj(u) =0, u€ Bs,. (1.3)

The first existence result for nonlinear hyperbolic systems was obtained in
Glimm’s pioneering work [14], establishing the existence of an entropy solu-
tion u = wu(z,t) to the initial value problem associated with (1.1) for every
initial data with sufficiently small total variation, provided each character-
istic field of f is GNL or LD.

In addition, solutions to (1.1) have bounded variation in x for each
time ¢ > 0, and satisfy the Lipschitz continuity estimate for some uniform
constant C' > 0 and for all times ¢,¢' > 0

u(t) = u()||Lrgry < C |t —t].

One of the key ideas in Glimm’s existence theory [14] is to rely on the
decrease of the wave interaction potential

Qu(t)) ==Y |uy(w,t) = u_(z, )| |uy (y,t) — u_(y,1)| (1.4)
<y
in order to control the possible increase of the total variation
TV (u(t)) := Z Jug (2, t) — u_(z,t)|.
z€IR

Here, for simplicity in the discussion, we express these functionals for piece-
wise constant functions and summations are over all jump points. The no-
tation u4(x,t) stands for the left- and right-hand traces of the function
x = u(z,t).
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In a subsequent work, Liu [24], [25], [26] introduced a generalized notion
of entropy condition (see also [27], [18], [30] for earlier developments), and
established an existence result, as well as discussed the structure and asymp-
totic behavior of solutions, when the GNL condition is violated at finitely
many points only, and by tacitly assuming that the elementary wave curves
of (1.1) are sufficiently smooth. By examining the arguments in [26] it ap-
pears that it is sufficient for the wave curves to be continuously differentiable
and to admit bounded second-order derivatives.

As a matter of fact, wave curves associated with GNL fields (Lax [19]) are
twice continuously differentiable, and wave curves associated with convex-
concave or concave-convex (CC) fields are solely continuously differen-
tiable with bounded second-order derivatives [16], [22]. Recall from [22] that
a j-characteristic field is said to be concave-convex (the model situation be-
ing N =1 and f(u) = v?®) if the GNL condition (1.2) fails along a smooth
(N — 1)-dimensional manifold M, C RN

M; :={ueBs, /VA;(u)-rj(u) =0}
with
(V(VA; - 15) - 7j) (w) > 0. (1.5)

At this juncture, it must be pointed out that Liu’s existence theory may not
cover systems beyond those having GNL, LD, or CC characteristic fields.
This is so because the arguments in [26] require the total variation of the
solutions to be sufficiently small (as is, of course, the case in all works
concerning systems (1.1)) and so, in general, we cannot exclude that actual
solutions will take their values in a subset of the u-space where the quantities
(VA - 7j)(w) = 0 vanish at most once along each wave curve, that is, the
system may admit only GNL, LD, or CC fields in the region covered by
Liu’s theorem. Convex-concave characteristic fields have also been studied
by Hayes and LeFloch [16], Chern [8], Ancona and Marson [1], [2], and
LeFloch [22].

An important alternative approach to Glimm’s scheme is provided by
the wave front tracking scheme which was introduced by Dafermos [10] for
scalar conservation laws and extended to systems by DiPerna [13], Bressan
[7], Risebro [28], and Baiti and Jenssen [3].

In addition, it has been recently pointed out by Bianchini [5] that, for
hyperbolic systems for which the GNL condition fails at “two points” at
least, wave curves fail to be continuously differentiable and are solely Lips-
chitz continuous. Interestingly enough, this is also the regularity of the wave
curves constructed earlier in [20], [21], [12] (for hyperbolic systems in non-
conservative form) and [16] (for nonclassical solutions). This collection of
results provide further ground to the second author’s claim in [22] that, in
its final form, the existence (and uniqueness) theory for nonlinear hyperbolic
systems should encompass a large class of solutions (classical, nonclassical)
and systems (conservative, nonconservative). Having in mind this degree of
generality provides a useful guideline in developing the theory.
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Recall also that Glimm’s theory was extended to nonconservative sys-
tems by LeFloch and Liu [23], using the generalized Rankine-Hugoniot rela-
tions discovered by Dal Maso, LeFloch, and Murat [12]. Some generalization
of Glimm’s theory to (undercompressive) nonclassical solutions is found
in [4], [22].

Our purpose in the present paper is, building strongly on Liu’s insightful
ideas [26] but using several new key observations (in particular a new defi-
nition of wave interaction potential) to establish a general existence theory
of entropy solutions for nonlinear hyperbolic systems (1.1) for initial data
with sufficiently small total variation. Our main existence result applies to
initial data ug at time ¢ = 0 having sufficiently small total variation, say

TV (ug) < ¢, (1.6)

and to a sequence of flux-functions f = f¢(u) that is “non-degenerate”,
in the sense that the condition

If (VXS -7$)(u) = 0 at u € B, then (V(VAS-75)-75)(u) #0 (Hyp.1)
holds. It will convenient to refer to such hyperbolic systems as being piece-
wise genuinely nonlinear (PGNL), as we will prove below (Section 5)
that the corresponding Riemann solution are made of finitely many waves
only. Call p¢ the largest number of waves in a Riemann solution associated
with the flux f¢ (that is, the solution of a Cauchy problem with piece-
wise constant data). Importantly, our main theorem applies uniformly to
arbitrary large p¢, that is, the constant ¢ restricting the total variation
is independent of p°. In consequence, by a straightforward approxima-
tion argument, the main theorem allows us to encompass more general
flux-functions f by approximation in the C? norm by a sequence of non-
degenerate flux-functions f€¢. The precise assumptions for the theory are
stated shortly at the end of this introductory section.

The following features of our proof are to be noted. Note that all es-
timates derived in this paper are uniform with respect to the number p€
introduced above.

o We construct each j-wave curve W;(ug) issuing from any ug € By,
by an induction procedure. We determine the wave curve locally near
the base point ug and, then, extend it as we move away from ug. (See
Section 5 for details.)

e This explicit approach provides us with precise control of the wave
curves, in particular it allows us to carefully investigate their regularity
in a way which is essentially independent from the properties of the flux.
We establish that the wave curves are globally Lipschitz continuous
but are actually more regular near the base point ug; see the state-
ment in Theorem 6.2. We can also solve the Riemann problem by relying
on the implicit function theorem for Lipschitz continuous mappings [9].

e We then consider the sequence of approximate solutions v = u"(z,t)
constructed by Glimm scheme.
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e To obtain a uniform bound for the total variation of the approximation
solutions, we introduce here new notions of generalized angle and
generalized wave interaction potential. The latter is an extension
of Glimm’s definition [14]. Our potential is inspired by Liu’s proposal in
[26] who first suggested that the angle between two waves was relevant.
Our functional is different from the one used in [26] since our definition
is fully local and depends upon the angle between two arbitrary waves,
only (rather than between all of the intermediate waves). See the formula
(7.3).

e The central argument this paper is contained in Section 7 which pro-
vides us with the uniform wave interaction estimates. The interaction of
waves of different families (Lemma 7.2) is delicate since the wave curves
are solely Lipschitz continuous. The interaction of waves of the same
family (and of the “same sign”) requires the use of the generalized angle
(Lemma 7.3).

e Our main existence theorem is concerned with a sequence of systems
(1.1) with PGNL fields satisfying some natural uniform bounds. Hence-
forth; we can encompass general flux-functions f by approximation by
PGNL functions f€. Since all of our estimates are independent of €, we
can justify the passage to the limit ¢ — 0 and arrive at a solution for
the general system (1.1).

An outline of the paper follows. In Section 2, we discuss our approach in
the (comparatively much simpler) situation of a scalar conservation law. In
Section 3 we derive well-known properties of wave curves. In Section 4 we
discuss the entropy criterion for general characteristic fields. In Section 5
we give a detailed construction of the solution of the Riemann problem. In
Section 6 we prove the existence of the solution to the Riemann problem for
(1.1) and we derive the additional regularity estimates on the wave curves.
In Section 7 we discuss the interaction of elementary waves and establish the
necessary estimates on wave strengths. Finally in Sections 8 and 9 we state
and prove our main existence results for the Cauchy problem associated
with (1.1).

To close this introduction, note that in a recent preprint by Bianchini and
Bressan [6], the existence of entropy solutions for hyperbolic systems with
general flux is also established. The authors prove that vanishing viscosity
approximations to (1.1) converge to entropy solutions, by a technique which
is completely different from Glimm'’s approach followed in the present paper.
It is interesting to note that, in the spirit of the earlier work [12], [20], [21],
[23], Bianchini and Bressan [6] cover the (larger) class of nonconservative
systems which need not take the form of conservation laws. By contrast, in
the present paper we restrict attention to systems of conservation laws and
strongly rely on the conservative form of the Rankine-Hugoniot relations,
as is clear when deriving the interaction estimates in Section 7. It would be
very interesting to extend our arguments to the Dal Maso-LeFloch-Murat’s
generalized jump relations.
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We collect here some notations which will be useful throughout this
paper and we state our main assumptions. We denote by 7;(u) and ;(u)
the left- and right-eigenvectors associated with A;(u), i.e.,

A(u)rj(u) = Nj(w)rj(u),  1(u) Alu) = Aj(u) l;(u),
and normalized so that
rj(w) =1, 1;(u)r;(u) =1,
Li(w)ry(w) =0 fori#j.
Since system (1.1) is strictly hyperbolic, A;, 15, and 1; (j = 1,..., N) are

smooth functions on By, . .
We also introduce the averaging matrix A(u,v) for u,v € Bs, by

(1.7)

A(u,v) ::/O Df(su—l—(l—s)v)ds:/o A(su+ (1 —s)v)ds. (1.8)

It is easy to see that A is a smooth function of v and v. We will assume
that for each u,v € Bs, the matrix A(u,v) admits N distinct eigenvalues

A (u,v) < - < Ay (u,v). (1.9)

For u,v € By, we denote by 7;(u,v) and I;(u, v) left- and right-eigenvectors
associated with \;(u, v) and normalized so that

|_Fj(u7 o)l =1, i(u,0)Ti(u,v) =1, (1.10)
li(u,v)Fj(u,v) =0 for i # j.

It follows from (1.9) that \;, 7;, and I; (j = 1, ..., N) are smooth functions
on B;, x B;,. (Note that, by a continuity argument, the conditions on A
could be deduced from the ones on A(u) by replacing Bs, with a smaller
ball, if necessary.)

The estimates derived in the paper will be uniform for a whole class of
flux-functions f€. So, we now use the notation: A°, etc. We will work with a
family of uniformly strictly hyperbolic flux-functions f¢ in the sense
that

(i) xpm < X;- (u,v) < NP, w0 € By,
(ii) All families of N vectors 7§(u,v) (1 < j < N, u,v € Bs,)  (Hyp.2)
are linearly independent,

where the constants )\;-“in, AJ'®* are given independent of € with
)\Ilnin S )\Ilnax < )\IQIlin S L S )\R}a_xl < )\R}in S )\R}ax.

The amplitude of the solution will be directly determined by the constant
K >0in
sup |D,75(u,v)| < K (Hyp.3)

uw,veDys,
1<G<N
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=€

(which also controls D, 75 since the averaging matrix is symmetric in u, v).
Finally, it is assumed that the second-order derivatives of f€¢ are uniformly
bounded:

sup |D?f(u,v)] < O(1) (Hyp.4)
u,U€B51

(which gives also a control of |[DA(u,v)|). For instance, (Hyp.4) implies
that all of the first-order derivatives of X;, 75, ... are uniformly bounded.

We will show that the Cauchy problem for (1.1) admits a global solution
when the amplitude of the initial data does not exceed some d5 < é; and
the total variation does not exceed some constant c. From our proofs, it will
be clear that

01, J5, ¢ can be chosen arbitrarily large when K — 0.

Obviously, when K = 0, the eigenvectors r;(u) are constants independent of
u and system (1.1) decouples into N scalar equations for which no restriction
should be imposed on the data. Throughout this paper, we denote by Ck
constants that can be made arbitrary small by taking K arbitrary small.

2. Scalar Conservation Laws

In this section, we restrict attention to scalar conservation laws and we
motivate our general strategy with this comparatively simpler situation.
We establish the existence of entropy solutions for general flux-functions,
by first dealing with functions having finitely many inflection points and by
then covering arbitrary functions by some straightforward approximation
argument. The existence theory for scalar equations is, of course, already
well-established by Kruzkov’s work [18]. In addition, we introduce in this
section a new interaction potential, which will be needed later on (in a
suitable generalized form) to deal with systems of equations. Note that, in
this section, the solutions may have arbitrary large amplitude and arbitrary
total variation.

We begin by assuming that the flux f : IR — IR admits finitely many
inflection points, only. For any constants u; and wu, the solution of the Rie-
mann problem

Ou+ 0 f(u) =0, u=u(z,t)eR, xR, t>0, (2.1)

u, <0,
u(z,0) = w0 (2.2)
T 9

can be explicitly constructed by using finitely many elementary waves. As
usual, we are interested in piecewise smooth solutions satisfying the Oleinik
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entropy inequalities: at each discontinuity connecting two states u_ and
uy and propagating with speed A we must have

fw) = fu)

— > X for all v between u_ and uy. (2.3)

Of course, the speed is given by the Rankine-Hugoniot relation (where

ai=f)

M = /1 a(u— +s(ug —u_))ds. (24)
Uy — U— 0

A=a(u_,uq) :=

The construction of the Riemann solution is based on the convex hull
(when w; < u,.) or the concave hull (when w; > wu,.) of the function f in the
interval limited by the Riemann data w; and u,. Denoting this envelop by
f and assuming (for instance) that u; > u, we can decompose the interval
[, u;] by introducing finitely many states u; = u! > u? > ... > V"1 >
u’Y = u, such that for all relevant values of p

Flu) = f(u), we (u?,ut),

~

fw) > f(u), we (u?PT u?rt?).

The intervals in which fcoincides with f correspond to rarefaction fans in
the solution of the Riemann problem; the intervals where f is strictly below
f correspond to shock waves. Setting g := (f ’)_1 it is not difficult to check
that

~

U, T < tf(ul)a
u(w,t) =< glz/t), tflu) <z <tflu), (2.5)
Ur, T > tf(u,«),

is the solution of the Riemann problem (2.1) and (2.2). Observe that f
is concave (but not necessarily strictly concave) and, therefore, f’ is non-
decreasing and its inverse is well-defined but may be discontinuous. Note
also that the formula (2.5) cover the particular case f'(w;) = f'(u,) =
@(uy, ur) when the Riemann solution contains a single shock wave.

In passing, we observe that the explicit formula (2.5) also makes sense
for general functions f having infinitely many inflection points; the number
of waves in the Riemann solution may then be unbounded.

We now turn to the issue of the existence of entropy solutions for the
Cauchy problem

Ou+ 0:f(u) =0, u=u(z,t)eR, xR, t>0, (2.6)

u(z,0) =up(x), x€IR, (2.7)
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where the initial data ug : IR — IR are supposed to be of bounded total vari-
ation, denoted by TV (ug). Based on the Riemann solver just described and
following Dafermos’s pioneering work [10], we can construct wave front
tracking approximations, that is, a sequence of piecewise constant, ap-
proximate solutions to the Cauchy problem (2.6) and (2.7), as explained
now. Consider any approximate flux f¢ : IR — IR having finitely many
inflection points and satisfying the properties

(i) sup[f<—f] =0,

. (2.8)
(ii) HfE/HLac — Hf/HLoc, as € — 0.

In (2.8), the supremum and the L* norms are taken over the range of the
initial data ug under consideration. For instance, since a polynomial has only
finitely many inflection points, f¢ could be a polynomial approximation of
f with degree less than 1/e. Let us set a¢ := f¢ and

a(u_,uy) = /0 a(u— + s(ugy —u_))ds.

Fix a sequence h — 0+ and some initial data ug. For each h > 0 let ug :
IR — IR be any piecewise constant approximation with compact support,
containing at most 1/h jump discontinuities and satisfying

infug < ug < sup uo,

TV (ug) < TV (ug), (2.9)

uf — ug in the L' norm, as h — 0.
At each jump point x of u? and locally in time (at least), solve the Riemann
problem associated with the initial data u}(z4) and the flux f¢. Of course,
the Riemann solution is not always truly piecewise constant and may contain
rarefaction fans. Replace any rarefaction fan, centered at some point (z,t) =

(20,0) and connecting two states u; and ug, with the single rarefaction
front

{ul, x —xo < ta(ug,us),

g, T —xg > ta(uy,us),

if its strength |ug —wuq] is less than or equal to h. If |ug —uq| > h, we replace
the rarefaction fan with several rarefaction fronts with small strength:

uy, x—xo < ta(uy,wr),
Wk, ta (wp—1,wp) < & —xo < L& (Wp, wpt1) (1<p<P—-1),

g, T —xg >ta(wp_1,us),

where the integer P is such that |uz — u1|/P < h and

wp;:u,l—l—%(UQ—’u,l) fOI‘pZO,...,P.
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By the construction, each jump travels with the speed determined by the
Rankine-Hugoniot relation (2.4). Finally, patch together these local solu-
tions and obtain an approximate solution u*" = u*"(z,t) defined up to the
first interaction time ¢; at which two waves from different Riemann solutions
meet.

At this first interaction point we face again a Riemann problem which
is solved with possibly several shock waves and rarefaction fans. Rarefac-
tion fans are replaced with small rarefaction fronts, each having a strength
less than or equal to h and traveling with the Rankine-Hugoniot speed.
At the second interaction time to we proceed similarly. The construction is
continued inductively by handling each interaction one by one.

We point out that the number of outgoing waves at each interaction is
finite, since f€ has finitely many inflection points and, therefore, a Riemann
solution always contains finitely many waves. However, it is not clear at
this stage that our construction can be continued for all times since the
number of waves may well increase at interactions and, possibly, become
infinite in finite time. An additional difficulty comes from the possibility
that the number of interaction points may be unbounded. Furthermore, it is
convenient to assume in the forthcoming discussion that, at any given time,
there are at most one interaction point and ezactly two waves interacting.
This is not essential in our analysis but will simplify the notation. Up to
minor changes, all of the forthcoming arguments and calculations can be
extended to the general situation.

In the following, we denote by uS" the sequence of approximations as-
sociated with the approximate initial data uf and the approximate flux

fe

Theorem 2.1. (Existence theory for scalar conservation laws.) Consider
the Cauchy problem (2.6) and (2.7) where the fluz-function f : IR — IR is
Lipschitz continuous and the initial data ug have bounded variation. Suppose
that f¢ be a sequence of functions of class C' having finitely many inflection
points and satisfying (2.8). Let ul : IR — IR be a sequence of piecewise
constant approrimate initial data with compact support, containing at most
1/h jump discontinuities and satisfying (2.9).

(i) Then, the corresponding approzimations us" = us"(x,t) determined are
well defined globally in time. The total number of waves in x — uS"(x,t)
is uniformly bounded with respect to t (but maybe unbounded as h or €
tend to 0). The approzimate solutions satisfy the uniform estimates

(@) infug < usM(x,t) < supuy, ze€IR, t>0,

(b) TV(u“"(t)) < TV (uo), t>0,

(€) lus™(t) = u(s)llLram) < TV (uo) 1| [t = 5], s, t >0,
(2.10)

where the sup-norm of f¢' is taken over the range determined by (2.10a).
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(ii) As h — 0 the sequence uS" converges strongly to a weak solution u¢ =

ut(x,t) of the Cauchy problem associated with the flux f€:
ush(t) — ut(t)  ash — 0 (in L, for eacht)
and the following entropy inequalities hold:
O, U (u) + 0, F(u) <0, F=U"f U >0.

(iii) As € — 0 the sequence u¢ converges to a weak solution of the Cauchy
problem (2.6) and (2.7):

u(t) = u(t) ase— 0 (in Ll for eacht),
with, moreover,
(a) infug < wu(z,t) < supug, re€IR,t>0,
(0) TV(u(t)) < TV (uo), t>0,

(@) lu(t) = u)lergry < TV (uo) [If]lLe |t — 5], s, ¢ >0,
(2.11)

and
lut) = woll sy < ETV o) [ 2, £ 0.

Furthermore, the solution u satisfies all of the entropy inequalities:

0,U(u) + 0, F(u) <0, F=Uf, U">0. (2.12)

Proof of Theorem 2.1. First of all, we check that the total number of
waves in u*" remains finite (h and € being kept fixed). Consider an arbitrary
interaction, involving a left-hand wave connecting u; to u,, and a right-hand
wave connecting u,, to u,. We distinguish between two cases:

e monotone incoming patterns: (., — u;) (u, — Up) > 0,
e non-monotone incoming patterns: (um, — ;) (ur — up) < 0.

For each time t (excluding however interaction times) we denote by Nj(t)
the total number of changes of monotonicity in u®"(t). Observe that the
function Ny () diminishes at all interactions associated with a non-monotone
pattern, precisely:

[N1(t)] := Na(t+) — Ni(t—)

0 if there is a monotone incoming pattern
at the interaction time t,

—1 if there is a non-monotone incoming pattern
at the interaction time ¢.

Since Ni(0+) is finite, this implies that the number of “non-monotone in-
teractions” is finite. On the other hand, at each “monotone interaction” we
can have only the following three possibilities:
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e Both incoming waves are shocks and the outgoing pattern is a single
shock.

e The incoming pattern contains a shock and a rarefaction and the out-
going pattern contains a single shock.

e The incoming and outgoing patterns both contain exactly one shock and
one rarefaction.

Therefore, “monotone interactions” cannot increase the number of waves.
In turn, we deduce that the total number of waves is finite.

Call No(t) the total number of waves in u*"(t). Suppose that there exists
a point (xo,tg) at which infinitely many interactions take place. As noted
above, the total number of “non-monotone interactions” is also finite, so
only “monotone interactions” take place in a backward neighborhood of
the point (xg,to). Since a Riemann solution contains at most two waves, it
is clear geometrically that one wave must be cancelled and the number of
waves must decrease strictly at that point, that is,

Ng(t()) < }LIE[) Ng(t)

t<tg

Therefore, there can be at most finitely many points at which infinitely
many interactions take place. Finally, we can “pass through” any of these
interactions by observing that since the singularity is localized at isolated
points, on any given line ¢t =ty we have

lim u®"(z,t) = u"(x, to)

t—tq
t<tq

for all © # . This completes the proof that the approximations u¢"

well-defined globally in time.

Deriving the uniform bounds (2.10) on u®" is a standard matter. It is
well-known also that, when h — 0, the functions u*" converge to some solu-
tion u€ of the Cauchy problem associated with the flux f¢. Next, observing
that the total variation of the limiting function u€ is uniformly bounded, we
can use a Helly’s compactness theorem to show that (a sequence of) u€ con-
verges to some function u with bounded variation satisfying the estimates
(2.11). Finally, since

are

e,h

Ot + g f(u) =0
and f¢ approaches f in the uniform norm (by (2.8)), it follows that w is

a solution of the original Cauchy problem with flux f. This completes the
proof of Theorem 2.1. O

In the rest of this section, we derive an additional property of entropy
solutions based on the notion of interaction potential which will play a
central role later in our study of systems. Motivated by similar in spirit —
but different— definitions introduced by Glimm [14] and Liu [26] we propose
here the following notion.

A wave pattern is made of a combination of shocks and rarefactions; we
use the notation (u_,u4) € S and (u—_,uy) € R, respectively. We introduce
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the following new notion of generalized angle between two elementary
waves:

ee(u_, U3 U'/—a ’U;i,’_)

(EE(u/_,u;)—EE(u_,u+)) C (uuy), () €8,

e (E ) - () du,
(u—au-i-) €ER, (u/—auii-) € 8;

T e L (o) —a e uy)) du,
(u—,uq) €S, (M_,1) e R,

—(u+_u_)1(u,+_u,_) f::“ fif (ae(u’) — ae(u)) dudu’,
(u—a U’+)? (U—a U+> ER,

where by definition s~ := max(0, —s). From this, we also define the weight
©° by
1, ur —u_) (v —u’) <0,
@E(U’—’u"‘;u/—’uif-) ::{ € ) ( " )( j_ /)
O (u—,uqsu’_,u'y), (u+ —u_)(u+ —u_) > 0.
(2.13a)

Given a piecewise constant function u = u(z) we define the interaction
potential

Q“(u) ==Y O (u—(2), us(2); u—(y), ur(y))

<y (2.13]:))
X fug () — u—(2)[|ut(y) — u—(y)l-

Observe that
Q°(u) < sup(1,2 HfE/HLac) TV (u)%.

Observe that Glimm [14] was using the product of the two incoming
waves only, while Liu [26] introduced the notion of angle but was taking all
intermediate waves located between x and y into account. Our definition
only involves the speeds at the points x and y, and the generalized angle 6¢
in (2.13) vanishes if the two waves are moving away from each other.

Theorem 2.2. (Interaction potential for scalar conservation laws.) Con-
sider the Cauchy problem (2.6) and (2.7) under the assumption of Theo-
rem 2.1. Then the interaction potential associated with the approximations
ush = uSh(x,t) is strictly decreasing at each interaction time t, involving
two incoming fronts connecting some states uy, Uy, and u,:

[Qe(ue’h(t))] < —O(Up,y U Uy Ur )| U — Upn] [ Uin, — U (2.14)

This theorem provides us with a strictly decreasing functional. (The
potential remains constant outside interaction times.) For systems, a suit-
able generalization of this functional will be essential to control the possible
increase in wave strengths at interactions.
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Proof. The interaction takes place at some point (z, t). Denote by u) (k =
0,1,...,K, K+1) the values achieved by the Riemann solution leaving from
(z,t), with ug = w; and ', ; = u,. Since, by our definition of the potential
the outgoing waves within a Riemann solution are non-interacting, in the
sense that

@E(uggaugc-i-l;u;)au;)-i-l) :Oa OSkSpSKv

we see that

[Q(u"(1))] = —O (wr, U Uy ur) [t — | |trm, — 1y
+> " By) u" () — u" ().
Yy#T

Here, we have set for y > = (for instance)

K
h h
B(y) == Z@E (u;wu;c—i-l;ue_ (y), ug (ZU)) |U;c+1 — up|
k=0

(it s w" (), 1S (%)) Jut =
€

—O*
h h
—6° (um, s ul (y), uf (y)) [t — ).

It is sufficient to show that B(y) is non-positive for all y. We will show
this for y > x, for instance. We distinguish between monotone and non-
monotone interactions. It is sufficient to deal with the case that the wave
at y is a shock, since the speed

A=a (u" (), uS" ()

will play no special role in the forthcoming calculations, so that all of our
discussion below remains valid if one replaces A by an average of the char-
acteristic speed a, as would be needed to deal with a rarefaction at y.

First, when the sequence u;, uy,, u, is monotone, without loss of gener-
ality we can assume that u; < u,, < u,, and we distinguish between two
subcases. If u" (y) > uih(y), then we find

B(y) = (ur —w) — (wg — um) — (up —um) = 0.

If u©"(y) < uih (y), then we must use the generalized angle. We check that
B(y) is non-positive as follows, by distinguishing between three types of
interaction.

If the incoming waves are both shocks, then it is easily checked that
the outgoing wave is also a shock wave. The sum in the expression of B(y)
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reduces to a single term and, using that a= = (a + |al)/2,

(/1 —a (uy, u,«))_ (ur — wy)

—(/1 —a (uy, um)) (U, — ug) — (/1 — T (U, u,«)) (tr — um)

1
= 5‘/1 —a(ug, uy)
1

1
~3 A —Ee(ul,um)‘ (U, — ) — 5‘/1 — % (U, Uyr)

= 2 G =) ) )|

A =) = £ ) + 7 )|

B(y)

(ur — )

(ur = um)

5 A G = ) = ) + 5 ()|,

which is non-positive by the triangle inequality.

Now, if the incoming pattern is made of a shock followed by a rarefaction,
then it can be checked that the outgoing pattern is made either of a single
shock (and we can argue exactly as was done above), or else of a shock plus
a rarefaction. In the latter, denoting by ulh the point within the interval
(ug, u,) at which the shock speed @¢(uy, ulh) coincides with the characteristic
speed f’(ulh), we find

Uy

Bo) = (A (uf = un) = FCuh) + SCu)) + [

Uy

(A =) = )+ £0) =

Um,

(A= r7w) du
(/1 - fe/(u)) ~ du.
Consider the following function of the variables (v, A):

G(v,A) = (/1 (v—w)— f(v) + fe(uz))_ + /vur (/1 — fe/(u))_ du
= (/1 — Ee(ul,v)) (v—w)+ /v“r (/1 — fe/(u))_ du,

where we restrict attention to values v € [up,, ulh] Note that f'(v) is increas-
ing for v in the interval [ty,, ulh] and that

F () <@ (w,v).

We will prove that the function G is non-increasing in v. We distinguish
between three cases. If A < f¢(v), we have

G(v,A) = f(v) = f(w) = A(v—w) + f(ur) — f(v) = A(ur —v)
= f(ur) = f(w) = A(ur —w),
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which is constant. If f¢'(v) < A < min(a*(u;, v), f¢'(u,)), then denoting by
w the point where A = f¢'(w) we have

G(v,4) = f(v) = [ (w) = A(v —w) + flur) = f(w) = A(ur —w)

and thus 8c

- (v,4) = f(v) - A <0.

ov

If @ (u;,v) < A < f¢(u,), then denoting by w the point where A = f¢'(w)
we have again

G(v, 4) = fur) — f(w) = A(ur —w),
which is constant. If f¢'(u,) < A < @(u;,v), then

G(v,4) = f(v) = f(w) = A (v —w),
which is non-increasing. Finally, if A > max (a“(u;, v), f<'(u,)), we have
G(v,A) = 0.

This completes the proof that B(y) = G(ulh,/l) — G(um, A) < 0 in the
monotone case.

Suppose next that the sequence u;, uy,, u, is non-monotone, for instance
that u,, < u; < u, and the wave connecting u; to u,, is a rarefaction while
the wave connecting u,, to u, is a shock. Other cases can be treated in
exactly the same manner. We have two possibilities: either u*" (y) > uih (v)
and we find easily

K
Z uk—i—l - U’k — (Uup — Um) = = (u — um) <0,
k=0

or else u®"(y) < uih (y) which is the situation of interest in the rest of this
discussion. Let us fix the notation: the outgoing Riemann solution contains a
rarefaction (possibly trivial) connecting ug = u; to uy, followed by a shock
wave connecting u; to wueg, ---, and, finally, a shock connecting usp_1 to
usp = u, where K := 2P — 1. Then, we can write

Z/uu% 1 E(u))_du

2p—2

+Z( —a u2p 1)“’21))) (u/Qp_U'/Qp—l)

—(w —um) — (/1 — @ (U, u,«)) (U — Um).

We observe that the speeds occurring in the integral and in the summa-
tion are in increasing order. In particular the sequence of shock speeds
@“(uy, 1, Us,) is monotone increasing in p, with

@ (ug, u1) < a(uh, y,up,) < A (U, Uy ),
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and the characteristic speeds a®(u) is increasing in each interval of interest,
with

a (u/Qp—Zia u/2p—2) S a‘ (u) S ae(uép—lauép)? u € [U'/Qp—2a U’/Qp—l] .

This monotonicity property allows us to distinguish between several cases,
by discussing upon the value of A. Disregarding the two (trivial) extreme
cases where A is greater than or less than all speeds under consideration,
we can suppose that for some pg

ae(uépo—Ba U’/2p0—2) S A S ae(uépo—la U’/on)a

so that A = a“(w) for some w € [uf, o, ufy, ]|. We find

B(y):[;;po_l(—A+ae(u))du+ 3 /

p=po+1" Y2p—2

+ Z ( /1—|—a u2p 1,u2p)) (U/Qp_uép—l)

pP=po

(= ) = (= A i, ) ) (= 1)
= (—A+a (0 ) (ur = w) = (w0 = )
(= A+ @ (s w) ) (= )
< (—A +a(w, u,«)) (up —w) — (—/1 + @ (U, ur)) (ur —w)

= —(Ee(um, uy) — a(w, ur)) (ur — w)

<0.

( — A+ ae(u)) du

This completes the proof of Theorem 2.2. O

3. Properties of Rarefaction and Shock Curves

In this section we derive basic properties of rarefaction and shock curves.
We investigate solutions u of system (1.1) whose range is included in a small
ball Bs, centered at u = 0. As we will show, it is usually necessary to replace
Bs, by a smaller ball By with §' < ¢;. The limit case 63 = § = 400 is
allowed when K = 0 and the assumptions made in Section 1 on the data
f(uw),rj(u),7;(u—,us), ... hold for arbitrary values .

On one hand, the following properties of integral curves associated with
system (1.1) are immediate.

Proposition 3.1. (Integral curves.) For each u_ € Bg, and each j =
1,...,N and for some s, = sx(u_) < 0 and s* = s*(u—) > 0, one can
define the j-integral curve

Oj(u-) = {w;(s;u_) /s, <s< s}
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by

wi =rj(wy), w;(0;u-)=mu_, (3.1)
where w; is a smooth function of s and u_ satisfying w;(s;u_) € Bs,
(sx < s < 8) and wi(s,x;u_),w;(s*;u_) € 0Bs,. In particular, as s — 0
we have

2
s

w;(s;u) =u_ +srj(u_) + 5 (Drjr;)(u_) + Cx O(s*). (3.2)

The analysis of the Hugoniot curves associated with (1.1) is more tech-

nical and is the subject of Proposition 3.2 and Lemmas 3.3 to 3.5. Some

left-hand state u_ € By, being fixed we consider the Hugoniot set H(u_)

consisting of all right-hand states w4 satisfying the Rankine-Hugoniot rela-
tion

“A(ug —u-) + flug) = flu-) =0 (3.3)
for some shock speed A.

Proposition 3.2. (Hugoniot curves.) There exists a positive dy < 61 (which
can approach +oo together with &1 as K approaches 0) such that the fol-
lowing hold. For each u_ € Bs, and each j = 1,...,N, and for some
Sx = Sx(u—) < 0 and s* = s*(u—) > 0, one can define the j-Hugoniot
curve

Hj(u-) = {vj(s;u_) /s, <s< s}

by
—Xj(u—,vi(s;u)) (vj(s;us) —u) + f(vj(s;u")) = flu_) =0,

A4
vi(s;u_) = u_ + sTj(u—,vi(s;u_)), 34

where vj is a smooth function of s and u_ and satisfies v;j(s;u_) € B,
(s« < s < 8*) and vj(s;u_),vj(s*;u_) € OBs,. Moreover, as s — 0 we
have

2

vi(ssu_) =u_ +srj(u_)+ % (Drjr;)(u_) + Cx O(s*) (3.5)

and the corresponding shock speed \;(s;u_) := Mu_,vj(s;u_)) satisfies

Xj(sus) = Nyus) + 5 (VA ) ()

s V-1
+ (V(V)‘j Tr5) T ljDTjTj)(u—)

+Ck O(s?). (3.6)

A possible choice of d2 in terms of ¢; and K is provided in (3.7) below.
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Proof. Note first that the Rankine-Hugoniot relation is equivalent to
(AT —A(u_,uy)) (uy —u_) =0,

which shows that u; —u_ is an eigenvector of the matrix A(u_,u, ). There-
fore, uy belongs to the Hugoniot set H(u_) if and only if for some index
j=1,...,N and s € IR such that uy —u_ = s7;(u—, us). Taking this into
account, for j = 1,..., N we define the mappings F; = Fj(u;s,u—) and
Gj =G,(u,s,u_) by

Fji(u;s,u_) :=u_ + s7j(u—,u),

Gj(u, s,u_) :==u— Fj(u;s,u_).
Since |[Fj(u—,u)| =1 we have

1By (urs 5,u-) — Fyuzis,us)| < |s| [DRl B, «B,,) w1 — uzl,

By s,us) — | = |s]

for any w1, ue,u_ € Bs,, s € IR, and j = 1,..., N. In view of this property,
consider the positive constants s; and Jo defined by

1 S1

(2
81 1= mln(g o1, ﬁ)’ 09 1= 5 (3.7)

Then, we have Bs, C B, (u—) C Bs, for u_ € Byg,, and the mapping
F;(-;s,u_) is a contraction on By, (u_) if u_ € By, and |s| < s1. Therefore,
foreach j=1,...,N, u_ € Bs,, and s € [—s1, s1] there exists v;(s;u_) €
B, (u_) such that

vi(s;u_) = Fj(vj(s;u_); s, u_).
Moreover, G; is a smooth mapping on Bs, x IR x Bs, and

Gj(vj(siu-),s,u-) =0,
(DuGj)(vj(s;u—),s,u_) =T —=5(Dy, Tj)(u_,vj(s;u_)) is invertible.

This together with the implicit function theorem implies that v; is smooth
on (—s1,81) X By, for j =1,2,..., N. This completes the proof of Propo-
sition 3.2. O

We now derive some important monotonicity property of the shock speed
along the Hugoniot curve and of its critical values. The conclusions in Lem-
mas 3.3 to 3.5 below will play an essential role later in Section 5 for the
construction of the wave curves (since the entropy criterion is closely related
to the monotonicity of the shock speed).
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Lemma 3.3. (Monotonicity of the shock speed along the Hugoniot curves.)
There exist a positive 3 < 6o (which can approach +oo together with &, and
d2 as K approaches 0) and a function k1 = Kk1(s;u—) (which is smooth with
respect to s and u—_ and satisfies cx < K1(s;u_) < ¢* for some numerical
constants 0 < ¢, < ¢*) such that for all

u_,vj(s;u_) € Bg,,
we have the identity
(i) = ra(siu) (A (v (s u-)) = Ni(siun)). (3.8)

A possible choice of d5 in terms of d and K is given in (3.10) below.
The main consequence of (3.8) is that the critical points of the shock speed

Aj(s;u_) are exactly those points where the shock speed coincides with
the characteristic speed A;(v;(s;u—)). Observe in passing that x1(s;u_) =
1+ 0O(s).

Proof. Throughout this proof and the following ones we simply write v;(s)
= v;(s;u_) and A;(s) := A;(s;u_). Differentiating the first equation in
(3.4) with respect to s, we obtain

X () (v (s) —u—) = (Df(v;(s)) = Aj(s)) V(s). (3.9)

Multiplying this identity by the left-eigenvector I, (v;(s)) and using the sec-
ond equation in (3.4), we deduce that

L L))
X0 = L @) (a0, (9))

On the other hand, differentiating the second equation in (3.4) with respect
to s, we obtain

Vi(s) = (T— s (Du,T5) (usy vi(s)) 7 (ue, 05(s)),
which implies that
vj(s) —r5(v;(s))

= (1= 5 (Du, 75) (u_,v;(s))) " (Fj(u_, v;(s)) —Tj(v;(s),v5(s))

(Aj(v(s)) = Xi(s)).

s (D7) 0y (5)) 75 0 (5), vj<s>>> |
In particular, by (Hyp.3) we see that
[0 (s) — (0 ()] < (L — |s| K) " 2|s| K.

We can also get
75 (u—s vj(s)) = rj(vs(s))] < [s] K.
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We now define the constant d3 by

. 1 -
J3 1= mm(ég, Tk (1+ u:lépé |1;(u)]) 1), (3.10)

If the point v;(s) on the Hugoniot curve is in the ball By,, then we have
1< 20 (0y(9) () €3, 1< 205(0y() T (u, vy (s)) < 3.
This completes the proof of Lemma 3.3. O
We now consider critical points of the shock speed.

Lemma 3.4. (Critical values of the shock speed 1.) There exist functions
ko = ka(s;u_) and k3 = k3(s;u—) (which are smooth with respect to s and
u_ and satisfy c. < ko(s;u_) < ¢ and ¢, < k3(s;u_) < ¢*) such that if

—
Aj(so5u-) =0, u_,vj(so;u-) € By,
then we have the properties
vj (505 u—) = Ka(so; u—) r;(v;(s0;u-)),

- (3.11)
soAj(sosu—) = r3(so;u—) (VA; - 75)(vj(s0;u-)).

Proof. It follows from Lemma 3.3 that \;(so) = A;(v;(s0)). Multiplying
(3.9) by the left-eigenvector I;(v;(so)) and setting s = sg, we obtain

(A (v (s0)) = Aj(v5(50))) l(v5(s0)) v(s0) = 0,

which implies that l;(vj(s0))v;(so) = 0 for k # j. Therefore, we can
simply write v}(so) = ra(so;u—)7;(vj(s0)) with of course ra2(so;u-) =
Lj(vj(s0)) v’ (s0). Moreover, differentiating (3.8) with respect to s and setting
$ = 8p, we obtain

=

so A; (s0) = K1(s0) VA;(vs(s0)) - vj(s0)
= k1(s0) 1i(v;(s0)) v} (s0) (VA; - 75) (v (50)),

which completes the proof of the lemma. O

Next, consider the case when the first and second derivatives of the
shock speed vanish at some point.

Lemma 3.5. (Critical values of the shock speed I1.) There exists a function
ke = kKa(s;u_), which is smooth with respect to s and u_ and satisfies
e < Rky(s;u_) < c¢*, such that if

—/ -/
Aj(s0;u—) = Aj(so;u—) =0, wu_,v;(so;u—) € By,
then we have

=/

soA; (S05u—) = Ka(so;u—) (V(V)\j - 1y) -rj)(vj(so; u_)). (3.12)
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In the forthcoming sections, we will first focus attention to the (generic)
case that V\;-r; and V(V ;- r;)-r; cannot vanish at the same point. (See
our assumption at the beginning of Section 5.) Therefore, we will never have

1"

X, (s0;u-) = X; (so;u_) = X; (so;u-) =0

and it is unnecessary to discuss here third- and higher-order derivatives of
the shock speed. In the course of the proof of Lemma 3.5 we will also obtain

a formula for the second-order derivative
v} (s03u-) = (ka(s0;u-))? (Dryr;)(vs(s0)) + Blsos u-) r;(vj (s0; u-)),
where 5 = B(s;u_) is a smooth functions with respect to s and u_.
Proof. It follows from Lemmas 3.3 and 3.4 that
Aj(s0) = Aj(vi(s0)), (VA -75)(v5(s0)) = 0
and that
vi(s0) = K2(s0)r;(vj(s0))-

Differentiating (3.9) with respect to s once again, we get

/!

X (s) (05 (s) = u) +2X;(s) v (s)

= D?f(v;(s)) [} (), v;(s)] + (Df(vs(s)) = Xj(5))v] (s),
where D? f(v) [u, w] = (D? f(v) u)w. Differentiating the identity
D f(vj(s))r;(v;(s)) = Aj(v;(s)) rj(v;(s))

with respect to s in the direction v}(s) yields

D? f(v;(s)) [r5(v;(s)), v ()]
= (VA;(v;(s)) - vj(s)) 75(v;(s))
+(Aj(v5(s)) = Df(vs(s)) Drj(vs(s))) v} (s)-
Setting s = sg in these two equations, we see that
(k2(50))> D f (v (50))[r;(v; (50)), (v (50))]
+ (Df(v(s0)) = Aj(v(s0)))vj (s0) = 0,
D? f(v;(s0))[r;(vi(s0)),75(vs(50))]
= (A (vj(s0)) — Df(v;(s0)))(Drjr;)(vs(s0)),
which implies that
(D f(v(s0)) = Xj (v (50))) (v} (50) = (#2(50))*(Drjrj)(v;(s0))) = 0.
Therefore, by using similar arguments as above we can write
vl (s0) = (k2(s0))*(Drjr;)(v;(s0))
+1 (vj(50)) (V] (s0) = (#2(50))* (Drjr;) (v5(50))) 7 (05 (50))-
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Moreover, differentiating (3.8) twice with respect to s and setting s = sp,
we see that

/"

s0; (s0) = k1(s0)(k2(50))*(D*Aslry, m5] + VA; - (Dryr;)) (vi(s0))
= r1(s0)(K2(50))2(V(VA; - 75) - 75) (vi(50)).-

This completes the proof of Lemma 3.5. O

4. Global Parameter and Entropy Criterion

From now on we use a globally defined parameter v — p;(u) satis-
fying the normalization

Vit (u) -7 (u) > 0 (4.1)

and we always parametrize the integral and Hugoniot curves using this
parameter p;, as follows. Consider for the instance the integral curves
s — wj(s;ug) defined in Section 3. Thanks to (3.1) and (4.1) and the im-
plicit function theorem, we can find a smooth function ¢; = ¢;(m;ug) that
is monotone with respect to m and satisfies along the integral curves

i (w; (¢ (m;ug); ug)) = m.

In consequence, the function ¢; satisfies
¢ (kj(uo); uo) = 0,

1
oms) = (g
J J

) (w;(¢(n;uo); ug))).

In the rest of this paper, it is always assumed that the integral curve is
parametrized with this new variable m and, for simplicity in the notation,
we write wi(m;ug) in place of w;i(P;(m;uo); uo):

w;(¢;(m; uo); uo) ~ wj(ms;uo).
With the new parametrization we have simply
1 (w;(m;uo)) = m (4.2)

and
Wy (Mj(uo); uo) = Ug,
Ty )
—— ) (w;(m;ug)).
) wimi o)
Clearly, the notation simplifies if we renormalize the eigenvectors by
setting

w)(m; uo) = (

7j(uo) = (ﬁ)(uo) (4.3)
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Then, the Taylor expansion (3.2) along the integral curve simply becomes
(after a tedious but straightforward calculation)

w5 (m; w0) = o + (m — g (o)) 75 (uo) + 5 (m — 15(u0))” (D7 75) (o)
+Ck O(m — p; (uo))g. (4.4)

Similarly, we re-parametrize the Hugoniot curve s +— v;(s;uo) defined in
Section 3 so that we can ensure that u;(v;(¢;(m;ug); uo)) = m. Henceforth,
modulo the identification

v; (@5 (m; uo); uo) ~ vj(m;uo),
we have
i (wi(m;ug)) = m, (4.5)

and the Taylor expansions (3.5) and (3.6) for the Hugoniot curve and shock
speed become

vj(m;ug) = uo + (m — p;(uo)) 75(uo) + % (m = pj(uo))* (D7 7;) (o)
+Cx O(m — (ug))? (4.6)

X3 o) = g (o) + 5 (1= s () (V7))
VA -7

% (m — 15 (o)) (V(V)‘j T) T+ ljD?ij) (uo)
+O(m — pj(uo))?, (4.7)

respectively.

We restrict attention to solutions satisfying the following entropy crite-
rion proposed by Liu [26]. This criterion reduces to Kruzkov and Oleinik’s
entropy conditions in the scalar case [18], [27] and to a condition used earlier
by Wendroff [30] for systems of compressible gas dynamics.

Definition 4.1. (Entropy criterion.) We say that a pair of states (u_,uy),
such that for some j=1,... N

Ut € Hj(u—)?

satisfies the entropy criterion (or entropy admissible discontinuity)
if we have

Nj(u_,uy) < Nj(u—,u) for all u € H;(u_) such that (4.8)
w;(w) lies in the interval limited by p;(u—) and p;(u4). .
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In other words, it is required that the minimal value of the shock speed
on the interval limited by p;(u—_) and p; (uy) is achieved at the point u; (uy).
By setting m_ := p;(u_) and my := p;(uy), when uy € H;(u_) we can
write

Uy = vj(my;u_)

and the entropy criterion reads
Aj(u—,uy) < Nj(u—,vj(m;u_)) for all m between m_ and my. (4.8')

In connection with the above definition, we state and prove two technical
results of constant use in the following.

At this juncture, we will make the assumption (relaxed in the general
existence theory in Section 8) that the flux-function is non-degenerate
in the sense of the hypothesis (Hyp.1) stated in the introduction which,
obviously, is equivalent to saying

(Hyp.1) : If (V; - 7;)(u) = 0 at u € By, then (V(VA; - 7;) - 7;)(u) # 0.

Lemma 4.2. (Equivalent formulation of the entropy criterion.) Suppose
that the fluz is non-degenerate in the sense (Hyp.1). If a pair of states

(u—,uy) with uy € H;(u_) is entropy admissible, then it satisfies also
Nj(u—yuy) > Nj(u,uy) for all u € H;(uy) such that (4.9)
wi(w) lies in the interval limited by p;(u—) and p;(uL). .

Conversely, if (4.9) holds, then the discontinuity is entropy admissible.

The condition (4.9) means that the maximal value of the shock speed
along the Hugoniot curve H;(u4) on the interval limited by p;(u—) and
w;(uy) is achieved at the point p;(uy). Of course, checking Lemma 4.2 in
the scalar case N = 1 is straightforward from the identity (with the notation
of Section 2)

U—u—

a(u—,uy) —a(u,ug) = (a(u,u-) —a(u_,uy)), (4.10)

Uy —u

in which (v —u_)/(u4 — u) remains positive when u varies in the interval
limited by u_ and wu.

Lemma 4.3. (Propagating discontinuities with coinciding speeds.) Suppose
that uo, ui,u2 € Bs, and A € IR satisfy the conditions

up = vi(ma;ug), uz = vj(ma;ur),

_ _ (4.11)
Aj(uo, u1) = Aj(ur, ug) = A,

for some mq1 and mq satisfying p1;(uo) < m1 < mg. Then, we have
Ug = ’Uj(mg; ’U,Q), Xj(UQ, UQ) = A (4.12)

In addition, if the flux is non-degenerate in the sense (Hyp.1) and if both
discontinuities (ug, u1) and (u1,us2) are entropy admissible, then the discon-
tinuity (ug, uz) s also admissible.
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We now give the proof of Lemma 4.2. Since Lemma 4.3 can be proved
along very similar lines, we omit its proof.

Proof of Lemma 4.2. Set m_ := p;(u_) and my := p;(us) and, for
definiteness, assume that m_ < m4. Our task is to show that

A= Nj(u,up) > Nj(msuy), m- <m<my. (4.13)

If this would not hold, then there would exist mgy € [m_,m,) such that

A>Ni(msuy), m— <m <myg,
A= X;(m;uy), m=mo, (4.14)
A< Nj(myuy), 0<m—mp <1,

On the other hand, since the shock connecting u_ to w4 is admissible, we
have

A< Nj(myus), m- <m<my. (4.15)
We consider two cases according the value of my.

Case 1: Suppose that my = m_. By Lemma 3.3 we have
- _
(m— —m)Aj(mosuy) = ky (A (uz) = Aj(m—;uy)), (4.16)

where k1 is a positive constant. It follows from (4.14) that X;- (m_;uy) >0,
which together with (4.16) implies that \;j(u_) < \;j(m_;uy) = A. By
(4.15) we also have A < A;(u_). Therefore, it holds that A;(u—_) = A, which
together with (4.16) again yields that \;(m_;uy) = 0. Hence, we have the
expansion

Y (m — m—)Q 5 (m - m_)3 —n

Aj(myug) =A+ 5 Aj(mosuy) + 5 A (m_juy)
+O(m —m_)*. (4.17)

By Lemma 3.4 we also have

=/

(m— —my); (mojuy) = k3 (VA; - 75) (u-), (4.18)

where k3 is a positive constant. (4.14) and (4.17) imply that X;-I (m_;uy) >0
so that (VA; - 7;)(u—) < 0. On the other hand, (4.7) and (4.15) imply that
(VA -7)(u) = X;-(m_;u_) > 0. Therefore, we obtain (VA; - 7;)(u—) =0
and X;-I(m_;u+) = 0. Hence, (4.14) and (4.17) imply that A} (m_;uy) >0,
and Lemma 3.5 implies that

/"

(m— —my)A; (m_suy) = ke (V(VA;-75) - 75) (u_) <0.
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This together with our hypothesis yields that (V(VA; - 7;) - ;) (u—) < 0.
Here, by (4.7) we have

Nj(msu_) = A+ W

<A

(V(V)\] . 77]) . F])(U_) + (’)(m — m_)3

for all 0 < m —m_ < 1, which contradicts (4.15).

Case 2: Suppose next that m_ < mg < my. It follows from (4.15) that
X;- (mo;u—) = 0, which together with Lemma 3.3 implies that A;j(ug) =

Xj(mo;u_) = A and that X;(mo;u+) = 0. Therefore, by Lemma 3.4 we

have
—/!

(mo — my) A; (mosuy) = k3 (VA - 75)(uo),
where % is a positive constant, and the expansion

_ _ 2 _ _ 3 _
Aj(miug) = A+ w A;I(mo; uy) + % A;H(mo; uy)
+O(m —my)*.

It follows from this and (4.14) that X;-/(mo;u+) =0 and X;-I/(mo;u+) <0.
Now, we can use Lemma 3.5 to get

111

(mo —my) X; (mosuy) = k) (V(VA; - 75) - 75) (uo) > 0,

where £} is a positive constant. Since (VA; -7;)(ug) = 0, by our hypothesis
(Hyp.1) we obtain (V(VA;-7;)-7;)(ug) > 0. Moreover, by Lemmas 3.4 and

3.5 again we see that X;-/ (mo;u—) =0 and X;-H(mo; u_) > 0 so that
Nj(msu_) < Aj(mosu_) =4, 0<my—m< 1.

This contradicts (4.5).
In both cases, we have reached a contradiction. Hence, (4.13) hold true
and the proof of Lemma 4.2 is completed. O

5. Construction of the Wave Curves

We are now ready to construct the wave curves associated with system
(1.1) under the assumption that the flux is non-degenerate. Later, in Section
8, we will actually be able to relax this assumption. We will construct the
j-wave curve issuing from a given left-hand state ug € Bs,:

Wi(uo) = {4 (m;uo) / mju(uo) < m < mj(uo)}, (5.1)
where the end points of the curve satisfy
mjx(uo) < pj(uo) < mj(uo). (5.2)

Recall that d3 was introduced in the previous section (Lemma 3.3).
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Theorem 5.1. (Existence of the wave curves.) Suppose that system (1.1)
is uniformly strictly hyperbolic with non-degenerate characteristic fields, in
the sense of (Hyp.1)—(Hyp.4) in Bs,. Let d3 be the positive constant defined
n (3.10). Consider a global parameter p; for j=1,..., N satisfying (4.1).
Then, for all ug € Bs, there exist m, = mj.(ug) and m* = mJ(uo) satis-
fying (5.2) and a mapping ¥; = ;(m;uo) defined for my, < m < m* and
Lipschitz continuous in both arguments such that the following properties
hold:

o [t satisfies
Pj(m;ug) € Bsy, me <m < m*,

¥ (15 (uo); uo) = uo,
»j (M uo), ¥;(my; ug) € 0Bs,.

o For each m € [m,, m*| there exist an integer P and a sequence of states
UL, U2, ... , uap+1 € Bs, such that

uzp 1 = ¥;j(m;uo) (5.3)

and (for all relevant values of p) usp is connected to uzpt1 by a j-
rarefaction wave while uapy1 is connected to uspya by an admissible
j-shock with

Aj(uo) < Aj(ur) < Aj(ur,uz) < Aj(ug) <---

_ (5.4)
- < Aj(ugp—1,u2p) < Aj(uzp) < Aj(u2pt1)-

In the course of the proof of Theorem 5.1, we will see that the wave
curve is actually piecewise smooth. It is made up from pieces of Hugo-
niot curves, rarefaction curves, and mixed curves which all are of class C?
(the latter being determined by combining a rarefaction curve with a Hugo-
niot curve). We will see that the wave curve is of class C'! at every point
where these curves connect except at points where two Hugoniot curves
connect. At the latter, the structure of the Riemann solution is “unsta-
ble” —There is, typically, a transition from a two-shock pattern to a single
shock pattern.— and the curves connect Lipschitz continuously, only. Some
important additional regularity will be established later (in Theorem 6.2).

Of course, the first rarefaction may be trivial, that is, ug = u, or/and the
last rarefaction may be trivial, that is, uop = uspy1. The waves connecting
Ugp+1 10 Ugpqo for 2 < 2p + 2 < 2P satisfy

Aj(uapr1) = Aj(uapr1, Uspra) = Aj(uzpio)

and are referred to as contact discontinuities. When ug # w1 and usp #
u2p+1, the same is true for the shock connecting u; to ug and for the shock
connecting ugp_1 to ugp. If ug = w1 but uep # uspi1, the wave connecting
Uy (z uo) to ug satisfy solely

Aj(u1, u2) = Aj(uz)
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and is referred to as right-contact. If now ug # w1 but usp = uap41, the
wave connecting usp_1 to usp (z Ug p+1) satisfy solely

Aj(u2p—2) = Aj(ugp_1, uzp)

and is referred to as a left-contact. In the particular case where the j-
characteristic field is linearly degenerate, the integral curve O;(uog), the
Hugoniot curve H,;(ug), and the wave curve W, (ug) coincide together.

The rest of this section is devoted to a proof of Theorem 5.1. For defi-
niteness we restrict attention to the case

(V/\] F])(UQ) > 0, (55)

and we construct the part m > p;(ug) of the wave curve. Discussing the
range m < p;(up) or/and the case (VA; - 75)(up) < 01is similar. We are going
to now construct the wave curve step by step, using first the integral curve
O;(uo) locally near ug, then continuing with a mixed curve determined
by combination of integral and Hugoniot curves. Next, depending on the
behavior of the characteristic and shock speeds along the mixed curve we
continue along a Hugoniot or integral curve. This will lead us, eventually,
to a global picture for the wave curve.

Step 1. The Mized Curve.

Clearly, the wave curve coincides locally with a rarefaction curve for
m > pji(ug). If we try to extend further the wave curve then, by Proposition
3.1, there exists u' = p'(uo) > p;(ug) such that

o cither the rarefaction curve reaches the boundary 0Bs, (Case 1), with
w;(p' (uo); uo) € OBy,
wj(m;u) € By, puj(ug) < m < p'(ug), (5.6)
(VA; - 7)(wj(miug)) > 0, pu(uo) < m < p(ug).

o or else p'(ug) is the “first point” where V\;-r; vanishes (Case 2), with
(VA7) (w; (1! (uo); uo)) = 0,
wj(m;ug) € Bs,, g1 (o) < m < pt(uo), (5.7)
(VA - 75)(wj (msuo)) > 0, pj(uo) < m < p'(uo).

In both cases, the wave curve coincides with the integral curve O;(ug) up
to the value p!(uo):

Pi(miug) = wi(miuo),  py(uo) <m < p'(ug). (5.8)

If we are in Case 1, the construction is now completed. So, the rest
of the discussion focuses on Case 2 for which we need introduce a mixed
curve. In Case 2, (5.7) together with the hypothesis (Hyp.1) implies

(V(VA; - 75) - 75)(w; (' (uo); ug)) < 0.
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Let us check that p! s a smooth function of its argument. Consider the
function

Fij(myu) == (VA; - 75)(w;(m;u)),

which is smooth with respect to m and uw. When the point wug is given so
that F;(u'(uo);ug) = 0, under the assumption (Hyp.1) we have

(O F) (1" (u0); u0) < 0.

Therefore, by the implicit function theorem, the function u +— p'(u) is
well-defined in a neighborhood of ug, at least, and depends smoothly upon
U.

To extend the wave curve in Case 2, we use shock waves (actually left-
contacts) and we continue the rarefaction curve with a mixed curve. So, for
all meaningful values (n,m;u) let us consider the function

L (% ms wj (s 0)) = Ag(wg(nsw))), m £,

m—-n

Gj(m,n;u) ==
% (V/\j : 77]') (wj(m;u)), m=mn.

(5.9)

In view of the expansion (3.6) (in Proposition 3.2) for the shock speed along
the Hugoniot curve, it is easy to see that G is smooth with respect to m, n,
and u. Moreover, at the point (m,n;u) = (u*(ug), ' (ug); uo) we have

G (1 (o), 1 (o) 00) = 5 (Vs 75 ) a1 () ) = ,
(0uG) (1 (), 1 (0)s w0) = 5 (VWA 75) -7 ) (s (o) o)) < 0.

Therefore, by the implicit function theorem applied to the function (m,n;u)
— Gj(m,n;u) near the point (m,n;u) = (u'(uo), ' (uo); uo), we see that
there exists a smooth function (m;u) — v! = v!(m;u) defined locally near
(m;u) = (u! (up); ug) such that

Gj(m, vl (m;ug);uo) =0, v (u' (uo); uo) = p*(uo),
(0nG ) (m, vt (m;ug); ug) < 0.
In the following we often write

pt = ut(ug), v(m) = v(m;u).

We note that

(O G) ' ' o) = 5 (VA7) 75) (' )

and

OmG(p', s uo) 1
vt () = — P =2 5.10
Ot (4t7) OnGi(pt, pts ug) 2 (5.10)
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Now, we proceed to consider the shock speed of an arbitrary disconti-
nuity connecting w;(n; ug) to v;(m;w;(n;ug)), that is,

Aj(myn) = Xj(m;w;(n;ug)).

By construction, at n = v!(m) the shock speed coincides with the charac-
teristic speed:

Aj(m, vt (m)) = X;(w; (v (m); uo))- (5.11)

The shock speed and the right-hand limit at the left contact point n = v*(m)
admit a critical value with respect to their second argument, as stated now.

Lemma 5.2. (Properties at the critical point.) Set
Vi(m,n) = vj(m; w;(n; uo)).
Then, at the point n = vi(m) and for all relevant m we have
(0nA;)(m, vt (m)) =0, (9,V;)(m,v'(m)) = 0.

For scalar conservation laws these properties are clear geometrically since
the line connecting the points of the graph of f with coordinates n and m
is tangent to the graph of f precisely at the point n = v(m).

Proof. In the following we simply write w;(n) = w;(n;ug). By definition
we have

Aj(m,n) (Vj(m,n) —w;(n)) = f(V;(m,n)) — f(w;(n)).

Differentiating this relation with respect to n and setting n = v'(m) yields

(9nt;) (. v (m)) (V; (m, v (m)) = w; (v (m))
= (D mar ) — Ay a0y () ) (@0V3) ).

On the other hand, differentiating with respect to m and setting n =
vl(m) yields we find

(9 ) (! (m) (V; (. ul(m)) w]( (m)))
— (D (Vy(mor ) -, D)) (DV5) (m, v (m)).

These two equations imply that
(D (Vi m. vt (m))) = Xy (w; (v (m)) )
(00 o () 0115 . (o0
= (@04 m, 1 (0)) (0 V3) om0 ) =
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In the situation under consideration we have
Aj (Vi (m, vt (m))) < Aj(w;(v!(m))),
which implies that
(8m/1j)(m, vt(m)) (8nV])(m, vt(m))
= (0p4;) (m, v (m)) (0, V;) (m, v (m)). (5.12)

By the definition of our global parameter p; we have p; (V] (m,n)) = m.
Differentiating this with respect to m and n yields

Vi (Vi(m,n)) - (8, V;)(m,n) = 1 and V;(V;(m,n)) - (0,V;)(m,n) =0,

respectively. Taking the inner product of (5.12) with Vu;(V;(m,v(m)))
and noting that (see (5.15) below) (9,,4;)(m,v'(m)) < 0 we obtain the
desired relations. This completes the proof of Lemma 5.2. O

Now, differentiating (5.11) with respect to m leads to
1
Omrt(m) = — O A3 (m, vt (m)). 5.13
" ( ) (V/\] -rj)(wj(yl(m);uo)) ( " J)( ( )) ( )
On the other hand, by the definition of the function G; we have
I
m —vi(m)

(0nGj) (m, v (m);ug) = — (V/\j -Fj) (w;(v'(m);ug)), (5.14)
which has been observed to be strictly negative in a neighborhood of ! (ug)
at least. Since v''(u') = —1/2, we can assume that v’ (m) < 0 for m
sufficiently close to u!, therefore,

(OmA;) (m, v (m)) <0, m > p'(ug) (5.15)

for m sufficiently close to u' at least. This means that the speed of the
left-contact decreases as m increases.

Next, we want to extend the domain of definition of the function v =
vi(m;up) as long as the basic constraint (5.11) makes sense. We now show
that, roughly speaking, v! is defined until 9,,4; eventually vanishes. To this
end, assume that, for some value m*, the function v! has been constructed
for all u!(up) < m < m* and satisfies the relations (5.11) and (5.15) for all
pt(ug) <m < m* and p;(ug) < v (p?(uo); uo). Then, it follows from (5.13)
and (5.14) that v’ (m) < 0 for p'(ug) < m < m* and, in particular,

Gi(m*, vt (m*;uo);u0) =0,  (9,G;)(m*, v (m*;ug); up) < 0.
Therefore, it is clear that the implicit function theorem applies again and
we can extend v! = v(m*;ug) in a neighborhood of m*.

Step 2. The Mized Curve is Entropy Admissible.
Repeating the above procedure, we eventually reach a value pu? = u?(uo)
at which one of the following three possibilities arises:
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e cither the state v; (u?; w; (v (u?; uo); uo)) belongs to the boundary 9By,
(Case 2.1),

e or the derivative of the shock speed (8,,4;)(u?, v (u?;uo)) equals zero
(Case 2.2),

e or else the parameter v*(1u?; ug) coincides with the “initial value” p;(uo)
(Case 2.3).

Using the mapping m — v;(m;w; (v (m;ug); up)), we extend the wave

curve 1; = ¥;(m;ug) for m > p'(ug) and get
w;(m;uo), pj(uo) < m < p'(ug),
Yj(m;ug) = L L ) (5.16)
vj(m;w; (v (m;ue); uo)), p'(uo) <m < p*(uo).
It follows from Lemma 5.2 and Propositions 3.1 and 3.2 that
d
2 Vi (m; w; (V! (m; uo); uo))‘ = 0 (" (uo); wy (' (uo); uo))

m=p*(uo)
=T; (wj (Ml(uo); uo))
= w (i (uo); o).

Moreover, both v; and w; are smooth mappings and it has been checked
already that u'(ug) and v!(m;ug) depend smoothly upon their arguments,
so that this mapping ¢; = 1;(m;ug) is of class C* in m and wuy.

We now prove that the corresponding shock is admissible.

Lemma 5.3. For each m € (p', p?) we can connect the state w; (v (m);ug)
to the right-hand state v;(m;w;(v*(m);ug)) by an entropy admissible dis-
continuity.

Proof. We fix m € (u!, u?) arbitrarily and set
u = w; (v (M); uo).

It is sufficient to establish that the shock speed remains above the charac-
teristic speed at the point u:

A (@) < Nj(@,v(m; ) = Aj(m,vi(m)), vim) <m <m. (5.17)

It is clear that \;(@) = \;(%W, vj(m;@)) for both m = v!(m) and m = m.
Furthermore, by the expansion (3.6) in Proposition 3.2 we have

X (@, v5(m; @) = A (@) + ?

1 _ N\ —
5 (m =y () (VA; -7) (@ + O(m — v (m)",
hence \; (@) < \; (@, v;(m; %)) for all m with 0 < m — v'(m) < 1.

Let us first establish the property (5.17) when 0 < m — vi(m) < 1. If
(5.17) would not hold, then there would exist m € (v!(m),m) such that

Aj(@) = (@, vi(m;w))
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and then

@%Mwmmzrimﬁammwwm—wwzo

m—v

Therefore, by the implicit function theorem we would have vl(m) =
v1(m), and hence m = m, which would lead to a contradiction. Next, we
prove by contradiction that (5.17) holds for any m € (u!, u?). Suppose that
there exists m € (u!, u?) such that (5.17) does not hold. Then, the value

m, == inf{m € (', *) / (5.17) holds }

would be well-defined, with u! < m. < p?. By a continuity argument we
see that the set

{m e (u', 1)/ (5.17) does not hold for m}

is open. Therefore, we can find a decreasing sequence {7, }p=12,... such that
(5.17) does not hold for T = i, and that lim,_,. M, = .. Furthermore,
for each p there exists m,, € (v!(m),m,) such that

X (wi (v ()5 u0)) > Aj(my, v (7).
Without loss of generality, we can assume that the limit

m, = lim m,
p—00

exists and satisfies v!(m) < m, < .. Letting p — oo in the above inequal-
ity we obtain
)\j(wj(ul(m*); ’U,Q) > Aj(m*, lll(m*)).

Since we know that (5.17) holds for m = M., we have
A (030 (72, u0)) < Aym, vA(TL), v () < m < .
Therefore, we see that A;(m., v (m.)) = \;j(w; (v (M.);uo)) and hence
(O Ay (0, V1 (77,)) = 0.

In particular, we get v'(m) < m. < M,. Finally, consider the function
g = g(m) defined by

g(m) := Aj(m., v (m)) = Aj(w; (v (m); up))-
It is easy to see that g(m.) = 0 and
g'(m.) = =V () (VA; - 75) (w; (v ()5 00)) > 0,
so that g(m, — ) < 0 for 0 < € <« 1, which implies that
A (w3 (AT, — 2);0)) > Ag(ma, v (77, — ).

This means that (5.17) does not hold for m = . — &, which contradicts
the definition of m,. O
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Fig. 1. Case 2.1

Step 3. Extending the Wave Curve Beyond the Mized Curve.
We now distinguish between the three cases that were listed earlier.

Case 2.1: The mized curve reaches the boundary 0Bs,.
It might be that the function ! = v1(m) satisfying (5.11) is defined for
pt(ug) < m < p?(ug) with p? = p?(ug) such that

Mj(u()) < Vl(u2)7

(OmAj)(m, vt (m)) <0, p' <m <p?
vi(m;w; (vt (m);ug)) € Bs,,  p' <m < p?,
v (% w; (v (p?);w)) € OBs,.

(5.18)

The construction of the wave curves is now completed in this case.

Case 2.2: The shock speed may reach a critical value.
We consider here the case when the function v = v(mj;ug) satisfying
(5.11) is defined for pu!(ug) < m < p?(ug) with u?(ug) such that

v (p? (uo), uo) > pj(uo),
(OmAj)(m, vt (m;ug)) <0,  p'(uo) < m < p?(up),

(OmAj) (1? (o), v (1? (uo); ug) ) = 0,
vj(m;w; (vt (m;uo);uo)) € By, ' (ug) < m < p?(uo).

(5.19)

By the definition of the function v* and Lemma 3.3, the shock wave is
actually a contact discontinuity. The shock speed coincides with the char-
acteristic speed of its left- and right-hand states:

Aj (w; (1 ()5 u0)) = Xj (025 w; (v (1%); u0)) = Ay (v (15 w0 (v (12); w0))).
(5.20)
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pi(uo) v (p?) ! It

Fig. 2. Case 2.2a

Therefore, by setting u1 := w;(v!(u?);up) it follows from Lemma 3.4
that

Xj(u1,v5(miug)) = Aj(m, vt (1?))
= A1, v (1?) + (m— ) (0m Aj) (12, v (1))

PO 02 0,) (0 (12) + Om — i)

= Ny (ur, v (iP5 un)) + (m = p?)? Ry (?) (V- 75) (0 (%5 1))
+O(m - M2)35
where &3(u?) is a positive constant.
Since the states u; and vj(,uQ;ul) can be connected by an admissible
j-discontinuity, we have that (VA; - 7;)(v;(u?;u1)) > 0. This allows us to

distinguish between two subcases depending whether (V; - 7;)(vj (1% u1))
is positive (Case 2.2a) or equal to zero (Case 2.2b), respectively.

Case 2.2a: Consider the non-degenerate case when (VA; - 7;)(v; (1?5 uq))
> 0.
By Lemma 3.4 and (5.13) we obtain

V() =75 (v (i wm)), v (e?) =0.
Taking these into account, we define the function g = g(m;u) by
g(m; u) = X; (v (m; w; (v (m; w); ) = Ay (w; (v (msw); w)).

It is easy to see that g = g(m;u) depends smoothly upon its argument and
that at the point (u?(ug);uo) we have

g(1? (uo); ug) = 0,
(Omg) (11? (u0); u0) = (VA; - 75) (v (*(uo); ur)) > 0.
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1 (uo) v (p?) pt Il ’

Fig. 3. Case 2.2b

Therefore, by the implicit function theorem we see that the function u —
u? = p%(u) is smooth. In this case, the wave curve could be further extended
by using an integral curve, similarly to what was done earlier to determine
the wave curve locally near ug. We will return to this part of the construction
in the end of this section.

Case 2.2b: Consider the degenerate case when (VA -7;)(vj(u%u1)) = 0.
By Lemma 3.4, we have

(O A5) (1, v (%)) = (92, 4;) (u?, v' (1?)) = 0.
It follows from Lemma 3.5 that

Aj(ug, vi(m;ur))

A2 1,2 (m_MQ)B 3 4N, 2 172 _2\4
= Aj(p*, v (1)) + —s (O ) (v (p?)) + O(m — p*)
m — 2\3
= X (v (%5 )+ g Ra () (V (V- 7) - 75) (0% 1)
+O0(m — ), (5.21)

where #4(u?) is a positive constant.
Since the states u; and vj(,uQ;ul) can be connected by an admissible
j-discontinuity, we have

(V(VA; - 75) - 75) (0 (4% u1)) <0,
hence, by the hypothesis (Hyp.1),
(V(VA; - 75) - 75) (0 (4% w1)) < 0.

On the other hand, by (5.14) we have (8,G;)(1?, v!(4?);uo) < 0, which
guarantees that we can extend the function v! = v(m) for m > u? by
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applying the implicit function theorem once again. Moreover, in this case
we also have

(1*) =0 (5.22)
because of (5.13).
Then, for the function g(m) := (9,,4;)(m, v (m)) we see that
9(p?) = g'(1?) = 0,
91 2) = (B A) (2,1 (1)
— Ra?) (V (VA - 7)) (05 (%3 1) < 0, (5.23)
(OmAj)(m, vt (m)) = 3 ¢"(4?) (m — p?)* + O(m — p?)?
<0, 0<m—p?<kl.

Therefore, the situation is the same as one at the beginning of Case 2. We
could again distinguish here between two cases similar to Cases 2.1, 2.2a,

and 2.2b. Repeating this procedure, we can eventually extend the function

vl = vl(m) up to a point m at which

(O Ay)(m, v (m)) = 0.

This is done in finitely many steps. In fact, if this procedure would continue
infinitely many times, then we could find a monotone increasing sequence
{mp}p=1,2,.. converging to some value mq, (< 00) satisfying

(V- 75) (v (myp; wi (v (my); uo))) = 0,

(O Ay)(mp, v () = vV () =0, p=1,2,.... (5:24)

By the expansion in (3.5) we see that

vj(mpg1;w; (' (Mps); uo))
= v;(mp; w; (v (my); ug))

+(Mp1 —my) 75 (Uj(mp§ wj(Vl(mp)))) + O(mp41 — mp)Qa

hence

(N (VA7) (0j (mpgr; w; (v (Mp1); u0)))

Mp+1 — Mp
— (VA - 75) (v (myp; wi (v (my); u0))))
= (V(V)‘j °7;) '?j) (vj(myp; w; (V! (myp); uo))) + O(mp g1 —my).
Letting p — oo yields
0= (V(VA; - 75) - ) () (moo; wj (v (meo); o).
On the other hand, by (5.24) we also obtain

(VA - 75) (0 (Moo; wi (v (Mg ); u0))) = 0,
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which contradicts our hypothesis (Hyp.1).

Case 2.3: v!' may also reach the initial value p;(uo).
We treat here the case when the function v' = v!(m;ug) satisfying
(5.11) is defined for pu'(ug) < m < p?(ug) where u? = p?(ug) is such that

Vl(MQ(uo); ug) = Mj(uo),
(OmAj(m, v (m;5u0)) <0, p'(uo) < m < p?(uo), (5.25)
vj(m;w; (vt (m;uo);uo)) € By, ' (ug) < m < p?(uo).

Note that

X (15 w0) = (0 Xy) (2, v (%)) < 0.
Next, we will distinguish between two main situations depending whether
X;- (4%, vt (p?)) is negative (Case 2.3a) or zero (Case 2.3b).

Let us first restrict attention to Case 2.3a. We wish to extend the wave
curve by using the Hugoniot curve H,(up). By Proposition 3.2 there exists
now p3(ug) > p?(up) at which one of the following two possibilities arises:

e the state vj(u®ug) lies on the boundary dBs, while the derivative

)\; (m;up) keeps a constant sign (Case 2.3a-i),

o the derivative of the shock speed X;- (15 ug) is zero (Case 2.3a-ii).

Using the Hugoniot curve m +— v;(m;ug), we extend the wave curve ¢; =
i (m;ug) for m > p?(up) as follows:

w;(m; uo), pj(uo) < m < p'(uo),
Yi(m;uo) = § vj(m; w;i(v! (m;uo); uo)), p'(ug) < m < p(ug),  (5.26)
v;(m; ug), 12 (uo) < m < p?(up).

In this discussion (Case 2.3a) we have X;- (u?, v (p?)) < 0. Let us check
that the mapping 1;(m;uo) is of class C' in m and wug. To this end it is
sufficient to show that the value p?(ug) depends smoothly upon ug, because
both v; and w; are smooth mappings and u'(uo), v'(m;ug), and p?(uo)
depend smoothly upon their arguments and we can apply Lemma 5.2. It
follows from (5.13) that v''(42) < 0. Taking this into account, we consider
the function
Fj(m;u) := v (msu) — pj(u).

It is easy to see that F; = F;(m;u) is smooth with respect to m and u, and
that

Fyj(1*(uo); o) = v (1 (uo); uo) — p(u) = 0,

(O Fy) (1 (u0); u0) = v (112 (uo); uo) > 0.

Therefore, by the implicit function theorem, the function p? = p?(u) is
well-defined and smooth in a neighborhood of ug at least, with

Fy (2 (u), u) = v (12 (w); 0) — piy (1) = 0,
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0Bs,

-

1
pi(uo) = v'(p?)  pt o’

Fig. 4. Case 2.3a-i

We further consider the following subcases.

Case 2.3a-i: Suppose that X;(m;uo) <0 for all u> <m < 3.

By an earlier discussion we know that for each m € [u!, u?] the states
wji(vt(m);ue) and vj(m;w;(v*(m);ug)) are connected by an admissible j-
discontinuity. In particular, we have

N (15 u0) < XNj(myug), pt <m <l

On the other hand, in this case the function \;(m;ug) is assumed to be
monotone decreasing for p? < m < p3, so that

(5 u0) < Nj(mjug), p? <m <m<pd
Therefore, for each m € [u?, u®] we see that
X (M5 u0) < Aj(p%5u0) < Xj(msug),  py(ug) < m < p?,

and hence, \;(77; uo) < \;(m;ug) for all y1j(ug) < m < 7, which means that
the couple of two states up and v;(m;ug) is an admissible j-discontinuity.
The construction of the waves curves is now completed in this case.

Case 2.3a-ii: Suppose next that p> is such that X;(m;uo) < 0 for u? <
m < u® and X;-(,u?’;uo) =0.
By Lemma 3.4 we see that
X, (ms o) = Xj (15 ) + (m — i) X (1% ug) + O(m — pi*)?
= (m = ") R (®) (VA; 75 ) (13 (s o)) + O(m — )2,

Therefore, we have (VA; - 7;)(vj (135 up)) > 0.
If (VX -7;)(vj(13;u0)) > 0, then we can define the wave curve as in
(5.28). In fact, we consider the function

Fj(myu) := Aj(vj(msu)) — Aj(m;u).
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f1;(uo)  pt p? I

Fig. 5. Case 2.3a-ii

It is easy to see that F} is smooth with respect to m and u, and that by
Lemma 3.4

Fi(u%u0) =0, (OmFy) (15 ug) = (VAJ' -Fj) (v; (1%; ug)) > 0.

Therefore, by the implicit function theorem, the function ps = po(u) is
well-defined and smooth in a neighborhood of wug, with

Fj(pa(u),u) = Aj(vj (p2(u);w) = Aj(p2(uw);u) = 0.
We will further extend the wave curve below.
If (VA7) (v; (135 u0)) = 0, then we have
X;(,u?’; ug) = X;-I(,ug; ug) = 0.
Therefore, by Lemma 3.5 we see that

-~/

X (s u0) = Ny (135 u0) + (m — i) X, (%5 o)
(m - MB)Q <"

+f )‘j (M3§ ug) + O(m — MB)B
_(m—u3)2~(3 Y ) (0 (3
= Faln ) (V(VA;-75) - 75) (v (1”5 ug))
+O0(m — p*)>.

Hence, by taking the hypothesis (Hyp.1) into account we obtain
(V(VA; - 75) - 75) (0 (15 u0)) <0,

which implies that Xj (m;ug) < 0 for 0 < m — p? < 1. Now, the situation is
almost the same as one at the beginning of Case 2.3a so that we consider
each Cases 2.3a-i and 2.3a-ii again with 2 replaced by u3 + ¢, where ¢ is
a sufficiently small positive constant. As in the same way in Case 2.3a-i,
we can show that the corresponding shock satisfies the entropy criterion.
Moreover, we can check as in the same way in Case 2.2 that this procedure
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1(uo) = v'(p*)  n 1

Fig. 6. Case 2.3b-i

/

~

Hj
1 (o) = v'(p?) pt Il

Fig. 7. Case 2.3b-ii

can be done in finitely many times. Further construction of the wave curves
will be explained below.

Case 2.3b: Suppose next that X;- (u%; ug) = 0.
By the same argument as the ones in Case 2.3a-ii, we see that (V; -
75)(vj (1% uo)) = 0.

Case 2.3b-i: Suppose that (VA; - 7;)(v;(p?;up)) > 0.

We can define the wave curve issuing from ug up to v;(u?;ug) by using
the functions in (5.16). However, in this case it is not so immediate to ana-
lyze the regularity of the corresponding function ¢; = v, (m;u) of the wave
curve, because the structure of the wave curve is not stable by perturbation
of u near ug. The construction of the wave curve is continued below.

Case 2.3b-ii: Suppose now that (VA - 7;)(v; (1?5 ug)) = 0.
By the same arguments as in Case 2.2b we find

(V(VA; - 75) - 75) (05 (15 ug)) <0,
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hence, \j(m;ug) < 0 for 0 < m — p? < 1. Therefore, the situation is
essentially the same as the one in the beginning of Case 2.3a and we may
follow the same arguments.

Step 4. Conclusion.

We have to continue the arguments of Cases 2.2a, 2.3a-ii, and 2.3b-i
to extend the wave curve up to the boundary 0Bs,. In the following, we
concentrate to continue the argument of Case 2.2a. The other cases can
be treated in a similar fashion. Set

wp = w; (G2 w)s ), = 0 (a2 () ). (5.27)

We see that u; = uq(u) and ug = ug(u) are smooth mappings in u defined in
a neighborhood of wy and that (VA;-7;)(u2) > 0. Roughly speaking, we may
go back to the beginning of the argument and re-use the same arguments
to extend the wave curve.

The essential difference is the treatment of Case 2.3. To explain this
more precisely, we will repeat some of the arguments.

We can distinguish between two behaviors: Let p® = 13 (ug) > 0 be such
that

e cither (Case A) the rarefaction curve reaches the boundary 0Bs, with

w; (1 (uo); uz) € OBs,,
wj(myug) € Boy,  p(ug) <m < p(ug), (5.28)
(VA -7)(wi(msuz)) >0, p?(uo) < m < p?(uo).

e or else (Case B) p?(up) is the “first point” where V), - 7; vanishes with

(VA; - 75) (w; (1 (uo); uz)) = 0,

wj(myug) € Boy,  p(ug) <m < p(ug), (5.29)

(V/\] -Fj)(wj(m;uQ)) > 0, 2
In both cases, the wave curve coincides with the integral curve O;(uz) up to

the value p?(ug). We extend the wave curve 1; = v;(m;uo) for m > p?(ug)
as follows:

w;(m; ug), pj(uo) < m < p'(uo)
¥i(miug) = § vi(m;w;i(v! (m;uo); uo)), p'(ug) <m < p(ug),  (5.30)
w;(m; uz), 12 (uo) < m < p?(up).

Case A: Consider first the case when (VA; - 7;)(w;(m;uz)) > 0 for u? <
m < 3.
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Fig. 9. Case B

We can prove in this case that the wave curve ¢; = 1;(m;ug) defined
by (5.30) is actually of class C! in m and wug, especially at m = u?(ug).
However, by Lemma 5.2 and then by Lemmas 3.3 and 3.4 we see that

20 (miw; (v (m); uo)) = V) (pa; w; (v (17); uo))

=7 (Uj(MQ; wj(Vl(MQ); uo)))
= wj(pa; u2).
This implies the desired regularity.

Case B: Suppose next that (VA; - 7;)(w;(m;uz(ug))) > 0 for u? <m < p3
and that

(VA; - 7) (w; (1 uz(uo))) = 0.

By applying the implicit function theorem to the function

Fj(s,u) = (VA; - 75)(w;(s;u))
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at (m;u) = (43, uz(uo)), we see that the function p® = 13 (u) is well-defined
and smooth in a neighborhood of ug, with

(VA - 75) (w; (1% (u); uz(u))) = 0.

Hence, we can extend the wave curve up to w;(us(uo);uz(ug)) by the
formula (5.30). By a similar argument used in Case 2, there exists a
smooth function v? = v?(m;u) such that vo(u®(u);u) = p®(u) and for
uz(m,u) := w;j(v?(m;u); u) we have

Aj(m;us(m,w)) = Nj(us(m,u)). (5.31)

The treatments of Cases 1 and 2 are almost the same as before, so that we
omit the details and concentrate on Case 3. That is, we assume that there
exist ut = pt(up) > p(uo) and the function v?(m) = v%(m;ug) satisfying
(5.31) with v = wug such that v?(u*) = p? and that X;(m;U3(m,uo)) <0
and v;j(m;w;(v*(m);uz(up))) € By, for u? < m < pt. Now, we know that
the couples of two states (ui(uo),u2(uo)) and (uz2(uo),v;(p; us(ug)) are
admissible j-discontinuities and that

Aj (w1 (uo), uz(uo)) = Aj(uz(uo), v; (1, uz(uo))) = Aj (uz(ug)).

Thanks to Lemma 3.5 we see that (u1(uo), v;(u?; uz(uo))) is an admissi-
ble j-discontinuity. Therefore, the situation is almost the same as in Case
2.2b and we can argue in the same way as before and extend the wave curve.
In this case, the wave curve is (Lipschitz) continuous but fails to have con-
tinuous first-order derivatives. This is due to the fact that the tangents do
not coincide at point where two Hugoniot curves are connected together.

By similar arguments as in Case 2.2b, we can show that finitely waves
only are needed to complete the construction of the wave curve in that case.
This concludes the construction of the wave curves W;(ug) in all cases and
completes the proof of Theorem 5.1.

6. The Riemann Problem and Refined Regularity Estimates

Based on the construction of the elementary wave curves given in Sec-
tion 5 we can now establish the existence of the entropy solution to the
Riemann problem associated with (1.1), that is, to the Cauchy problem
with initial data of the form

ur, x <0,
u(z,0) = w0 (6.1)
T )

where u;, v, are constant states.
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Theorem 6.1. (The Riemann problem.) Suppose that system (1.1) is uni-
formly strictly hyperbolic with non-degenerate characteristic fields in the
sense (Hyp.1)-(Hyp.4). Then there exists a constant 64 < 03 (which can
approach +00 together with 41, d2, and o3 as K approaches 0) such that
for any Riemann data u;,u, € Bs, the Riemann problem (1.1) and (6.1)
admits a self-similar solution made of elementary (rarefaction, admissible
shock) waves. More precisely, there exists a Lipschitz continuous mapping

0= U(ula U'T)a UL, U € B64
such that
F (o ) g, 1) = 0. (6.2)

We can actually prove some additional regularity property which supple-
ments the Lipschitz continuity of the wave curves obtained in Theorem 5.1.

Theorem 6.2. (Additional regularity of the wave curves.) Under the as-
sumptions (Hyp.1)—(Hyp.4), for each j =1,..., N the first-order deriva-
tives of the mapping ; with respect to both arguments m and u are Lips-
chitz continuous at the base point u, in the sense that

¥ (msu) = 75(u) + Cx O(m — p;(u)) (6.3)
and
(Duthj)(m;u) =T — (75 @ Vj) (u) + Cx O(m — p;(w)), (6.4)
where ® denotes the tensor product of two vectors, that is, a® b = ab” .

Recall here that -
~. — 7
it = (g, ) @,
and note that the error term Cx O(m — p;(u)) vanishes when K — 0.

Proof of Theorem 6.1. Let
F(m;uy, up) := Yy (mns - o (ma; r(ma;w)) - -+ ) — uyr (6.5)

where m := (my, mg, ... ,my) € RY and u;, u, € Bs,. In view of (6.3) and
(6.4), the function F' is Lipschitz continuous at least and that the matrix

D F(m;ug, uy) = (rj (0))1§j§N +o(1)

is invertible. Therefore, by applying the implicit function theorem for Lip-
schitz continuous mappings [9] to the function F at the point (m;ug, u,) =
(0;0,0), we immediately arrive at the statement in Theorem 6.1. O

The proof of Theorem 6.2 is based on the following two technical obser-
vations.
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Lemma 6.3. Let Y, be a sequence of N x N matrices satisfying the property

Y=Y, p=12...
Then, for allmn = 2,3,... we have
n—1
Hﬁ%.“ﬁJ§|n|wp<§:W%4—YH>, (6.6)
p=1

and

Y1 Ys...Y, - Y,
n—1 n—1
< (m 1)) (Z Vo1 - Y;|> exp<2 Yy _y,,|>. (6.7)
- p=1 p=1

Lemma 6.4. For eachp =1,2,...,n, consider a matriz X, decomposed as
a projection part Y, and an error part I, satisfying the following properties:

X, =Y, +E, Y2=Y, [Y|<C.
n—1 n
Z|Yp+1_Y}>| <9, Z|Ep| Se

p=1 p=1

for some positive constants Cq, 6 and €. Set Co := max{1, C; e‘s}. Then, if
2C5¢ <1, we have

X1 Xo. .. X, = V1Ys...Y,| <2C%¢, (6.8)
= 2
and

X1 Xo... X, =Y, <2C2e+ Cy0. 6.9
2

Proof of Theorem 6.2. By construction, for each m we can find inter-
mediate states u,, p =0,1,2,..., P, such that u, is connected to u,y1 by
an admissible j-shock wave or by a j-rarefaction wave and that ug = u and
up = ¥;(m;u). In the following, for definiteness we will consider the case
where m > p(u) and P = 2M +2 and that ugp_1 is connected to ug, by an
admissible j-shock wave and ug,, is connected to ug,41 by a rarefaction wave.
Moreover, without loss of generality we can assume that the wave pattern is
stable in the sense that it does not change under small perturbations of m
and w. This is possible since the set of u for which the structure is unstable
has measure zero thanks to our non-degeneracy assumption (Hyp.1). Note
that u,, p=1,2,...,2M depends only on u while uapr41 depends also on
m. We can write

¥; (m;u) = Uj(m§ UM +1)

= vj(m; w; (VM (m; w); uanr))- (6.10)
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Differentiating this identity with respect to m and applying Lemma 5.2
yield
¥ (m;u) = vj(m;uznr+1),
which together with (4.6) implies directly (6.3).
We now give the proof of (6.4) which is much more involved. To this end
we have to drive an expression of the derivative D, 2; which should lead an
uniform estimate with respect to the number of inflection points. Note that

gy = v (5 ugp—1) = vj (7P Wi (VP (PP w); ugp-2)),

where for instance p?? = p;(usp), etc. Differentiating this identity with
respect to uw and applying Lemma 5.2 again yield

Duu2p = 'U;' (M2p§ 'U'Qp—l) ® VUQP(U)
+(Duv;) (15 uzp-1) (Durwy) (6~ uzp-2) (Dutizp-2).
Here, (Vp2?P)T = (V)T (Dyusp) and, by Lemma 3.4, we also have
VG (1P ugp1) = T (ugp).
Therefore, we obtain
(I— (75 @ Vi) (uzp)) (Duuzp)
= (D) (5 tgp—1) (Dyw;) (0P~ ugp o) (Dytigp—2).  (6.11)
Similarly, it follows from (6.10) that
(Duthy) (m; u) = (Dyvz) (s usar41) (Duwy) (M5 uzng) (Duuzng). (6.12)

On the other hand, by the choice of our global parametrization, along the
rarefaction curve we have the identity

w;(m;u) = w;(m;w;(n; w)).

Differentiating this with respect to n and letting n = p;(u), we obtain the
identity
(Dyw;)(m;u) 7 (u) = 0,

which holds for all m and w. In particular, we have
(Dywy)(m;u) = (Dyw;)(m;u) (T — (75 @ Vi) (u)). (6.13)
In view of (6.11) and (6.12), inductively, together with (6.13), we arrive at
(Dutj)(m; u) = (Dyvj) (ms uznr 1) (Doyw;) (215 uanr)

(Duvj)(M2M§ U2M—1)(Duwj)(M2M_1; U2 —2)
e (Duvy) (22 ) (Do) (' ). (6.14)

Since both D,w; and D,v; approach the matrix I —7; ® Vu; thanks to the
expansions (4.4) and (4.6), it can be easily conjectured that (6.14) should
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lead to the desired estimate (6.4). A rigorous derivation requires precisely
our Lemmas 6.3 and 6.4: the error term may depend on M which is, roughly
speaking, the number of inflection points. Hence, we have to evaluate care-
fully the error term in order to obtain an uniform estimate. We will make
use of the property

(I- (7 ® V) (w)* =T~ (7; ® Vi) (u).
Set

Xy = (Dyvj)(m;uanr41),  Xo i= (Dywy) (M5 uanr), -

Xonrt1 = (Duvy) (P5u1),  Xonrgz = (Dyw;)(p's u)
and

Y1 :=1— (7 @ V) (ugnr 1), Yo :=1— (7 @ Vi) (uanr), - s

Then, by (4.4) and (4.6) it is easy to check that

2M+1 2M+2
S Vo =Yl + D 1Xp = Y[ < Clm = pj(u)] < 1,
p=1 p=1

where the constant C' does not depend on M. Therefore, we can apply
Lemma 6.4 and obtain the desired estimate (6.4). This completes the proof
of Theorem 6.2. O

Proof of Lemma 6.3. Setting a,, := |Y1 Y2 ---Y,|, we see that

ap41 = |Y1Y'2Yn+Y'1Y'2Yn (Yn+1 _Yn)l
< anp (1 + |Yn+1 _Ynl)

Using this inductively, we obtain
n—1 n—1
an < ay [J(1+ Vo1 = Y5l) < [Vi] exp (Z [Ypi1 — Yp|>,
p=1 p=1

which is the first estimate in the lemma. To show the second one it is
sufficient to write

ViYe- Yo —Yu=(Vi—Ya)VaVy-o Yo+ (Yo - Ya) VaYa-- Y,
++(Yn—2 _Yn—l)Yn—l +(Yn—1 _Yn)

and to apply the first estimate. 0O
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Proof of Lemma 6.4. We note that

X1 X Xy —V1Y2--- Y,
= > Vi Y 1By i Ys

1<ki<n

+ Y Vi Y 1 B Y Yoot Bk Yios - Yo
1<ki<k2<n

+ -+« +E,Ey---E,.

Here, by lemma 6.3 we have
Y, Vi1 Yoy < Cre® < Ca.
Therefore, we see that

X1 Xo--- X, = V1 Y2 Y
< C(22 Z |Ek1| + CS Z |Ek1| |Ek2|

1<ki1<n 1<k1<k2<n
+Cy > | By || By | | Brg| + -+ C5 | Er| | Eo| - - - | B
1<ki<ka<ks<n
< C? (1 +Coe+4 (Coe)* + -+ (C’ge)"_l) €
< 2C3e

This is the first estimate of the lemma. The second one is a direct conse-
quence of the first estimate and Lemma 6.3. O

7. Wave Interaction Estimates

In this section we derive key estimates which will be needed in Sections 8
and 9 to derive a uniform bound on the total variation of a sequence of
approximate solutions to system (1.1). Several estimates will be stated and
proved.

First of all, consider an interaction between two elementary waves and
let us compare the total sum of the wave strengths before and after the
interaction. To control the possible increase, we introduce an interaction
potential which provides a control of the increase of the wave strengths at
the interaction. Our potential depends upon the angle made by the two
incoming waves. A wave pattern is made of a combination of shocks and
rarefactions. We introduce the following new notion of generalized angle
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between two elementary i-waves:
Bi(uusiv-,vy)
(Xi(v—av-i-) - Xi(u—au-i-)) ) Uy € Hi(u—)7 vy € Hi(v—)7

ey e (Rl v) = NiCwi(vu)) o,
ug € O;(u-), vy € Hi(vo),

i(v B 7.1
S P S B ) f::((vj)) ()‘i(wi(§§v—)) - )\i(u—,u+)) dg, (7.1)
Uy € 'Hi(u_), vy € (’)i(v_),

1
(pi(v)—pi(v=)) (i (ug)—pi(u—))

wilug) ppi(ve) ()\i(wi(av_)) _ )\i(wi(y;u_)))_ dvdg,

pi(u—) Jpi(v-)

Uy € (’)i(u_), vy € (’)i(v_).
Recall that §4 was introduced in Section 3.

Theorem 7.1. (Interaction between two elementary waves.) For all u;, U,
and u, € Bs, and 1 < i,j < N we have the following property. Suppose that
uy 18 connected to u,, by an i-wave and that u,, is connected to u, by a j-
wave. Then, the wave strengths o (u, u,) of the outgoing Riemann solution
connecting the left-hand state u; to the right-hand state w, satisfy

o (u, ur)

= ok (U, um) + ok (Um, ur) + Cx O(1) Q(ur, um, ur), 1<k <N,
oi(up, um) + Cr O(1) Q(ug, m, uy), k=1i#7,

| o3t w) + € O0) @t ), k=iti
(U, um) + 05 (Um, ur) + Crx O(1) Q(ug, um, ur), k=35 =1,
Cr O(1) Q(ui, upm, uy), otherwise,

where the generalized interaction potential associated with the two in-
coming waves 18

Q(ul; U, 'U'r) = @'L’j (ul; U, 'U'r) |Ui(ul; 'U'm) 0j (um; 'U'r)| (73)
the weight being defined by

@ij (U/[, 'U'm; U’T)

0, 1 < 7,
L, i >,

= o (7.4)
1, i =7 and o;(ug, Um) 05 (Um, ur) <0,

0; (wp, Wpn; Uy wre), =75 and o;(ug, Um) 0 (Um, ) > 0.
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To establish Theorem 7.1, we will treat first the cases when i # j or
when ¢ = j but the incoming waves have opposite signs, which are easier
to handle since, in these cases, the potential Q(uy, tm,, u,) reduces to the
quadratic term |o; (U, Um,) 05 (Um, ur)|. To begin with, we will recall Glimm’s
standard argument which applies if the mappings 1; = 1;(m; ug) are of class
W2, Under this assumption, the wave strengths are also of class W2
and (when i # j or when ¢ = j but the incoming waves have opposite signs)
the estimates (7.2) follow from a standard division argument. Of course,
relaxing the W2 regularity is actually one new feature in Theorem 7.1.

Precisely, let us describe the set of solutions under consideration by
fixing the left-hand state u; and using the wave strengths

8 =0 (U, Um), S = 0 (Um, Ur)
as parameters. The state u, is regarded as a function of s; and s;, that is,

Up = P (g (U ) + 855 Um)y U 2= Vi (ps(wr) + 835 u7).

We set
Sis k=i 7& Js
Sj, k=j i7
Hy (s, 85) := on(u, ur) — 534_5]. k:jiz
0, otherwise.

Clearly, if either s; = 0 or s; = 0 one of the incoming wave is trivial and
we have Hy(s;,s;) = 0, so we expect that

|Hk(8j,5i)| S C|Si Sjl (75)

for all relevant values s;, s; and for some uniform constant C' > 0. Indeed,
we have

“ oH
Hk(Sj,Si) = Hk(Sj,O) + —8 k(Sj,O’”) dO’”
0 Si
s OH, S 92H,
- H 0 0.0" " "MV do' ) do
k(sja )+/0 (881'(70-)_'_ 0 88j88i(0,0) U> g,
which gives (7.5) with
0% H;,
C:= ‘ ,
Sub 88]'881'

since Hy(sj,0) = Hy(0,s;) = 0 and under the regularity assumption (not
satisfied in general) the functions o and 1 have bounded second-order
derivatives.

The novelty of our method is that we will establish a similar result
when the wave curves are Lipschitz continuous only and their first-order
derivatives are Lipschitz continuous at the base point (Theorem 6.2). The
proof of Theorem 7.1 will be decomposed into three lemmas, as follows.
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Lemma 7.2. Under the assumptions in Theorem 7.1, the estimate (7.2)
holds when i # j, that is, for all 1 < k < N

ok (ur, ur) = ok (U, Um) + 0k (Um, ur) + Cx O(1) |o(ur, Um) 05 (Um, ur)]-

Furthermore, the estimate (7.2) holds when i = j and, o;(uj, uym) and
0i(Um, uy) are of opposite signs:

oi(ur, ur) = 05 (Ui, Um) + 03 (U, ur) + Cr O(1) |0 (wr, Um) 05 (U, Ur)]

and for all k # 1
ok(ug, ur) = Cx O) |oi(ur, wm) 05 (U, ur)].

To cover the case i = j when the incoming waves are both megative or
both positive, we distinguish between the following three possibilities:

(a) either both incoming waves are shock waves,

(b) or the wave connecting wu; to wu,, is a shock wave while the wave con-
necting u,, to u, is a rarefaction,

(c) or else the wave connecting u; to u,, is a rarefaction wave while the wave
connecting u,, to u, is a shock wave.

Case (c) turns out to be very similar to Case (b) and, in the following,
we will omit the statements and proofs for this case. We reformulate the
interaction estimates first in an approximate sense.

Lemma 7.3. (Approximate Riemann solution.) In Case (a) (shock/shock
interaction) there exists a state u,. € H;(w;) such that the i-shock wave
connecting u; to u.. is admissible and

oi(u, up) = oi(w, um) + 03 (Um, ur),
[uy. — ur| = Cx O(1) Q(ur, um, ur), (7.6)
oi(uy, uy) Ai (ur, uy) = o (i, ) Xi(ula Upn) + 0 (U, Ur) Xz’(uma uy) .
+Cx O(1) Q(ug, tm, ur).
In Case (b) (shock/rarefaction interaction) there exist two states ul, €
O;i(um) (with possibly v, = u,) and u; € H;(u,,) such that the i-shock wave
connecting u; to u,, is admissible, u, = 1;(p;(u,);u;) and that

oi(up, up,) + oi(ul,, ur) = o3 (ug, Um) + i (Um, ur),

|03 (Ui wr)| < |03 (U, ur)],

lug — w| = Cx O(1) Q(ur, nm, ur),

o (uh,uly) Ni(u), uly) = o (i, wm) X (Wi ) + 04 (W, uly,) Xi(um, ul,)

+Cx O(1) Q(uy, U, ur),
(7.7)
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where \; (um, ul,) is the averaged speed of the rarefaction wave defined
by

~ , 1 i (ury,)
Ai (U, Uyy,) = / Ai(w; (v uy,)) dv.
( ) wiun,) = pi(um) Sy, ) (il 2

It will be convenient to introduce the following notation: when u_ is
connected by us € W;(u_) by a sequence of rarefaction waves (connecting
u?P~1 to u?P, say) and shock waves (connecting u?? to u?P*1, say), we set

i (u?P)
Liu_uy) = / N(ws (3027 dv
yn

7.’(u2p—1)

+ Z o (u?P, u?P T N (u?P, u?P ).
P

More generally, we denote by Ij(u;,w,) the quantity associated with the
i-wave fan within the Riemann solution associated with the data ug, u,.

The lemma above shows that the quantity I changes continuously at
interactions, up to an error of order Q(uy, tm, u,). That is, in both Cases (a)
and (b) we just proved:

Li(ur, ur) = Li(ug, um) + (U, ur) + Cx O(1) Q(ug, tm, ur).  (7.8)

The following lemma provides a generalization of this formula to the exact
Riemann solution.

Lemma 7.4. (Exact Riemann solution.) In Case (a), the outgoing pattern
determined by the Riemann solver contains a (large) admissible i-shock wave
connecting some states u; and u, € H;(w;), plus other waves (in other j-
families) with total strength Cx O(1) Q(uy, Um, uy). Precisely, we have

oi(up, ul.) = o (ur, um) + 0 (Um, ur) + Cx O(1) Q(ug, U, uy),
lu; — w| + |ul. — uy| = Cx O(1) Q(ui, U, ur),

Ii(ug, up) = o (ug, ul) Ni(ug, ul)

= Li(ug, um) + Li(tm, ur) + Cx O(1) Q(ug, Uy, uy)

(7.9)

= 0 (ur, Um) i (ur, Um) + 05 (U, Ur) Ai (U, Ur)
+CK 0(1) Q(ula U, U’T)'

In Case (b), the outgoing pattern determined by the Riemann solver con-
tains small j-waves (j < i) connecting w; to some state u;, a (large) admissi-
ble i-shock wave connecting u; to some u;,, € H;(u;) plus otheri-rarefactions
and shocks connecting ul,, to u.., followed by other (small) waves in other j-
families (§ > ©). The small waves have total strength Cx O(1) Q(ug, U, wy).
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Precisely, we have
0i (u;a uy,) + oi(u,, u).)
= 0 (up, um) + 0 (Um, ur) + Crx O(1) Q(ur, Um, uy),
|03 (> )| < 03 (tm, ur)| + Cx O(1) Q(ut; um, ur),
lup — wi| + [up, — um| + [ug — ur| = Cx O(1) Q(ur, um, uy),
Ii(ug, up) = Ti(ug, upy,) + Li(ug,, up) + Cr O(1) Q(ur, i, ur)
= Li(ut, um) + Li(um, ur) + Cx O(1) Q(ur; U, ur).

(7.10)

Finally, we note that the general case of two Riemann patterns can be
obtained by induction from Theorem 7.1.

Theorem 7.5. (Interaction between two Riemann solutions.) For all u,
Um, and u. € B, and 1 < 4,5 < N, the wave strengths o (u;, u,) of the
outgoing Riemann solution connecting the left-hand state u; to the right-
hand state u, satisfy

or(ug, ur) = ok (up, Um) + 0k (Um, ur) + Cr O(1) Q(wy, U, ur), 1 <k < N,
Iy (ug, ur) = T (g, um) + Dy ) + Cx O(1) Q(ug, s ), 1 < B <N,

where the interaction potential associated with the two Riemann solutions
18

Q(ula U, 'U'r)
— ko, k+1, +1 ko k+1 +1
= Z O(u”, u T uP, uPT) oy (u®, u ) o (WP, uP T,
(uk,uktt), (up,urtt)
where the summation is over all elementary i-waves (uF, u*™1) and j-waves

(uP, uPTL) in the incoming Riemann solutions (the i-wave being located on
the left-hand side of the j-wave) and the weight is defined by

;
0, ©<J,
1, 1> 7,

B 1, i =3 and o;(uF, uFTY) oy (uP, uPt) <0,
0; (uF, uF L uP wPtY) i = j and o (uF, uF ) oy (uP uPtt) > 0.

We will now give the proof of Lemmas 7.2 to 7.4.

Proof of Lemma 7.2. We are using the notation

Um = U (s5) 7= 1 (g (w) + s5;0),
U = ur(8;, 85) = Vi (i (W) + 853 Um),
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and, for the intermediate states u; which determine the outgoing pattern,
uy = uy,
uj =gy (5is55) = Pr (e (ui) + tr; u),
u?\/-}-l = u7v+1(3ia Sj) = U,

where t;, = tx(s;, ;) denote the strengths of the outgoing k-waves. We will
prove that
[ti(si, 55) = sil + |t5(s6,85) = 551 + D [ta(si,55)] = Cx O(sis5), (7.11)

k#i,j

relying solely on the following uniform properties of the wave curves (The-
orem 6.2):

Py (e (u) + s;u) = 7 (u) + Cx O(s), (7.122)
(Dythr) (pr(u) + s5u) =T — 7 (u) @ Vug(u) + Ck O(s),
which of course imply that the curves are uniformly Lipschitz continuous:

Up(miu) = O0(1),  (Duthr)(msu) = O(1). (7.12Db)

Recall also that, since attention is restricted to a neighborhood of the origin
in IRN,
|uj(si, 85) — w| = o(1),

- (7.12¢)
[ti(sis85) = sil + [tj(si,55) = 85| + [te(si, s5)| = o(1),  k#i,5.

To begin with, from the definitions we easily determine the partial
derivatives of the states u,, and u,:

O
881' o 0’
O, , . .
55, = (g (w) + 855 w), (7.13a)
dur o i
s; = (Mz(um) + 855 U,m),
and
Ky _ ) O,
s, Vi (i (wm) + 45 Um) (vm(um)a, e )
Um
* (Do) (st) + 355 0m) 5 = (7.13b)

= (i) + 52 ) (Vs ) - 0 (1) + 55 0))
+ (Duthi) (i (wm) + 8i5 wm) ¥ (g (wr) + 555 ur).
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On the other hand, for the outgoing wave pattern we find

ous
1 _
({)Si ’
ou; . . L Oup Ot
S — g () + s ) (Vi) - 2+ 55) (7.14)
ouy,

+(Duthr) (g (i) + tr; ui) 95’

together with a entirely similar expression for the s;-derivatives.

It will be notationally convenient to introduce the following mapping
(which is based on replacing Juj/ds; and 0Ot /0s; by a constant vector
V € IRN and by zero, respectively, in the right-hand side above):

st = @k(si, Sj) IZRN [ ZRN,

Di.(si, 57)[V] = 0p, (w (uf) + tis uf) (Vui(u;;) . V)
+(Duthr) (Mk(uz) + tx; u,*ﬁ) V.

Hence, (7.14) takes the form

8“;;4_ 1 8tk 811,;; i|

D5, = w; (Mk(u;g) + tx; ’U,;;) D5, + &y, [ 05, (7.14")

Using the formula inductively, we are able to express du,./ds; in the form

ou,  Ouy gy

({)Si ({)Si
« o Ot
— Ui ) + et ) 2
Otn_
+y [wﬁv_l(uw_l(u;,_l) +tN_1;u,}‘v_1)} %
Otn_
(@ 0 @x—1) [V o (v (ko) + sty )| 2
/ . 1 0t

+(Q5NOQ5N—1--.OQ52) [¢1(M1(u1)+t1;u1)} 95, (7.15)

Equivalently, (7.15) shows that the “unknown” coefficients 0ty /0s;, 1 < k <
N, satisfy the following vector-valued equation:
8t1 8t2 8tN 811;7«

— — +... = 7.16
“ s T Si tetan Os;  0s; (7.162)

and, similarly, for the s;-derivatives:

8t1 8t2 8tN 811;7«
a“ 88]' ta 88]' te.ton 88]' n 88]',

(7.16b)
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whose coefficients ar = ax(si, s;), k=1,2,..., N are given by
an(si,55) = U (un (uy) + tn; uly),
an-1(si, Sj) =N W?\/—l(/ﬁN—l(U?\/—l) +tn-1; u?\/—l)}a

an—2(si,55) = (Pn 0 PN-1) [%v_g(/w—z(u?v_z) +tn_2: UR/_Q)},

a1(s;, s;) = (@N odpn_1---0 @2) [w'l (ul(uf) + tq; uf)} .

Observe that these coefficients depend smoothly on the data, in the sense
that there exist smooth (polynomial) functions Fy, Fs, - -, Fy such that

any = Fy (%v (un(uly) +tn; “7v))a
an—1=Fn_1 (’lp;\[ (MN(U}K\[) + 1IN Uf?\/‘)a Dyin (MN(U}K\/') +1In; U'}K\/')a

Vi (i), Yy (11 (i) + b1 uiv) )

ay = Fy (%f (un(uy) + tnsun), Dutbn (pn (ui) + tns uly), Vies (u)y),

Wy (p2(u3) + tos us), Dutha (p2(u3) + tos u3), Vs (us),
04 () + ) ).

Next, we investigate the properties of the coefficients ax(s;, s;). From
the definition of @5, and the uniform bounds (7.12b), we have immediately

Py (si,55)[V] = O |V],
which implies that the coefficients aj, are uniformly bounded:
ak(si, s5) = O(1). (7.17)
Using the properties (7.12a) we obtain the more precise estimate:

Pr(si, 55)[V] = Tr(up) (Vaw(ui) - V) + (I= (7 @ V) (up)) V
+Cx O(1) [tx(si, 57) [V].
But, noticing that, for any three vectors a, b, c € RY, (a & b) c=a (b . c),

and thus
(75 @ Vi) (up) V =i (up) (Vak(uy) - V),

the above estimate is rewritten as

Dy (si,8)[V] =V + Cr O(1) [ti(si, s5)| |V]
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or, regarding P (s;, s;) as an N x N matrix,
@k(si,sj) =I1+Cgk O(l) |tk(8i,5j)|. (718)

It then follows from (7.17), the definition of ay, and (7.12a) that
ar (8, 85) = Tr(ui (s, s5)) + Cx O(1 Z|t (si,85)]

thus with (7.12c¢)

N
ak(si, s5) — Tr(w) = Cr O(1) |ug(si, s5) —w| + Cx O(1) Z Itp(sis s5)]
p=k
= o(1).

In particular, the determinant of both linear systems (7.16) is uniformly
bounded away from zero:

det (al(si, $5)s .o ar(si, s])) = det (Fl(ul), o ,?k(ul)) +o(1). (7.19)

Observe now that using (7.12b) within the expressions (7.13) yields a
uniform bound for the source-terms Ou,/0s; and du,/9ds; of the systems
(7.16):

ou, ou,
({)Si 88]'

Therefore, relying also on (7.17) and (7.19), we deduce that the (unique)
solutions of (7.16) are also uniformly bounded:

= 0(1).

Ou) 2% Z o1y, 1<k<N. (7.20)
88]' 88]'
In turn, since by definition
ti(s’iao) = Si, tk(siao)zoa k#“
tj(07 Sj) = S5, tk(07 Sj) =0, k#])
we deduce that the outgoing wave strengths satisfy (at least)
tk(slasj): 0(8])? k#“
t(si,s5) = O(si), k#J.

Then, returning to (7.14’) we deduce from (7.12b) and (7.20) (by induction
on k):

(7.21)

ou,
({)Si

8% ‘ _
88]
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and, by integration,

[ui (st 55) = i (0,57)] = O(s:),

(7.22)
[ (51, 55) = i (51,0)] = Osy).
We now distinguish between two cases.
Case 1 : Suppose that |s;| < |s;|. We claim that
‘ak(sz', s5) — a(si, 0)‘ = CkO(sj),
(7.23)

ZZ: (Si, Sj) - g—z(sz, 0)‘ = CKO(SJ)

Of course, if the claim is established, relying on the fact that the linear sys-
tem (7.16a) has smooth (polynomial) coefficients and that its determinant
is uniformly bounded away from zero, we deduce that

Oty _
8_81-(&’ Sj) - 8—&(81', 0)‘ =Ckg (’)(3]).

Using Kronecker’s symbols, this result reads
0
‘8—(%(8@ 8j) — Oki Si — Ok; 53)‘ = Ck O(s;),
54
and, after integration in s;,
‘tk(sia 8j) = Oki 8i — Okj Sj‘ =CkO(s;s5), 1<k<N,

which is the desired estimate (7.11).

Finally, to establish (7.23) we proceed as follows. Let us, for instance,
deal with a1 (which is the coefficient having the most intricate expression).
We have

Jax(siv ) = P (v (wie) T = (75 © V) (uie), Vi (i) -+
Fa(u3), L= (75 © V) (u3), Vaa(u3), 71 (uf) )|
=Y CkO(tx) = Ck O(s;) + Ck O(s;) = Ck O(s;).
k
The function F} is defined in terms of the functions @[V] which in view of
the property (7.12a) can be replaced by
(k) Vi(up) - V4T = (75 ® Vi) (ug),

which, of course, is identically equal to V. Therefore we have

|la1(si, s5) — F1(u})| = Ck O(s;),



Existence Theory for General Systems of Conservation Laws 61

which yields

|a1(si, 85) — ax(si,0)| < |aa(si, s5) — 71 (ui(si, 55))|
+|ai(si, 0) = 71 (ui(s;, 0))
+|71 (i (s, 85)) = 71 (ui (54, 0))|
= Ok O(s;) + O(1) [ui (si, 55) — ui(si,0)]|
= Ck O(s;).

This is the first statement in (7.23). The estimates for the other coefficients
ay and for du,./Ds; are obtained in exactly the same way.

Case 2 : Suppose next that |s;| > |s;|. The corresponding claim

‘ak(si, s5) — ar(0, Sj)‘ = O O(sy),
: , (7.24)
‘a%;(sz» 55) — 320, Sj)‘ = O O(s).

can be checked exactly as in Case 1. Moreover, from these properties we get

ot
= (51,85) — 8—8’;(0, si)| = Cx 0(s),

or

‘%(tk(si, 5j) — Oi Si — Okj 5])‘ = Ck O(si),

which, by integration in s; yields the desired estimate (7.11).

Finally we observe that proving the interaction estimate for two waves
of the same characteristic family but of opposite signs: can be done by
following exactly the same steps as in the case of different families. We now
have ¢ = j and s; and s; denote wave strengths of the same family. But,
all the arguments given above remain valid. This completes the proof of
Lemma 7.2. 0O

Proof of Lemma 7.3. Set w; = pj(w), pm = pi(um) and g, = pi(uy)
and, for definiteness, consider the case that « := o;(u;, Um) = pom — 1 >0
and B := 0;(Um, Ur) = pyr — pm > 0. Other cases can be treated similarly.

Case (a): From the Rankine-Hugoniot relations

Ai(ug, um) (ug — um) = f(ur) — f(um)

and

)\i(um; ur) (um - U’T‘) = f(um) - f(uT)?
we deduce that

i (U, ) (U — U ) + Ni (U, Ur) (U — ) = f(wr) — flur). (7.25)
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Defining the averaged shock speed

B
a+p

we find that the states u; and wu, satisfy the Rankine-Hugoniot relation in
an approximate sense:

—A(up —up) + f(w) — f(ur) = R, (7.27)

where the remainder R is

A= 2 Ni(ug, ) +

i (U ), (7.26)

R = X (ui, tm) (U — ) + N (U, ) (U, — )

—(w — uy) (#“ﬁ Ai(ur, wm) + %Xi(uﬂ%ur)>
= (Nl um) = Ni(tm, ur)) (aiﬁ(w — Upy) — %(Um —uz)> :

Using a standard “division argument” with the function

¢(a, B) =

j_ 5 (0im + @ vl + s ) = vi + 0 )

_a+6(vi(ﬂl + ;) —uz),

which satisfies ¢(cv, 0) = ¢(0, 3) = 0 and is of class W2 at least (since it is
determined from Hugoniot curves which are known to be smooth), we find

|IR| < Ck |X¢(ul,um) —Xi(um,u,«)| [tr — U | |, — wr
= Ck Q(uy, Um, Uy)- (7.28)
Next, take u] € H;(u;) such that p;(u]) = pi(u,). Obviously, we have
oi(ur,ul) = oi(ur, Um) + 0 (Um, uyr).
By our choice of u. we have
i) (o, — ) + (L) — fur) =0,

thus using (7.28) we arrive at the identity

Al = )+ F(l) = Fur) = (i) — A) (i — ) + R, (7.29)

which we now use to estimate the difference |u] — w,|.
To this end, introduce the decomposition

L — Uy =: Zozj 7i(ur, ul),
J

so that

Z(Xj(ur, ul) — A) a; Fi(up,ul) = (Ni(w, ul) — A) (wl, —w) + R. (7.30)
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Multiplying (7.30) by 1;(u,, u.) we get

(Nj(ur,ul) — A) ay = (Ni(ug, ul) — A) G (ur, ) (ul, — wg) + U (ur, ul.) R
Here, by the definition of u] we see that

a+p3
u, —up = / v (pu + s;u)ds = (o + B) (Ti(w) + Cx O(a + 3))
0

and that

i (up,ur) = Li(w) + Cr O(fur — w| + |u;, — w)
Li(w) + Ck O(a+ B).

Therefore, we find

1 (ur, ul) (), —w)| < C(a+B)?, j#14,
1

) (7.32)
el (a+8) < |li(u,«,u;)(u; — ul)| < C(a+p).
Then, it follows from (7.31) that
| < C i, up) = Af(a+ 8)* + CIRI,j #1,
which (since p;(u)) = pi(ur)) is equivalent to saying
lur. — up| < C|Xi(u,ul.) — Al (e + B)* + C|R|. (7.33)

Moreover, in view of (7.31), (7.32) and the fact |a;| < C'u. — u,| we also
obtain

(a+ B) |X¢(ul,u;) — A| <C (|u,« —ul |+ |R|) (7.34)
Finally, combining (7.28), (7.33), and (7.34) we arrive at
lup — up| + (a+ B) [Ns(ur, up) — A < Cr Q(ur, tim, uy), (7.35)

which establishes the second and third relations in (7.6).
It remain to prove that the shock wave connecting u; to u!. is admissible.
By contradiction, suppose there would exist a state u, € H;(u;) such that

< o 1= () < gy Moy ) = N ).

Of course for the interaction between the two incoming shock to actually
take place one needs that

)\i(ul; 'U'm) > )\i(uma U'T)-

From

Ni(wr, uy) (uy, —wy) = f(uy) — flug)
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and
Ai (W, wr) (s —wr) = flux) = flw),
we then deduce that

i, up) (g, = ue) = fluy) = f(uy).
Therefore, u, € H;(ul.) and .. € H;(uy) and \;(us, ul) = Ni(ug, ul), and
with (7.35)
(a+B) |)\ Us, U A| <Ck |)\ (ug, Um) — Xi(um,u,«)| af (7.36)

On the other hand, since the shock connecting u,, to u, is admissible, we
have

i (1) < N (U, uy) (7.37)

for every u € H;(u,) satisfying p; (wm,) < pi(u) < p;(u,). Now, we choose a
state u € H;(u,) as u := v;(u«; uy-), which is close to u, in the sense that

u— | = |vi (s ur) — vi (g )|
< Clu, —u,

rl

S CK |Xi(ula U’m) - Xi(uma U’T)| Oéﬁ,
therefore

[ Ni (s, up) = Xi(u, up)| < C (Ju— el + |ur — ul)
S CK |Xi(ulaum) _Xi(umaul”aﬁ (738)

From the definition of A and by (7.36), (7.37) and (7.38), we then deduce
that

a (N (ug, wm) — X'(um, ur))

= (a+B) (A= N(we,ul)) + (N (ue, ul) — Ni(u, uyr))
—()\ (um,u,«) i(u, u,«)))

< (a+p3) (|A i (e, . |—|—|X Us, Uy.) X(u,u,«)|

< Ok (Ni(ug, um) — Ni(tm, ur)) af

This leads us to 1 < Ck 3, which is a contradiction when |u,, — u,| is
sufficiently small. This completes the discussion of Case (a).

Case (b): The proof will be divided into three steps.

Step 1. Set u; :=v;(; u,) and define an averaged wave speed A by

_B_
a+ 0

\i= c Xi(ula Upm) + Xi(uma ur).

a+ s
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We are going to show first that the state w; and w, satisfy the Rankine-
Hugoniot relation in some approximate sense:

_)‘(ul - 'U'r) + f(ul) - f(ur) =R, (7'39)

where the remainder R will be estimated. First, from the exact Rankine-
Hugoniot relation

Ai(ui, 'U'm)(ul —um) = flur) — f(um),

we can write the term R in the form

(up — um) —

R = (Xi(ulauﬂ’L) —Xi(umaur)) (oz—l—ﬁ

+(f(um) — fluy) = Xi(um; ) (U — 'U'r))
=: Ri1 + Rs.

—

The first part R; can be estimated in exactly the same way as in Case (a)
and we find

|R1| <C |Xi(ula 'U'm) - )\i(uma 'U'r)| af.

On the other hand, to estimate Ro we express it in the form
Ry = (A(um, ur) = X (U, ur) I) (w — uy) (7.40)

or equivalently
pr

Ry = —/ (Ni(wi(ms um)) = X (s ur)) wh(m; wm ) dm. (7.41)

By (7.40) we have I;(um, u,)Re = 0. Since
X (wi (M5 wm)) = Ni(tm, ur)| + |1 (s ur) wi(m, um)| < CB

for p;(um) < m < pi(u,) and for j # i, (7.41) gives |l (um,ur)R2| < C 3.
Thus, we get |Ra| < C 32 so that

|R| < C’(|Xi(ul, Um) — Ni (U, tr) |+ 63). (7.42)

On the other hand, by the definition of u; we have the Rankine-Hugoniot
relation

Ai(ugs up) (up —ur) = fuf) = flus). (7.43)

Repeating the argument in the proof of Case (a) and using together (7.39),
(7.42) and (7.43) we obtain

[(a+ B) Aiui, ur) = (@ Xi(ur, wm) + BN (wm, ur)) | + Juf = w
<C (lXi(ula Um) = Ni(tm, ur)| @ + 63)
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In particular, we get

(o4 B) Xi(uf', ur) = (a0 X (g, wm) + BAi(um))| + |uf — wl
<C (|Xi(ul, Um) — Ai(um)| @B + 62). (7.44)

Step 2. For simplicity we introduce the notation
wi(v) = wi(Vium),  Vi(v) = vi(p; wi(v)),
Ai(v) == M(Vi(w), wi(v)),  0:i(v) := Ai(v) = Xi(wi(v)).

Take v and h such that p,, < v <v+h < u,. Applying the result (7.44) in
Step 1 to wy, = w;(v), u, = wi(v + h) and u; = V;(v) (in this case we have
uf = Vij(v + h)) we obtain

|(v =+ 1) A3 (v + h) = (v = ) Ai(v) + hxi(wi(v))) |
+[Vi(v+h) = Vi(w)| < C((v — ) h0:(v)| + h?). (7.45)
Dividing both sides of this inequality by h and letting h — 40 yield that
(= ) A:0)) = NaCwi))| + V0| < C v = ) [0, (7.46)

Now, we define u; as follows. By our assumption it is obvious that 6; (t,,) >
0. If 6;(v) > 0 for all v € (tm,pr), we define u;, = u,, u; = Vi(u,)

and v/ := p,. Otherwise, if there exists a zero of 6; = 6;(v), then we set

ul, = w; (V') and u; := V;(v') where 1/’ is the first zero of ; in the interval

(b, ). In any case, we have 6;(v) > 0 for all p,, <v < v'.
In addition to 6;(v) = A;(v) — A\ (w;(v)) we introduce the angle

0i () == Ai(ptm) — Xi(wi ().
Note that A(jtm) = Ni(Um, w;) and
0;(v) — 0:(v) = Ai(v) — Ai (fim)-
Then, by (7.46) we obtain

(0 = ) 4:)) < Aw(w)) + C (v = ) ()

and, equivalently,

(=) 6:)) <~ = ) A ()Y +C (v = ) 6i(w).

By integration over the interval [tm,, v] we deduce

v

(v =) 0:(v) < (ptm — 1) 0i(pm) —/ (5 — ) Xi(w(s)) ds

Hm

+C /V (s — 1) 6;(s)ds.

m
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A straightforward calculation shows that

v

(o — 112) 03t — / (5 — ) Mi(w(s)Y ds

Hm

= (o = ) B0 | " (5 = o) MaCuw(s)) ds

m

in which the latter term is non-positive. Therefore we arrive at:

v

= 1) 6:0) < (= ) B:0) + € [ (5= ) O .

Applying Gronwall lemma we have

v

[ = mi(s)ds < 00) o =) [ 01651

Hm

m

for all u,, < v < v'. This, together with (7.46) after integration over the
interval (um,,v’), yields the desired estimates in (7.7).

Step 3. It remains to show that the i-shock wave connecting u; to u, is
admissible and that u, = ;(u,; u). Define the set .S of all v for which V;(v)
is connected to w;(v) by an admissible shock wave, that is,

S = {1/ € [tm, V'] / shock wave connecting V;(v) to w;(v) is admissible}.

By our assumption it is obvious that u,, € S. Now, fix any arbitrary v €
SN [m, V'), and note that 6;(v) > 0. For clarity we set o' := v — p; > 0
and we consider h > 0 satisfying v + h < m’. Then, by (7.45) we have

Vi(v +h) = Vi(v)| < C (6:(v) o'h + h?),

_C
o +h

(7.47)

|A;i(v+ h) — A < (0;(v) &'h + h?),

where A is the averaged speed defined by

~ /
A= —2 A(m) +

P Ai(wi(m)).

o' +h
Now, we will show that if & is sufficiently small, then the inequality
Ai(v+h) < Xi(s; Vi(v + h)) (7.48)

holds for any s € [u;,v + h], which guarantees the admissibility of the
corresponding shock wave. We set u, := v;(s; Vi(v + h)) and we consider
two cases according to the value of s.

When p; < s < v, we define a state u by u := v;(s; V;(v)). Then, by
(7.47) we have

lu —u.| < C|Vi(v +h) = Vi(v)| < C (6;(v) ’h + h?). (7.49)
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Since the shock wave connecting V;(v) to w;(v) is admissible, we also have
A) < Vi), ). (7.50)
We write

Xi(Vi(v + h), us) — Ag(v + h) = Ni(Vi(v), u) — As(v) + E,

E = (A(v) = 4) + (A = (v + ) + a(Vi(v + 1), 1) = Vi), w)
" 0u(0) = A= A+ )] = [RViv + b)) = X))
h c / 2
T 60) = g (B:0) 'R )
i(v)

:a+h( @ +§Z»'

In the above calculations we used (7.47) and (7.49). Here, without loss of
generality we can assume that Co/ < 1/2. Therefore, if h is sufficiently
small compared with 6;(m), then we have E > 0. This and (7.50) imply
that (7.48) holds for pu; < s < m.

When v < s < v 4+ h, we evaluate the quantity under consideration as
follows.

Oé/

Ai(vi(s; Vi(v + h))) = Ai(s; Vi(v + h))
= —0;(v) + (Ni(vi(s; Vi(v + h)) = N;

+ (N (Vi) vi(v; Vi(v)) = Xi(V; (V + h) vi(s; Vi(v + h)))
< —0i(v) + C(|[Vi(v + h) = Vi(v)| +
< —b6;(v)+Ch <0,
if h is sufficiently small compared with 6; (). This, together with Lemma 3.3,
implies that X;(s; Vi(v+ h)) <0 and that

Ni(s;Vi(v +h)) = Xi(v + h; Vi(v + b)) = Ai(v + h)

for v < s < v+ h. This shows that (7.48) is also valid in this case, too.

Summarizing the above arguments, we see that for any v € S N [pm, V')
there exists a small constant h > 0 such that [v,v + h] C S. Moreover,
it is easy to check that the set S is closed: if {m;}{*, C S is a monotone
increasing sequence converging to some value mq, then my, € S. Therefore,
we can sweep out the interval so that the set S should be equal to the whole
interval [, v']. Particularly, we obtain v/ € S which means that the shock
wave connecting u; to uj, is admissible. Finally, since the fact 6;(v') = 0
implies \; (uj, ul,) = Ai(ul,), it is obvious that u, = t;(p; u}). This conclude
the discussion of Case (b). O
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Proof of Lemma 7.4. We only consider Case (a). We rely on the proof of
Lemma 7.3, in which we established the existence of a state u such that
the discontinuity connecting w; to u.. is an admissible shock and

U';- —uy = CK 0(1) Q(ula U, U’T)'

Actually, the arguments given there yield the following stronger statement:
To each left-hand state u; satisfying

u —up = Cr O(1) Q(ug, U, ur)

we can associate a right-hand state u, such that the discontinuity connecting
u; to u, is an admissible shock and

U, —ur = Ck 0(1) Q(UZ, U, ur)-

Indeed, this result is immediate by replacing in the proof of Lemma 7.4 v,
by @; in all of the expressions; all the statements are still valid up to an
error of order Cx O(1) Q(uy, tm, u,) which, of course, does not modify our
conclusion.

Finally, to conclude we consider the entropy admissible shock connect-
ing u; to some right-hand state wu.., which is given by Lemma 7.4 and
solve the Riemann problem having u; as a left-hand state, we connect first
the given state u; to some state u; by using only waves of the families
1,...,i—1 with strengths s1, ..., s;_1, respectively. Then we connect u; to
the corresponding state u, by a large admissible shock with total strength
si + pi(ur.) — pi(w;) such that

s; = O O(1) Q(uy, U, ur).

We finally use waves of the families i+1, ... , N with strengths s;41, ..., sn,
respectively, and reach some right-hand state denoted by ¢(s1,...,sn).
Since the wave curves are transversal and (0, ...,0) = u.., by the implicit

function theorem [9] the Lipschitz continuous mapping

($15.+.,SN) — ©(S1,...,SN)

maps a neighborhood of 0 € IRY to a neighborhood of ul.. When the
strengths are sufficiently small,

5_] = CK 0(1) Q(ul)umauT)a 1 S] S N7

the corresponding Riemann solution by construction has the desired struc-
ture: it contains a large admissible i-shock plus small waves. In particular,
since the prescribed right-hand state u, is in a small neighborhood of size
Cr O(1) Q(uy, m, uy) from the reference state u,., we conclude that we can
connect u; to u, with the desired Riemann structure. 0O
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8. Existence Theory

We are now in a position to establish the general existence theory for
the Cauchy problem

Ou+ Oy f(u) =0, u=u(x,t)€Bs, xR, t>0, (8.1)

u(z,0) = ug(x), x € IR. (8.2)

Here, f€ is a family of flux-functions depending on some parameter ¢, satis-
fying the uniform bounds (Hyp.1)—(Hyp.4) stated in Section 1. We will use
Glimm’s scheme [14] to construct a family of approximate solutions denoted
by u€"(x,t) and then justify the passage to the limit.

We assume that the initial function ug : IR — By, take its values in a
sufficiently small neighborhood of the origin and has bounded total variation
denoted by TV (up). Here, we will take 5 < d4 where 64 < §; was introduced
in Theorem 6.1.

We are given a mesh with space and time lengths h, and h;, respectively,
such that the ratio h;/h, is fixed and satisfies the stability condition

h .
h_t max (| AT, AR]).
T

For simplicity we set h := h,. Let also (&,) be a (random) sequence taking
its values in the interval (—1,1).

Consider any piecewise constant approximation ug : IR — Bs, having
compact support and being constant on each interval (m hy, (m+2) h,) for
all even integers m, with

ufl — ug almost everywhere,

TV (ult) < TV (uq). (83)

The Cauchy problem associated with the initial data uf can be solved ex-
plicitly using the Riemann solution described in Section 5, as long as waves
issuing from two nearby discontinuities do not interact, that is, for all times
< h; at least. At this time 1 := h; we determine the new piecewise constant
function x — u®"(x, hy+) by

ush(z, ti+) = uh(m + 1+ &) he, he—),
x € (mhy, (m+2)hy), m+1 even.
Provided the range of the approximate solution remains in the region By,
(within which we can solve the Riemann problem by Theorem 6.1), we can
continue this construction inductively by solving a sequence of Riemann
problems at each time level ¢, := n h;. If the solution = +— u®"(z,t,—) is

known at some time level then we determine the new piecewise constant
approximation by

ush(z, ty+) = uh(m+ 1+ &) byt —),
x € (mhy, (m+2) hy), m+n even.
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We can derive a uniform bound on the total variation of the approximate
solutions which does not depend on h and ¢, and we prove that the limit
u®" has a limit when €, h — 0.

Theorem 8.1. (General existence theory.) Given §; and K > 0, there ex-
ists a positive 65 < 01 (which approaches +o0o as K approaches 0 and
91 approaches +00), and constants ¢; € (0,1] and C1 < 1 such that for
every sequence of systems of conservation laws (1.1) whose fluz-functions
fe:Bs, — RN are uniformly strictly hyperbolic and non-degenerate in the
sense of (Hyp.1)—(Hyp.4), the associated Cauchy problem admits a solution
u® in the weak sense for each initial condition ug : IR — Bs, satisfying

TV(UQ) <. (84)

(1) More precisely, consider any sequence of approzimate initial data ufl :
IR — Bys, satisfying (8.3). Then, the Glimm scheme generates approz-
imate solutions u" which are globally defined in time and satisfy the
uniform estimates

u(z,t) € Bs,, x€IR,t>0,
TV (ush(t)) < C1 TV (ug), t>0,

[lush (t) — ue’h(s)HLl(lR) < (0(1) 4+ Cq XTV(uQ)) [t —s], t,s>0,
(8.5)

where o(1) — 0 as h — 0, and
A == max (|A™] ]AR™).

(2) When h — 0, after extracting a subsequence if necessary and for almost
every sequence (&), the sequence u®" converges (almost everywhere in
(z,t) and in Ll in x for all t) to a weak solution u® of the Cauchy
problem (8.1) and (8.2),
u€ := lim u®".
h—0
(3) If now the sequence of fluz-functions converges to some function [ in

the sense that

sup |f¢—f|+ sup |Df*—Df| -0, e€—0, (8.6)
uEB51 uchDs,
then the limit
u = lim u*

e—0

exists (almost everywhere in (x,t) and in L for all t) and is a weak

solution of the Cauchy problem associated with the initial data ug and
the flux-function f, and

u(z,t) € Bs,, x€IR, t>0,
TV (u(t)) < C1 TV (ug), t >0, (8.7)
Ju(t) — u(s)|igr) < C1 ATV (ug) [t — 8|, t,5> 0.
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Section 9 is devoted to deriving the uniform bounds (8.5). Here we com-
plete the proof of Theorem 8.1 by assuming (8.5). Note also that, by using
Liu’s technique one can prove that Glimm’s scheme actually converges for
every equidistributed sequence [25]. In addition, the weak solutions obtained
in Theorem 8.1 can be proven to be entropy solutions; see [26], [17].

Proof. In view of the uniform estimates (8.5) we can apply Helly’s com-
pactness theorem. For each time ¢ > 0 there exists a converging subsequence
u®"(t) and a limiting function u(t). By a standard diagonal argument we
can find a subsequence so that for all rational ¢

u(z,t) — u(x, t) for almost every z. (8.8)

The uniform Lipschitz bound in (8.5) then implies that u(t) is well defined
for all ¢ and that, in fact, u®"(t) converges to u(t) in Llloc for all t. The

inequalities (8.7) follow immediately from (8.5). It is a standard matter to
check that the limit u is a weak solution [14]. This completes the proof of
Theorem 8.1 when the uniform estimates (8.5) holds. O

A direct application of Theorem 8.1 yields the general existence theory
for the p-system.

Corollary 8.2. Consider the Cauchy problem associated with the p-system
of gas dynamics

0w — O,u =0,

(8.9)
815“’ + 83;])(1)) = Oa

where v = v(z,t) > 0 and u = u(x,t) represent the specific volume and
the velocity of the fluid in the Lagrangian coordinates, respectively, and the
pressure function p = p(v) is a smooth function which solely satisfies the
hyperbolicity condition

p'(v) <0. (8.10)

Then, given any constant states us, vy, there exist ¢ > 0 and 6 > 0 such
that for any initial data ug, vy satisfying

ug(z) € Bs(ux), vo(z) € Bs(vi), 7€ IR,
TV (uo) + TV (vo) < ¢,

the corresponding Cauchy problem admits a solution in the weak sense.
To establish the corollary, it suffices to approximate the one-variable

function p by a function p¢ having a finite number of non-degenerate inflec-
tion points and to apply Theorem 8.1. Precisely, we have:
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Lemma 8.3. Given a function p : [a,b] — IR of class C3 N W3 there
exist a positive constant G and a sequence of functions p© : [a,b] — IR of
class C® satisfying

(i) sup [p°(v) —p(v)| <G sup [p7(v) —p'(v)] < Ge,

vEla,b] u€la,b]
(i) sup [p”(v)] < sup [p"(v)| +G,
vEla,b) vE[a,b]

(iii) for every v € [a, b] such that p" (v) = 0 we have p*" (v) # 0.
Proof of Lemma 8.3. We define the approximate function p¢ by
p(v) = p(v) + € G sin(v/e),

where G > 0 will be determined shortly. Then, it is easy to see that these
approximate functions satisfy the properties (i) and (ii) in the lemma. Sup-
pose that

pE”(UO) — pE/H(UO) — 0

at some point vg. Then one deduce that

p" (vo) — G sin(vg/€) = p”" (vo) — g cos(vg/€) = 0.

Therefore, we have

_ 1
|cos(vo/€)| < é [p"]| and [sin(vo/e)] < bl 1P"]] e
which yields that

1 = cos?(vo/€) + sin?(vo/€)
1
G2
Now, it is sufficient to take G to be sufficiently large, precisely

< gz @l I + 1" 12).

G* > & 0" [ + 10"l

in order to arrive at a contradiction. This completes the proof of Lemma 8.3.
O

9. Uniform Total Variation Bound

This section provides a proof of the technical estimates in Theorem 8.1.
We use the notation given after the statement of Theorem 8.1. To simplify
the notation we often suppress the explicit dependence in h, €, and/or t.

The total strength of waves in a piecewise constant approximation u =
u(x,t) is controlled by the total variation functional

Vi)=Y lo(x1)l,

zeJ(t)
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where o(z,t) is the strength of the wave located at x and J(¢) denotes the
set of jump points in u(t). The possible increase due to wave interactions
will be measured by the generalized wave interaction potential

Qe(t) = Z @E('r7y7t) |O'(.23,f,) U(Qv t)|a

(z,y)eT ()X T (1)

which should be regarded as an extension of Glimm’s definition (1.4). Here,
the sum is over every pair of waves and ©¢(x, y,t) is a non-negative weight
specified now which is motivated by the interaction estimates derived in
Section 7. We count in Q¢(t) all products of between approaching waves,
that is,

e waves of different families, provided the wave on the left-hand side is
faster than the wave on the right-hand side,
e and waves of the same family.

In other words, we take into account pairs (x, y) of having either x < y and
0 <i(y,t) <i(xz,t) < N+ 1 orelse z <yand 1 <i(z,t)=1i(y,t) <N.As
in Section 7, we introduce the generalized angle

O (z,y,t)
0, i(x,t) <i(y,t),

)L i(z,t) > iy, 1),

IR i(z,t) = i(y,t), o(z,t)o(y,t) <0,
05 (v-(y), v+ (y); v (2), v (2)), iz,t) =i(y,t), o(x,t)o(y,t) > 0.

In view of the following property of the wave strengths
1
& lus@t) — u(@,0)] < ol 0] < Caus et —u_(@0), 9)
V¢ is equivalent to the usual total variation :

Ci TV(u(t)) < V() < Co TV (u(t)), t> 0. 9.2)

Estimating V¢ and @€ is based on the wave interaction estimates derived
in Section 7. On one hand, the wave strengths are increased by a small
amount at interactions. On the other hand, the function Q¢ decreases at
interactions by the same amount at least. To take advantage of this property,
we consider the functional

Ve(t) + C3Q(t).

By choosing a sufficiently large constant C3, the increase of V¢(¢) can be
compensated by the decrease of Q¢(t). This is Glimm’s key idea [14].
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Theorem 9.1. (Decreasing functional.) For C3 > 0 sufficiently large the
(piecewise constant) generalized Glimm functional

t— V(t) + C3Q(1)
is decreasing at each time level t = t,,.

Proof. For simplicity in the notation we suppress the explicit dependence
in e. We follow Glimm’s strategy [14] and we use Glimm’s fundamental
decomposition of the plane into diamonds A. It is sufficient to show the
desired estimate along two space-like curves separated by a single diamond
A. We use simply the notation [VE + Cs QE] for the variation of the func-
tional across the diamond. In addition, it is sufficient to treat the situation
where the waves entering the diamond are elementary waves; the general
case follows by induction in light of Theorem 7.5.

Assume that the wave entering the diamond is an i*-wave with strength
5* (located on the left-hand side) meet with an 7°-wave with strength s°.
Let s” be the strengths of the waves leaving the diamond, where ~ describes
a finite set of indices.

First of all, since V is the sum of all wave strengths which possibly
increase at the time ¢ but by (at most) the interaction potential between
the two incoming waves (Theorem 7.1), we have

SIS < 187 4 187 + 0% |5 57,
Y

where ©*F is the weight associated with the two incoming waves. Thus,
the total increase for the total variation is

V] < C10%8 |5 57|, (9.3)

Suppose first that the interaction involves two waves of different families,
for which we simply have ©*¢ = 1. By definition of the potential, the
quadratic term |s® s°| is counted in @ before the interaction, but is no longer
taken into account after it, since the two waves are no longer approaching
after the interaction. Moreover, by Theorem 7.1, waves in the other families

are of quadratic order at most. Therefore, we find for two waves of the same
family (for which %8 = 1)

Q] < —0%F |s* 5P| 4+ C5 0PV (t—)|s* 5. (9.4)

Consider next the case of two waves of the same family i = i = i®
for which the generalized angle plays a key role and let us derive the same
estimate (9.4). We will use the following notation. Call u;, u,, u, the states
associated with the two waves entering the diamonds with

5% = oi(ur, um) = pri(um) — pi(ur)

s? = O3 (U, Ur) = i (Ur) — i (Um)
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and set also
Q™ = 087 |5 5P| = O (ur, s U, ur) |03 (g, Unm)| |0 (U ).

Denote by u), k =0,1,..., K +1 the values achieved by the i-waves of the
Riemann solution exiting the diamond. In particular, by Theorem 7.1 we
have

ug=uw +CxrO(1)Q~, gy =u+CxO(1)Q.

Since there is no interaction between two (ordered) waves issued from the
same Riemann solution, we have

Oi (up upypiup ) =0, 0<k<I<K.

Denote by J¥ and J* the sets of waves located on the left- and right-
hand sides of the diamond, respectively, which are not involved in the in-
teraction. By Theorem 7.1 we find

[Q] = =6 (1, s tm, ur) |03 (w,um )| |03 (U, ur)|

+ Z B(u—au-i-) U(u_,U+),

(u—,uyp)eJLUJE

where, for example for JE,

M=

B(u—,uy) = Q(UZ,UZH;U—,UH | (wk, wk+1)]
k=1
—O (ur, U u—, uy) |03 (g, um)|
—@(um,u,«;u_,u+) |6 (W s )| (9.5)

and (for instance) @(ul, U U, u+) denotes the generalized angle associ-
ated with the pair of waves (u, ty,) and (u—_,uq).
It is sufficient to derive the estimate

B(u_,uy) =CrgO(1)Q",

since then the principal term in [@Q] above becomes dominant, provided the
total variation

> jo(u—,uy)| = Cx O() TV (u"(t))

(u—,uyp)eJLUJE

is sufficiently small, and this leads us back to (9.4).

In the following we restrict attention to the waves in J%; dealing with
the other set of waves is completely similar.

To begin with, we observe that if (u_,u4) is a j-wave with j > i, then

O (U, Uy u—y uy) = O (g, U ue, uy) = O (U, Up;u—, ug) = 0.
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If (u—,uq) is a j-wave with j < 4, then
O (uyy, upyr;u—uy) = O(ug, umsu_, ug) = O (upm, upju_,uy) =1

and the desired estimate follows immediately from Theorem 7.1. Therefore,
in the rest of the discussion we assume that i = j.

First, consider the non-monotone interactions, for which we simply have
Q(UZ; Um s Um, 'U'r) =1
Suppose for instance that

ui(um) < Mi(ul) < Mi(ur)

and the wave connecting u; to u,, is a i-rarefaction while the wave connect-
ing u,;, to u, is a i-shock. Other cases can be treated in the same way. If
pi(u—) > p;(uy), we find easily

B(u—,uy) = (pilur) — pi(ur)) — (pi(ur) — pi(wm))
_Q(uma Up; U—, ’U,+) (pi(ur) — pi(um))
+Cr O(1) Q™

< — i) = aiCum)| (1= Coc O(1) i) = pis(uum) )
=~ Ja(w) = ()| (1= C OO TV (")) <0, (9.6)
If now i (u_) < pi(uy), we will set
A= Ni(u_,uy)

and restrict attention for definiteness to the case that (u_,u4) is a shock.
No property of A will be used in the following discussion. Therefore, the dis-
cussion below generalizes immediately to rarefactions for which an average
of the characteristic speed should be used.

Let us fix the notation: the outgoing i-wave pattern contains a rarefac-
tion (possibly trivial) connecting u(, to uj, followed by a shock wave con-
necting v} to uj, - - -, followed, finally, by a shock connecting ubp_; to u)Hp
(with K := 2P — 1). We can write

Bu_,uy) = Z/M(uép_l) (/1 - )\i(wi(u;ugp_Q))) dv

p=1 wiuhy, o)

+ zlj: (A — Xi(uhy 1, u'gp)) B (pi(usy,) — pi(uh, 1))

= (us(n) = pi ) = (A= XiCutms )} (piCoar) = piloim)):

The argument is based on the fact that the speeds arising in the expression
of B(u—,uy) (that is, Aij(w;i(v;us, o)) and \i(uy, 1,us,)) belong to the
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same Riemann solution and, therefore, can be ordered monotonically in
some obvious manner. Therefore, we can suppose that for some pg

Xi(uIon—lS) U'l2p0—2) <A< Xi(uIon—la U’IQpO) (9.7)
with, for some v € (Mi(ulgp_Q))/j/i(uIQp—l))’
A = Ni(wi(vo; gy, —»))-
(Other situations are easier to handle.) We then get
wi(tgp) 1)
Bu_,uy) = /u ( — A+ Ni(wi(v; UIQpO—Q))) dv

0

P pi(ulp_q)
ey (= A Nilwi (s, o)) ) v
p—[)o+1 Hi(ulgp_Q)
+ Z ( A+)\ u2p 1)“’21))) (Ml(uép) _Mi(uép_l))
P=Ppo

= (as(n) = pi () = (= A+ Nt wr) ) () = o))

thus
I”l/"‘r(uépo—l) _ ,
B(u_,uy) = —/ Ai (U, ur) — )‘i(wi(y;U'on—Q))‘ dv
Vo
P Hi(u,Qp—l) _ ,

=S / Xt tr) = A3, o))

p_p0+1 piuh,_y)

um; 'U'r X'L' (UIQp—l ) U'IQp)‘

P=po
= (asCw) = pi () = R, ) = 4| (v0 = pa(w))
<0,

which completes the discussion of non-monotone interactions.

When the sequence p;(up), pi(tm), pi(u,-) is monotone, without loss of

generality, we can assume that
pi(ur) < pri(um) < pilur).
There are two main subcases, as before. If p;(u_) > p;(uy), we have imme-
diately
Blu—,uy) = (pi(ur) = pi(w)) = (pi(wr) — pi(um))
= (pi(ur) = pi(um)) + Cx O(1) @~
=CrO(1)Q~.
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If pi(u_) < pi(uy), we distinguish between several types of interactions.
If the incoming waves are both shocks, then the outgoing i-wave is also
a shock wave. Using Lemma 7.4, we can write

Blu-,uy) = (A=N(urur) (i) = palw))
(A= Xt wm))  (iCatm) = ()

(A= X)) (sCr) = i) + Coc O(1) @
= (A uar) = pusCn)) = XiCoat, ) (s ) = s ()

= Rt ) (i) = i) )
(/1 — Ni(uy, um)) - (pi(um) — pi(ur))
(/1 — i (U, 'U'r)) B (1i(ur) = pi(um)) + Cx O(1) Q™

4 ) = o)) = R, ) ) = s ()

| =

= Nt ) (piCutr) = ()|
4= Rt )| i) = i)

1 _
—5‘/1 — Xi (W, uye)

(pi(ur) = pi(um)) + Cr O(1) Q™

which is bounded by Cx O(1) @~ by using the triangle inequality.

Next, if the incoming pattern is made of a shock followed by a rarefac-
tion, then by Lemma 7.4 the outgoing i-wave pattern is made of either a
single large shock (and we can rely on the same arguments as above) or else
a large shock plus (possibly several) large rarefactions and other (small)
waves. To treat the latter case, denote by ME(Uz) (and ulh € Hi(uy)) the
point within the interval (u;(w;), i (u,)) at which the shock speed \; (uy, ulh)
coincides with the characteristic speed A; (ulh) We find

Bu_,uy) = (/1 — Ni(uy, ulh))_ (uz(ulh) — pi(w)) + I (4, ulh, Uy)

—(/1 — Ni(uy, um)) (Mz’(um) - Mz‘(ul))

B /Hi(ur) (A ~ Ai(wi(v; um))) N dv+Cr O(1)Q,

i(uUm)

where I, (4, ulh, u,) is defined in a similar way as I (ulh, u,) in Section 7 by
taking here into account the negative part. That is, with the same notation
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as in Section 7,
i (u®P) -
Fi_(/l,ulh,u,«) ::/ A— )\i(wi(y;u%_l))) dv
wi(u?p—1)
+ Z 05 (u2p, U’2p+1) (A - X’i (u2p, U’2p+1)) B

p

_ /M(ur) (4= Ni(wi(vsum)))~ dv +Cc O0) Q.

i (u])
Consider the following function of the variable (p, A)

901, A) = (A= N, wilpsum)) (0= us(n))

—l—/ui(ur) (/1 — i (w;(v; um)))_ dv.

Note that for all p in [p;(um), uz(ulh)] (which is the interval of interest here)
we have

Ai(ug, wi(vs um)) < Ai(u). (9.8)
We will prove that the function g is non-increasing in g (modulo a term

of order Q). We distinguish between three cases and use Lemma 7.4. If
A < N (ug, wi(p; um,)) we have

9(u, 4) = ( — A+ X (ur, wip; um))) (1= pi(wr))
—I—/M(ur) ( — A+ M (w;(v; um))) dv
= (= A+ X)) (i) = paCam))

i (ur)
+ / (= A+ M) dv + O O() Q"

i (u])
thanks to Lemma 7.4. Thus, the function g is constant in this interval.

If A (v(v;w)) < A < min (X (ug, v(v;w)), Ai(uy)), then by calling 4/ the
point satisfying A = \;(v(v;w;)) we find

g(u, A) = ( — A+ Ni(ug, wip; um))) (1= piw))
+/iﬁ(ur) ( — A+ X (wi(v; um))) dv,

where the latter (integral) term is a constant and the first one is non-
increasing.
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If now A;(u, v(v;u;)) < A < X\i(u,), then using the notation p/ again,
we find

g(p, A) = /ji(ur) ( — A+ Ni(wi(v; um))) dv,

’

which is constant. _
If \i(ur) < A < Xi(ug, v(v;ug)), then

91, ) = (= A+ X wilpss wm)) ) (= pa(ow)

which is non-increasing. Finally, if A > min(\;(u, v(v;w)), Ai(u,)), then
g(p, A) = 0.

This completes the proof that B(u_,uy) < 0 in the monotone case.

In conclusion, for all interactions we found that (9.4) holds, which implies
[14] that the generalized Glimm functional is decreasing. This completes the
proof of Theorem 9.1. O
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