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Abstract We characterize the space of new forms for I'g(m) as a common eigenspace of
certain Hecke operators which depend on primes p dividing the level m. To do that we find
generators and relations for a p-adic Hecke algebra of functions on K = GL2(Z)). We
explicitly find the n + 1 irreducible representations of K which contain a vector of level n
including the unique representation that contains the “new vector” of level n. After translating
the p-adic Hecke operators that we obtain into classical Hecke operators we obtain the results
about the new space mentioned above.
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1 Introduction

The theory of Hecke operators and new forms of integer weight for I'g(m) was developed
by Atkin and Lehner for the case of trivial central character [1] and by Atkin—-Lehner—Li—
Miyake for arbitrary central characters [1,9,11]. Atkin and Lehner define Hecke operators
T, for primes g not dividing m and operators U, for primes p dividing m. They define the
new space of cusp forms on I'g(m) as the space orthogonal under the Petersson inner product
to all the old forms on I'y(m) which are forms that come from lower levels m’ dividing m.
They show that all the Hecke operators stabilize the new space, that they commute and are
diagonalizable. Further, there is a common basis of eigenforms where each eigenspace is one
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dimensional and spanned by a primitive eigenform, a form whose first Fourier coefficient
is one. A basic tool in the discussion is a certain involution on the whole space called the
Atkin-Lehner involution. Atkin and Lehner remark that the definition of the new space as
an orthogonal complement does not give enough information on this space. In this paper
we will show how to characterize the new space using eigenvalues of Hecke operators. In
particular when a prime p divides m or p? divides m but p? does not divide m we will use a
certain product of the Atkin—Lehner involution and the operator U,,. When p? divides m, the
information on the new space can not be obtained using the operators considered by Atkin
and Lehner and we will introduce a family of Hecke operators which “capture” the various
spaces of old forms on I'g(m).

In their remarkable work, Niwa [13] and Kohnen [7] considered an operator Q, a certain
product of classical Hecke operators, on the space of half-integral weight modular forms of
level 4. Kohnen defined the plus space to be a particular eigenspace of this operator. Loke
and Savin [10] interpreted Kohnen’s definition representation theoretically in the context of
a Hecke algeba for the double cover of SL;(Q7) and used this Hecke algebra to classify the
representations that contain maximal level vectors fixed by a certain congruence subgroup.
Using similar methods we will study a Hecke algebra of functions on GL»(Q,) which are
compactly supported and bi-invariant with respect to an open compact subgroup Ko(p™)
which is defined below. In the case n = 1, this is the usual Iwahori Hecke algebra and has a
well-known presentation by generators and relations. For n > 2, we will restrict our study
to a subalgebra of the above Hecke algebra consisting of functions that are supported on
K = GL3(Z}). We will find generators and relations for this subalgebra and show that it is
commutative. Casselman [3,4] showed that there is a unique irreducible representation of K
which contains a Ko(p™") fixed vector but does not contain a Ko (p*) fixed vector for k < n.
Such a vector is called a new vector. Casselman [3] showed that every irreducible admissible
representation of GL(2, F) where F is a p-adic field contains a unique new vector of min-
imal level. Schmidt [14] used the classification of irreducible admissible representations of
GL(2, F) to describe the new vectors in these representations. We will use the relations in the
subalgebra mentioned above to study the finite dimensional representations of K containing
a Ko(p") fixed vector and thereby explicitly describe Casselman’s new vectors in terms of
Hecke algebra elements. Using our Hecke algebras we will construct classical Hecke oper-
ators that are needed to classify the new space. We view our paper as a connection between
the theory of new vectors described by Casselman and the theory of newforms by Atkin and
Lehner.

Our work is motivated by the results of Niwa, Kohnen and Loke and Savin mentioned
above on the Shimura correspondence. In particular, the work of Kohnen on the Kohnen
plus space showed that the definition of a subspace of half-integral weight modular forms
as an eigenspace of a Hecke operator was essential in studying the Shimura correspondence
and has many applications. The work of Loke and Savin gave a representation theoretical
interpretation of this definition and opened the way to the study of such subspaces in a
more general context. In our recent work [2] on half-integral weight modular forms we
apply this approach to extend the work of Kohnen [8] on the plus space to another space
of half-integral weight forms which we call the minus space. This space is a subspace of
cuspidal modular forms of weight £ + 1/2 and level 4M where M is odd and square-free
and it is defined as a common eigenspace of 2/ Hecke operators where / is the number of
primes in the decomposition of 2M. The motivation for defining this subspace comes from
Theorem 1 below where we characterize the new space of level N = 2M (or general N
square-free) as the common eigenspace of 2/ Hecke operators. Moreover, we show in [2] that
our minus space is isomorphic to the space of newforms of weight 2k and level 2M under
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the Shimura-Niwa correspondence. Thus the minus space complements Kohnen’s plus new
space at level 4M, giving a counterpart of Kohnen’s newform theory of half-integral weight.
We are certain that our more general description of the space of new forms of any level N
in this paper will allow to define similar subspaces of half-integral weight forms and also
play a role in the representation theory of integral and half-integral weight forms via the
Waldspurger correspondence.

2 The main results

Let Sox (T'g(m)) be the space of cusp forms of weight 2k on I'g(m). The space of old forms
Sg,](d (Co(m)) is defined to be the space spanned by all the forms f(/z) where f € Sy (I'o(m1))

and [, m; € N, with [m|m and m| # m. The space of new forms S37* (I'o(m)) is the space

orthogonal to the space of old forms under the Petersson inner product. Let GL, (R) T be the
group of 2 x 2 real matrices with positive determinant and H be the upper half plane. For

g = (Z Z) € GL,(R)* and z € H define

(g, 2) =det(9)"P(cz + ),
and for functions f on H define the slash operator |y; g by
. 2k az + b
florg=Jj& 2" f <7cz +d> .

Let p be a prime dividing m. Assume that p"|m and p"*! { m, we denote this by p"||nm. We
define the following operators:

p—1
Up(N)@) =p ™Y Flz+5)/p).

s=0

Wor ()@ = fla (”"5 !

2ng . .n
o pn) () where p*'g —my = p".

Letm = p"m’ with p{m’ andn > 2. We fix j suchthat 1 < j <n —1.Let

LitHh= Y. fluAs

se(@/p"IL)*

As by

where Ay € SL,(Z) is any matrix of the form S , ). In this case we define
p/m' p"T —sm

for 1 <r <n — 1 the operators

n—1
Spr=1+)Y Lj.
j=r

We also define
-1
S;,rz’r = Wp’l Sp”,r an .

Remark 1 (i) The operator U,, is denoted by U = p'~*U), in Atkin and Lehner [1, Lemma
14] where U), is the usual Hecke operator, sometimes also denoted as T, [12]. The
operator W is the usual Atkin-Lehner involution [1].
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(ii) The operators Spn , that are defined in the case n > 2 did not appear in [1]. Despite
their complicated form, these operators come naturally from the local Hecke algebra. We
will see later that the operator L ; above comes from the characteristic function of the

double coset Ko(p™") <pl,~ (1)) Ko(p") and that S, , satisfies a simple quadratic relation:

Sp”,r(sp”,r -p") =0

Our main theorems characterize the space of new forms as a common eigenspace of above
defined operators:

Theorem 1 Let N be a square-free positive number. For any prime p | N, let Q,, = U Wy
and Q;, =W, U p- Then the space of new forms S3" (Uo(N)) is the intersection of the —1
eigenspaces of Q p and Q/p as p varies over the prime divisors of N. That is, f € S37% (I'o(N))
ifand only if Q,(f) = —f = Q),(f) for all primes p | N.

Theorem 2 Let N = M 12M where M| and M are square-free and coprime. For any prime
p dividing M\, let Q ,» = (U)*W 2 and Q= W,2(U))% Then f € S5 (To(N)) if and
onlyif Q,(f) =—f = Q’p(f)for all primes p dividing M and Q »(f) =0 = Q;ﬂ(f)
for all primes p dividing M.

Theorem 2’ Let N be as in Theorem 2. Then f € S5Y(Uo(N)) if and only if Q,(f) =
—f = Q,(f) for all primes p dividing M and S, ;(f) =0 = S;,2 ,(f) for all primes p
dividing M.

Theorem 3 Let N be a positive integer. Then the space of new forms S5 (To(N)) is the
intersection of the —1 eigenspaces of Q , and Q’p where p varies over the primes such that
PIIN andthe O eigenspaces of Spr ,—1 and S;y’yflforprimes p such that p¥ ||N withy > 2.

That is, f € Sy (Do(N)) if and only if Q,(f) = —f = Q',(f) for all primes p such that
PIN and Sy ,—1(f) =0 = S;)y!y_l(f)forallprimes p such that p? ||N fory > 2.

Letg = ¢ and f(z) = 300 ang"™ € Su(To(m)). Let p be an odd prime. Define

o0

> (-1
Ry(NH) =) (%) aq", RN =) (7) anq".

n=1 n=1

By [1, Lemma 33], R, and R, are operators on Sy (I'g(m)) provided that p? | mand 16 | m
respectively.

Theorem 4 Let N = 28 M| M, where MM, is odd such that M is square-free and any
prime divisor of M> divides it with a power at least 2. Let B > 4. Then f € SS;:W(FO(N))
ifand only if Q,(f) = —f = Q;,(f) for all primes p dividing M, (RX)Z(f) = f and
(Rp)z(f) = f for all primes p dividing M, and Spv ,_1(f) = 0 for all primes p such that
pY112F M,.

3 p-adic Hecke algebras and the representations of K

In this section we will find generators and relations for a Hecke algebra of functions on
K = GLy(Z,) which are bi-invariant with respect to Ko(p"). We will use these results to

@ Springer



Hecke algebras, new vectors and new forms on I"( () 709

classify smooth irreducible finite dimensional representations of K which have Ko (p™) fixed
vectors.
Denote by G the group GL2(Q,). Let K (p") be the subgroup of K defined by

Ko(p") = {(Z 2) €K :ce p”Zp}.

The subgroup Ko(p) denotes the usual Iwahori subgroup. In this section we shall consider
the Hecke algebra of G with respect to Ko(p™).

It is well known that the space C2°(G), the space of locally constant, compactly supported
complex-valued functions on G, forms a C-algebra under convolution which, for any fi, f> €
C2*(G), is defined by

Fix o) = /G i) f2 (g k) dg = /G fihe) 2 (s7) ds.

where dg is the Haar measure on G such that the measure of Ko(p") is one. The Hecke
algebra corresponding to Ko(p"), denoted by H(G//Ko(p")), is the subalgebra of C°(G)
consisting of Ko(p") bi-invariant functions:

H(G//Ko(p")) ={f € CZ°(G): f(kgk') = f(g) for g € G, k, k' € Ko (p")}-

Let X, denote the characteristic function of the double coset Ko (p") gKo (p"). Then
H(G//Ko(p")) as a C-vector space is spanned by X, as g varies over the double coset
representatives of G modulo Ko(p™).

Let w(Ko (p™) gKo (p™)) denote the number of disjoint left (right) Ko (p") cosets in the
double coset Ko (p") gKo (p"). Then the following lemmas are well-known [6, Corollary
1.1].

Lemma 3.1 If i (Ko (p") gKo (p™)) 1 (Ko (p™) hKo (p")) = u (Ko (p") ghKo (p")) then
Xg % Xp = Xgn.

Lemma 3.2 Let f1, f» € H(G//Ko (p™)) such that f1 is supported on Ko(p™)xKo(p") =
UL ai Ko(p") and f> is supported on Ko(p™)yKo(p") = U=, BjKo(p"). Then

fis o) =Y fite) f2 (o)
i=1

where the nonzero summands are precisely for those i for which there exist a j such that
h € aiBjKo(p").

For t € Q) we shall consider the following elements:

v = (o i) v = (1 ‘f) wi) = (? ‘0‘),
d() = (6 ?) z(t)=<6 ?)

Let N = {x(t) : t € Qp}, N={y@t):te Qp} and A be the group of diagonal matrices of
G.LetZg ={z(t) : t € QZ} denote the center of G.
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3.1 The Iwahori Hecke algebra

Lemma 3.3 A complete set of representatives for the double cosets of G mod Ko(p) are
given by d(p™)z(m), w(p™)z(m) where n, m varies over integers.

Proof For proof refer to [6, Sect. 2.3]. O
Lemma 3.4 (1) Forn > 0 we have

Ko(p)d(p"Ko(p) = || x@dpMKopy = | ] Kop)d(p"y(ps).
SE€Lp/p" Ly SE€Lp/p" Ly

(2) Forn > 1 we have

Ko(pyd(p™Ko(p)= || vypodp™Ko(p)= || Ko(p)d(p™)x(s).

SE€Lp/p" Ly SE€Lp/p" Ly
(3) Forn > 1 we have
Kopw(pMKop = || yeoweMKem = || Ko@wphyps).
SEZp/p"_IZp sEZp/p”_lZp
(4) Forn > 0 we have
Kopwip™Kopy = || x@wep™MKep= ||  Ko»wpTxe).
A'EZP/17"+IZP Sezp/PnJrlZP

Proof The proof easily follows from the triangular decomposition

Ko(p) = (N N Ko(p))(A N Ko(p))(N N Ko(p)).

[m}

Let 7, = Xy, Upn = Xy and Z = X;(p) be elements of the Hecke algebra
H(G//Kp(p)). It is easy to see that Z commutes with every f € H(G//Ko(p)) and that
2" = X;(pn). We have the following well-known lemma.

Lemma 3.5 (1) Ifn,m >0orn,m <0, then T,, * T, = Tp1-
(2) Ifn > 0thenUy x T, = Uyy1 and T, xU; = Z" x U —y.

(3) Ifn>0thenUy xT_, =Uj—p and T_, xU; = Z7" x Uy 4.
(4) Ifn > O0thenUy * T, = U_p, and T,, x Uy = Z" * U_,.

(5) ForneZ, Uy xU, = ZxTy_1 and U, x U] = Z" x T|_,.
(6) Forn > 1,Uy *xU, =T, and U, xUy = Z" x T_,,.

(7) Up % Uy = (p — Dl + p.

Proof The parts (1) to (6) follows from Lemmas 3.1 and 3.4.

Using Lemma 3.2 it is easy to see that Uy * Up is supported only on the double cosets
Ko(p) and Ko(p)w(1)Ko(p), so to obtain (7) it is enough to find the values of Uy * Uy on
the elements w(1) and 1. Using Lemmas 3.2 and 3.4,

p—1 p—1
Up * Up(w(1)) = ZUo(x(S)w(1))U0(w(1)x(—S)w(1)) = Zuo(y(—S))~
s=0 s=0
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Foreach 1 < s < p — 1 we have y(—s) € Kow(1)K( while y(0) ¢ Kow(1l)Kp, hence
Uy * Up(w(1)) = p — 1. Further,

p—1 p—1
U xUp(1) = Y Up(x(s)w(1)Uo(w(Dx(—s)) = Y Up(w(1)) = p.
s=0 s=0

Thus we obtain the following well-known theorem.

Theorem 5 The Iwahori Hecke Algebra H(G//Ko(p)) is generated by Uy, U and Z with
the relations:

(1) U = 2,
(2) Up—p)Uo+1)=0,
(3) Z commutes with Uy and Uj.

Remark 2 The algebra H(G//Ko(p))/(Z) is generated by Uy and U; with the relations
Ut =1land Uy — p)Up + 1) = 0.

3.2 A subalgebra of H(G//Ky(p")),n = 2

It is difficult to compute generators and relations for H(G//Ko(p")) for general n as the
double coset representatives of G modulo Ky(p") becomes more intricate as n increases.
So instead of the full algebra H(G//Ko(p")) we consider a subalgebra H (K //Ko(p™))
consisting of functions that are supported on K . In this section we compute a basis of this finite
dimensional subalgebra and the relations between the basis elements. In Sect. 3.3, we will use
the relations in H(K //Ky(p")) to explicitly describe the finite dimensional representations
of K containing a Ko(p") fixed vector in terms of certain elements in H (K //Ko(p™)) and
thereby obtain a description for Casselman’s new vectors in terms of Hecke algebra elements.
We first note the following lemma [4, Lemma 1].

Lemma 3.6 A complete set of representatives for the double cosets of K mod Ko (p") are
given by 1, w(l), y(p), y(p). ... y (P"™").

For simplicity, we shall write K for Ko(p™).

LetUy = X1y and V, = X (pry for 1 <r < n — 1 be the elements of H(G//K¢). Then
by the above lemma, H(K //Ky) is spanned by 1, Uy and V, where | <r <n — 1.

We shall need the following lemmas.

Lemma 3.7 Assume that r satisfiesn > r > n/2. Then

Koy(p")Ko = Ll a6y () Ko= LI Koy (p)de).
SELH/14p "Ly SEL,[1+p" T Ly

Proof Since Ko = N'A’N’ where N/ = NN Ko, A’ = AN Kpand N' = N N Ko, and
A’ = DZ’ where D consists of matrices d(a) € K and Z' = Zg N K, we have

Koy (p")Ko=N'A'N'y (p") Ko = N'A"y (p") Ko = N'Dy (p") Ko.

Now anya € Z; can be written asa = sa’ wherea’ € 14 p"~"Z, and s € Z;/l +p" L.
Since

/ r ' 0
y(=p")d@)y (p") = <pr(1a_ ) 1) € Ko
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we get that

Koy(p)Ko= |J  Nd©y(p) Ko
SELY/14+p" " L)

We obtain the decomposition since

r r 1+upr u
N'd(s) =d(s)N" and y(—p")x(w)y(p") = (_up2r 1— upr) € Ko.

Now we show that the union is disjoint. Let g1 = d(s1)y(p") and g2 = d(s2)y(p"). Assume
gflgz € Ky then

(9 (s571s2) y(0) = e 0
y p S] 2 ) yp - (1 _s1—1S2> pr 1 € 0,
hence sl_lsz el+p" L, O
Lemma 3.8 Assume that 0 < r < n/2. Let Koy(pr) = y(p")Koy(p")~! N Ko. Then an

element ong(pr) can be written as y(v)z(t)d(s)x(u) where v € p"Zp, t, s € Z;‘,, u €z,
ands — 1 — p'u € p" 7.

Lemma 3.9 Assume that r satisfies 0 < r < n/2. Then

Koy(phko= || deypHko= ||  Koy(pHdes.
SELY/14+p" L) SEL/14p" " Ly

Proof Asin Lemma 3.7, an element of Koy(p") Ko can be written as g = d(s)x(u)y(p" ko
where s € Z;‘,, u € Zp and kg € Ko. Now

g =d(s)d(1+ pw)~'d(1 + pwxw)y(p ko,

it follows from Lemma 3.8 that d(1 + p’u)x(u) € K. Letsy = s(1 + p'u)~" € Z3,.
Then we get that g = d(s1)y(p")k; for some k1 € K¢ hence we get the decomposition as in
the statement. The disjointness follows as in Lemma 3.7. O

Proposition 3.10 We have the following relations in H(K //Ko):

() VE=p"""(p= DU+ V) +p" " (p = 2DV
2) VexVi=(@p—-Dp" "W, =V %V, for r+1<j<n-1
(3) Let Vy1 =1+ Y "2}, V). Then

Ve#k Vet = p" TV = Ve %V,
and so,
V=P = DYV 4 V1) =0.
Proof For (1), we first compute the support of V, * V.. By Lemmas 3.7 and 3.9,

Koy(phkKo= ||  aKo wherea, =d(s)y(p"),
SELL/1+p" " Ly
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so using Lemma 3.2 we get that V), %V, is supported on those g € G for which there exists
s, t € Z},/1+ p"~"Zp such that

1
_ = 0
(asorr) lg = <7prs(t,+1) 1)g € Kyp.
st

It is enough to check the support on g = 1, w(l), y(pj) for 1 < j < n — 1. Note that
(asa) " tw(1) = (O *> ¢ Ko.Forg = 1takings = landtr =p" " —1¢€ Z;/l +p""Z,

1 x
we get that V, % V, is supported on Ky. For g = y(p/),
(aso)"'g € Ko < plst—p'(t+1) € p"Zy.

If j < r, this is impossible. First assume that r < j < n, then the above equation holds if
and only if p/~"st — (t + 1) € p""Z,. Taking t = p/~" —lands = (1+ p"/)t7! €
Z’;/l + p"~"Z,, we are done. Now assume j = r.If p > 2 then taking t = p"~" — 2 and
s = —1/t we are done. If p = 2 then no choice of s, ¢ works. Thus we get that V, % V), is
supported on Ko and Koy(p/)Ko where if p > 2 then r < j < n while for p = 2 we have
r < j <n.Since y(—p") € Koy(p")Ko,

VexV (D= > VOEp ) =p" - D).
SELL /14" Ly

Forr < j <n,

VerVep(p )= Y Ve(=pd©)y(p))).
SELL /14" Ly

ab
cd
y(=p")d(s)y(p))Ay(—=p") € Ko, ie, (p/™" —s a—bp")—d € p" "L, Ifr < j
then for any s € Z} take b = ¢ = 0,a = pn_r_il, d = —1, thus V, * V,(y(p!)) =

pi=r—s

We want to check for which s there exists a matrix A = < ) € Kjp such that

PPl p—1).1f p > 2and j = r, it is easy to see that such an A exists if and only
if s ¢ 1+ pZp, in this case take b = ¢ = O and a = p]’%,—ll, d = —1. The num-
ber of s € Zy/1 + p"~"Zp such that s ¢ 1 + pZ, is equal to P H(p —2) and so
VsV (y(p) = p" N p - 2).

For (2), forr +1 < j < n, we get that V, % Vi is supported at g € G if and only if there
exists s € Zy,/1+ p"~"Zp and t € Z},/1 + p"~/Z, such that

1

w0 X
—@'r+ph) | | 8 € R0

st

It is easy to check that the above does not hold for g = 1, w(l), y(p') fori #r.Ifi =r,
taking s = p/™" +1,¢ = 1 we are done. Similarly V; V), is supported only on Koy(p")Ko.
Now

Ve x Vi (y(p)) = > Vi (y(=p")ds™Hy (),

SELE[1+p" T T,
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so we want to count s for which there exists A = <i Z) € Ko such that y (—p")d (s™') y

(p") Ay (—pj) € Ky, ie., (1 — s_l) (a — bpj) —dpi™" € p"~"Z,, which holds if and
only if s — 1 € p/~"Z*, in which case if s — 1 = p/~"u then taking b = 0,a = 5, d = u
we are done. Thus V, * V; = C;V, whereforr +1 < j <n,

Cj=#seZy/l+p""ZLy:s—1€p/ "L}y =(p—Dp" ™"
For V; * V,(y(p")) we use that Koy(—p") Ko = |_|SEZ>;/1+pnfrZP d(s)y(—p") Ky to get
ViV = Y. Vi (p)dey(-p).
.YEZT,/Ier”*"Zp

the calculations now follow as above.
For (3),

Vek Vet =V + (p =DV +(p = DpVr 4+ (p— Dp" "2V,
— Vet (P =)V =
the rest follows from (1). ]

Forl <r <n-—1,let)), be as before, i.e., ), =1 + Z;’;i V;.Let Y, = I. We have the
following corollary.

Corollary 3.11 (1) Y?_, = p"Vy—y forall 0 <r <n— L.
(2) YVrxYi=p" "V =Y *Y forr > 1L
Proof Note that V,,_, = V,,— — Vy—r41 forall 1 <r <n — 1. Clearly (1) holds for r = 0.
Assume that J)r%_(a_l) = p*“'Yy_(a—1). Then using Lemma 3.10
y,%,a = (yn—(a—l) + Vn—a)(yn—(a—l) + Vi-a)
=V oty + 2Vn-@-DVa-a + Vi—q
_ a—1 a—1 a—1 a—1
=p ynf(afl) + 2P ana + (p - I)P ynf(afl) + (P - 2)17 ana
=P V@1 + P Vata-1
= p*Vu—a.
Similarly for (2), let r = [ + m for some m > 0. Then
Vrxdi = x Vi + Vg1 + Vg2 + - Vigm—1 + Vp).
Nowfor0 < j<m—1,

n—1 n—1

Ve % Vipj =Vigj + ZVi *Vipj = Viyj + Z(P - Dp" iy

i=r i=r
=Vigj + Vg (P = D = p" Vg

Hence

VeV = Pn_r(Vl + VZ-H + -+ V[J,.m_l + yr) = pn_ryl.

In the next proposition, we obtain relations for .
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Proposition 3.12 (1) Uy x Uy = p" ' (p — Dy + p" 1.
(2) Uy Yy = p" Uy =V xUp foralll <r <n.
(3) U * Uy — p™) * Uy + p"~1) = 0.

Proof Note that

Kow(1)Kg = I_l oy Ko where oy = x(s)w(1).
SE€Lp/P"Z)

To compute Uy * Uy we need to check if it is supported on g = 1, w(l) and y(pl) for
1 <j <n—1,ie., we need to check if there exists s, ¢ such that

_ -1 K
(asorr) 1g=<_t st—l)geKO'

For g = 1 taking s =1 = 0, for g = w(l) takings =7 = 1 and for g = y(pj)_, taking
s = p"7J,t = —p’ we get that Uy * Up is supported on Ko, Kow(1) Ko and Koy (p’) Ko for
all 1 < j <n — 1. Clearly Uy * Up(1) = p". Doing similar calculations as before we get
that

Uy * Uop(w (1)) =#{s € Z,/p"Zp 15 & pLp) = p" '(p — 1),
and
Uo * Up(y(p')) = p" for1<j<n—1.
Thus
U Uy = p" " (p— Do+ p"(L + Vi + - Vyo1) = p" ' (p — Dldo + p" 1.

Similarly we can check that for each 1 < j < n — 1, Uy * V; and V; * Uy are supported
only on Kow(1) K and that

Uy V; =V xUy = (p— l)pn_j_lZ/lo

which implies (2).
The statement (3) now follows using (1) and (2). ]

Thus we have the following theorem.

Theorem 6 The algebra H(K//Ko(p")) is an n + 1 dimensional commutative algebra
with generators {Uy, V1, Va2, ..., Yu}and relations given by Corollary 3.11 and Proposi-
tion 3.12.

As mentioned before we have not yet found an analogue of Theorem 5 for H(G//Ko(p"))
for n > 2. However we shall need the following relation. Let 7,, = Xg(pm), U = Xw(pm),
Z = X(p) be the elements in H(G//Ky(p")). Then
Lemma 3.13 (7)" « Uy, = Ty * Uy, = Z™ x Uy for all m < n.

Proof The proof follows as before by using Lemma 3.1 and since

Ko(p"d(p™Ko(p") = ||  x)d(p™)Ko(p") form >0,
SELp/p™ Ly
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and

Ko(pw(pHKo(p") = ||  x©w(pHKo(p") forr <n.
SE€Lp/p" "Ly

3.3 Representations of K having a K((p") fixed vector

In this section we recall some results of Casselman [3,4]. We are interested in irreducible
representations of K having a Ko(p") fixed vector. Let

I(n) := Indf 1 = {¢: K — C: ¢(kok) = §(k) for ko € Ko(p"), k € K}.

Then I (n) is a right representation of K, denoted by g, where 7 (k) (¢) (k") = ¢ (k'k). The
dimension of this representation is [K : Ko(p")] = p"~Y(p + 1). It follows from Frobenius
Reciprocity that every (smooth) irreducible representation of K which has a nonzero Ko(p")
fixed vector is isomorphic to a subrepresentation of 7 (n). We shall therefore decompose 1 ()
into sum of irreducible representations.

The following lemma is clear.

Lemma 3.14 We have 1(n)X0P") = H(K//Ko(p")) and consequently the dimension of
I()Xoe®P" jsn 4 1.

Using induction argument and Frobenius reciprocity we obtain the following well-known
results.

Proposition 3.15 The representation I (n) is a sum of n + 1 distinct irreducible representa-
tions.

Corollary 3.16 Let n > 0. There exists a unique irreducible representation o (n) of K such
that o (n) has a Ko(p") fixed vector and such that o (n) does not have a K (pk)ﬁxed vector
for k < n. Further, o(n) has a unique Ko(p") fixed vector up to scalar multiplication
and the dimension of o (n) is given by: dim(c(0)) = 1, dim(o (1)) = p and dim(o (n)) =
pr2(p? — ) forn > 2.

We note the following theorem of Casselman.

Theorem 7 (Casselman [3]) Let (;r, V) be an irreducible admissible representation of G =
GL2(Qp) with trivial central character. Let n be the minimal integer such that there exists a
nonzero Ko(p") fixed vector in V. Then this vector is unique up to a scalar.

We shall now explicitly describe the irreducible subrepresentations of / (n). Let us consider
the action r;, of H(K//Ko(p™)) on I (n): for f € H(K//Ko(p")) and ¢ € I(n) set

7L (f)(@)(g) = /K fk)pk~"g)dk forall g € K.

In particular, if ¢ € I (n)X0("") which by Lemma 3.14 is same as the algebra H (K //Ko(p™))
then we have 7 (f)(¢) = f * ¢. It is easy to check that the action 77 commutes with the
action 7rg. It now follows by Schur’s Lemma that for each f € H(K//Ko(p")) the operator
71 (f) acts as a scalar operator on an irreducible subrepresentation of 7 (n). We shall use this
to distinguish the irreducible components of I (n) as follows.

If o is any irreducible subrepresentation of / (n) then o contains a Ko(p") fixed vector,
that is, there exists a non-zero vector v, € o N [ (n)KO(pn). Thus v, is a linear combination
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Table 1 Action of Uy, {Vr}1 <, <, On eigenvectors v;, wi

Up Y1 AZ) V3 e Yk e V-1 Yn
v pn pn—l pn—Z pn—3 . pn—k . P 1
v _pn—l pn—l pn—Z pn—3 pn—k P 1
wy 0 pn—Z pn—3 pn—k P 1
wy 0 0 ]7"_3 pn—k p 1
wi 0 0 0 0 ... pik .. p 1
Wy 0 0 0 0 . 0 . » 1
W1 0 0 0 1

of Up and Y, for 1 < r < n. Since 71, (f) acts as a scalar for every f € H(K//Ko(p")) the
vector v, will be an eigenvector under the action of 7wy, (Up) and 7r7 (Y,) forall 1 < r < n.For
each o we can compute these eigenvectors v, and their corresponding eigenvalues using the
relations in Corollary 3.11 and Proposition 3.12. In fact we obtain the following proposition.

Proposition 3.17 A basis of eigenvectors for H(K //Ko(p™)) under the above action is
given by:

vy =Uy + Vi,
vy = Uy — p,
wig =Yk — pVks1 forl <k <n-—1,

with eigenvalues given by Table 1 where each entry of the table at the intersection of row v
and column F stands for the eigenvalue of the action of F on v, for example, Uy x v = p"vy.

We have the following corollary to the above proposition.

Corollary 3.18 The representation I (n) is a sum of n + 1 irreducible subspaces given by:
S1 = Span(zg(K)vy), S2 = Span(wr(K)v2) and Ty = Span(wg(K)wy) where 1 < k <
n — 1 such that dim(S;) = 1, dim(S) = p, dim(T) = p*~1(p? — 1). By Corollary 3.16,
T,—1 = o(n) and hence is the unique irreducible representation of K such that T,,_1 has a
Ko(p™) fixed vector wy,_1 but does not have Ko(p*) fixed vector for k < n.

Proof 1t follows from Table 1 that the set of eigenvalues for vectors v; fori = 1, 2 and wy
for 1 < k < n — 1 are distinct and hence each of them lies in an irreducible component. To
finish the proof we need to compute the dimensions, for which we shall need the following
lemma. A statement similar to this lemma appears in [10].

Lemma 3.19 The operators y (Up) and wtp (V,) for 1 <r < n — 1 have trace zero.

Proof For g € K, let ¢, be the characteristic function of K (p")g, then I (n) as a complex
vector space has a basis consisting of ¢, as g varies over the right coset representatives of
K modulo K¢(p"). Thus to prove the lemma it is enough to show that 77, (Up)(¢¢)(g) =
L (Vr)(9g)(g) = 0. We will show it for V,, for Uy the same argument works. It is easy to
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Table 2 Action of Uy, {Vr}1 < <n—1 On eigenvectors v;, wi

Uy Vi . Vi . V-2 V-1
vy " P -1 Pl -1 p(p—1) p—1
v —p"! P2(p -1 Pl -1 . plp=1D (-1
w) 0 —p"~? O A ) . plp=1 (-1
wy 0 0 Pl -1 . plp=1 (-1
wk 0 0 T AL . plp=1 (-1
Wy 2 0 0 0 —p (p—1
Wy_1 0 0 0 0 -1

see that 77, (V) (¢,) is supported on Ko(p")y(p")Ko(p")g. So if 7w (Vy)(¢g)(g) # O then
g € Ko(p")y(p")Ko(p")g which is impossible as Ko(p") # Ko(p")y(p")Ko(p"). o

Using Table 1 in Proposition 3.17, it is easy to obtain Table 2 where we consider the action
of Uy, V1, Va, ..., Vy—1 instead.

Letd;, da, ..., dyy1 be the dimension of Sy, S», ..., T,_1 respectively. Then using
Lemma 3.19 and the above table we have the following system of linear equations:

pldy—p"ldy =0
P (p = Ddy + p"H(p — Ddr — p"d3 = 0

PN p =D+ da+ds+ - diy) — P g = 0

p—-—Ddi+da+d3s+---+dy) —dyy1 =0
di+dy+-+dmy = p" ' (p+ 1)

solving which we get the dimensions. O

4 Translation from the adelic setting to the classical setting

In this section following Gelbart [5] we shall review the connection between automorphic
forms and classical modular forms and use this connection to translate p-adic operators of
the previous section into their classical counterparts and thereby obtain relations satisfied by
them.

Let A = Ag be the adele ring of Q and Z, denote the center of GL2(A). Let G =
GL>(R)™. Let N be a positive integer. We let K; = GL3(7Z;) for a prime [ not dividing N
and let K, = Ko(p*) for a prime p such that p*||N. Let K ; be the subgroup of GL;(A)
defined by
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Ky(N) =[] K,

g <00
By the strong approximation theorem we have
GL2(A) = GL2(Q G oo K £ (N).

We denote by Ao (N) the space of functions @ : GLy(A) — C satisfying the following
properties:
(1) ®(yzgk) = @(g) forally € GLo(Q), z € Zy, g € GL2(A), k € K¢ (N).
ke _ (cos6 —sind
2) d(gr®)) =e ®(g) where r(0) = (sin@ cosO > € SO(2).
(3) ®issmoothasafunction of G, and satisfies the differential equation A® = —k(k—1)®

where A is the Casimir operator.
4) @ € L*(Zs GL2(Q)\ GL2(A)).

(5) @ is cuspidal, that is, [, , ® <<(1) ‘1‘) g> da = 0forall g € GLy(A).
By Gelbart [5, Proposition 3.1] there exists an isomorphism

A2k (N) = S2(To(N))
given by ® +— fo where for z € H,

fo(2) = P(800)j (8o, 1)

where goo € Goo is such that goo (i) = z. The inverse map is given by f +— &y where for
g € GL2(A) if g = ygook (using strong approximation),

D1(8) = f(goo())) (800 ).
This isomorphism induces a ring isomorphism of spaces of linear operators,
g : Endc (A2 (N)) — Endc (S (To(N)))
given by
9(D)(f) = fr@p-

Let N = p"M where p is a prime coprime to M and G = GL2(Q)). We note that the
H (G//Ko (p")) is a subalgebra of Endc(A2x (N)) via the following action:

for 7 € H(G//Ko (p"))and ® € Ax(N), T(P)(g) = / T (x)P(gx)dx.
G

Remark3 ~ We note that if p; and p, are distinct primes then the operators 77 €
H(G//Ko(p})) and T € H(G//Ko(p})) in Endc (A2 (N)) commute, that is, 71 o 7o =
1> 0 T;.

We have the following proposition.
Proposition 4.1 Let N = p"M wheren > 1 and p t M. Let f € Sy (T'o(N)). Con-

sider operators Ty, U, € H(G//Ko(p")) where m < n. If n > 2, further consider
V, € H(G//Ko(p")) where 1 <r <n — 1. Then,
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(1) ¢(T) ()@ = p™* TI0 f(@+9)/p) = Up(H)).
(2) If f € Sa(Do(p" M) wherer < nthenqUy)(f)(2) = p"~" flaWpr (z) where Wpr

p'My p
f|2kWp" (2).
(3) gOV)(fHz) = ZKEZ;/1+I,,17VZ” flokAs where Ag € SLy(Z) is any matrix of the form

ag by
p'MptTT —sM )"

(4) If f € Su(To(p"M)) then q(V,)(f) = p"~"~L(p — 1) f, consequently, g(V,)(f) =
Pt

Proof For ® € A, (N), using decomposition in Lemma 3.13 we have

N
< p'p 1,) is an integer matrix of determinant p”. In particular, q(U,)(f)(2)

p—1
T@© = | Xap0)@ex)ds = 3 Sex(-d(p)).
s=0
Thus
p—1
(TR = fri@p@ =Y P f(oox (—$)d(p))j(goor )™
s=0

where g0 € G such that gooi = z. Since @ is invariant under left multiplication by
rational matrices, multiplying by y = d(p~")x(s) € GL,(Q) we obtain

D f(goox (—$)d(p)) = D (d(p~)x(5)go0 - kp) = P (d(p~)x(5)g00)
where ky € K y(N). Thus we have

p—1
TR =Y s (p") x(5)800) (800, )™
s=0

p—1 p—1
— . — —2k _
=> fd(p)x®3z)j(d(p ) x).2) " =pF) f(@+9)/p).
s=0 s=0
The proof of (2) is similar. Let f € Sy (I'o(p"M)) where 1 < r < n. Then using
Lemma 3.13,
pn—r_l

qUN @D = Y Pr(gooX(H)w(p")j(goor )™

s=0

P 1 . . . o
My p’) be an integer matrix of determinant p”. Since
&y € Ay (p" M) multiplying goox(s)w(p”) by the matrix Wyrz(p™")x(—s) € GL2(Q) we
get that,

where z = gooi. Let Wyr = (

@ f(goox (H)w(p")) = @ f(hocky) = @ f(hoo)
where hoo = 2(p7)Wprx(—5)go € Goo and ky € Ky(p"M). Since flyW,r €
S (Co(p" M),

pn—r71

qUNHR = D FlaWpx(=s)(@) = p" " flaWpr (2).

s=0
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For (3), let n > 2. Using Lemmas 3.7 and 3.9 we have
Vr(P)(g) = / Xy(pry®(gh)dh = Z O (gd(s)y(p").
G S€LL/14+p" "L,

Let z € H be such that z = gooi for some g € Goo. Then,

qVIN@D = Y. Ps(2od)y(P))j (8o )

SELY/1+p" "L,

By the strong approximation, good (s)y(p") = A;lhookf forsome Ay € GL2(Q), hoo € Goo
and ky € K¢(N). So we need A; € GL2(Q) such that A,d(s)y(p") belongs to Ko(p")
and A, belongs to K, for ¢ # p. So we must choose A; with determinant 1. For any
s € Z’;, we have ged(p"M, p"~" — sM) = 1, so there exists integers ay, by such that
as(p"" —sM) —bgp"M = 1. Take

a, b,
A, = <p’;v1 - s SM) € SL,(2),

then A, belongs to K, for g # p and

Ad(5)y(p") = (“S A M) € Ko.
Thus
D £ (200d ()Y (") = f(As2)j (A5, 2) 2 j(goor 1),
and so
aVNHD= Y  fADAD = Y fla@.

SEZ;/L+pW*Zp SGZ;/L#yszp

Thus if £ € Sox(To(p” M)) then g(V,)(f)(z) = p*"~(p — 1) f. Further,

n—1
s, j bs'
qIINH=Ff+Y. D .f|2k<lf,~’ﬂf4pn7,,~jsM)

J=r sely 14+p" i,

n—1

=f+Y (p=Dp" I f=p""

j=r
proving (4). O

Remark 4 The operator g (U),) is the usual Atkin—Lehner operator W« while the operator

q(71) is the operator U p= p'7fU p Where U), is the usual Hecke operator. It is obvious that
g (2) is the identity operator.

Let N = pM where p t M. Let Q, = q(Up) where Uy € H(G//Ko(p)). Then using
Lemma 3.5 we have

Corollary 4.2 Q, = p'~*U,W, and (Q, — p)(Q, + 1) = 0.

Now consider N = p"M where n > 2. Let Qn = (U,)" Wyn for m < n where Wmn
is the Atkin—Lehner operator on Sy (I'g(p™ M)). Using Lemma 3.13, Propositions 4.1 and
3.12 we have
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Corollary 4.3 For Uy € H(G//Ko(p")), we have Q,n = q(Up) and hence Q pn(Qpn —
P"(Qpr + p"~ 1Y = 0. Further for m < n we have Opm = (Up)mq(um), hence if f €
Sk (Co(p™ M) C Sax(To(N)) then Qpn (f) = p" ™" Qpm (f).

Let Spn , = q()y) where ), € H(G//Ko(p")), 1 < r =< n. Using relations in Corol-
lary 3.11, we have

Corollary 4.4 Syn (Spn , — p"7") =0for1 <r <n.

5 Eigenspaces of classical operators and the characterization of the new
space

Let N be a positive integer. In this section we shall look at the classical operators on
S2x (Co(N)) that were introduced in Sect. 2 and Proposition 4.1 and study their eigenspaces.
We shall prove the theorems stated in Sect. 2 including our main result Theorem 3.

5.1 N square-free

Let N be a square-free positive integer and S be the set of prime divisors of N. Let p € S.
Recall that translating ,~Z/{1 ,and7; € H(G//Ko(p)) werespectively obtained the classical
operators O, W, and Uj, on S (I'g(N)). For N, d any positive integers recall the shift
operator V(d) : Sk (T'o(N)) — S (To(dN)) given by V(d)(f) = d_kflzk (g ?) It is

well known [1] that the old space

SEToN) = P V@S To(M)
dM|N, M#N

= Z Sk (Lo(N/pi)) + V(pi)Sax (To(N/ pi)).
Di€S

ey

We will consider the action of O, on each of the above summands.
Lemma 5.1 Let f € S3p¥(Io(N)) be a new form. Then Q ,(f) = — f, that is, S5 (T'o(N))
is contained in the —1 eigenspace of Q p.

Proof By [1,lemma 18], S37% (I'o(V)) has a basis of primitive forms, so we can assume that
f is primitive. By [1, Theorem 3], W, (f) = A(p) f for some A(p) = 1 and U,(f) =
—A(p)p*1f. Since Op= pl_kUp W), the result follows. O

Write N = pM where M is a square-free integer coprime to p.
Lemma 5.2 Let fbe a form in Sox (I'o(M)) C Sox(T'o(N)). Then Q,(f) = pf.

p 1) € I'o(M) we have

Proof Since
f (M yYp

1
Wo(f)(( +5)/p) = PNy G +)/p+ p) 2 f (%)

B(z+s)+1 )

ok 2k
=p"My(z+s)+p) f<7My(z+s)+p

= p* flo (Afy ;) z+9)=pfa+s) =p'f2).
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Hence

p—1
0p(f)=p Y W)@ +9)/p) = pf ).

s=0

Next we look at the action of O, on the old subspace V (p) (S (I'o(M))).
Lemma 5.3 Let f € Sy (To(M)) and g(z) = f(pz) € V(p)(Sak (TCo(M))). Then

0,(8) =pH*T,(f) —g,

where T), is the usual Hecke operator on Sy (I'o(M)).

Proof Note that from [1, Lemma 14],

p—1
PET, () = f(p) + p Y f@+9)/p).

s=0

As before, we have

o —2k M)
Wp(8)((z +5)/p) = p*(Ny (@ +5)/p + p) g(N)/(z—I—S)/P+P

_ ok —2k Pﬂ(z+s)+17>
=p"My(z+5)+ p) f<7My(z+s)+p
=p*My@+s)/p+ 1) *f (

= ™" flax (A’fy }) (C+9)/p) = p ™ F(+5)/p)

pB(z+s)/p+1 )
My(z+s)/p+1

. pB 1
since (My 1) € I'o(M). Thus

p—1
0,(@ =p*> " fl@+9/p)=p T, () —s.

s=0
O

We consider the subspace X, := Sox(F'o(N/p)) @ V(p)Sax (To(N/ p)) of S (T'o(N)).

Corollary 5.4 Q, stabilizes X , and the —1 eigenspace of Q p inside X, consists of forms
1-2k
h(@) = =BTy (£)(@) + f(p2) where f € Sy (To(M)).

Proof Let h € X, be an old form. Then / can be uniquely written as 4(z) = f1(z) + g(2)
where g(z) = f(pz) for some f, f1 € Su(I'o(M)). By Lemmas 5.2 and 5.3 we have
0,(h) = pfi + p' 7T, (f) — g which is clearly in X .

Further since the above decomposition for Q , (1) is unique, if f1(z)+g(z) is an eigenfunc-

tion of Q,, with g # 0 then Q,,(h) = —hand f = —2

of Q, consists of forms A (z) = — 2 T, (f)(2) + f(pz) for some f € Sy (To(M)). O

T,(f).Hence the —1 eigenspace

From Lemma 5.2 and Corollary 5.4 we obtain the following proposition.
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Proposition 5.5 The p eigenspace of Qp in X, is Sox(Fo(M)).

Next consider the operator Q;) = WprWp_1 = W,0,W,. So, Q’p =W, 171, and it
satisfies the equation ( Q’,7 - p)(Q’p — 1) = 0. Note that f is an eigenfunction of Q, with
eigenvalue A if and only if W,(f) is an eigenfunction of Q/p with eigenvalue A. Since the
action of Atkin—Lehner operator W, on the space of new forms is surjective, Q’p acts with
the eigenvalue —1 on the space of new forms. We have the following lemma.

Lemma 5.6 Let f € Sy (Fo(M)). Then W,(f)(z) = pkf(pz). Further, if g = f(pz)
then W, (g)(z) = p_kf(z). Consequently W, maps Sy (I'o(M)) onto V (p)Sax (I'o(M)), so
V(p)Sa(o(M)) is contained in the p eigenspace of Q’p. The operator Q’p preserves X p,
and the p eigenspace of Q;, in X, is the space V (p)(Sax (I'o(M)).

Proof Since < p 1) € T'o(M) we get

My p
B B 1 o Yy M)
Wy()(@) = fla (NV p) @) =p (My(p2) +p) 7 f <My(pz) +p
= p* fla (MIB)/ ;) (p2) = p* f(p2).
Further, since <pﬂ 1) € I'o(M) we get
> My 1
_ B i (PPt
Wy (2)(2) = glox (N ><z> p(Nyz+p) = f (m)

1
=p KMyz+ 1)y (%) P f .

Hence W, (X,) = X, and so Q’,7 preserves X . It now follows from Proposition 5.5 that the
p eigenspace of Q;, in X, is precisely V (p)(Sax (I'o(M)). m}

We shall need the following proposition.

Proposition 5.7 The operators Q, = U »Wp and Q =W,0,W U are self-adjoint with
respect to the Petersson inner product.

Proof Recall that U, = p'~*U, = p'~*T,,. Following Miyake [12, Page 135]
T, = [o(N) L0\ p (N)

and for f € S (Co(N)),

00 = flato (g5 o) = - S i (6 ")
m=0

Further,
= To(V) (” ‘f) Lo(N).

For f, g € S (o(N)), by [12, Theorem 4.5.4], (T),(f), g) = ([, T;‘(g)).
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pB 1

The Atkin—Lehner operator W), acts by a matrix < Ny p

) such that p>8 — Ny = p. We

want to show that the following diagram commutes:

Sa(To(N)) — 25 Sy (To(N))

w| ) [

Sok (To(N)) —— So(To(N))

We have

FlaW, T, Wy = flaW, ' To(V) (é 2) Fo(N)W,
@
= riaro@W (o ) Woro)

since W,To(N)W, ! = To(N).

10
0p

W_1<1 0>W _ pB—Ny Nl—p
7 N0 p) P T \=NyB+pNyB == +Bp* )

Choose ¢ € Z such thatr = ,BM_1 (mod p) and consider the matrix (]\it ?) in Co(N).

‘We claim that FO(N)W,,_1 ( ) W,pTo(N) =To(N) (8 (1)) o(N). We note that

Then,
-1
1({1 0 ) 1 0 (pr 0
W (0 p Wp Nt 1 01
3 pB — Ny l=p \ (50
"\ -NvB+pNyB =EE+pp? |\ 2
k k
= _ € I'g(N).
Ny (£0) 4 Nyp + N« | € PO
Hence W= (1 Y w e rov) (P ) To(W) and our claim i d
ence W, 0p » € Do(N) 01 o(N) and our claim is proved.

Thus from (2), we have flox W, 'T,W, = fluTo(N) (g ?) To(N) = T;(f). Using
this, and that W), is self-adjoint and it is an involution, we get that
(0p(f). &) =p' MT,W,(f). &)
WL (), Tr(@)
KWL (), WpT, W, (2))
R T, (9)
=p" "ML T, W, (9) = (. Qp())-

Hence Q) and consequently Q/p are self-adjoint. O

=pr
:pl
=pr

We now restate Theorem 1 and prove it below.
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Theorem 8 Let N = pips--- pr with p; distinct primes. Then the space of new forms
SHeY (Lo (N)) is the intersection of the —1 eigenspaces of Q . and Q’Pi as 1 <i <r. That
is, f € S5¥(To(N)) if and only if Qp, (f) = —f = Q;jl_(f)forall 1<i<r.

Proof We have already seen that if f € S;?"(I'o(N)) then O, (f) = —f = Q;,I_ (f) for all
1<i<r.

Further it follows from Proposition 5.5 and Lemma 5.6 that for each p;, the subspace
Sox(To(N/ pi)) is contained in the p; eigenspace of O, and V (p;) S (I'o(N/p;)) is con-
tained in the p; eigenspace of Q;JI_.

Suppose f € S (Ig(N)) is such that @), (f) = —f = Q’m (f)foralll <i <r.
Since O, and Q/p[ are self-adjoint operators on S>; (I'o(N)) we get that the p; eigenspaces
of O and Q;,i are respectively orthogonal to the —1 eigenspaces of Q ), and Q’pl_. Hence
f is orthogonal to S>,(FCo(N/p;i)) and V(p;) S (Co(N/pi)) forall 1 <i < r. Thus f is
orthogonal to the old space SS9 (To(N)), that is, £ € S5V (To(N)). O

5.2 General case

Let N be a positive integer and p be a prime such that p” strictly divides N, thatis, N = p"M
for some positive integer M coprime to p. Let n > 2. Recall that translating Uy, U,, 77 and
Y. € HG/ /~K0(p”)) where 1 < r < n, we respectively obtained the classical operators
Qpn s an , Up and Spn,r on So(FCp(N)).

We have the following lemma.

Lemma 5.8 For 1 < r < n, a set of right coset representatives for T'o(N) in T'o(p" M)
consists of the identity element and elements of the form

_ [ as by, j . B % n—j
As’]_<ijp"_j—sM> wherer < j <n 1andseZp/1+p Lp.

Proof Firstwe check that the right cosets I'g(NV) and I'g (N ) A, ; where j, s varies as above are
mutually disjoint. For any such j and s clearly A, ; € I'o(p" M)\ T'o(N), hence I'g(N)Ay, ;
and I'p(N) are disjoint.

Now forany r <i, j <n — 1 we have

To(N)As,j = To(N)Ar; <= p!M(p"™ —tM) — p'M(p"~/ —sM) € p"MZ,,.

Now ifi # j,sayi > j, then the equality of the above two cosets implies that —tM € pZ,,
leading to a contradiction.
Similarly, forr < j <n — 1 we have

To(N)A;; = ToN)A.j <= p/M(p" —tM) — p/M(p"~/ —sM) € p"MZ,
& t=s (mod p"Z,) < t=seli/(1+p"IL,).

Hence all the right cosets listed are mutually disjoint.

It is well known that [To(p" M) : To(N)] = p"~" ( [12, Theorem 4.2.5]). Since we
have already checked that the right cosets I'g(N), I'o(N) Ay, j where j, s varies as above are
mutually disjoint and since there are exactly p"~" of them the lemma follows. O

Lemma5.9 For 1 < r < n, the operator Sy, takes the space Sy (I'o(N)) to
Sk (Co(p" M)).

Proof The proof follows using Lemma 5.8 and [1, Lemma 3]. O
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Corollary 5.10 For 1 < r < n, the p"™" eigenspace of Sy , is precisely the subspace
Sox(To(p" M)).

Proof It follows from Proposition 4.1 that Sox (I'o(p” M)) is contained in the p" ™" eigenspace
of Spn . Let f € So(To(N)) be such that Syn . (f) = p"~"(f). By Lemma 5.9, Syn - (f)
belongs to Sox (To(p" M)). Thus f € S (To(p” M)). O

Proposition 5.11 Let 1 < r < n. Then for each r < a < n, the space Sy (To(p® M)) is
contained in the 0 eigenspace of Spn .

Proof Let g be any prime that is coprime to N, then the Hecke operator T, on Sy (I'g(N))
corresponds to 7(4), the characteristic function of the double coset GL>(Z) ((q) (1)) GL2(Zy)

in the g-adic Hecke algebra H(GL2(Z,)). Since J, = Y (,) belongs to the p-adic Hecke
algebra H(Ko(p")), it follows from Remark 3 that the operators 7, and ), (,) commute
and hence the operators Sy and T, on Sy (I'o(N)) commute.

Letr <a <nand f e S5 (I'o(p*M)) be a primitive form. Thus f is an eigenform
with respect to T, for any g coprime to N. Now since Sy , and T, commute we get that
Spn r(f) is also an eigenfunction with respect to all such 7;; having the same eigenvalue as
f.

By Corollary 5.9, Syn (f) € Sox(T'o(p"M)) and as r < «, it is an old form in the space
Sk (Co(p* M)). It now follows from [1, Lemma 23] that S,n - (f) = 0.
The proposition follows since S3™ (I'o(p“ M)) has a basis of primitive forms. O

Next consider the operator S, , = W S,,n,,Wp_,,1 = WprSpr s Wpn. Then S, . clearly
satisfies the equation S;,,, r(S;,,, , — P""") = 0. Since the action of Atkin—Lehner operator
W n on the space of new forms is surjective, in particular we get that the space S3" (I'o(N))

is contained in the 0 eigenspace of S;),,, 4—1- We have the following lemma.

Lemma 5.12 For 0 < r < n, the operator Wy maps Sy (To(p"M)) onto V(p"™")

S (To(p" M)) and takes the new space S3p" (I'o(p" M) onto V (p"~") S (To(p” M)).
Further, Wyn maps the space V (p") S (Lo(M)) onto V (p" ") Sox (T'o(M)).
Consequently for 1 < r < n, the p"~" eigenspace of S, . is precisely the space

pr
V(p" ") S (Lo(p"M)).
Proof Letr > 1 be as above. Let f € Sy (I'o(p” M)). Then,

n 1
Wy ()@ = f (%) (Nyz+ p 2 prk

_ ( PP )+ 1
prMy(pn—rZ) + pn

) (N)/Z + pn)—kank
_ " 1 _ _ _
— p(n r)kf|2k <p{’]]‘5y pn> (pn rz) — p(n r)kf|2k Wpr (pn rZ)

which clearly belongs to V(p" ") S (Do (p" M)).

Note that since W is an involution on Sy (I'g(p” M)), it is a surjection, i.e, any f €
S2u(To(p" M)) is of the form f|x W for some f' € So(Fo(p"M)). Letg(z) = f(p""2)
where f € Sox(T'o(p” M)). Then by above computation,

8@ = Wy (p""2) = p" " Wy (f)(2).
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Thus Wy (8)(2) = p" " (f) (@) = p" fluu W (2).

It is clear from the above that if f € Sy (I'o(M)) then Wy (f)(z) = p"kf(p"z) and
conversely if g = f(p"z) then Wy (g) = p~"k £ proving the statement for » = 0. Moreover
Atkin-Lehner involutions W ,r are surjection on new spaces and hence takes S;,‘;'W (To(p"M))
onto V (p"~") S8 (Ko (p" M)).

The proof of the second statement follows similarly. For the final statement let 1 <
r < n. Now #h is in the p"~" eigenspace of S;,,,,r if and only if W (h) is in the p"~"
eigenspace of Sy ,. By Corollary 5.10, this is same as Wyn (h) € Sy (Fo(p"M)), that is,
h e V(p"")SuTo(p"M)). o

Applying the above results to the case r = n — 1 we have the following corollary.

Corollary 5.13 The space SZk(Fo(p”_] M)) is the p eigenspace of Syn 1 and V (p) S
(To(p"~'M)) is the p eigenspace ofS/p,,’”fl. Moreover, the space S3;" (I'o(N)) is contained
in the intersection of the 0 eigenspaces of Syn ,—1 and S;n,n_l.

Next we have the following proposition.

Proposition 5.14 The operators Spn ,—1 and S’pn’n_1 are self-adjoint with respect to the
Petersson inner product.

Proof Since Spn 1 = I + q(V,—1), it is enough to prove that g(V,—1) on Sy (I'o(N)) is
self-adjoint. Recall that

p—1
a b
qVu-D(f) = X;flzkAx where Ay = (pn_i Mp—s M) € SLa(2).

S=
By [12, Theorem 2.8.2], (¢g(V,—1)(f), &) = (f, fz_]l g|2kAs_1). We claim that for any
f € Su(To(N)) wehave Y7~ flox Ay = Y77 flax A7 ! Note thatforeach 1 < 7 < p—1,
the choice of a; is unique mod p. Let 1 <s < p — 1 be such that s = ¢, M~ (mod p). As
t varies from 1 to p — 1, so does s. Now it is easy to see that

s=aM™' (mod p) &= A;A € To(N) <= fluA; = flaA;
proving our claim. Thus

(V-0 (). &) = (f, gVn-1)8)s

and so Spn ;1 is self-adjoint. Since the Atkin—Lehner operator W, is self-adjoint, it follows
that S/p”,nfl is also self-adjoint. m}

Now we restate and give a proof of Theorem 3 of which Theorem 2’ is a particular case.

Theorem 9 Let N = p1p2---prq; ' qy° -+ -qs° with p; and q;j distinct primes and oj > 2
forall 1 < j <s. Then the space of new forms S3"(Uo(N)) is the intersection of the —1

. / <i< . . ;
eigenspaces of Qp, and Q), as 1 < i < r andthe 0 eigenspaces oquja_, -1 and quo,j a1

foralll < j <s.Thatis, f € S5 (Lo(N)) if and only if Qp, (f) = —f = Q/pi(f)forall
l<i<randS oo (f)=0=S5 o  (f)foralll<j<s.
; e

Proof We have already seen one side implication. Conversely suppose f € S (I'o(N))

is such that Q,,(f) = —f = Q’pi(f) forall 1 < i < r and qu"‘/',aj—l(f) =0 =

! D) forall 1 < j < s. It follows from the previous subsection that for each
J

o;

qu N
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1 <i <r,S%[o(N/pi))iscontained in the p; eigenspace of O, and V (p;)Sox (To(N/p;))
is contained in the p; eigenspace of Q/Pi . Also from Corollary 5.13,foreach 1 < j < s, we get
that Sp; (I'0(N/g)) is contained in the g ; eigenspace of quaj -1 and V(g;) S« (To(N/q}))

is contained in the g; eigenspace of S;.aj w1’
JoiT

: ’ . /

Since Qpi» Qp; and Syej o, 12 S, oj 4.

orthogonal to Sy, (I'o(N/p)) and V (p)Sak (To (N/p)) for each prime divisor p of N. Thus
f is orthogonal to the old space, that is, f € S5 (I'o(V)). m}

are self-adjoint operators we get that f is

Next we consider N such that any prime divisor divides it with a power at most 2. Let
p be a prime such that N = p>M, so (p, M) = 1. Recall that 0,2 = (U,,)zwpz and
0,2(Q)2 — pz)(Q,,2 + p) = 0. It follows from Corollary 4.3 that if f € Sy (I'o(pM))
then sz (f) = pQ0p(f), hence sz stabilizes S2x (o (pM)) and acts with eigenvalues p2
and —p on this subspace. In particular if f € Sy (Io(M)) then Q ,2(f) = p>f and if
f € SEV(To(pM) then Q 2 (f) = —pf-

Further, if f e S3V(Io(N)) is a primitive form then Up(f) = 0andso Q,2(f) = 0.
Thus if f € S5 (To(N)) then Q2 (f) = 0.

Consider the operator Q’p2 =W,0, W, = sz(Up)z, then Q;,z(Q;z — pz)(Q’pz +
p) = 0. We have the following lemma.

Lemma 5.15 Let N = p?>M with (p, M) = 1.

(1) The operator Q’p2 stabilizes the space V (p)Sxu (Uo(pM)) and its subspace V (p) X .

(2) If 8(2) = [(p?2) € V(p)Su(To(M)) where f € Sy(To(M)), then Q' ,(g) = p*g.
Consequently, Q’p2 has eigenvalues p* and — p on the space V (p)X P

(3) If f € S5 (To(pM)) and g = f(pz) € V(p)Sy™ (Lo(pM). Then Q;z(g) =—pg.

(4) Let q, M’ be positive integers such that (q,p) = 1 and qgM' | M. Then
V(pg) S (Co(pM")) is contained in the — p eigenspace of Q’pz.

Thus Q;}z acts with eigenvalues p* and —p on V (p)Sau(Do(pM)).

Proof Let g = f(pz) where f € Sy (To(pM)). It follows from Lemma 5.12 that

2
W,a(g) = pk W, (f) where W), acts via [f M‘i ;) Since W), is Atkin-Lehner opera-

tor on Sy (I'g(pM)) and Q2 stabilizes S>; (I'o(pM)) and W2 maps So(I'o(pM)) onto
V(p)Sauk (To(pM)) we get that Q;z (g) belongs to V (p) Sy (TCo(pM)). Thus Q’p2 stabilizes

V(p)Sa(To(pM)).
In particular, if f € S3P™(T'o(pM)), since W), preserves the space of newforms, we get
that W 2 (g) belongs to S5 (To(pM)). Thus

0,:(8) = W20, (W2(8)) = =pWj(Wj2(9) = —pg,
proving (3).
Recall that V(p) X, = V(p)Sak (Do (M) &V (p?) Sk (To(M)). Let g (z) = f(p?z) where
f € S (To(M)). Then by Lemma 5.12 we get that W 2 (g) = p~2 £ and thus

Q2(8) =W, Q2 (p™f) = PWpe(p™ ) = ps,

proving a part of (2). Now we shall complete the proof of (1) and (2).
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Let g(z) = f(pz) where f € Sy (I'o(M)). By Lemma 5.12, sz(g) = g and using
Lemma 5.3,

05(8) = W 0,2(8) = pWp(p' *Ty(f) = &) = P°Ty(/)(P*2) — ps,
which clearly belongs to V (p) X ,, showing (1). Now following arguments as in Corollary 5.4
and Proposition 5.5, we get that Q’p , acts with eigenvalues p*and —pon V(p)X p and the
p? eigenspace of Q/!72 inside V(p)X is V (p?) Sk (To(M)).
To prove (4), we check that the operators V(g) and Q’p , on SZk(Fo(pzM’)) com-
mute. Since (17 p)2 commutes with V(gq) [1, Lemm;l 15] it is enough to check that
pp 1

W2 commutes with V(g). Let W2 acts via ( Ny p2

) of determinant p2, then

-1
(g (1)> W, (sz <g ?)) belongs to [g (N /q). So for f € Sx(To(N/9)), W2V (q)(f)
= V(qg)W,2(f). Hence Q;,z Vipg)(f) = V(Q)Q/pz V(p)(f) for f € S37¥(To(pM").
We note that V(p)S5eY(Fo(pM")) is contained in the —p eigenspace of Q;) , and so,
Q/p2 V(pg) S5 (Co(pM")) = —pV(q)V(p)S5 (To(pM")) concluding the proof.
Finally, since

V(p)Sa(To(pM)) = V(p) S5 (Do(pM)) @ V(p) X, @
Sgm' 1M, (q.p)=1V (p@) S5 (Do (pM)),

we get that Q;}z acts with eigenvalues p? and —p on V (p) Sy (To(pM)). O

Proposition 5.16 The operators 0, = (Up)szz and Q/p2 = Wy20,W, are self-
adjoint with respect to the Petersson inner product.

Proof The proof is similar to that of Proposition 5.7. O
Now we restate and prove Theorem 2.

Theorem 10 Let N = Mle where M|, M are square-free and coprime. Then f €
S (Co(N)) if and only if Qp(f) = —f = Q;,(f) for all primes p dividing M and
0,2(f)=0= Q’pz(f)for all primes p dividing M.

Proof The one side implication is clear.
Conversely if f € Sox(I'o(N)) issuch that Q,(f) = —f = Q;)(f) for all primes p | M,
then as before f is orthogonal to both Sox (I'o(N/p)) and V (p) S2x (T'o(N/p)) forall p | M.
Let g be a prime dividing M; and N = ¢?>N’,so (g, N’) = 1. We have already checked that
Q’q , stabilizes Sox (To(N/q)) = S (To(gN")) and acts with eigenvalues q2 and —gq. Further

it follows from Lemma 5.15 that Q’q2 stabilizes V () Sak (Co(N/q)) = V(g)S2(To(gN"))
and acts with eigenvalues ¢ and —¢g. Thus if 0,(/)=0= Q;z (f) for all primes g dividing

M then f is orthogonal to both Sox (I'o(N /g)) and V (q) Sox (T'o(N /q)) forall g | M. Hence
f is in the new space at level N. O

Let p be an odd prime. Next we shall consider the action of twisting operators R, and R
[1, Sect. 6] where R, is the twist by the Dirichlet character given by Kronecker symbol (;)
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and R, is the twist by the Dirichlet character given by ( ) Thatis, if f(z) = Y oo ang" €
Sk (F() (N)) then

o0

> (-1
Ry(H@) =) (%) aq",  Ry(H@ =) (7> ang".

n=1 n=1

By [1, Lemma 33], R, and R, are operators on Sy;(I'o(V)) provided p? | Nand 16 | N
respectively.

It is well known that R, and R, are self-adjoint operators with respect to the Petersson
inner product.

Lemma 5.17 Let N = p"M where p is odd and coprime to M and n > 2. If f €
SIEW(To(N)), then (Rp)*(f) = f. For 1 < a < n the space V(p®)(Su(To(p"~*M)))
is contained in the 0 eigenspace of R%.

Proof If f(z) = Zflozl anq" € SSEW(FO (N)) is a primitive form then since p2 | N we have
ap = 0 and consequently a,, = O for any m divisible by p. Thus f(z) = Zoon 1 anq".

Since S5 (I'o(N)) has a basis of primitive forms, this holds for any f € S“CW(FO(N ). It
now follows that

o 2
R(NH@= ) (p)anq Z anq" = f(2).

n=1
(n.p)=1 (n, p) 1
Let () = f(p"2) where f(z) = 3,2 ang" € Su(To(p" *M)). Then g() =
Yo angP ™. Since & > 1 we have R, (g) = 0. Hence the lemma follows. O

Following exactly similar arguments we also have the following lemma.

Lemma 5.18 Let N = 2"M with M odd andn > 4. If f € S5V (I'o(N)), then (RX)2(f) =
f. For 1 < a < n the space V(p*) (S (Co(p"~*M))) is contained in the 0 eigenspace of
R2.

X

Since RIZ, and R)Z( are self-adjoint operators, using Corollary 5.13 and Lemma 5.17 and
Lemma 5.18, and following a similar argument as in Theorem 9 we obtain the following
theorem (Theorem 4 of Sect. 2).

Theorem 11 Let N = 28 pp; - -- prd) 5% -+ qs* where p;, q; are distinct odd primes
and B > 4andaj > 2 foralll < j <s.Then f € S3;¥(To(N)) if and only if Q. (f) =
—f = Q) (f)foralll <i <r, (Rg))*(f) = fforall1 < j <sand (R)*(f) = f,and
Sq7.y—1(f) = 0 for all primes q such that q" |N with y > 2.

6 Characterization of old spaces

In the previous section we described the space of newforms in S>;(I'g(N)) as a common
eigenspace of certain Hecke operators. In this section we extend this description to the
subspaces of old forms of type V (d) S35" (I'o(M)) that appear in the direct sum decomposition
of the old space SSI4(T'o(N)) in (1).

We first consider the case when N is square-free. In the theorem below we characterize
the various summands in the old space as common eigenspaces of the operators Q , Q’p as
p varies over the prime divisors of N.
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Theorem 12 Let N be square-free and f € S (I'o(N)). Then

(1) f € SuTo(1)) ifand only if Q,(f) = pf forall p | N.

(2) Let 1 # M | N. Then f € S5V (To(M)) if and only if Q,(f) = —f = Q’Pffor all
p I Mand Qu(f) =qf forallq | (N/M).

(3) Let1 £ M’ | N. Then f € V(M')S>(To(1)) if and only ifQ;(f) =gqf forallq | M’
and Qq4(f) = qf forallq | (N/M').

(4) Let M and M’ > 1 and MM' | N. Then f € V(M")Sy¥(To(M)) if and only if
Op(f)=—f=0Q),fforallp| M, Q,(f)=qf forallqg | M" and Qq(f) = qf for
allg | (N/MM').

The proof relies on the description of eigenspaces of Q , and Q’p in Sect. 5.1 and the following
lemma.

Lemma 6.1 LetdM | N where M # 1 and d is coprime to M. If f € V(d)S3;" (To(M)),
then Q,(f) = —f = Q),f forall p | M.

Proof Let f = V(d) f1 where fi € S3;"(I'o(M)) and p be a prime divisor of M. Then
0,(f) = Up Wy, n(V(d) f1) where W), y is the Atkin-Lehner operator on Sy, (I'o(N)).
Note that for f € Sy (T'o(M)), we have W, n(f) = Wy m(f). Further, W), y commutes
with V(d) on Sy (T'o(M)) as the matrix W,,,NV(d)(V(d)WP,N)_l € I'o(M), and by [1,
Lemma 15] U » commutes with V(d) since (d, p) = 1. Hence by Theorem 8,

0,(f)=V@UWpufi=VW@d)Q,(f1)=-V@d) fi =—Ff

The case of Q’p follows similarly. O

Proof of Theorem 12 We shall give a proof of (4). The other parts follow similarly. Let M
and M’ > 1l and N = MM't for some ¢t € N.

If f e V(M)S5Y(To(M)) then by Lemma 6.1, Q,(f) = —f = Q;,f forall p | M.
Further for each ¢ | M, V(M")S5¥ (Do(M)) S V(q)S2(To(N/q)), and so Q; (f)=qf
for all ¢ | M’. Similarly for each g | t we have V(M")S3Z¥ (o(M)) S So(I'o(N/q)) and
$0 Qu(f) =gqf forallq | t.

Conversely let f € Sy (Io(N)) be such that Q,(f) = —f = Q;f for all
p | M, Q;(f) = qf forall ¢ | M and Q,(f) = qf forall ¢ | (N/MM'). Let
g be any prime such that ¢ | M't. Let V = @urn,qp V(@S5 (To(r)) and W :=
DarN,(q.n=1V (@) S3F" (To(r)). Then S (To(N)) = V @ W and since N is square-free
we have W = X;. By Lemma 6.1, V is contained in the intersection of the —1 eigenspace of
Qg4 and Q;I. Now f can be uniquely writtenas f = v+ wwithve Vandw e W.If g | ¢
then Q, f = qf and so, gv + qw = Quv + Q,w = —v + Q4w where Q,w € W. Thus
v=0and f € W. In the case ¢ | M’ we get the same conclusion by using the operator Q;
instead. Since the above argument works for all primes dividing M't, we get that f belongs
0 @arn,rim V(@) S5 (Lo(r)).

Now let g | M’ be any prime. Then @4\, r 1M, (d.q)=1 V (@) S5 (To(r)) S S (To(N/q))
and s v, r|1.qlaV () SEY(To(r) € V(@) S (To(N/q)). Thus f € X,. Since 0/, f = qf
and the ¢ eigenspace of Q; in X, is precisely V(g)S2«(Io(N/q)), we get that f belongs to
Dar|N.riM.qlaV (@)S3" (To(r)). Applying the same argument for all primes ¢ dividing M’
we get that f belongs to @ gy, rip,m/1a V (d) S5 (To(r)).

Let g be a prime dividing ¢. Then @y N rim,m'1d,d,q)=1V (@) S5 (To(r)) S S
(Co(N/q)) While @y . mr1d.gia V () S (To(r) € V(@) S (To(N/q)). Thus f € X,.
Since Qqf = qf, f € DariN,rim.mld,(d,q)=1Y (d) S (T'o(r)). As before applying this
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argument for all primes ¢ dividing t we get that f belongs to @g,\arm’,rim,m71aV (d) S

(To(r)) :=7.

Finally, let p be a prime dividing M. Then ¥ = Y; & Y> & Y3 where Y| =
Darimm’ /i, m\d, @dr,p)=1V () S5 To(r), Yo = @arimmr,rim,m'1d, pla V(@) Sy (To(r))
and Y3 = @dr|MM’,r|M,M’\d,p|rV(d)SSZW(FO(r))~ Clearly, Y1 & Y C X, We write f
uniquely as f = g +h where g € Y1 @ Y2 and h € Y3. Since Q,(f) = —f = Q/pf
and Qp(h) = —h = Q),h we get that Q,(g) = —g = Q',g. Thus g is orthogonal to X,
but ¢ € X, hence g = 0. Applying the same argument for all primes p dividing M we get
that f € g\ mm,r=m,m'ja Which is precisely V (M")SH (To(M)). O

We now consider the case N = p" where p is a prime. The characterization of the old
space summands will be done inductively on n. The case n = 1 follows from Theorem 12.
We assume that n > 2. It follows from (1) that

S (TCo(p") = SuTo(p" M) @ @ V(p" S5 (To(p")-
r=0

By Corollary 5.10, Sy (To(p"~1)) is precisely the p eigenspace of the operator § pn pn—1 and
hence we can characterize the summands that appear inside the direct sum decomposition of
Sor (T ( p"‘1 )) using the induction hypothesis.

So we need to only deal with the spaces of type V (p"~")S5;¥ (T'o(p")) for 0 < r < n.
Using Lemma 5.12, the operator W» maps S3¢% (I'o(p")) onto V (p" ") S3E¥ (T'o(p")). Thus
aform f e Sy (Co(p™)) belongs to the space V (p"~")SH¥ (T'o(p")) if and only if W (f)

belongs to S77* (I'o(p")). By the previous section we already know how to characterize the

forms in S3P% (Co(p")), thus we can characterize W,» (f) and hence f.
Using the above argument a similar statement as Theorem 12 can be made for general

level N.
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