NEWFORMS OF HALF-INTEGRAL WEIGHT: THE MINUS
SPACE COUNTERPART

EHUD MOSHE BARUCH AND SOMA PURKAIT

ABsTRACT. We study genuine local Hecke algebras of the Iwahori type
of the double cover of SL2(Q,) and translate the generators and rela-
tions to classical operators on the space Syi1/2(I'0(4M)), M odd and
square-free. In [9] Manickam, Ramakrishnan and Vasudevan defined the
new space of Sy41/2(F0(4M)) that maps Hecke isomorphically onto the
space of newforms of Sar(I'o(2M)). We characterize this newspace as a
common —1-eigenspace of certain pair of conjugate operators that are
coming from local Hecke algebras. We use the classical Hecke operators
and relations that we obtain to give a new proof of the results in [9] and
to prove our characterization result.

1. INTRODUCTION

Let M be odd and square-free and k be a positive integer. In a remark-
able work, Niwa [10] comparing the traces of Hecke operators proved ex-
istence of Hecke isomorphism between Sy /2(I'0(4M)), the space of holo-
morphic cusp forms of weight k£ 4+ 1/2 on the congruence subgroup I'o(4M)
and Sor(T'0(2M)), the space of weight 2k cusp forms on I'g(2M). In [5, 6]
Kohnen considers a certain Hecke operator on Sy /9(I'0(4M)) which is an
analogue of Niwa's operator at level 4. This operator has two eigenvalues,
one positive and one negative and the Kohnen plus space is the eigenspace
of the positive eigenvalue. Kohnen considers a new space SZ’S%(FO(ZLM )
inside his plus space and proves that this new subspace is Hecke isomor-
phic to S3¥(I'o(M)), the space of newforms of weight 2k and level M.
From Kohnen’s results, it is clear that the Niwa map sends the Kohnen
plus space to a subspace of old forms inside So(T'o(2M)). In a subsequent
work, Manickam, Ramakrishnan and Vasudevan [9] define the newspace of
Sk+1/2(To(4M)) that maps Hecke isomorphically onto S3*(T'o(2M)), the
space of newforms of weight 2k and level 2M. Our main objective in this
paper is to give a common eigenspace characterization for this newspace of
Sk+1/2(F0(4M)) in terms of certain finitely many pairs of cojugate operators.

This is a continuation of our earlier work in [2] where we use local Hecke
algebras to give an eigenspace characterization of the space of integral weight
newforms. The local Hecke algebra method allows us to obtain the newspace
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of Manickam et al in a different way and we show that it is the common —1-
eigenspace of Kohnen’s operator, a conjugate of Kohnen’s operator and pairs
of p-adic analogues of Kohnen’s operator and their conjugates for each prime
dividing M. We call this newspace the minus space at level 4M .

Our results are motivated by the results of Loke and Savin [8] who in-
terpreted the Kohnen plus space in representation theory language. For the
case M = 1, Loke and Savin defined another space of half-integer weight
forms which they showed is “conjugate” to the Kohnen plus space. This
means that it is an image of the Kohnen plus space by an invertible Hecke
operator and is isomorphic to the Kohnen plus space as a Hecke module.
We show that the Kohnen plus space and the space considered by Loke and
Savin do not intersect and that their sum maps isomorphically to the space
of old forms S914(I'y(2)) under the Niwa map. We define the minus space
at level 4 to be the orthogonal complement of the direct sum under the Pe-
tersson inner product and show that it is mapped isomorphically under the
Niwa map to S5 (I'9(2)), the space of newforms on I'g(2). We character-
ize this space as a common eigenspace of two Hecke operators: the Niwa
operator used by Kohnen to define the Kohnen plus space and a conjugate
of the Niwa operator which was considered by Loke and Savin. The minus
space is the intersection of the negative eigenspace of both operators. We
normalize the negative eigenvalue to be —1 as in [2]. Our description of the
minus space at level 4 is completely analogous to our description of the new
space S5V (Ig(2)) in [2] where we showed that S5 (I'9(2)) is the common
—1-eigenspace of two Hecke operators. To summarize the case of M = 1:
We show that the space S, 1/2(I'0(4)) decomposes into a direct sum of three
spaces: the Kohnen plus space, a “conjugate” of the Kohnen plus space given
by Loke and Savin and the minus space. The Kohnen plus space and its
conjugate are indistinguishable as Hecke modules which is the same as say-
ing that they are mapped under the Niwa map to “conjugate” spaces of old
forms. The minus space is different as a Hecke module from both spaces.

In order to generalize this result for M odd and square-free we consider
certain p-adic Hecke algebras for every prime p dividing M. Our work fol-
lows that of Loke and Savin who studies a certain 2-adic Hecke algebra which
allowed them to give a representation theoretic interpretation of the Kohnen
plus space and to introduce the operator which is conjugate of Niwa’s oper-
ator and the space which is a “conjugate” to Kohnen’s plus space.

We compute genuine local Hecke algebras, of the Iwahori type with genuine
quadratic central character, for SL2(Q)), the double cover of SLy(Q),) and
prove that this is isomorphic to the Iwahori Hecke algebra of PGL2(Q,). In
[13], Savin obtained description of Iwahori-type Hecke algebras for coverings
of simply connected Chevally group G # SLy. We are not aware of any
such results for SLy apart from the work of Loke-Savin [8] for the 2-adic case
which, we generalize for any odd prime p.

In our p-adic Hecke algebra, we consider two p-adic operators that give
rise to conjugate classical Hecke operators which when we use along with
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Niwa’s operator and its conjugate allow us to define our minus space at level
4M. We note that these two p-adic operators are p-adic analogues of Niwa’s
operator and its conjugate. We give two descriptions of the minus space: one
description as an orthogonal complement of a certain sum of subspaces and
another description as a common —1-eigenspace of the Niwa operator, its
conjugate and a pair of conjugate operators for each prime dividing M. This
again is completely analogous to our description of the space of newforms
of weight 2k for I'g(2M) given in [2, Theorem 1|. We show that the minus
space of weight k + 1/2 at level 4M is isomorphic as a Hecke module to the
space of newforms of weight 2k at level 2M.

Due to the Hecke isomorphism and multiplicity one it is clear that the
minus space we define is identical to the newspace of [9]. In particular we
obtain a new proof of the Hecke isomorphism in [9]. We note that our
description of the minus space as an orthogonal complement differs from the
description of the newspace in [9]. We elaborate this point in Remark 6.

Our paper is divided as follows. We set up notation following Shimura’s
work on half-integral weight forms and recall Gelbart’s theory of the dou-
ble cover of SLy(Qp). In Section 3 we define a genuine Hecke algebra of
the double cover of SLy(Q,) modulo certain subgroups and a genuine cen-
tral character and give its presentation using generators and relations. In
particular we recall the work of Loke and Savin when p = 2. In Section 4
we translate certain elements in our p-adic Hecke algebra to classical Hecke
operators on Sj1/2('0(4M)). We obtain two classical operators: @, with

eigenvalues p and —1 and an involution sz. We further consider Qv;, which

is conjugate of @p by sz. We check that these operators are self-adjoint
with respect to the Petersson inner product. We recall Kohnen’s classical
operator Q on Sy /2(I'0(4M)) which he uses to describe his plus space. We
show that his operator () comes from the 2-adic Hecke algebra considered

by Loke and Savin. Let @’2 = (ﬁ) Q/v?2 and Q2 be conjugate of @/2

by an involution W4. The operators @; and @p are p-adic analogues of
Kohnen’s operator ) and its conjugate. In Section 5 we define our minus
space S]:+1/2(F0(4M)) and prove our main result:

Theorem. Let Sk:_+1/2

eigenspace of operators @, and @; for all primes p dividing 2M. Then
Ski1/2
q is a prime coprime to 2M and all the operators Uy where p is a prime
dividing 2M , and maps isomorphically under the Niwa map onto the space

o (Lo (2M)).

(Lo(4M)) € Siy1/2(To(4M)) be the common —1-

(Fo(4M)) has a basis of eigenforms for all the operators Ty where

We are certain that the Hecke algebra approach can be employed to give
a newform theory for the space of half-integral weight forms of a general
level. Indeed in [3] we use the methods developed in this paper to define the
minus space at level 8M, M odd and square-free and show that the minus
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space at level 8M is Hecke isomorphic to S5%(I'g(4M)). This generalizes
Ueda-Yamana’s work in [17]|. Please refer to Remark 7 for more details. We
plan to use the results in this paper to study Whittaker functions associated
with automorphic forms coming from Hecke eigenforms in the minus space.
As an application we plan to generalize the Kohnen-Zagier formula for the
twisted central L-values of an integer weight modular form of level 2M.

2. PRELIMINARIES AND NOTATION

Let k, N denote positive integers. Let I'o(N) be the subgroup of SL(Z)
consisting of matrices of the form (%) (mod N). We denote by Si(I'o(N))
the space of holomorphic cusp forms of weight k& on the group I'g(NN). For
each prime p not dividing N we have the Hecke operator T, on Si(Io(N))
whose action on g-expansion can be given as follows: if f = 3> a,q¢" €
Sk(Co(N)) then Tp,(f) = 307 (apn +pk71an/p)qn~

For m € N, let U,,, V(m) be given by the following action on any formal
g-series:

Um(z anqn) - Z amnqna V(m)(z anqn) = Z anqmn.
n=1 n=1 n=1 n=1

It is well known that V(m) maps Si(I'o(N)) to Si(To(mN)) and if m | N
then U, is an operator on Si(I'o(V)).
We briefly recall the theory of half-integral weight modular forms [14].
b
d> € GLI (R)
and ¢(z) is a holomorphic function on the upper half plane H such that
#(2)? = tdet(a)"/2(cz 4 d) with ¢ in the unit circle S := {z € C: |z| = 1}.
Then G is a group under the following operation:

(@, 6(2))(B,9(2)) = (aB, ¢(82)¢(2))-

Let P : G — GLj (R) be the homomorphism given by the projection map
onto the first coordinate.
Let ¢ = (o, ¢(2)) € G. Define the slash operator |[(];41/2 on functions f

on H by f|[Cly+1/2(2) = f(ez)(g(2)) 21

Let N be divisible by 4 and o = <Z Z) € I'g(N). Define the automorphy

factor

Let G be the set of all ordered pairs (a, ¢(z)) where a =

jlonz) =7 (5) (cz + d)'/2,

where e4 = 1 or i according as d = 1 or 3 (mod 4) and (§) is as in Shimura’s
notation. Let

Ap(N) :={a" = (o, j(a,2)) € G | a € Ty(N)} <G.

The map L : To(N) — G given by a — «a* defines an isomorphism onto
Aog(N). Thus P|a,n) and L are inverse of each other. Denote by Aj(NV)
the image of I'1 ().
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Let x be an even Dirichlet character modulo N. Let Sy 1/2(T'0(N), x) be
the space of cusp forms of weight k+1/2, level N and character y consisting
of f € Sy1/2(A1(NV)) such that f|[a*]x11/2(2) = x(d) f(z) for all a € To(N).
In particular when y is trivial Sy, 1/2(Fo(N),Xx) = Sk41/2(A0(V)), in this
case we will simply denote the space by Sy 1/2(Io(IV)).

Let € be an element of G such that Ag(N) and £ 1Ag(N)¢ are commen-
surable. Then we have an operator |[Ag(N){Ag(N)]g41/2 on Spt1/2(To(V))
defined by

FIIA0(N)EAG(N)jps1y2 = det(€)PF DN " Fl[& ]kt

where A[)(N)fA()(N) = Uv Ao(N)fv
Let £ = ((é 02 ,p*/?). If p is a prime dividing N, then by [14, Propo-
sition 1.5],

p*-1
FBaNEB ks =p %2 X Ay 3) kel
s=0

thus if f = 3% ang™ then f|[Ao(N)EAG(N) py1/2 = Doty Gp2nq" =

Up2(f). If p is a prime such that (p, N) = 1 then the Hecke operator T),» is

defined by
Tp2(f) = fI[A0(N)EAG(N)]kr1/2-

We shall be studying local Hecke algebra of the double cover of SLy. We
next recall Gelbart’s [4] description of the double cover. Let p be any prime
(including the infinite prime). The group SL2(Q)) has a non-trivial central
extension by puo = {£1}:

1 — g — éig(Qp) — SLe(Qp) — 1
{, £} (9,£1) +— g
We use the 2-cocycle defined below to determine the double cover SNLQ(QI,).

Let (-, -), be the Hilbert symbol over Q. For g = <CCL Z) € SL2(Qp), define

(g) = c ifc#0
Y734 ife=0’
if p = o0, set s,(g) = 1 while for a finite prime p

c,d). if ed # 0 and ord,(c) is odd
o(g) = {( )o o(©)

1 else.

Define the 2-cocycle o, on SLy(Q,) as follows:
op(g,h) = (1(gh)7(9), 7(gh)7 (), sp(g)sp(h)sp(gh).
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Then the double cover SLy (Qp) is the set SL2(Qp) x p2 with the group law:

(9, e1)(h, €2) = (gh, e1e20(g,h)).

For any subgroup H of SL2(Q,), we shall denote by H the complete inverse

image of H in é\flg((@p).
We consider the following subgroups of SLa(Z)):

KP(p") = {(‘CL Z) €SLy(Zy) : c€ pnzp},

n b 3 n
Kf(p)={<i d)ESLg(Zp) :c€pZy, a=1 (modp Zp)}.

By [4, Proposition 2.8] for odd primes p, §f42((@p) splits over SLa(Zy).
Thus SLa(Z,) is isomorphic to the direct product SLa(Z,) x pe and K (p) is
isomorphic to K} (p) X pa. It follows from [4, Corollary 2.13] that the center
M, of gig((@p) is simply the direct product {£I} X ua. Thus any genuine
central character is given by a non-trivial character of pg X ps.

However /S\EJQ(@Z) does not split over SLa(Z2) but instead splits over the

subgroup K?#(4). In this case the center My of SL, (Q2) is a cyclic group of
order 4 generated by (—1,1) and so a genuine central character is given by
sending (—1,1) to a primitive fourth root of unity.

We set up a few more notations. For s € Qp, t € Q let us define the
following elements of SLa(Qy):

s =(p 1) = (5 V) 0= (1 o) mo=(5 )

Let N = {(l‘(S),G) ts € @p7 €= :tl}a N = {(y(S),G) 1S € va €= :tl}
and T' = {(h(t),e) : t € Q;, € = +1} be the subgroups of SL(Q;). Then
the normalizer Nﬁg(Qp)(T) of T in SNLZ(QP) consists of elements (h(t),e),

(w(t),e) for t € Q). We note the following useful relations: for s, t € Q
and u, v € Qp, we have

(h(s), 1)(h(t), 1) = (h(st), (5,1),),

(w(s), D(w(t), 1) = (A(—st™), (5,1),), W
(h(s), D(w(t),1) = (w(st), (s, =1),),

(w(s), (A1), 1) = (w(st™), (=s,1),),
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(v,uv+1), ifv(uv+1)#0, ordy(v) odd
1 else.

op(y(v), 2(u)) = {

For any subgroup S of SNLQ(QP), we further let NS =NNS, T°=TnNS
and N =NnNS.

3. A LocAL HECKE ALGEBRA OF §f2(@p)

Loke and Savin [8] studied a genuine local Hecke algebra of SLa(Q3) cor-

responding to K§(4) and a genuine central character, and gave an interpre-
tation of Kohnen’s plus space at level 4 in terms of certain elements in this
2-adic Hecke algebra. In this section we shall recall their work on the 2-
adic Hecke algebra. We shall then study genuine Iwahori Hecke algebra for
SL(Qp) corresponding to K} (p) and a genuine character of M, for a general
odd prime p.

Let p be any finite prime and Cgo(éig((@p)) be the space of locally con-
stant, compactly supported complex-valued functions on SL2(Q)). For an

open compact subgroup S of SL2(Q,) and a genuine character v of S (that is,
a character of S that acts nontrivially on us), let H(S,~) be the subalgebra

of C’go(éig((@p)) defined as follows:

{f € C(SLa(Qp)) : f(kGk") = 7(k)F(K') () for § € SLa2(Q,), k, k' € S}.

Then H(S,~) is a C-algebra under the convolution which, for any fq, fo €
H(S,~), is defined by

f1 % falR) = /N £1(5) fo (G Ry = /N £1(hg) £2(5)dg,
SL2(Qp) SL2(Qp)

where dg is the Haar measure on SLa(Q,) such that the measure of S is one.
We call H(S,~) the genuine Hecke algebra of SL2(Q),) with respect to S and
~v. We may sometime denote f; * fo simply by fi fo.

For certain S and ~, we would like to describe the algebra H(S,~) using
generators and relations. In order to do so we need to first compute the
support of H(S,v). We say that H(S,v) is supported on g € SLy(Q,) if
there exists f € H(S,~) such that f(§) # 0. We shall use the following
lemmas to compute the support.

Lemma 3.1. Let S = SN gSg—t. Then H(S,v) is supported on § if and
only if for every k € Sz we have y([k™, g71]) = 1, where [-,"] is the usual
commutator bracket.
Lemma 3.2. The function oz : S5 — C defined by og(k) = v([k~, §71))
is a character of Sj.
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In order to compute the support using above lemmas we shall need certain
results on cocycle multiplication. We note them in the appendix.

We also note the following well-known lemmas that will be useful in com-
puting convolutions.

Lemma 3.3. Let f1, fo € H(S,7) such that fi is supported on STS =
Uiz, @S and fo is supported on SyS = Jj_, B;S. Then

frx falh) =Y f1(6) f2(6; ' R)
i=1
where the nonzero summands are precisely for those ¢ for which there exist a
J such that h € &;3;S.
For j € SLy (Qp) let 11(g) denote the number of disjoint left (right) S cosets
in the decomposition of the double coset SgS.

Lemma 3.4. Let §, h € é\lig((@p) be such that u(§)u(h) = p(gh). Let f1,
fo € H(S,v) be respectively supported on SgS and ShS. Then fi  fa is
precisely supported on SghS and fi * fo(gh) = f1(g) f2(h).

3.1. Local Hecke algebra of §f42(@2) modulo KZ2(4). Let S = KZ2(4)
and let v be a genuine character of My determined by its value on (—1,1).

Since K2(4) is the direct product K37(4) x M, we can extend 7 to a genuine

character of K2(4) by setting it trivial on K?(4). Loke and Savin described

H(S,~) for the above choice of S and ~ as follows.
Using relations in (1), extend 7 to the normalizer

Ngf,((@g) (T') by defining

((h(27),1)) = 1 for all integers n and y((w(1),1)) = (1 +~v((—1,1)))/V?2,
a primitive 8th root of unity. For n € Z, define the elements 7, and U,, of
H(K2(4),~) supported respectively on the K2(4) double cosets of (h(2"),1)
and (w(27™), 1) such that

Ta(k(R(2"), DE") = 7 (k)T((A(2"), D)T(R),

Un (k(w(27™), DK = F(k)F((w(27™),1))7(k")  for k, k' € K2(4).
Theorem 1. (Loke-Savin [8]) For m,n € Z,
(1) If mn >0 then T * Tn, = Tinin-

(2) Ul *7;1 = Un+1 and 7;1 *Ul = Z/ll_n.
(3) Uy xUp = Tp—1 and Uy x Uy = Ti—p,.

The Hecke algebra H(KZ(4),v) is generated by Uy and Uy modulo relations
(Uy — 2v2)(Uy ++/2) =0 and UE = 1.

3.2. Iwahori Hecke Algebra of éig((@p) modulo K{(p), p odd. Fix an

odd prime p. Let S = K}(p). Let v be a character of K}(p) such that it is
Ko () ~
Ki(p) —
(Z/pZ)*. We shall use the same symbol 7 to denote a genuine character of S

trivial on K?(p). Since (Zy,/pZy)™, we can define 7y by a character of
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by defining v(A, €) = ey(A) for A € K{(p). We call H(S,~) with the above
choice of S and v to be the genuine Iwahori Hecke algebra of gfg(@p) with
central character v. Our main result in this subsection is to describe this
Iwahori Hecke algebra using generators and relations when -y is quadratic.

In the rest of this subsection we shall denote K7 (p) simply by Ky. We
first note the following lemma.

Lemma 3.5. A complete set of representatives for the double cosets of
SL2(Qp) mod Ky is given by (h(p"),1), (w(p™™),1) where n varies over
integers.

We need to compute the support of H(Ky,v). Fix an integer n. Let
A = h(p") and A = (A,¢€;). We shall show that H(Kjy,v) is supported on

A. We have
a b e
S;= { ((c d> ,il) € SLy(Zyp) : ordp(c) > max{—2n+ 1,1},
ord,(b) > max{2n, 0}}

We check that S; has a triangular decomposition S; = N SATSAN®A where
T%i = TKo N = {(2(s),£1) : ordy(s) > max{2n,0}} and N%i =
{(y(t),£1) : ordp(t) > max{—2n+1,1}}.

By Lemma 3.1 and 3.2, it is enough to check that the value of v on the
commutator [(B, €)Y, (A, )71 is 1 for any (B, €) in N4, T94 and
N%4 respectively.

By Lemma A.3, for B = (z(s), e2) € N4, we get [(B, e2)7}, (4, e1)7 ] =

—2n __
(<(1) v 1 S) ’1); for B = (h(u)762) € TSA? [(Ba 62)_1¢ (A7 61)_1] =
(I,1); and for B = (y(t),e2) € N4, we get that [(B, e2)”}, (4, e1)7}] =
( 1 0

(p2n _ l)t 1/
done.

Next let A = w(p~™). We show that H(Kp,~) is supported on A = (A, €;)
provided v(u?) = 1 for all units u in Z,. In this case we have

Si= { (<‘C‘ Z) ,jzl) € SL3(Z,) : ordy(c) > max{2n, 1},

ord,(b) > max{—2n +1, 0}}

1). Since each of them belongs to K7 (p) x {1}, we are

and S; has a triangular decomposition S; = NSATSAN%4 where T4 =
THKo NSi = {(x(s), £1) : ord,(s) > max{—2n +1,0}}, N1 = {(y(t), +1) :
ord,(t) > max{2n,1}}.

By Lemma A.3, for B = (z(s), e2) € N4, we get [(B, e2)7}, (4, e1)7}] =
(<1 +2p2n g

_sp?n 1 , 1), so v takes value 1 on this commutator. In the case
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B = (y(t),e2) € N4, we have
1 _
—14-1 _ p
BTATBA= (—t 1+ p 22

so sp(B7*AT1BA) = 1 if either —¢(1 + p~2"t?) = 0 or ord,(t) is even.
Assume that —t(1+p~2"t?) # 0 and ord,(¢) is odd. Then s,(B~1A71BA) =
(ft, 1+ p_Q”tQ)p = (fp, 1 +p_2nt2)p. Let u = 1+ p~2"2. Since ord,(t) >
max{2n, 1}, we have u = 1 (mod pZ,). Hence s,(B"1A"1BA) = (—p, u), =

72nt
> , where ord,(t) > max{2n, 1},

(%) = 1. So in this case also v takes value 1.

For B = (h(u),es) € TS4, [(B, e2)~), (A, e1)~)] = ((1/“2 02> 1), s0

0 u
(B, @), (A @) 1)) = (). B
Thus if y(u?) = 1 for all units u in Z, then H(Kjy,v) is supported on
(w(p™™),€). In particular this holds if our choice of v is quadratic. Thus we
have

Proposition 3.6. If vy is a quadratic character then H(Ky,~) is supported
on the double cosets of K represented by (h(p™),1) and (w(p~™),1) as n
varies over integers.

We now obtain the generators and relations in H(Kp,v) when v is qua-
dratic. o

We consider the character v of K to be the genuine character of the center
M, and extend it to the normalizer group NS~L2 (Qp)(T) as follows.

Let ¢, = 1 or i depending on whether p = 1 or 3 (mod 4), thus Ef, = (_71)
Let t = p"u € Q) where n € Z and u is a unit in Z,. Define

B8 1 v((h(u), 1)) if n is even

t),1)) = e
7(h(8), 1)) Ep (%) v((h(u),1)) if n is odd.

It is easy to see that ~ thus defined is a character of T'.
We now extend ~ to the normalizer Ng T2(Q )( ) by defining v((w(1),1)) :=

1 and using the relation
(w(t),1) = (A1), D) (w(1), (I, (=1,t71) ).
Thus for ¢t = p™u as above,
{ if n is even
Tn

)
Y((h(u),1)) if nis odd.
f

We define the elements 7, and U,, of H(Kj,~) supported respectively on
the double cosets of (h(p™),1) and (w(p~™), 1) such that
Ta(k(h(p™), DK') = (k)7 ((R(p™), D) (R),
Up (k(w(p™™), DK = 3(ky7((w(p™™), 1)7(K)  for k, k' € Ko.
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Thus Proposition 3.6 implies that 7T,, U, as n varies over integers form a
C-basis for H(Ky,v) when v is quadratic.

In order to obtain relations amongst 7, and U,,, we note the following
lemma which can be obtained by using the triangular decomposition of Kj.

Lemma 3.7. 1. Forn >0,

Koh(p"MEKo= ) =z2(s)h@MEKo= |J Koh(p")y(ps).
SE€Ly [D*" Ly $€Lp [p*" Ly
2. Forn>1,
Koh(pMKo=|J wo)hp™™Eo= |J  Koh(p")z(s).
SEZLp [P Ly SEZLp [P Ly
3. Forn>1,
Kowp Ko= | wpwp™Ko= |  Kowlp ")y(ps).
S€Lp/p?" 1Ly S€Lp /P21 Ly
4. Forn >0,
KowpH Ko=) z6wd@"Ki= |J  Kow@®")a(s).
SEZLy [p*"H1Zy, SEZLy [p*"H1Zy,

Proposition 3.8. We have the following relations:
(1) If mn > 0 then Tp * Tp = Tomtn-
(2) Forn >0, Uy * Tp =Upy1 and T—p x*Up = Up+1.
(8) Forn >0, Uy *xT—p =U_y, and Tp, Uy = U_,,.
(4) Forn > 1, Uy« Up =5((—1,1))Ty, and Up, x Uy = 5((—1,1))T_p,

Proof. We prove (1) and the second part of (4). The rest are similar.

For (1) let mn > 0. We may assume both m, n > 0. It follows from
Lemma 3.7 and 3.4 that 7, *x 7T, is precisely supported on the double coset
Ko(h(p"™™), 1)Ko and that

T * Ta((h(p™), 1)(A(p"), 1)) = T ((h(p™), 1)) Tu((R(p"), 1))
Let m and n both be even. Then (h(p™),1)(h(p"),1) = (h(p"*™),1) and so
T * Ta((R(P"T™), 1)) = T (((p™), D) Ta((h(p"), 1))

=7((h(@™), DF((h(P"),1)) = 1 = Tntn((h(p"™), 1)),
hence Ty, * Ty, = Tmtn- Next suppose both m and n are odd, so m 4+ n is
even. Then (A(p™), 1)(h(p"),1) = (R(p"™™),1)(Z, (p,p),) and so

T * Ta((h(p"™), 1)) = F((L, (0, ) ) T ((h(P™), 1)) T (R(p"), 1))

= (‘pl) F((h(p™), )F((R(p™), 1)) = (_pl) ep = 1= Taen((h(p"), 1)).

Now suppose m is odd and n is even (or vice versa), so m+n is odd. In this
case (h(p™), 1)(h(p"),1) = ((p™*™), 1) and so

Ton * Tn((R(p"™), 1)) = & = Tonan((R(p" ™), 1))
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and we are done.
For (4), let n > 1. As before using Lemma 3.7 and 3.4 we know that
Uy, * Uy is supported on the double coset Ko(h(p~™), 1)Ky and that

Up * Uo((w(p™), 1)(w(1),1)) = Un((w(p™™), 1))Uo((w(1),1)).
We have (w(p™),1)(w(1),1) = (h(p™"),1)(—1, (p™", —1),) and so

ﬁ((_‘[? 1)) un * UO((h(pin% 1)) = (pinﬂ _1)pun((w(pin)v 1))2/{0((11}(1), 1))

_ {1<p1>5p(pl> =g, ifnisodd T (B 1)),

if n is even

and thus Uy, * Uy = F((—1,1))T—p. O

We shall consider two choices for 7 as a character of (Z/pZ)*, either - is
trivial or v is given by the Kronecker symbol v = (5> Then we have the
following proposition.

(p—VDUo+p if vy is trivial

G ()

if v is trivial

Proposition 3.9. (1) U3 = {

p
2= {sp@— v+ () it = ().

(8) If v is trivial, then Ty xUy = p Uy and T—1 = (1/p) Uy * Ty xU;.

Proof. For (1) we use Lemma 3.3 to check that U3 is at most supported on
the double cosets Ky and Ko(w(1),1)Kp. Thus we need to only compute the
values of U2 at (I,1) and (w(1),1). Using Lemma 3.7 and 3.3 we have

p—1
US((L,1) =) Uo(((s), 1) (w(1), D))o ((w(1), 1)~ (a(s), 1))
s=0

p—1
—EZMMwOLDﬂmWM—UJXM—$J»
s=0
p—1
= Up((h(—1),1)(w(1),1)(x(~s),1))
s=0
p1 p if ~ is trivial
=) F(=1)=q/_ . .
S0y 0 ()

where the third equality follows from the relation (h(—1),1)(w(1),1) =
(w(-1),(-1,1),) by Equation (1).
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Similarly, we get that

UO ZUO ( ),1))1/{0((11)(1),1)71(1'(8),1)71(11}(1),1))
:Zuo«(‘f ji),1><w<1>71>>
= ZUO ZUO

since Up((I,1)) = 0 (as (I, 1) is not in the support of Up). It is easy to check
that for 1 < s <p-—1,

0= (5 1) ey L) e K,

and hence
p—1 . . ..
p—1 if 7y is trivial
Us (( V(=1/s) V(s) = -1 : .
Z ; > (;) =0 ify= (5).
Thus if we write L{g = iUy + co, we get that

{p —1 if v trivial {p if v trivial

= e (N 2= 1 e (-

0 if v = (5) (7>p if v= (p).

Now we prove (2). Again using Lemma 3.3 we see that L{12 is at most

supported on the double cosets Ky and Ko(w(p~!),1)Ky. So we need to
find the values of U? at (I,1) and (w(p~!),1). Using Lemma 3.7 and 3.3,

W((1.1)) - gum(y(ps), (), e (), ps), 1))
_ §u1<(w<p—l>, D) (), ) (w(—ps), 1)
_ Zo (=1) -2 =0, 2)
S
- {ia) o)
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Finally, we have

Ui (w(p™),1))

p—1
=Y U ((y(ps), D(w(p~"), DI ((w(=p~), 1)(y(=ps), D) (w(p~"), 1))
s=0
p—1 . s —p-
=Soa (w3 ) 6, w0
s=0
p—1

=S5 () ol () = s (=) wttats/mn v,

s=|

o

Now we check that for 1 <s<p-—1

o (3= (3 40,) (), §) v

and so
U ((w(p ), 1)) = Z_; (51 (2)a0mm ()
-£(5)
SP(=2) =0 if v trivial

- -1 (_ -1 _ . )
gzl ps (Sp ) ( pl) (Z 1) if v (5)'
Thus if we write Lllz = c1lhy + co, we get that

0 if ~y trivial p if v trivial
Cc1 = ) C2 =

ep(p—1) if’y=<;> (%)p if7=<;)-

For (3) let v be a trivial character. From Proposition 3.8(4), we have
Uy x Uy = T1. Right multiplication by U; on both sides and using (2) above
give T1 * Uy = p Up. Further, using the same proposition we get that 7_1 =
ul*u():(l/p) ul*ﬂ*ul. |

Remark 1. We compare the p-adic operator U; with Ueda’s classical opera-
tor Y, |16, Proposition 1.27] which satisfies a similar relation. In particular
if we consider operator Uy = g1, then in the case 7y is trivial we have

-1
) = th == (=)
while in the case v = <5) we have

@ = eth? =5 (- 140 (1) ) = (0 16+
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Thus U; satisfies exactly the same relations as the operator Y.

Theorem 2. The “genuine” Iwahori Hecke algebra H(K} (p),~) for~y trivial
or (5) is generated as a C-algebra by Uy and Uy with the defining relations

given by the above proposition.

Proof. We let A be an abstract algebra generated by Uy and U; with defining
relations as (1) and (2) of Proposition 3.9. We have a homomorphism from A
to H () mapping Uy to Uy and U to Us. Tt follows from Proposition 3.8 that
this homomorphism is onto. We let M be the kernel of this homomorphism.
Using relations (1) and (2) it follows that M is a linear combination of
words of the form Uglhily.... and Uylolh;..... There are four possibilities for
the beginning and ending of such a word and each one is mapped by the
homomorphism to a different basis element (again using Proposition 3.8). It
follows that M = 0. O

Remark 2. We note that the Hecke algebras H(K}(p),~) for~y trivial or (5>

are isomorphic (with roles of Uy, Uy switched after suitable normalization,).
Further, these are isomorphic to the Iwahori Hecke algebra of PGL2(Q)),
giving, what Loke-Savin called, local Shimura correspondence at odd primes.

The Hecke algebra generators and relations described above allow a study
of the representation theory of the maximal compact with (K§(p),v) equi-
variant vectors and also the infinite dimensional genuine representations of

I/S\I:(Z) with such vectors. We will pursue this study in a subsequent work.

4. TRANSLATION OF ADELIC TO CLASSICAL.

In this section, following Gelbart [4] and Waldspurger [18], we review
the connection between automorphic forms on SL, (A) and classical modular
forms of half-integral weight. We use this connection to translate certain
elements in the p-adic Hecke algebra described in the previous section into
classical operators and thus obtain relations satisfied by these classical op-
erators. N

Let A = Ag be the adele ring of Q and SLa(A) = SLa(A) x {£1} with the
group law: for g = (g,), h = (hy) € SL2(A) and €1, €2 € {1}

(gv 61)(h7 62) = (gh7 61620(97 h))? where U(ga h) = HUV(gvv hl/)
The group SNLQ(A) splits over SLo(Q) and the splitting is given by
sq : SLa(Q) — SLa(A), g (g, sa(g)) where sa(g) = [ [ 5.(9)-
By [4, Proposition 2.16]|, for o = (CCL Z) ['1(N), sa(a) = (%)s unless

S
¢ = 0 in which case sa(a) = 1. Here (§), = () (¢,d)oo-
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b

Lemma 4.1. Let 4 | N. For a = (Z d

> € I'o(N), we have

(5)5 (c,d)y if ¢ # 0 and orda(c) is even
sa(a) =9 (), if ¢ # 0 and ordy(c) is odd
1 ife=0

Proof. If ¢ = 0 then s, () = 1 for all places v and so sp(a) = 1.

Suppose ¢ # 0. Since a € I'gy(N) and 4 | N, d is odd and coprime to c.
By definition, for any finite prime g, we have sq(a) = (¢, d), if ordg(c) is odd
and is 1 else. Hence

sa@= 1] s@)= J] (ca),.

q finite ordg(c) odd

It follows from the proof of [4, Proposition 2.16] (the proof only uses that d
is odd and coprime to ¢), that (5) = [y (¢, d),. Now

I ao,=T[Ca, ]I (c,d)q:<§)s I (a,

ordg(c) odd qle ordg(c) even>0 ordg(c) even>0

So we just need to show that [[o.q. () evenso (¢ d)g i (¢, d), if orda(c) is even
and is 1 if orda(c) is odd (note that orda(c) > 2). Let p be any odd prime
such that ord,(c) is even and > 0. Let ¢ = p**u where u is unit in Z,. Then
(c, d)p = (u, d)p =1 as both d, u are units in Z,. Hence we are done. O

For g = ((CCL Z) ,€) € SLy(R) and z € H, define

., _az+b o 12
g(z) = o and J(g,2) =€(cz+d)/~.

By [4, Lemma 3.3|, J(g, z) satisfies the automorphy condition i.e.,
J(gh, z) = J(§, hz)J(h, z).

Let f € Spy1/2(To(N)) where 4 | N and a € T'g(N). Then considering

@ = (o, sa(a)) € SLa(R), using above lemma we have,

c

F@) = (£) (3 ez + 124 ()

= (£) (e sa(@) (@ 2 )

(51T (@, 2)) 41 f(2) ife=0
=< (e, d)ooleg T (@, 2)) K+ f(2) if ¢ # 0 and ords(c) is odd
(c;d)oo (c,d)q (e T (@, 2)) 2+ f(2) if ¢ # 0 and orda(c) is even.
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cosf sinf

For 6 € R, let k(0) = < sinf cosf

where

). Define Ko, := {k(f) : 0 € (=2, 2x]}

- (k(0),1) if —m <0<,
(k(0),-1) if 2r<f<—morm<6<2m.

i2ktlg .

Then K is a maximal compact subgroup of S\]—ZQ(R) and k(0) — €2 9 is
a genuine character of K. Let

N) := H{(Z Z) € SLy(Zy) : ¢=0, anda,d=1 (mod NZ;)}.

g<oo

Recall the strong approximation theorem for é\fxg(A)l every element g €
SLa2(A) can be written as

g= (av SA(O‘)).&OO(]CD 1)’

where (o, sg(a)) € sg(SL2(Q)), k1 € K1(N) and g € SLy(R) determined
up to left multiplication by elements in sg(I'1(N)).
We follow the notation of Waldspurger [18]. Let x be an even Dirichlet

character modulo N. Write xg = x (_—l)k Define v, on ZJ as

S(t) = 1 ift=1 (mod 4Zy)
YT ife=3 (mod 4Zs),
a b 2
and for kg = c d) € K;(4), define
& (ko) = Fo(d) 7t (e,d)y s2(ko) if ¢ #0
Y2(d) if c=0.

Let xo also denote the idelic character (of Q*\Ag) corresponding to the
Dirichlet character xq (it will be clear from the context when we consider
X0 to be idelic or Dirichlet character) and xo, be the p-component of xo.
Let Aj41/2(N, xo0) denote the set of functions @ : SLa(A) — C satisfying the
following properties:
(1) @(so()g(k1,1)) = @(g) for all ki € [],nSLa(Zq), o € SL2(Q),
g € SLy(A).
(2) @ is genuine, that is, ®((1,()g) = (P(g) for ¢ € po.
(3) For odd primes p such that p™||N, ®(g(ko,1)) = xo0,(d)®(g) for all
_(a b P n
k‘o— (C d> EKO(p )
(4) T2V (0 2 2), D(g(ho 1) = Ex(o)roald) () for all b € K3(2").
(5) ®(Gk(0)) = ez 0®(G) for all k(0) € K,
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(6) @ is smooth as a function of SLy(R) and satisfies the differential
equation A® = —[(2k + 1)(2k — 3)/16]® where A is the Casimir
operator.

(7) ® is square integrable, that is, ISQ(SLQ(Q))\ ST (A)/ 112 |®(§)|?dg < oo.

(8) @ is cuspidal, that is, fNQ\NA(I) <<(1) (1l> g) da = 0 for all § €
SLy(A).

By [18, Proposition 3] there exists an isomorphism between

Apr12(N, x0) = Sky1/2(Lo(N), x)
given by ¢ — fg where for z € H,

fo(2) = ®(Foo) J (Goor 1)

where oo € SLa(R) is such that §oo(i) = z. The inverse map is given by
f = @ where for g € SLa(A) if § = (a, sa(®))goo(k1,1),

©1(9) = f(Joo(8)) I (Joo 1)~

This isomorphism induces a ring isomorphism of spaces of linear operators,

q : Endc(Agy1/2(N, x0)) = Ende(Skq1/2(To(N), X))
given by
q(T)(f) = fT(cbf)-

41. N = 4M, M odd and p|M. Let p be an odd prime and let N =
4M with M odd such that p strictly divides M. In this subsection we
translate the elements 71, U1, Uy and T_1 in the p-adic Hecke algebra to
certain classical operators on Sj41/2(Io(4M), x). We restrict ourselves to

x being the trivial character modulo 4M. In this case xg = (ll)k has

conductor either 1 or 4 and so o, is trivial on Z; while xo 2 acts by Xgl = X0
on Zj.
Let v be the character on (Zp/pZy)* induced by xo,|Z, (so in the current

case 7 is trivial). Then Iwahori Hecke algebra H (K} (p),7) is a subalgebra
of Endc(Ag+1/2(N, x0)) via the following action: for 7 € H(K{(p),) and
® € Apy1/2(N, x0),

T@@ = [ T@o(Gad:
SL2(Qp)

Proposition 4.2. Let M be positive integer such that p strictly divides M .

Let x be the trivial character modulo 4M and let v be induced by xop. Let

Ti, Ur, Uy, T-1 € H(K((p),) and f € Spi1/2(To(4M), x). Then,

—1\* ol Z4+s
(1) (—) a@NE)=p 23 f = pO UL (f).
(5) ame =2 5 (557) =

p
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p—1
@) a0 =55 (1) (B2 3 0wt s, where
s=0

20
as = (p n — 4Mms T;) € Mx(Z) is of determinant p* and m, n €

dpM(1 — s)
Z are such that pn—(4M/p)m = 1, and ¢, (2) = (4M(1—s)z+1)'/2.
p—1
(3) aUo)(1)(2) = 3 FIl(Bs @5 )k /2(2), where
s=0

= (41%/11 npszAZJ & Lo(4My) with My = M/p andm, n € Z

are such that pn — 4Mym = 1 and ¢p, = (4M1z + (np — 4Ms))1/2.
k p’-1

() a(T-)(f)(z) = (;) S A1lCr: 60, (D ja(2), where
s=0
7= <_ff;43 (f) and 6, (2) = (—4(M/p)sz + p~1)1/2,

Proof. For (1), let §oo = (goo, 1) € éiQ(]R) such that gooi = 2. Then using
decomposition in Lemma 3.7 we have

Ti(@1)(Goc) = Y 7(h(p): )P (Goc(x(5), 1) (h(p). 1))
s=0

0 p
SL2(Q) (note that ®¢(sq(a)g) = ®¢(g) for any o € SLa(Q), g € SLy(A)).
Clearly s,(As) = 1 for all primes v, so sg(As) = (As, 1). The oco-component
of

p~t —pls
where for each 0 < s < p?—1, we take A; = h(p~1)z(—s) = ( ) €

(A5, 1) Goo (2(s), 1) (h(p), 1)
—— =~

diagonal oo place p place

is (As, 1)goo, for a prime g such that (¢, 2M) = 1 the g-component is (Ag, 1) €
SLa(Z4) x {1}, for a prime r such that (r, 2p) = 1 and 7°|| M, the r-component
is (As, 1) € K5(r°) x {1}, the 2-component is (Ag, 1) € K2(4) x {1} and the

p-component is (A, 1)(w(s), 1) (h(p). 1) = (1. (p.p),) = (I, (F)):
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Since x is trivial, xo2 = (i)k while xo, and xo, are trivial. So the
k
2-component acts by €(As)xo0.2(p) = Y2(p)x02(p) = & (%) and the p-
component acts by ( m ) Thus,

2-1

Ti(®s)(Goc) =5 Y r(50(As)Foo((5), 1) (R(p), 1))

s=0

& (;)’f(;)”gwsgwn
< )kpijlf AsGoo (1)) T ((Asgoo, 1),1) 7271,

Consequently,

k p*-1
A(T)()() = Ti(@5)(o0) T (900, 1), )% = <_pl> L <p+ > |

For (2) we need the following decomposition (we use (4, M) = 1)
Kow(p )EKo= |J wy(AMs)w(p ")Ko.
SE€Lyp [pLyp

Taking oo such that g7 = z we have

Uy () () —ep( )Z<I>f oo (y(AD), 1) (w(p), 1).

Since p is coprime to 4M/p, we fix m, n € Z such that pn — (4M/p)m = 1.
For 0 <s <p-—1, take

[ pn % 1 0\ _ pn—4ms% %
As = (4M 1> (4Ms 1) - <4M(1 —s5) 1) € SL2(Q).
Since s,(As) = 1 for all primes v we have sg(As) = (As,1). As before the
oo-component of

SQ(AS) Joo (y(4M’S)a 1)(w(p_1)7 1)
is (As, 1)goo, for a prime ¢ such that (¢,2M) = 1 the g-component is (4, 1) €
SLa(Z4) x {1}, for a prime r such that (r, 2p) = 1 and 7°|| M, the r-component
is (As,1) € Kj(r®) x {1} and the 2-component is (As, 1) € K?(4) x {1} (as
(2,2)-th entry of Ag is 1). For the p-component we check that (As, 1) =

(<fj\7} ml/p> 1)(y(—4Ms),1) and

(s Do) = (700 ) (M),

p
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Since x is trivial, as before the r-component act trivially, the p-component
acts by ( /p) (as x0,p(4M/p) = 1) and the 2-component by €(As)xo0.2(1) =

1.
Thus we have

Uy (37)(50) = 55 (‘1) Z@f s0(An) 3o ((4Ms), ) (w(p1), 1)

p

p p —0
So we have
M/p 2k—1
U)(N=) =g | — ) | —— f((As,1)2)J((As,1), 2)
w6 =5 (5) (57) &
Let ag = As (g 2) and ¢, (2) = (4M(1 — 5)z +1)'/2. Then
q(th)(f)(=

D ApM(1 —s)z+p

)
:p<—1> <M/p> pzlf <(p2n—4mMS)z+m> AM(1— s)z +1)"F-1/2
5=0
)

(M/p) Zlf! [(as; oy )k+1/2(2)-

p

For (3), using Lemma 3.7 we have

p—1

q)f Joo) Z(I)f (oo (z(s), 1) (w(1),1)).

Let m, n € Z such that pn — (4M/p)m = 1 and let M; = M/p. For
0<s<p-—1, take

(1 —s+m
As = <4M1 —4M15—|—np> € T1(4M).

of sg(As) goo (z(s),1)(w(1),1) is (As,1)(goo, 1), for a prime g such that
(g,2M) =1 the g-component is (A, 1) € SLa(Zg) x {1}, if r is an odd prime
such that r°||M then the r-component is (As,1) € K5 (r°) x {1} and the 2-
component is (As,1) € K#(4) x {1}. For p-component, since ord,(4M;) = 0,
1

we have (<4z\141 g;) 1)((—s),1) = (44,1) and (<4M1 ;’;) (1), 1) =

By Lemma 4.1 we have sp(A45) = ( > = 1. Thus the co-component
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((:ZL) 4]%41> , B) where (3 is either (4M;, —1), or (4M1, np), depending on

whether ord,(np) is odd or even. In either case it is clear that 5 is 1. Thus
. —-m 1
the p-component is <<—np 4M1> 1) € Ko x {1}.
Since x is trivial, the p-component and r-component act trivially, and the
2-component acts by €x(Ag)xo0,2(—4M1s+np) = (4My, —4M;s+np)asa(As)
which clearly equals 1. Thus

p—1
Uo(®)(Goo) = 3 ®((As,1)5oc)
-
F(As2) T (A5 1), 2) 71T (900, 1)) 27
5=0
and consequently
p—1 — ) o
f(4M1z+ Z; ZMlS)) (0412 + (np = M=) ™%

s=0
For (4), using Koh(p~!)Ko = Usez, 2z, y(4Ms)h(p~1) Ko we have

2—-1

T (P (Goo) =55 D @p(Goo(y(4Ms), 1)(h(p~1),1)).

s=0

For 0 < s < p? — 1, take As = h(p)y(—4Ms) = (—4(]\2/}9)5 pol), then
SQ(AS) = (As,&s) where

1 its=0
1 if ord,(s) =1 and orda(s) odd
& = _71 (%,p)g if ord,(s) =1 and orda(s) even
_71 (%,p)p if (s,p) =1 and ordy(s) odd
(5% P)2 (%,p)p if (s,p) = 1 and ordy(s) even.

We verify the above formula for & in the case ord,(s) = 1 and orda(s) is
even, the other cases follow similarly. Clearly ord,(s) = 1 and orda(s) even
imply that ord,(—4(M/p)s) = 1 and orda(—4(M/p)s) is even. So we have
s2(As) =1, sp(As) = (— 4];[8,]9 1), and by definition, so(As) = 1. For any
prime ¢, note that (— 41\;15,]9 e = (=Msp,p)y = (Ms,p),. So

s = HSV(AS) = (Ms,p)p H (Ms,p)q

v q: (g, 2p)=L,
ordg(4Ms) odd
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If ordy(4Ms) is even, then (Ms,p); = (u,p)q for some unit u in Z,, so
(Ms,p)q = 1. Thus using the product formula H(Ms,p)l, =1 we have

v

& = HSV(AS) = (Ms,p)p H (Ms,p)g = (Ms,p)a.

q: (g, 2p)=1

Since (p,p)2 = (_71) we get that (
Thus we have

_71) (422, p)2 = (Ms,p)s and we are done.
p?—1

T-1(®5)(Foc) =5 ) & p((As DFoo(y(4Ms), 1) (h(p~"), 1)).
s=0

Now the co-component of (As, 1) oo (y(4Ms),1)(h(p~1), 1) is (As, 1)Joo, for
a prime ¢ such that (g, 2M) = 1 the g-component is (A, 1) € SLa(Zq) x {1}, if
7 is an odd prime coprime to p such that r°|| M then the r-component belongs
p 0 2
11,1 e K§(4) x {1
e pt) oD E K3 x (1)
and the p-component is (A, 1)(y(4Ms),1)(h(p~!), 1) which is precisely equal
R
> if s =
to (I,ms) where ns :=< 1 if ordy,(s) =1

(51) L)y if (s,p) = 1.
Since x is trivial, o is trivial and so the p-component acts on ®; simply
by multiplication by 7s. Next we look at how the 2-component acts on ®;.

to K§(r®) x {1}, the 2-component is ((_4

Since 0.2 = (_—l)k we get that

— {72(1’_1)X0,2(P_1) if s=0

~ -1
&2(As)x0.2(p ™) To(p~!) "L (=42 5, pV)gsa(Ag)x02(p))  if 5 #0

k
5(2) its=0
k
=ds:=1q¢ep (%) if s # 0 and orda(s) odd
5 <_—1>k+1 (M5 p)y if s # 0 and orda(s) even
p D D yP)2 2 .

One can check that

—1\*
195775 =¢&p (p) 687

p*-1 1\ k p?-1
T 1(®5)(Goc) =Fp Y, Es0ams®p((As, 1)fioo) = (p) D @ 4((As 1)dioo):

5=0 s=0

and so
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Thus
Sk R pz —4M sz + 1\ k712
(0= () () ()
k p*—1
< ) Zf\ (Vs Ds (2))]k+1/2(2)
(¥ 0 _(_ —1y1/2
where 4 CAMs 1 and ¢, (2) = (—4(M/p)sz+p~")"/=. O

Let Q, := q(Up) and WN/pz := q(p~"?U,). Then we have the following
Corollary 4.3. On Sy /5(I'o(4M)),
(1) sz is an involution,
(2) (Qp—p)(@Qp+1) =0,
(3) @y =(51) $ U0
(4) If f € Sk+1/2<ro<4M/p)) then Qp(f) = pf.
Proof. The proof of (1) to (3) follows by using Proposition 3.9 and 4.2. For
(4) we use Proposition 4.2(3). O
We further define an operator Qp on Sk+1/2(F0(4M)) to be the conjugate
of Qp by W, b2, 1e. Q’ 2Qp . Thus Q’ satisfies the same quadratic

~ k
relation as Qp and we have Q;, = (%) plkaszpz.

Remark 3. We note that for a prime q such that (q,2M) = 1, one can sim-
ilarly obtain the usual Hecke operator T2 on Sk+1/2(F0(4M)). In particular,

k
if we take Ty := Xpg),1) € H(SLy(Zy),,) then q(Ti) = 7 p(?’_%)/Qqu.

Moreover if p and q are distinct primes such that p™, ¢ strictly di-
vide N then the operators S € H(KE(p™),vp) and T € H(K{I(g™),7q) in
Endc(Sg41/2(To(N))) commute.

In particular the operators va, sz on Spi1/2(Lo(4M)) that we defined
above commute with Tya for primes q coprime to 2M.

Remark 4. Let f € Spy1/2(T0(2"M)) where v > 2. Then we have evactly
the same statement as Proposition 4.2 for the action on f~wz’th M replaced
by 2VM. In particular, if f € Sii1/2(T0(2"M/p)) then Qu(f) = pf. The

results of the next section on self-djointness also hold similarly.
4.2. Self-adjointness. Let M be odd such that p||M. In this subsection
we check that the operators W2, @) and Q;, are self-adjoint operators on

Skt1/2(L0(4M)). The property of self-adjointness will be used to give a
description of our minus space in terms of common eigenspaces.
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Proposition 4.4. The operator sz is self-adjoint with respect to the Pe-
tersson inmer product.

Proof. We write

a0 =2 () (ML) 5,01, 8= X @b Do

\/T) p p SEL/PZ

where (as, ¢n,(2)) = <<pj;zj\;énil\s4)s Tg) ,(AM(1 —s)z + 1)1/2> € G and

n, m are integers such that pn — (4M/p)m = 1.

We will show that (S,(f), g) = (*71) (f,S,(g)). We write S, = S1,+ Sa.
where S, consists of the s = 0 term and Ss,, consists of rest of the terms.
Also, let My = M/p.

We first consider Sp,. For s # 0, as pn — 4Mims = 1 + 4Mim(1 — s)
it is clear that pn — 4Myms and 4M(1 — s) are relatively coprime, hence
there exists integers u, v such that u(pn — 4Mims) + vAM(1 —s) = 1. In
particular, this implies that —4Mymsu = 1 (mod p). Since —4Mim = 1
(mod p), we get that su=1 (mod p).

u U
We take X = —4M(1 —S) pn — 4Mims

(X,j(X, 2)) where (X, 2) = (1%) (—4M(1—s8)z+(pn—AMyms))'/2,
as pn —4Myms =1 (mod 4). Since f has level 4M we have

fll(as, Pa, (Z))]k+1/2 = fHX*]k—H/QH(QS: ¢as(2))]k‘+1/2'
We claim that in G,

conenon= (). (2)).

It is easy to see equality in the matrix component, also, j(X, asz)da,(2)
—4M(1—s)
pn—4Mims

) € T'o(4M), then X* =

simplifies to just ( ) So we only need to check equality of the

Kronecker symbols (%) = (%) While making a choice of m, n so

that pn — 4Mym = 1, we may choose m to be a negative integer so that for
1<s<p-—1,pn—4Mims =1+ 4Mim(1l —s) > 0. So we have

(i) = (=) (markes) (o)
= <1+4M11:n(1—s)> <1+4M1n:n(1—s)>'

Note that (ppprlaeyy) = (F20m0=2)) = (motihms) _ (u) g

is odd clearly (Wm(l—s)) = 1. Also, if m = 2“m/ where v > 1 and m/

. o 2 v / . . .
is odd, then (1+4M1mm(1—s)) = <1+4M1m(1—5)) <1+4MTm(1—s)) = 1 since in
this case we have 1 +4M;m(1 —s) =1 (mod 8). Thus our claim is proved.
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Consequently, we have Sy, (f) = Zue(z/pz)x f‘[(<p um) <%) Motz

um\ [ . —um\ [,
since the adjoint of (57" (v 5 (5 74"} (4) ke
the adjoint of Sa ), is (%) Sa.p, 1.e., (S2p(f), 9) = (71) <f, Sa.p(9))-

2
: p’n m
Next we consider the term S ,(f) = f][( (4pM o) (4M z+1)Y Ni41/2
For this case we may choose m to be a positive integer. Let v, := Z Z) €

SL2(Z) such that v, = <(1) 01> (mod p) and v, = (é (1)> (mod 8Mym)

(this is possible since (p,8M;m) = 1). We may also choose ¢, d above so
that ¢ < 0 and d > 0. We claim that

S = (5 )+ (58] (5) 4 )

o —ma+bpn
Let v = (@~ 40M P . Then Y € SLy(Z) and pc — 4Md = 0
pc—4Md —mc+ dpn

(mod 4M), so Y € I'g(4M). We further note that —mec+dpn =1 (mod 4),
dpn — me = d(1 + 4Mym) — mc > 0. To prove the claim we need to check
that

y*(<f;\’"2 ’;‘),(4Mz+1)1/2):((§2“c pbd),(]‘gl> (Zcz> (epz + d)/?).

As before, matrix equality is easy to check and the automorphy factor of the

fi;lﬂ/l[;n) times (pcz +d)'/2. So we

need to show that (fg;i%pi) = <%) (5) Now

pc—4Md _ p c—4M;d _ [ —ecm+dpn c—4M;d
—cm~+dpn ] — \ —em—+dpn —cm~+dpn | T P —cm+dpn
S e 1] c—4Myd \ _ ( My c—4Md
- p —cm4dpn ) T P —cm~+dpn | °

: _ _ . c—4Md _ [ d4+em—dpn m
Since (m, —ecm+dpn) = 1 we can write (—cm+dpn) = ( et dun —emapm )-
We have

d+cm—dpn m _ d m _ (g) (m) m
—cm~+dpn —cm~+dpn ] — \ —em~+dpn —cm~+dpn | — \d d —cmA4dpn ) °

We finally check that (%) ( ) = 1. If m is odd,

left hand side equals kronecker symbol (

m
—cm+dpn

(=) = (%) = (R (5) = 1= (),

If m=2"m', v >1 then dpn — em =1 (mod 8) and so

() - () (st - (49) =1 9)
—cm~+dpn | T\ —em4dpn —cm4dpn ) — \m/ ) T 7 \d/®

Thus our claim is proved.




28

Next we note that

(@ 2=

and so S1,(f) = (MT
We check similarly that

)

(6

2
where Z = <
b

71

Note that

&= (o

Thus

[y
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)b
) 3.

) € I'p(4M) and so

) e

—1/4 _
P )]k+1/2 ( D

2) Py ((

0\ _
1) ,p~ V4

) Y.

01

> p Y =g,

0\ _
),p 14

Fl(p) Tsry2 = <_pl> froie fllsy etz = < 1> fllsplry1/2-

p
Since the adjoint of g, is gp_l we get (S1,(f),9) = (%) (f, S1p(9))-
Thus (S,(£),9) = (5) (£ S(9))- So (Wya(f).g) =
= (%) (1.8u0a)) =

done.

)y

Ep (=M
z

) (Sh(f).9)
(f, % <7> Sp(9)) = (f, sz(g». Hence we are

O

Next we want to show that va = q(Up) is self-adjoint. We use the relations

UrTily = pT-1 and Tqilh

- ; (. ; a(Uh)’q

’UM—‘

{q@h)f, a(T-1)g)-

= p Uy (Proposition 3.9(3)). Thus we have

g =; (@(TD)a@h) f.g).

Since by the above theorem ¢(U) is self-adjoint we get that

_ ]13 (. aU)g) = (F.a(Ti)alth

(q(th)f, ]; q(U1)q(Th)q(th

)9)
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Since q(U7) is surjective it follows that q(Up) is self-adjoint if and only if the
adjoint of ¢(7_1) is ¢(71). We now show that the adjoint of ¢(7_1) is ¢(71).

; _ (1 0 1/2 _ p* 0 —1/2y ;3
Consider elements £ = ( 0 P2 ,p/%) and n = ( 0 1)°P ) in G.
1 0

We can choose 5 such that I'g(4M) <O p2) Lo(4M) = UTo(AM)Bs =

U BsLo(4M). So by [14, Propositions 1.1, 1.2] we have Ag(4M)EAG(4M) =
UAo(4M)&s = & Ag(4M) where P(&s) = fBs.
0

2
Since Ag(4M)nAo(4M) = A0(4M)§_1A0(4M)(<% pQ) ,1), it follows

0 p?
Thus for f, g € Sgy1/2(T0(4M)), we have

that Ao(aM)n80(430) = U0 (1) 0

<f|[A0(4M)§A0(4M)}k+1/27 9) = <p(2k73)/2 Z f|[§s]k+1/27 9)

(5)
= (f, pr=3)/2 ZQ|[fs_l]k+1/2> = (f, gl[Do(4M)nAo(4M)]k41/2)

as elements of the type (al, 1) belong to the center of G and act trivially via
the slash operator.
Using the triangular decomposition we check that

rn (7 ) ros = U (79) (L )

and so

p*—1
Ao(4M)nAe(4r) = | J Ao<4M>n<( ! 0),<—4Msz+1>1/2>

—4Ms 1
s=0
p?-1 2
= U aoaan(( By, §) a5z,
s=0

Thus it follows from parts (1) and (4) of Proposition 4.2 that

_1\*
T A ) N R )

aned F|[Bo(AM)ERIM s = (51) pEI20(Ti) (). Thus by caa

tion (5) we obtain the following

Proposition 4.5. The operator q(T-1) is adjoint of q(T1) and consequently
Qp 1s self-adjoint with respect to the Petersson inner product.
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4.3. Translating elements of 2-adic Hecke algebra and Kohnen’s
plus space. Following Niwa and Kohnen’s work, Loke and Savin gave an
interpretation of Kohnen’s plus space at level 4 in terms of certain elements
in the 2-adic Hecke algebra described previously. In this subsection we shall

describe Kohnen’s plus space at level 4M for M odd in a similar way.

Let x be the trivial character modulo 4, thus yg = (_—l)k Let v be a

character of M such that v((—1I,1)) = —i?*T! and let g := vy((w(1),1)).

a b

Then, for any ko = d> € K3 (4) we have & (ko)xo.2(d) = v((ko, 1)).

Proposition 4.6. (Loke-Savin [8]) For Ti, Uh € H(K3(4),v) and [ €
Sk+1/2(ro<4)7x)7

(1) a(T)(f)(z) = 207204 (f)(2).
(2) qU)(f)(z) = <2k+1> Wy(f)(z) where the operator Wy is given by

Wi(f)(z) = (=2iz)"*12f(-1/42) and (2k+1> is the usual Kro-
necker symbol.

Niwa [10] considered operator R = WyUys on S1/2(I'0(4), X), proved that
it is self-adjoint and that (R — «a1)(R — ag) = 0 where ay = Qfﬁ) 2F ay =
—%-. Kohnen [5] defined his plus space Sk+1/2( 0(4)) at level 4 to be the
ap-eigenspace of R in Sy 1/5(I0(4)). It follows from the above proposition

that Sl:r+1/2( 0(4)) is the 2-eigenspace of q(U;)q(T1)/v/2 and hence that of

q(Ua) /2.

In the case of level 4M with M odd and x a trivial character modulo
4M , Kohnen [6] defines a classical operator @ on Sj1/2(I'0(4M)) in order
to obtain his plus space. The operator @) is defined by

Q = [Ao(4M, x)pAo(4M, x)] where p = (<§ i) Le™h,

By [6, Proposition 1] @ is self-adjoint and satisfies (Q —a)(Q — ) = 0 where
a = (~DIED22\/2° 3 = —a/2, and the plus space Sk+1/2(F0(4M)) is
precisely the a-eigenspace of Q.

Proposition 4.7. Let f € Sj11/2(F0(4M)) with M odd. Then we have

Q) = (557 ) 1) = (557 ) 1T,

Consequently Sk+1/2(I‘0(4M)) is the 2-eigenspace of q(U1)q(T1)/ V2.
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Proof. Following [6, Proposition 1] we can write

4
- Zf\[p1kﬂ/2[<4 Mo 1) @M )

i 4+ 4Ms 1
—(2k+1) /4Zf| < 60 s >,(4MSZ+1)1/2]]€+1/2

and its adjoint

- L4 -1 . 1 0
A= ) e enall (g, §) @655+ 1 ki
s=0

4
i Z 4 —4Ms -1
=t =0 f|[< 16M s 4 > ;(4M sz + 1)1/2]k+1/2’

Since Q is self-adjoint, Q = Q.

We now compute q(Us)(f). Let joo € SLa(R) be such that jooi = 2.
Using K2(4)w(272)K3(4) = Usezaz y(4M (1 — s)w(272)KZ(4) (from [8,
Proposition 3|), we get

3

UQ((I)f)(goo) = @Z (I)f(goo(y(4M(1 - S))? 1)(“’(272)7 1))

s=0

L= (31) Ms = (5

1
Take As = AN Wl) /4> € SL2(Q), so sg(As) = (As,1). The

oo-component of
50(As) oo (Y(AM(1 = 5)), 1)(w(272),1)

is (As, 1)§oo, for a prime g such that (¢, 2M) = 1 the g-component is (Ag, 1) €
SLa(Z,) x {1}, for an odd prime p such that p’||M, the p-component is
(As,1) € KB(p®) x {1} while the 2-component is

(Ao, D) (yAM(1 — 8)), D) (w(272), 1)) = <<(§§> ]fé[“ ) ).

. . . 1-M( =+ .
Since M is odd, it is clear that # € Zo and so the 2-component is in

K2(4) x {1}. The p-component acts trivially while the 2-component acts by
(F2(M)) 71 (=1, M)2x0,2(M) =: wp. Hence

3
q(Us)(f)(2) = B8 war Y f(As2)J(Ag, 2) 727!
=0

3 —1 —1
e (4 —4M (37) s2) — (371) k12
= g Wy SEZO f ( 16Mes + 4 (4Msz+1) .
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We note that e(2k+1mi/4 — (2]3_‘_1) Hf;;“ = (2k2+1> ©g. Thus when M =1

(mod 4) since wy; = 1, comparing the expression of Q and q(Us) we see
that Q(f) = <2k+1> qU2)(f). In the case M = 3 (mod 4) we get that
, SO (m) YWy = e (
(2k+1) q(Us)(f). Since by Theorem 1, Uy = Uy * T1 we get that Q(f) =
(m) q(U1)q(T1)(f). Hence we are done.

The last statement follows since (—1)(+:+1)/2 = <2,€2ﬁ) 0

wyr = —i(—1)F 2k+1)mi/4 and consequently Q(f) =

As before we can translate Tq, Uy, Uy € H(K3(4),7) to classical operators
on Syi12(T'o(4M)) .

Proposition 4.8. For f € Sk+1/2(F0(4M)),

(1) a(T(() = 202920, (s Zfr (6 %) 2w

1\ k372
(2) 4th)(F)(:) = 7 (M) FIW, 61 (=) /2(2) where

in m ‘
W = <4M 4> with m, n € 7Z such that 4n — mM = 1 and

dw(z) = (2Mz +2)'/2.

[\ F+3/2 3
(5) a) (1)) =5 (37 3= 114 o, (o) wher

M —Ms+4
da.(2) = (Mz+4— Ms)'/2,

Ay = <n —ns—i—m) with m, n € Z such that 4n — mM =1 and

Define @2 = q(Up)/V/2. Tt follows from the relation Uy = T1l4; that @2
a(T1)qUr)/ V2 V2. One can also observe it directly from the above proposition.
Let W4 := q(Uy). Thus W, is an involution. Let Q’ be the conjugate of
Qg by W4. Thus Qz — 21k, W, and Q’ — 21=k1,U,. The Kohnen’s
plus space at level 4M is the 2-eigenspace of Q2 Note that Qg and @2 are
self-adjoint with respect to the Petersson inner product. The operators Qp

and Qp are p-adic analogues of Kohnen’s operator Q2 and its conjugate Qg

Remark 5. We note that q(Uy) in the above proposition can also be given
by the following expression:

o\ k+3/2
(NG =7 () (31) Aokl
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dn m

where W = (4M N
(2Mz + 4)1/2. We shall use this expression of q(Uy) in [3].

) with m, n € Z such that 8n—mM =1 and ¢y (z) =

5. EIGENVALUES OF U,

For every positive integer n and a modular form F, let F,(z) := V(n)F(z) =
F(nz). Let M be a positive integer such that p t M. If F' € Sor(T'o(M)),
then by the well-known action of 7}, and U, we have

Up(F)(2) = Tp(F)(2) = p* " Fy(2). (6)

Assume that F' € So,(I'g(M)) is a primitive Hecke eigenform and ay, is the
p-th Fourier coefficient of F. Then T,(F) = apF. It is known that a,
is real and by the Ramanujan conjecture proved by Deligne we have that
|Clp’ < 2p(2k_1)/2.

Lemma 5.1. (a) If (p,n) =1 then U,(F,) = a,F, — p**T1F,,.
(b) If p | n then Up(Fyn) = Fyp-

Proof. It is well known that if (p,n) = 1 then V(n)T,(F) = T,V (n)F. Hence
using (6) and that F' is a primitive Hecke eigenform we get that

Up(Fp) = Tp(Fp) — p1Fy = V()T (F) — p?~1F,,
- V(n)apF - p%_lF”p =apky — p%_anp.

For (b) write n = mp. Then

p— p—1
U(E ) = 53 Fog (S58) = 257 P4 0) = Foylo)

Thus U, stabilizes the two dimensional subspace spanned by F;, and F},,
for (p,n) = 1. We will compute the eigenvalues of U, on this space. If
G = \F,, + F,) is an eigenfunction of U, then it follows from part (b) of
the above lemma that A # 0. Hence we can assume that A = 1. We have

Uy(E, + BFyy) = (ap + B)Ep — p** L E,,.

It is clear from above that 8 cannot be zero and that G is an eigenfunction
if and only if a, + 8 = —p?*=1/3 with eigenvalue ap + B. Hence B? + apf +

p?*~1 = 0 and we have
—ap £ /a2 — 4p?F-1
B = 5
The eigenvalues of U, on the subspace (Fy,, Fy,,) are

ap + B =

ap £ /a% — 4p2k-1
5 .
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Proposition 5.2. If an eigenvalue A of (Up)2 on the two dimensional sub-
space spanned by F,, and Fy, is real then \ = +p2h-l,

Proof. Using the Ramanujan conjecture we can see that the eigenvalues of
U, are real or purely imaginary if and only if a, = +2pk=1/2 or ap = 0. In
those cases the eigenvalue of (Up)2 are precisely +p2*1. U

6. THE MINUS SPACE OF HALF-INTEGRAL WEIGHT FORMS

Let M be odd and square-free. In this section we use the operators and re-
lations that we obtain in Section 4 to define the minus space S, | /2 (To(4MM))
of weight & + 1/2 and level 4M. We show that there is an Hecke alge-
bra isomorphism between S, (Co(4M)) and S5 (To(2M)) and we give a

common eigenspace characterization of S /2(F0(4M )). It follows that this
minus space is identical to the newspace in [9].

For the sake of clarity we start by defining the minus space at level 4 and
at level 4p for p an odd prime. After that we treat the general case of level

4M.

6.1. Minus space for I'y(4). We recall the following theorem of Niwa which
was obtained by proving equality of traces of Hecke operators.

Theorem 3. (Niwa [10]) Let M be odd and square-free. There exists an
isomorphism of vector spaces ¥ : Syy1/2(Fo(4M)) — Sor(Lo(2M)) satisfying
Tp(p(f)) = U(T,2(f)) for all primes p coprime to 2M.

Moreover if f € Siy1/2(L0(4)) then we further have Ua(¢(f)) = (Ua(f)).

We also recall the Shimura lift [14|: For ¢ a positive square-free integer,
there is a linear map Shy : Sy /2(Lo(4M)) — Sar(T'o(2M)) given by

w(Ser) £ £ @) Cee(3)]

n=1
(d,2M)=1
We note the following observations [11]:

(a) Sht need not be injective but if Shy(f) = 0 for all square-free ¢, then
f=0.

(b) Sh; commutes with all Hecke operators, i.e., T,,(Shy(f)) = Sh¢(T},2(f))
for all primes p coprime to 20 and Uy, (Shy(f)) = Shy(Up2(f)) for all
primes p dividing 2M.

We denote S]Ll/z(f‘g(él)) simply by S*(4). We note the following theorem
of Kohnen.

Theorem 4. (Kohnen [5])
(1) dim(S7(4)) = dim(S2(To(1))).
(2) ST(4) has a basis of eigenforms for all the operators T2, p odd.
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(8) If f is such an eigenform then (f) is an old form and ¥(f) =
AF + BF5 where F' € S (To(1)) is a primitive eigenform determined
by the eigenvalues of f.

Define Az+1/2( 0(4)) == W4Sk+1/2( 0(4)), which we shall simply denote

by A*(4). We know that S¥(4) is the 2-eigenspace of Q), hence AT(4) is

the 2-eigenspace of Qg Since W4 is invertible we can use the above theorem
of Kohnen to get that dim(A™(4)) = dim(S9x(T'0(1))) and

Corollary 6.1.

(1) A*(4) has a basis of eigenforms under Ty for all p odd.
(2) 1 maps At (4) into the space of old forms in Sox(To(2)).

Proof. Let f € St(4) be an eigenform under T,» for all p odd satisfying

Ty2(f) = Apf. Since W, commutes with all such T2, we get that g =

W, f € AT(4) is also an eigenform under all T,» with eigenvalues ),. By
Theorem 3, ¢(f) and ¢(g) are eigenforms in So,(I'g(2)) under all 7, with
the same set of eigenvalues \,. Since ¥ (f) is an old form it follows from
Atkin-Lehner [1] that 1 (g) is also an old form (belonging to the same two
dimensional subspace spanned by F' and F3). ([l

We note the following key proposition which shows that the sum S+ (4) +
AT (4) is a direct sum. We shall see analogues of this result in Subsection 6.2
and 6.3.

Proposition 6.2. ST(4) A (4) = {0}.

Proof. Suppose there is a nonzero f € S*(4) [ AT (4). We can assume that
[ is an eigenform under T, for all p odd (since T},» stabilizes the intersection
ST(4) (AT (4)). Since AT(4) and ST (4) are respectively the 2-eigenspaces
of @2 and @ we have ég(f) = 2f = QQ(f). Using the relations @2 =
21- kU4W4, Q’ — 21=F¥,U, and W4 =1, we get that U? = 2%+~ 2Q2Q2 and
thus
(U2)*(f) =21,

Applying v to the above equation we get that (Uz)2(1(f)) = 22%4(f). Now
¥(f) belongs to the subspace spanned by F' and F, for some primitive form
F € S9(Tg(1)) and by Proposition 5.2, the eigenvalues of (U3)? on this
subspace are either non-real or +22%~1. This is a contradiction. O

Define Sk+1/2( 0(4)) to be the orthogonal complement of S*(4) & AT (4).
Since Q2 and QY are Hermitian it follows that Sl;+1/2( 0(4)) is the common

eigenspace with the eigenvalue —1 of the operators QQ and Q2 We shall
write Sk+1/2( 0(4)) simply by S™(4). So we have

Spr1/2(To(4)) = ST(4) & AT(4) & S~ (4). (7)
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Theorem 5. S7(4) has a basis of eigenforms for all the operators T2, p
odd; these eigenforms are also eigenfunctions under Uy. If two eigenforms in
S7(4) share the same eigenvalues for all T2 then they are scalar multiples
of each other. 1 induces a Hecke algebra isomorphism:

S7(4) = 55" (Fo(2))-

Proof. Since 1) maps S*(4)® At (4) into S99 (I'y(2)) and dim (ST (4) AT (4))
= 2dim(Sax(To(1))) = dim(SS4(I'9(2))), we get that ) maps this direct sum
onto SH4(To(2)).

Now T)» commutes with @2 and @’2 for every odd prime p so we get that
T2 stabilizes S~ (4), hence it has a basis of eigenforms for all T)>» with p odd.

If f is such an eigenform then F' := ¢(f) is an eigenform in Soi(T'0(2))
under all T,,, p odd. By Atkin-Lehner [1], F is either an old form or a
newform. Since 1 is injective, it follows that F' must be a newform. So 1
maps the space S7(4) into the space S5, (I'g(2)). By equality of dimensions,
we get that 1) is an isomorphism of S7(4) onto S3™(I'g(2)). Consequently
by [1] an eigenform in S~ (4) under all T} for p odd is uniquely determined
up to scalar multiplication.

Further, for such an eigenform f, by [1, Theorem 3|, Us(F) = —2F"1\(2)F
where A\(2) = £1. Thus ¢(Us(f)) = U2(F) € S5V (I'0(2)), so Us(f) belongs
to S7(4). Since Uy commutes with T2 for all p odd, we get that Uy(f) is an
eigenform under all T},» with the same eigenvalues as f and hence is a scalar
multiple of f. O

6.2. Minus space for I'y(4p) for p an odd prime. In this subsection we
need the involution sz and the operators U, va and @; = sz vaﬁfpz on
Sk+1/2(To(4p)) that we defined in Section 4.

Consider the subspace V(1) of Sa;(I'9(2p)) coming from the old forms at
level 1, that is,

V(1) = Sor(Lo(1)) & V(2)S2(To(1)) & V(p)Sar(To(1)) @ V(2p) Sar(Lo(1))-
We consider the eigenvalues of (U,)? on V(1).

Lemma 6.3. The operator U, stabilizes V(1). If an eigenvalue X of (Up,)?
on this space is real then A = +p*~1.

Proof. For a primitive Hecke eigenform F' in Sox(T'0(1)) consider the four
dimensional subspace spanned by F, Fy, F},, F5,. Then V(1) is a direct sum
of such four dimensional subspaces. By Lemma 5.1, U, preserves the two di-
mensional subspace spanned by F' and F}, and the two dimensional subspace
spanned by F5 and Fy,. It follows by Proposition 5.2, that the eigenvalues of
(Up)? on these two dimensional subspaces are either non-real or £p?*=1. O

Let R:= S,

i12To(4)) @ A . (To(4)). Then we have

k+1/2

Proposition 6.4. Rﬂwsz = {0}.
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Proof. Let f # 0 belong to the intersection. We can again assume that f is an
eigenform under 72 for all primes ¢ coprime to 2p. Since by Corollary 4.3(4),

Sk+1/2(T0(4)) is contained in the p-eigenspace of va and so sz Sit1/2(Lo(4))
is contained in the p-eigenspace of @1’0 we have @p( f)=npf= @;( f). Using

~ k o L
Qp = (_71) p'RU W2, we get that (Uy)? = p2k—2QpQ; and thus

(UpQ)Q(f) = p2kf-

Since f # 0, there exists a square-free integer ¢t such that the Shimura
lift Shy(f) # 0. Applying this Sh; to the above equation we get that
(Up)?(Shy(f)) = p? Shy(f). Since Sh; commutes with all the Hecke oper-
ators we get that Shy(f) € V(1). But by Lemma 6.3, the eigenvalues of
(Up)? on V(1) are either non-real or £p?*~! leading to a contradiction. [

Corollary 6.5. Niwa’s map ¥ maps R @ szR isomorphically onto V(1).

Proof. As before (see Corollary 6.1(2)) ¢ maps R @ WN/sz into V(1). It
follows from the equality of dimensions that the map is onto. (I

Next we consider the following subspace of So(I'9(2p)) coming from the
old forms at level 2,

V(2) = 55" (Fo(2)) @ V(p)Sai.™ (o (2))-

This space is a direct sum of two dimensional subspaces spanned by F' and F),
where F'is a primitive Hecke eigenform in S5 (I'g(2)). Using Proposition 5.2
we have the following lemma.

Lemma 6.6. If an eigenvalue \ of (U,)? on V(2) is real then A = £p*¢~1.

Since (by Theorem 5) ¢ maps Sk+1/2( 0(4)) isomorphically onto SH™ (I'o(2)),

it follows that 1 maps W, 2Sk+1/2( 0(4)) into the space V(2). The proof of
the following is identical to that of Proposition 6.4.

Proposition 6.7. Sk+1/2( 0(4 ))ﬂW 2 k+1/2( 0(4)) ={0}.
Corollary 6.8. ¢ maps Sk+1/2( 0o(4)) & W, QS,;_H/Q( 0(4)) isomorphically
onto V(2).

Finally, we consider the following subspace of Sor(I'0(2p)) coming from
the old forms at level p,

V(p) = 531" (Lo(p)) ® V(2)55;. (To(p))-

This space is a direct sum of two dimensional subspaces spanned by F' and
F5 where F is a primitive Hecke eigenform in S5 (I'g(p)). We have

Lemma 6.9. If an eigenvalue \ of (Us)? on V(p) is real then A = +22F—1,
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Let S:ﬁ% (T'o(4p)) be the new space inside the plus space in Sy 11 /2(T'o(4p)).

Kohnen [6, Theorem 2| proved that ) maps S,:_i’_rie/vg(f‘o(élp)) into V(p) and

the dimension of S]:r ﬁ%(rg(élp)) equals the dimension of S} (I'g(p)). Then
as before ¢ maps W4S,;FJ;111"3/V2V(F0(4)) into V(p) and we have the following

proposition and corollary.

Proposition 6.10. S} (Io(4p)) ( WaS; '} (Do (4p)) = {0}.

Corollary 6.11. 1) maps S;J’:ie/v;(lﬂo(4p))@/ﬂ745;_ﬁe/v2v (To(4p)) isomorphically
onto V(p).

We define the following subspace of Sy 1/2(I'o(4p)),
E:=R&WpR & S, ,(To(4) & WS, »(To(4))

k+1/2
® S;ﬂ%(%(@)) ® W4S,Z’:1e/v;(ro(4p))-

By Corollary 6.5, 6.8 and 6.11, we get that ¢ maps the space F isomorphi-
cally onto the old space S9i14(I'9(2p)). We define the minus space to be the
orthogonal complement of F under the Petersson inner product. That is,

Sis12(To(dp)) := B+

Theorem 6. Sk_+1/2
T,2 where q is a prime coprime to 2p, uniquely determined up to scalar

multiplication. 1 maps the space S£+1/2(F0(4p)) isomorphically onto the
space SHY (Io(2p)).

Proof. Since the operators Tj2 with (¢, 2p) = 1 stabilize the space E and since
they are self-adjoint with respect to the Petersson inner product, it follows
that they stabilize the space S;+1/2(F0(4p)), hence SI;H/Z(FO(ZIp)) has a
basis of eigenforms for all such operators Tj2. If f is such an eigenform then
P(f) € Sar(To(2p)) is also an eigenform for all the operators Ty, (g,2p) =1
and thus (by [1]) ¥(f) is either an old form or a newform. Since 1 is injective
and maps E onto S94(I'o(2p)), it follows that 1(f) is a newform. Thus ¢
maps the space S,;H/Q(Fo(llp)) into the space S3V(T'o(2p)). By equality
of dimensions, we get that ¢» maps the space S

(T'o(4p)) has a basis of eigenforms for all the operators

et1/2 (To(4p)) isomorphically
onto S5 (I'o(2p)). Consequently an eigenform in S, " /2(F0(4p)) is uniquely

determined up to multiplication by a scalar. [l

Corollary 6.12. Let f € 51;1/2(1“0(419)) be a Hecke eigenform for all the

operators T2, q prime and (q,2p) = 1. Then szf = B(p)f, W4f =p(2)f
where B(p) = £1, B(2) = £1.

Proof. Let g = sz f. Since sz commutes with all the operators T2 for
(q,2p) = 1 we get that g is an eigenform for all the operators T;» with the
same eigenvalues as f. Since ¥(f) is a newform, it follows by [1]| that ¥ (g)
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is a scalar multiple of 1 (f). Since % is an isomorphism we get that g is a
scalar multiple of f. Since W) is an involution we get that the scalar is +1.

The same proof applies to WN/4. [l

Let f € Sk+1/2(I‘0(4p)) be a Hecke eigenform for all the operators T2 as
above. It follows that F' := v(f) is a Hecke eigenform in S5;%(I'o(2p)) for
all the operators Ty, (¢,2p) = 1. Since the Shimura lift She(f) is also an
eigenform for all the operators Tj; with the same eigenvalues as F', it follows
from [1] that Shy(f) is a scalar multiple of F' (which could be zero). Also,
Up(F) = —pF~IA\(p)F where A(p) = +1 and Us(F) = —2F"1\(2)F where
A(2) = £1.

Proposition 6.13. Let f € Sk+1/2(F0(4p)) be a Hecke eigenform for all the
operators T2, q prime and (q,2p) = 1. Then

Up(f) = =p"A®)f, Ua(f) = -2'2@2)f
where A(p) = £1 and A(2) = 1 are defined as above.
Proof. Let g = U2 f. Then Shy(g) = U,Shy(f) = —pF=I\(p)Shy(f) for every
positive square-free integer ¢. It follows that Shy(g — p*~*A(p)f) = 0 for all

such ¢ implying g — pkil)\(p) f = 0 which is what we need. For the prime 2,
the proof is the same. O

Proposition 6.14. Let f € Sk+1/2(F0(4p)), Then @p(f) =—f= @;(f)
and Qa(f) = —f = Q5(f).

Proof. Let f € S, ,5(T'0(4p)) be a Hecke eigenform for all the operators T2,

k+1/2
k —~ ~ —~

(¢,2p) = 1. Since Qp = (%) 1_kU 2Wy2 and Q2 = 21-k, Wy it follows

from Corollary 6.12 and Proposition 6.13 that f is an eigenform for the

operators Qp, Qp, Q2 and Q2 with eigenvalues 1. However, the eigenvalues

of Qp, Q are p and —1 and the eigenvalues of QQ and QQ are 2 and —1
hence the eigenvalues have to be —1. Since S, /2(F0(4p)) has a basis of
such eigenforms we get the result. ([

Theorem 7. Let f € Sp11/2(T0(4p)). Then f €S To(4p)) if and only
if Qol(f) = = = Qy(f) and Qo(f) = —f = Q4(f).

Proof. It f € 5, /2(Fg(4p)) then by Proposition 6.14 the conditions hold.
Now assume that f € Sj1/2(I'o(4p)) is in the intersection of —1-eigenspaces

of @p,NQ;,, Q- and @’2 For every g € Sj11/2(I'0(4)) we have ép(g) = pg.
Since @), is self-adjoint,

~(f.9) = (Qpf.9) = (£, Qpg) = ([, 9)
implying (f,g) = 0. Thus f is orthogonal to R & Sk_+1/2( 0(4)). For every

g € Wp25k+1/2(F0(4)) we have @;(g) = pg and the same argument shows

k+1/2(
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that (f,g) = 0 implying f is orthogonal t~o sz (R S];H/Z(FO(ZL))). Since
Kohnen'’s plus space is the 2—eigenspzi(ie of Q), for g € S;ﬁe/vg(l“o(élp)) we have
Q%(g) = 2g, consequently for g € W4S,;:’_ri(75(1“0(4p)) we have Q2(g) = 2g.
Hence (f,g) = 0 for such g, that is, f is orthogonal to S;J’:ie/vg(l“o(ﬁlp)) o
WS, 175 (To(4p)). It follows that f € S, »(T'o(4p)). O

6.3. Minus space for I'y(4M) for M odd and square-free. Let M # 1
be an odd and square-free natural number. Write M = p1ps - - - p. For each
i=1,...klet M; = M/p;. Since Sy 1/5(I'0(4M;)) is contained in the p;-

eigenspace of @pi (Corollary 4.3(4)), following the proof of Proposition 6.4
we obtain that

Proposition 6.15. Sj/2(To(4M;)) (N Wp?SkJrl/z(Fo(ZlMi)) = {0}.

Corollary 6.16. The Niwa map v : S 1/2(Lo(4M)) — Sa(To(2M)) maps
Sk+1/2(F0(4Mi))@Wp$ Sk+1/2(T0(4M;)) isomorphically onto Sar(Lo(2M;)) @
V(pi)S2i(To(2M;)).

Let S,:Z:ie/v; (To(4M)) be the new space inside the Kohnen plus subspace of

Sk41/2(Lo(4M)). Then similarly we have

Proposition 6.17. S} (To(4M)) WaS; 15 (To(4M)) = {0}

Corollary 6.18. 1) maps S,jﬁ‘}V;(FO(ZIM)) @/WZLSE“;}/V;(I’O(ZLM)) isomorphi-

cally onto S5 (To(M)) ® V (2)S5 (Fo(M)).
We let B; = Spy1/2(To(4M;)) © W2 Sp1/2(To(4M;)), i = 1, k. Define

k
E =" B S (Do(4M)) ® WiS, 57 (To(4M)).
=1

Proposition 6.19. Under 1 the space E maps isomorphically onto the old
space S (Lo (2M)).

Proof. This follows from Corollary 6.16 and 6.18 and from the decomposition

k
S9d(To(2M)) = (Z Sor(To(2M;)) & V <pi>52k(ro<2Mi)>) B
=1
(S5 (Do(M)) & V(2)S5e™ (Do (M))) .

0

We now define the minus space to be the orthogonal complement of E,
under the Petersson inner product, that is,

Sis12(To(4M)) == E*.
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Let fe S f1/2 (Fo(4M)) be a Hecke eigenform for all the operators Tj2 where

q is an odd prime satisfying (¢, M) = 1. Let ¢)(f) = F. The proofs of the
following results are identical to the proofs in the previous subsections.

Proposition 6.20. F is up to a scalar a primitive Hecke eigenform in
Sget(To(2M)).

Theorem 8. The space Sk+1/2(F0(4M)) has a basis of eigenforms for all the

operators T2 where q is an odd prime satisfying (¢, M) = 1. Under v, the
space Sk+1/2 (To(4M)) maps isomorphically onto the space S5 (T'o(2M)). If

two forms in S, , | ,(L'o(4M)) have the same eigenvalues for all the operators

+1/2
Ty, (¢,2M) = 1, then they are same up to a scalar factor.

In particular the minus space S, | ,5(To(4M)) has strong multiplicity one

+1/2
property in the full space, that is, if fi and fo are Hecke eigenforms in
Sit1/2(Lo(4M)) with the same eigenvalues for all Ty2, (q,2M) =1 and if f1
is a nonzero element of the minus space SkH/Q(I‘O(élM)) then fo is a scalar

multiple of fi.

Remark 6. Our results in Theorem 5, 7 and 8 give an another proof of
Theorem 5 of [9]. We note that in 9] the old space is defined using the op-
erators Uyz for p | 2M while our definition uses Atkin-Lehner type operators

sz. The operators Uz, W 2 and Qp come from the local Hecke algebra ele-
ment corresponding to the double cosets of (h(p),1), (w(p™1),1) and (w(1),1)
respectively and our proofs essentially depend on relations among these op-
erators that we derive from the local Hecke algebra. Since ST(4) is the 2-
eigenspace of Q) we indeed have ST(4) = Q45T (4) = WoUyST(4) which im-
plies equality of spaces, UpS™(4) = WyST(4) = AT (4). Thus UW4AT(4) =
AT (4). However UsA™*(4) need not equal ST(4) as noted in Example 2 in
the mext subsection. In the case of odd primes p; dividing M the space

Skt1/2(Lo(4M;)) is contained in the p;-eigenspace of Qp,, which in particu-
lar implies that U, 2W QSI;+1/2(F0(4MZ-)) = S,;H/Q(FO(ZIM‘)), but as before
we do not expect the spaces U, 25k+1/2(F0(4M2)) and W 2S];+1/2(F0(4Mi)) to
be equal inside Sy 1/2(T'o(4M)). We illustrate this by the following reasoning
which needs to be proved. C%sider the simple case M = 4p, p an odd prime.
In this case if Uy S™(4) = W,2S™(4) then the corresponding picture in the
integral weight should be U, new(F0(2)) WpSe¥ (To(2)) = VpShe¥(To(2))
(where the last equality was shown in|2]). If Snew( 0(2)) is non-zero then the
action of Uy, (see Lemma 5.1) and the fact that S5 (I'g(2))NV,S5:% (o (2)) =
{0} leads to a contradiction. Since representation theoretically A (4) corre-
sponds to So(To(1)) using the same reasoning we do not expect the spaces

UsAT(4) and ST(4) to be equal.

Let f € Sk+1/2(F0(4M)) be a Hecke eigenform for all the operators Tz,
(¢,2M) = 1. Then 9(f) = F is a Hecke eigenform in SH¥(I'o(2M)) for
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all operators Ty, (¢,2M) = 1. By [1], for all primes p such that p|M,
Up(F) = —p*I\(p)F where A(p) = £1 and Uy(F) = —2F"1\(2)F where
A(2) = £1.

Proposition 6.21. Let f € S/;-H/?(

the operators T2, q prime, (q,2M)
pIM

[o(4M)) be a Hecke eigenform for all
= 1. Then for all primes p such that

Up(f) = =p""A@)f and Us(f) = -2""'\2)f
where \(p) = £1 and A\(2) = £1 are defined as above.

Following [14, Theorem 1.9] we have

Corollary 6.22. Let f =Y 7 anq" € S,:+1/2(F0(4M)) be a Hecke eigen-

form for all Hecke operators, i.e, Tp2(f) = wqf for all primes (q,2M) =
1 and Up(f) = wpf for all primes p | 2M. Let F = Y7 Anq" €
SHV(To(2M)) be the unique normalized primitive form determined by f,

i.e. Ay, =wp for all primes p. Then for a fundamental discriminant D such
that (—1)*D > 0,

L <3 — k41, <D>) iamnz n" = a(\Dy)iAnn-S.

n=1

We finally give the characterization of our minus space. The proofs of the
following proposition and theorem are as before.

Proposition 6.23. Let f € S;;+1/2<F0(4M))- Then for every prime p di-
viding M we have Qp(f) = —f = Q,,(f) and Q2(f) = —f = Q5(f).
Theorem 9. Let f € Sjy1/2(T0(4M)). Then f € S,;+1/2(F0(4M)) if and
only if Qp(f) = —f = Qu(f) for every prime p dividing M and Q2(f) =
—f=Qs(f)-

6.4. Some examples. We complete this section by giving two examples.
For simplicity we shall denote plus and minus spaces S;", . ., (I'o(4M)) and

k+1/2
Sir1/2(To(4M)) by ST, p(4M) and S, ,(4M).

We shall use Shimura decomposition [15] and we recall the following nota-
tion: for a primitive Hecke eigenform F' of weight 2k and level dividing 2M,
Sk41/2(4M, F) denotes the subspace of Sy/2(I'0(4M)) consisting of forms
that are Shimura-equivalent to F' (i.e., forms f that are eigenforms under
T, with the same eigenvalues as F' under T}, for almost all odd primes p
coprime to M).

Example 1. The space S3/5(I'0(28)) is one dimensional and is spanned by

P =+ + ¢ =+ ¢ —2¢ + ¢ +3¢"8 — 242 + ...
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Then by Shimura decomposition,

S3/2(L'0(28)) = @ S3/2(28, F) = S3/5(28, F14)
FeS3ev(Lo(M))
prim., M|14

as there are no primitive Hecke eigenforms of weight 2 at level 1, 2, 7 and
Fiqy € S5°%(I'p(14)) is the only primitive Hecke eigenform at level 14. In
particular, we have S, (28) = {0} and 53?/2(28) = S3/2(F'0(28)) = (f)-

3/2
Example 2. The space Si7/2(I'0(12)) is 13-dimensional. We first give the
Shimura decomposition of Sy7,5(I'0(12)). We note that there are seven prim-
itive Hecke eigenforms of weight 16 and level dividing 6, namely, F} of level
1, G5 of level 2, H3, K3 of level 3 each and Lg, Mg, Ng each of level 6. Using
Shimura decomposition algorithm in [12| we have

S17/2(L0(12)) = S17/2(12, F1) @ S172(12,G2) © S17/2(12, H3) @ S17/2(12, K3)
® S17/2(12, Lg) @ S17/2(12, M) @ Si7/2(12, Ng),
(8)

where Si7/,9(12, F1) is the 4-dimensional space spanned by
f1 = q+ 88¢* + 513¢° + 302442 — 4368¢" — 13760¢'% + 33264¢" + - - -
fo = 11¢°% 4 64¢* + 232¢" — 1408¢® + 4608¢° + 190¢'° — 6578¢* + - - -
f3=9¢* — 64¢" +189¢° — 232¢" — 190¢"° + 1152¢"* — 3328¢"% + - -
fi=¢" —11¢% +18¢" — 9¢'% — 1164'" + 344¢*° — 99¢6*! — 189¢** + - - - ;
the space Si7/2(12, Gz) is 2-dimensional and is spanned by
g1 = q+21¢% — 128¢* — 609¢° + 3192¢" + 5313¢° — 12810¢*° + - -
g2 = 3¢% + 7¢° — 203¢° — 384¢° — 416¢° + 2706¢"" — 896¢'% + - - - ;
the space Si7/2(12, H3) is 2-dimensional and is spanned by
hi = q¢° +7¢% — 27¢"* — 80¢"" + 56¢%° + 189¢%" + 81¢%* +231¢*° + - -
ho = 7¢% — 27¢% 4+ 81¢° — 896¢% + 854¢'" + 3456¢'2 — 1876¢™ + - - - ;
the space S17/2(12, K3) is 2-dimensional and is spanned by
k1 = q — 362¢" — 2187¢° — 1182642 + 19032¢"% + 51940¢'¢ + - -
ko = 1971¢% + 131844¢* + 31266¢° — 20158¢" + 271340¢'% + - - - ;

the last three summands in (8) are 1-dimensional each with Si7/9(12, Lg)
spanned by

Iy = 13¢% 4+ 129¢> + 7364¢° + 1323¢° + 1664¢° + 5918¢' + 16512¢*2 + - - - ;
the space S17/2(12, Mg) spanned by
my = ¢°—18¢°—42¢"—12¢'0+128¢"*+384¢"* —1264'°~1074¢'"+896¢>" +- - - ;
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and the space Sj7/2(12, Ng) spanned by
n1 = 16q — 1539¢° — 2048¢* — 5994¢% — 50178¢" — 34992¢° — 2460¢'° + - - - .

We can also check (using bound in |7]) that the Kohnen’s plus space S$/2(12)

is 4-dimensional. Indeed

St 0(12) = (f1, fa, b, kr) = S, (4) @ WoSE o (4) @ S5 (12)
with SE/2(4) = (f1 — 336f4) and S;’;}ew(m) = (h1, k1). Note that from
Remark 6, AT7/2(4) = U4(Sf7/2(4)), SO Af7/2(4) = (Usa(f1—336f1)) = (88f1+

336f2 4+ 6723 — 115584 f4) and S, ,(4) = (91 + 3g2) (again we use Shimura
decomposition algorithm to get the explicit forms in S} ,(4) and S}, /2 (4)).

17/2
One can further check that U4(A1+7/2(4)) does not equal S, (4), indeed

17/2
Ai} /2 (4) is spanned by a form with g-expansion given by

88¢+3696¢%+6048¢> —13760¢* —115584¢°+127008¢5 —77952¢" +798336¢5 +- - -
and so

Us(Af7 5(4)) = (~13760q + 79833642 + 1306368¢> — 5855744¢" + - - -)

which is clearly not equal to Sf; /2(4).

Thus we have

S17/2(12, Fi) = R @ WoR where R = St (@) @ AL ,(4),

Si7/2(12,Ga) = 17 (4) & Wo S, (4),
S17/2(12, H3) © S17/2(12, K3) = S;}’?gew(l?) ® W~/45f7’?§w(12)
and

Si7/2(12, Lg) @ Si7/2(12, Mg) @ S17,2(12, Ng) = (l1, m1, n1) = 59/2(12)-

Remark 7. (i) In general, S,;+1/2(F0(4M)) = @p Skt1/2(4M, F) where F
runs through all primitive Hecke eigenforms of weight 2k and level 2M .

(ii) The Kohnen plus space is given by a well-known Fourier coefficient con-
dition. But we do not expect any such Fourier coefficient condition for forms
in our minus space as is also evident from the above examples. We note
that in (17|, Ueda and Yamana define generalized Kohnen plus space of level
8M and show that the newspace inside this plus space is Hecke isomorphic to

S5 (To(2M)). In [3], we obtain a self-adjoint involution on Sy /2(T'o(8M))
coming from an element in a certain 2-adic Hecke algebra of SLy of level 8
that is not inside the corresponding 2-adic Hecke algebra of SLy of level 4.
We observe that the plus space defined by Ueda-Yamana is precisely the +1-
eigenspace of this involution and that their plus newspace is a “conjugate” of
Sk_H/Z(FO(ZlM)). We define the minus space at level 8M and show that this
space is contained inside the —1-eigenspace of the involution and hence satisfy
a Fourier coefficient condition that is exactly opposite to the Kohnen’s plus
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space Fourier coefficient condition. Since this involution on Sj.y1/2(To(8M))
does mot preserve the space Sy 1/2(Lo(4M)), we do not expect Fourier coef-

ficient condition for S];+1/2(F0(4M)). For more details, please refer to [3].

APPENDIX A. SOME OBSERVATIONS ON COCYCLE MULTIPLICATION

Let p denote any prime. In this appendix we note down some useful

observations on the multiplication in é\fQ(Qp) by cocycle o).
Recall the Hilbert symbol (-, -)p defined on Q x Q. For an odd prime p
it can be given by the following formula: For a, b coprime to p,

o= (5)°G) )

Thus (p,p), = (_?) and (—p,u), = (p,u), = (%) where v is a unit in Z,,.
For the prime 2, if a, b are odd, then

@ne-1 2\ [/ 2\°
25a,2'b), = (1) 1 () <> :
( )> |al 0]

Let A = <CCL Z) € SLy(Qp). For (A,e1) € éiz((@p), (A, )7t =

(A7) €10,(A, A7) where
(i) If ¢ = 0 then o,(4, A7) = (a, a), = (d,d),.

(ii) If ¢ # 0 and ord,(c) is even then o,(A4, A71) = 1.
(iii) If ¢ # 0 and ordy(c) is odd then

(¢;d), (—c,a), Hd#0, a#0
o4, a1y = { (Do #d70, a=0
(—c,a), ifd=0, a#0
1 ifd=0, a=0.

In particular if A € {z(p"), y(p"), w(P")}nez, then o,(A, A~1) = 1. For
A = h(p") with n € Z, if p = 2 then 0,(A, A~!) = 1, however if p is an odd
prime then

1 if n even,
<;1> else.
P

Let (A4,€e1), (B, €) € éig((@p). The following lemmas can be easily
obtained using the cocycle formula.

op(A,ATY) = {

Lemma A.1. We have [(B, e2)7t, (A, e1)7!] = (B"'A7'BA,¢) where
¢ =o0p(A, A Yo, (B, B Yo, (B, A)o,(A~Y, BA)o,(B~1, A~1BA).
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Lemma A.2. The o,-factor (€ factor above) of [(B, e2)™ 1, (A, €1)7] equals
the product

(rB), 7(B™) - (r(4), r(a™)
: (T(A_lBA)T(A_l), T(A_lBA)T(BA))

(1(BA)(B), T(BA)(4))

p p p

p

: (T(B_lA_lBA)T(B_l), T(B_lA_lBA)T(A_lBA)) - s,(BT A1 BA).

In the proofs for checking the support of our local Hecke algebra (section
3) we need the following lemma.

Lemma A.3. Let A= (Z Z) € SL2(Qp). Then

(a) If B = x(s) where s # 0, then op-factor is
(—sc?, 1— cds)p if s¢?(1 — cds) # 0 and ord,(s) is odd,
1 else.

(b) If B = h(u) where uw # £1, then oy-factor is

(ac(l —u?), 1+ (1 - u2)bc)p if ac(1—u?)(1+(1—u?)be) # 0
and ordy(ac(1 — u?)) is odd,
1 else.

(¢) If B = y(t) where t # 0, then o,-factor is

((@® = 1)t +abt?, 1+ abt + b*t%)  if ((a® — 1)t +abt*)(1+abt +b?t*) # 0
and ord,((a? — 1)t + abt?) is odd,
1 else.

In each of the above cases the op-factor is simply sp(B_lA_lBA).
Proof. For (a) let B = z(s) where s # 0. Then we have

_(a+sc b+sd 1 (1 +cds sd?
BA_( c d )’ A BA—<—302 1—cds>’

14— 1 d 22 sd? — ds?
B-1A-1BA = —I-cs—gsc S s+ cds
—sc 1—cds

It is easy to see that <’7’(B), T(B_l)) = 1 and that
P

(T(A), T(A—l)) _ (T(A_lBA)T(A_l), T(A_lBA)T(BA))

P
1 ifc#0
(d,a), else.

p
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Further, one can check that (T(BA)T(B),T(BA)T(A)) =1 and also
P

(r(BT AT BAY (BT, (BT AT BA)T(AT'BA)) =1.

Finally we have s,(B~1A71BA)
_f (st 1 - cds)p if sc2(1—cds) # 0 and ord,(s) is odd,
1 else.

By using Lemma A.2, multiplying all the above terms we get the required
op-factor.
For (b) we proceed similarly. Let B = h(u) where u # £1. Then

ua ub _ uad — u = tbe bd(u —ut
BA-( >, AlBA—( 1 ( )>v

ute uld ac(u™! —u) ulad — ubc

B1A-1BA - <1 +(1—u2be  bd(l—u?) >

ac(l — u?) 1+ (1—u?)be
We have (T(B), T(B_l)) (u,u™t) . Also, ( (A), T(A_1)> =1if
P P P
¢ # 0 and (d, a), else. We check that

(T(BA)T(B), T(BA)T(A)> =

p

{(c,u_l)p ifc#0

(d,uil)p else,

<T(A*13A)T(A*1), T(AleA)T(BA)L

(—a(u™ —u), u_l)p if ac#0
= q (bu, -b), ifa=0andc#0
(du‘l,a)p ifa#0and c=0,
(T(B_lA_lBA)T(B_l), T(B_lA‘lBA)T(A‘lBA))
p
(ac(u™ —u), u‘l)p if ac # 0
=4 (be,u), = (=1,u), ifa=0andc#0
(—ad,u), ifa#0andc=0,
and s,(B~'A71BA) =

and ord,(ac(l — u?)) is odd,

1 else.

{(ac(l —u?), 1+ (1—u )bc)p if ac(1—u?)(1+(1—u?)be) # 0

Again by multiplying all the above terms we get the required op-factor.
For (c), let B = y(t) where t # 0. Then

B a b -1 (1 —abt —b*
BA_<at+c bt+d>’ A BA_( a’t 1+abt>’
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_ _ 12

(a? — 1)t + abt® 1+ abt + b*t?
As before, (T(B), T(B—l)) — (t,—), = 1, and (T(A), T(A—l)) —1if
P

P
¢ # 0 and (d, a), else. One can compute (using ad — bc = 1 in the Hilbert

symbol calculations) that
(t(at +c),—ct), ifaz#—c/tandc#0
(T(BA)T(B), T(BA)T(A)) ={ (~ca), ifa=—c/t and c £ 0
g (a,—dt), if c=0,

and

(T(A—lBA)T(A—l), T(A—lBA)T(BA))

p
(t(at +¢c),—ct), ifa#—c/tandc#0anda#0
1 if a# —c/t and ¢ # 0 and a =0
(—c.a), ifa=—c/tand c#0
(a,at), if c=0.

All the above factors clearly multiply to 1. Also, it turns out that

(T(BflAleA)T(Bfl), T(BflAleA)T(A*BA)) —1,

so we get the required op-factor. ([

We also note the triangular decomposition of K7 (p").

Lemma A.4. We have a triangular decomposition

KP(pr) = NES@) K0 R (),

More precisely for (A, e) = ((i Z) .€) € K (p"),

(A, €) = (x(s), 1) (h(u), 1) (y(t), 1)(I, €6)
where
u=dt, s=d ' t=d e,
and
1 c=0
c# 0, ordy(c) is odd
(—c,d), c#0, ordy(c) is even.

Proof. Clearly

(Ea)=6 )0 8 (D)
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Let u=d™ ', s=bd™!, t =cd™'. Since

2(s)h(u)y(t) = (g 3;‘5) G ?) = (“ bt S;f),

we get that

where

1 t=20
6 = o(z(s), h(u))o(x(s)h(u),y(t)) = { (u,—1), t#0, ordy(t) is odd
(t,u), t#0, ordy(t) is even.

Substituting u, s, t in terms of b, ¢, d we get d as in the statement. (I
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