THE ALGEBRAIC p-ADIC L-FUNCTION AND ISOGENY BETWEEN
FAMILIES OF GALOIS REPRESENTATIONS

TADASHI OCHIAI

ABSTRACT. In Theorem 1.6, we give a formula to compare the algebraic p-adic L-
functions for two different lattices of a given family of Galois representations over a
deformation ring R. This generalize a classical comparison formula by Schneider [Sc]
and Perrin-Riou [P], for which R is the cyclotomic Iwasawa algebra.

Recall that we studied the two-variable Iwasawa theory for residually irreducible
nearly ordinary Hida deformations in [O1], [O2] and [O3] and we acquired sufficient
understanding through these works. By applying our formula to Hida’s nearly ordinary
deformations, we understand better the two-variable Iwasawa theory for residually re-
ducible cases, where the choice of lattices is not unique anymore.
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1. INTRODUCTION

Let R be a local domain which is finitely generated and torsion-free over a power series
algebra Z,[[X1,- - , X,]] with p a fixed odd prime number and let K be the fraction field
of R. We fix embeddings Q — @p and Q — C, where Q and @p are the algebraic
closures of the rational number field Q and the p-adic field Q, respectively. Throughout
the paper, we denote by D, the decomposition subgroup of the absolute Galois group
Go = Gal(Q/Q) at a prime v.

Definition 1.1. Let V be a finite dimensional K-vector space with K-linear G'g-action.
The representation p : Gg — Auty (V) is called continuous if V has a finitely generated
R-submodule 7 with the following properties:

1. 7 ®x K is isomorphic to V.

2. The R-submodule 7 is stable under Gg-action on V.

3. The action of G on 7 is continuous with respect to the 9-adic topology on 7,

where 91 is the maximal ideal of R.

An R-submodule 7 of V satisfying the above properties is called a lattice (of V). If T

and 7’ are lattices of the same continuous representation V, we say that 7 and 7' are
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isogenious to each other. In general, a lattice 7 is not necessarily a free module over R.
When a lattice 7 is free R-module, we call it a free lattice.

In this paper, we always assume that the action of Gg on 7 is unramified outside a
finite set of primes ¥ D {p, oo} We introduce several notations. Let R be the integral
closure of R in K. Note that R is a finitely generated R-module. Let T T ®r R and
let A=T ®% (R)V where (R)Y is the Pontrjagin dual of R. When R = R, we denote
A by A. We denote by Homy, (ﬁ Q,) the set of non-trivial Z,-algebra homomorphisms,
which is naturally endowed a p—adlc topology and is regarded as a p-adic rigid analytic
space. For ¢ € Homy, (R Q ), we define (T)¢ to be the p-adic Galois representation of

G in usual sense obtained by specializing 7" via ¢.

Definition 1.2. Suppose also that we have a D,-stable R-submodule Ft A of A. Then,
we define the Selmer group Sels as follows:

(1) Sely = Ker | H'(Qs/Q,A) — H'(L,,F-A)x [[ H'(I,A)],
leX\{p,00}

where F~ A means ﬂ/F‘hZ, Qy is the maximal algebraic extension of @Q unramified
outside X and the map in the definition is the natural localization map. Though the
Selmer group Selz depends on the fixed D)-stable R-submodule F*A of A, we omit to
note it in the notation Selz if there seems to be no confusion.

Remark 1.3. Since Sels is a discrete R-module, the Pontrjagin dual (Selz)Y of Selz is

naturally endowed with a structure of compact R-module. It is also not so hard to show
that (Selz)" is a finitely generated R-module (cf. [Gr2, §4]).

We recall the following conjecture which we find in the paper [Gr2] (under slightly
different assumptions):

Conjecture 1.4. Let T be a lattice of an irreducible continuous K-linear representation
V of Gg. We denote by d* the K-rank of the +-eigenspace of V under the action of the
complex conjugation in Gg. Assume further that the following conditions are satisfied:

1. The action of Gg on T is unramified outside a finite set of primes ¥ D {p, cc}.

2. V has a Dp-stable K-subspace F*V C V with rankgFTV = d* such that V/FTV is
free of rank d—. (Note that F+V induces the filtration F*T :=TNF'Y in T and
the filtration Ft A := F+T® (R)Y in .A)

3. There exists a dense subset S C HomZp(R,@p) such that every ¢ € S satisfies the

following conditions:
(a) For each ¢ € S, there exists a pure motive My over Q critical in the sense

of [De2] such that (%)¢ ®z, Qp is isomorphic to the p-adic étale realization
Vo = Ha(My @0 Q,Qp).
(b) The D,-equivariant isomorphism Har(My) g, Bar — Vi Qq, Bar of p-adic

Hodge theory induces an isomorphism FilO(HdR(M¢)) ®q, Bar — FTV, ®qQ,
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Bar, where Har(My) is the de Rham realization of My and {FilinR(Md,)} 18
the de Rham filtration.

(c) The zero locus N' = {¢ € S | L(M,,0) = 0} is contained in a certain Zariski
closed subset of Homyz, (R, Q,).

\%

Then, we conjecture that (Selz)" is a finitely generated torsion R-module.

For a noetherian integral domain R which is integrally closed in the fraction field, the
localization R, is a discrete valuation ring for every height-one prime p of R. Hence,
for a finitely generated torsion R-module M, we have an invariant lengthp M,. We
see that the invariant lengthﬁp((Sel%)v)p makes sense if Conjecture 1.4 holds for 7.
On the other hand, an isomorphism class of lattices 7 in V is not unique when the
residual representation is reducible. Thus, it is important to compare the difference
between lengthﬁp((Sel%)V)p and lengthﬁp((SelfTv,)V),J when we take two lattices 7 and
T'. After preparing necessary notations, we will state our main result (Theorem 1.6)
which calculate this difference.

Definition 1.5. Let us introduce the following conditions on a lattice 7 :

(Fg) The coinvariant quotient (7*)g, is a pseudo-null R-module.

(Fp) I, acts non-trivially on every elements in F~7 and D, acts non-trivially on
every elements in F+7(—1) and F~7(—1). The Pontrjagin dual of (F~A)P» is a
pseudo-null R-module.

(T) Sels is a cotorsion R-module.

(T*) Selz. ;) is a cotorsion R-module where T(1) = Homﬁ(’f, R) ®z, Zp(1).
Further, we assume the following condition for each prime v € ¥\ {oco, p} :
(F») D, acts non-trivially on every elements in 7 (—1) and the modules A”* and
(Av)p, are pseudo-null R-modules.

Our main result is as follows:

Theorem 1.6. Suppose that the ring R is isomorphic to O[[ X1, - - , X,,|] with the integer
ring of integers O of a finite extension of Q, and a certain natural number n. Suppose
that T and T' are free lattices of a continuous representation V of Gg over the fraction
field K of R unramified outside a finite set of primes ¥ D {p,o0}. Let us assume the
conditions (Fqg), (Fp), (T), (T*) and (Fy) for both of them.

Then, we have

lengthp, ((Selz)Y)y — lengthp, ((Selz)")y

for every height-one prime p of R (Note that R = R by assumption).

As we will see in the following remark, the assumptions of this theorem are satisfied by
a wide class of deformations. Hence, it ensures that we will have a plenty of applications
of the theorem.

Remark 1.7. 1. It is not difficult to show that the conditions (T) and (T*) are
isogeny invariant (That is, if the property holds for one lattice 7 C V), it holds
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for all lattices in V). The conditions (Fg), (Fp) and (F,) also might be isogeny

invariant under fairly general situation. But, we do not pursue the question of

isogeny invariance of these conditions and we assume them for both of 7 and 7”.

. Let T' = Zf?d be a p-adic Galois representation of Gip unramified outside a finite

set of primes ¥ D {p,00}. We consider the cyclotomic Zy,-extension Qo of Q with

I' = Gal(Qx/Q). We denote by Z,[[I']](X) a rank-one Z,[[I']]-module on which

G acts via the character ¥ : Gg — Z,[[I']]* obtained by tautological injection

Go — I' = Zy[[[']]*. Then, we introduce the free Z,[[I']]-module T' ®z,, Z,[[T']](X)

on which Gg acts diagonally and we call it the cyclotomic deformation of T'. The

Selmer group Selr for 7 = T'®y, Z,[[I']](X) defined as in the definition (1) coincides

with the cyclotomic Selmer group Sela(Qs) C HY(Qsx/Qoo, A) given in [Grl] where

A =T ®g,Qp/Zy,. When T is ordinary at p and Sel4(Qu)" is a torsion Z,[[I']}-

module, Theorem 1.6 was obtained by Perrin-Riou in the paper [P].

. We verify the conditions of the theorem in the following cases.

(a) Let T,(E) be the p-Tate module of an elliptic curve E over Q with ordinary
reduction at p and let 7 := T),(E) ®z, Zy[[I']](X). Note that a finitely generated
Zp|[T']]-module is pseudo-null if and only if it is finite. In this situation, the
conditions (T) and (T*) always hold by results of Rubin [R1] (CM case) and
Kato [Ka] (non CM case). Recall that the group E(Qoso)p-tors := mLilE(@oo)[pm]

is always finite as studied by Imai [I]. On the other hand, (7%)g, is the Pon-
trjagin dual of E(Qu)p-tors by Shapiro’s lemma. Hence, 7 always satisfies the
condition (Fg). Let v € ¥\ {p,00}. We see easily that D, acts non-trivially
on every elements of 7(—1) = T,(E)(—1) ®z, Zp[[I']](X). The group A" is
isomorphic to a finite number of copies of E(Qy 00)p-tors = mLi1E(QU’°°)[pm]

where Q, is the completion of Q at v and Qy 0o = QucQy. Since it is easy to see
that E(Qy,00)p-tors is a finite group, the Pontrjagin dual of APv is a pseudo-null
R-module. This implies immediately that the Pontrjagin dual of (A%)p, is a
pseudo-null R-module. Thus, (F,) is satisfied for each v € £\ {p,00}. Let us
discuss about the condition (Fp). Since I, acts non-trivially on any Tate-twist
of Zy[[I']](X), I acts on every elements in F~7 (r) = F~T,(E)(r) ®z, Zy[[T']](X)
for any integer 7. The group (F~A)P» is isomorphic to ( LilF*E[pm])GQpaoo
m

where Q) oo = QxQ,. This group is a finite group except when E has split-
multiplicative reduction at p since the action of Frobenius element is non-trivial.
Hence, the condition (Fp) is satisfied except when E has split-multiplicative
reduction at p. More generally, let T be a lattice of the p-adic representation
V' associated to an ordinary eigen cuspform f of weight £ > 2 in the sense of
Deligne [De] and let 7 := T ®z, Z,[[T']](X). The conditions (T) and (T*) hold
by the above mentioned results by Rubin and Kato. The conditions (Fg), (Fp)
and (F,) for every v € ¥\ {p} hold in fairy general situations.

Thus, the assumptions of Theorem 1.6 are checked to be true in these cases and
we give another proof of results by Schneider [Sc] (for abelian varieties) and
Perrin-Riou [P] (for ordinary p-adic representations).



(b) Suppose that 7 is a free lattice of the two-variable nearly ordinary Hida defor-
mation V = K92 associated to a A-adic ordinary eigen cuspform F. Here, K
is isomorphic to a finite extension of the fraction field of Z,[[X,Y]]. Suppose
that the ring of integers R of K is isomorphic to O[[ X1, X2|] with the integer
ring of integers O of a finite extension of @, and let us take a height-one prime
I of R such that R/I is also a regular local ring. Then, a finitely generated
R-module M is a torsion (resp. pseudo-null) R-module if M/IM is a torsion
(resp. pseudo-null) R/I-module. The conditions (T) and (T*) are proved
by the control theorem at a height-one prime I specializing to the cyclotomic
deformation of a cusp form f in the Hida family F and the above mentioned
results by Kato and Rubin for the cyclotomic deformation of f (The proof is the
same as [03, Proposition 4.9], where we prove it for 7 with irreducible resid-
ual representation). Similarly, (Fg), (Fp) and (F,) are proved by specializing
method. For (Fp), if we have Iy corresponding to a cusp form f of weight two
associated to an elliptic curve with split-multiplicative reduction at p, (Fp) is
not true over R/I; as we saw above. The specialization method does not work
for this Iy. However, if we choose Iy so that the weight of f is greater than two,
(Fp) is always true over R/Iy. In this way, (Fg), (Fp),(T),(T*) and (F,)
are always true for two-variable nearly ordinary deformations.

By applying Theorem 1.6, we obtain the difference of the algebraic p-adic L-function
for Hida deformations in Corollary 4.4 after preparing notations in §4. Note that the
method in [P] is not applicable anymore to such more general deformations. We also
remark that previous results by Schneider [Sc] and Perrin-Riou [P] for the cyclotomic
deformations of elliptic curves can be recovered from our result in a completely different
manner.

We would like to study the Iwasawa Main conjecture for Hida deformations (equality
between the algebraic p-adic L-function and the analytic p-adic L-function). When the
residual representation for F is irreducible, we had much progress (We refer to [O3, §2]
for a review of those as well as notations on Hida deformations which we will use in
this paper). Thus, we are interested in the case where the reducible representation for
F is reducible. In spite of the difficulty of ambiguity of the choice of lattice, it seems
to be possible to say something around the main conjecture. First important ingredient
for this is that we are able to calculate the difference of the algebraic p-adic L-functions
for different choices of lattices by Corollary 4.4. Secondly, with help of [St] in which we
find a conjectural answer on the minimal choice of lattice of the p-adic representation
for elliptic modular forms of weight two, it seems reasonable to a canonical lattice 7r
associated to F constructed in §4 gives the minimal one in the sense that the algebraic
p-adic L-function for 7 is the minimal one among those for all lattices associated to F.
By combining these two points, we understand the Iwasawa Theory for F with reducible
residual representation better than before.

For the proof of the main result (Theorem 1.6), the key tool is the Euler-Poincaré
characteristic formula (Theorem 2.1) for a family of Galois representation proved in §2.
The use of this generalized Euler-Poincaré characteristic formula is the most important
difference from the proof of [P], which makes us generalize the result in [P]. We also re-
mark that the of proof of Theorem 2.1 is based on the specialization principle developed
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in [O2] which allows us to recover the characteristic ideal of a given R-module M from
the information on various specializations of M. Though the proof of Theorem 2.1 occu-
pies the whole of §2, the statement of the theorem is very natural and is understandable
at a first glance.

Acknowledgements. First of all, the author would like to thank Ralph Greenberg.
The work of the author is greatly influenced by some of articles of Greenberg and sev-
eral times of personal conversation. He also thanks to Robert Pollack for stimulating
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2. EULER-POINCARE CHARACTERISTIC WITH LARGE COEFFICIENTS

In this section, we prove the Euler-Poincaré characteristic formula for Galois coho-
mologies with coeflicients in a power series algebra R generalizing the classical one with
coefficients in the ring of integers of a p-adic field (cf. Theorem 2.1). The Euler-Poincaré
characteristic formula for a family of Galois representation is studied a little bit in [Gr1,
Proposition 3]. However, the formula in [Grl, Proposition 3| concerns only the R-rank
of Galois cohomologies for only when R = Z,[[I']]. In this section, we rather study the
characteristic ideal of R-cotorsion Galois cohomologies and we treat more general R’s.
The key tool for the proof of this section is “the specialization principle” established
in the previous paper [02]. The main result of this section (Theorem 2.1) will play an
important role in the next section for the proof of Theorem 1.6.

Throughout the paper, we will denote the Galois group Gal(Qx/Q) by Gy for short.
For a finite abelian group A, we denote by #A the order of A. Our main result in this
section is as follows:

Theorem 2.1. Suppose that the ring R is isomorphic to O[[ X1, - - , X,,]|] with the integer
ring of integers O of a finite extension of Q, and with a certain natural number n. Let
C be a discrete R-module such that CV is a finitely generated torsion R-module with
Gy -action. Then, we have the following formula for every height-one prime p of R :

1. We have the following Global Euler-Poincaré characteristic formula:
> (=1)lengthg, (H'(Gx,C)Y), = lengthg (CY), — lengthy ((CF%)Y),.
0<i<2

2. We have the following local Euler-Poincaré characteristic formula:

> (—1)lengthg, (H'(Dy,C)")p = 0 forv #p,
0<:<2
> (=1)lengthg (H'(Dp,C)"), = lengthg (CY), forv =p.
0<:<2

To prove the above theorem, we recall necessary results from the paper [O2]. From
now on throughout the section, we fix a power series O[[X1,---, X,]] and denote it by

Agl) for short. We recall the following definition (cf. §3 of [02]):
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Definition 2.2. Let n > 1 be an integer.

1. A linear element | in an n-variable Iwasawa algebra Agl) = O[[X1, -, X,]] is a

polynomial [l = ag+a1 X1 +---a, Xy, € Ag) with a; € O of degree at most one such

that [ is not divisible by a uniformizer 7 of O and is not invertible in Agl ). That is,
[ is a polynomial of degree at most one such that ag is divisible by 7, but not all a;
are divisible by 7.

2. We denote by ng) the set of all linear ideals of Agl). That is:
Egl) = {(l) C Agl) ‘ [ is a linear element in Agl) } .

3. Let n > 2. For a torsion Agl)-module M, we denote by Egl)(M) a subset of Egl)
which consists of (1) C Egl) satisfying the following conditions:
(a) The quotient M /(1)M is a torsion Ag)/(l)—module.

Ag‘)(M) C Agl) in Agl)/(l) is equal to
(M/()M) € NG /1),

(b) The image of the characteristic ideal char

the characteristic ideal char Ag‘) 0

We will use the following theorem which was proved in [O2]:

Theorem 2.3 (Proposition 3.6 and Proposition 3.11 in [O2]). Let M and N be finitely
generated torsion O[[X]]-modules. We have the following:

(1) The following conditions are equivalent:
(a) There exists an integer h > 0 such that charp, (M) D (7")chary, ().
(b) Let O be arbitrary complete discrete valuation ring which is finite flat over
O. Then there exists a constant ¢ depending only on My and Ny such that
t(Mor /()Mer) divides ¢ - §(Nor /(1) Nor) for all but finitely many (1) € Eg,)
(2) As for the difference by the power of w, we have the following equivalence:
(a) Let M(zy (resp. N(y)) be the localization of M (resp. N) at the prime ideal ().
Then we have length(Ao)(w)(M(W)) < 1ength(Ao)(w)(N(7r)).
(b) There exists a set of principal ideals
{(Ewm) | En is an Eisenstein polynomial of degree m}mez.,
and a constant ¢ depending only on M and N such that $(M/(E,,)M) divides
c-8(N/(Em)N) for all but finitely many m € Z>1.
Let n > 2 be an integer and let M and N be a finitely generated torsion Agl)-modules.
Then the following three statements are equivalent.

1. We have charAg)(M) D charAg>(N).

2. There exists a complete discrete valuation ring O' which is finite flat over O such
that we have the inclusion

char ) (Mo /()Mor) > charym (Nor/(l)Nor)

for all but finitely many (1) € Egl,)(Mo/) N EE;,)(NO/).
7



Remark 2.4. 1. Not only the above theorem, but also a lot of basic properties on
linear elements and linear specializations are developed in [02, §3]. We refer to [02,
§3] for some properties possibly used implicitly later in this paper.

2. Concerning known other results on the technique of specialization, the referee in-
formed the author that, for the case of modules of rank two, there are a similar
version of Theorem 2.3 (1) proved by Plater and an equivalent version of Lemma
2.5 (1) by Nekovar and Plater (cf. [NP]).

Under the above preparation, we return to the proof of Theorem 2.1. For a finitely

generated Ag ) module M , we denote by M, the largest pseudo-null Agl)

M.

-submodule of

Lemma 2.5. Let C be a discrete R-module with continuous Gx-action such that CV is
a finitely generated torsion R-module. Suppose that R is isomorphic to Ag). For each

complete discrete valuation ring O finite flat over O, the following statements follows:
1. Suppose that n = 1 (R is isomorphic to O[[X]]). The numerator and the denomi-
tH' (Gs,Co'[f])
tH' (G, Cor)lf]
prime to the characteristic ideal of (Cor)Y. Similarly, for each v € ¥\ {00}, the
4H'(Dy, Cor[f])
ﬁHi(DvaCO’)[f] . .
2. Suppose that n > 2. Then, there exist pseudo-null R-modules Y3(O") and ZL(O')
such that the Pontrjagin duals of the kernel and the cokernel of H'(Gx,Cor|l]) —
Hi(Gy,,Co)l] are pseudo-null Agl,)/(l)—modules foreveryl € Egg,)((c(\g,)nun@Yzi((’)’)@
ZL(0").  Similarly, for each v € X\ {oo}, there exist pseudo-null R-modules
YO and Z}(O') such that the Pontrjagin duals of the kernel and the coker-
nel of H'(D,,Cor[l]) — H*(D,,Co)[l] are pseudo-null Agl,)/(l)—modules for every
L€ £3)((Ch)uan © Yi(O) @ Z1(0).

Proof. For both of the case n = 1 and the case n > 2, we prove our statement only for
the cohomology of the semi-global Galois group G'x. The case for the cohomology of D,
is done in the same way and will be omitted.

First, let us discuss the first assertion (the case with n = 1). Let C° be the O[[X]]-
submodule of C such that (C/C°)V is the largest finite submodule of CV. Fix a complete
discrete valuation ring O’ which is finite flat over O. Note that C), := C® ®p O’ is the
O'[[X]]-submodule of Cor := C®p O’ such that (Cor/CS,)Y is the largest finite submodule
of C%,. Since H'(Gx,Cor/CY,) is a finite group for each i, we put:

a;(0') := tH (G, Cor /C).
For each f € O'[[X]] prime to the characteristic ideal of (Cor)Y, we consider the following
commutative diagram:
- —— HY(Gx,CY) —— H(Gx,Cor) —— HY(Gx,Cor/CYH) —— -+

< | | s | s

— Hi(Gz,C%/) —— HY(Gx,Cor) —— Hi(Gz,Cor/C%/) —_— e
8
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By decomposing the two long exact sequences of the diagram into short exact sequences
and by applying the snake lemma, we obtain the following inequality for each ¢ > 0 :

tH' (G, Co)[f]
2) LS (G, O] =

Since (C%/)" has no finite O'[[X]]-submodule and f is prime to the characteristic ideal of
(€)Y, we have:

CLZ'(O/).

0—C%[f] — 2 =Led — 0.
We also put
b;(O') := fithe largest finite O'[[X]]-module of H'(Gx,C/)".
This gives us the following inequality for each ¢ > 0 :
tH' (Gy,Co) ] /
(3) 1< — < bi—1(0"),

(G, 1)) = )
where b_1(0’) is defined to be 1. We have the following short exact sequence for each
f € O'[[X]] prime to the characteristic ideal of C :

0 — Co[f] — Corlf] — (Co /CO)[f] — 0.

Since the number of O’-submodules of Cor /CQy, is finite, we note that $H*(Gs, (Cor /C2,)[f])
is bounded when f varies. We define:

ci(0') := the maximum of $H*(Gs;, (Cor/C/)[f]) when f varies.
We have the following inequality for each ¢ > 0 :
(4) Ci—l(O/) < ﬁHZ(GE,C%/[f])
ci(0') T $H (G, Corlf])
where ¢_1(0') is defined to be 1. By adding three inequalities (2), (3) and (4), we obtain
the following inequality :
(5) Ci—l(O/) < ﬁHZ(szcO/)[f]

¢i(0) T tH'(Gs,Corf])
tH'(Gy, Co)lf]
§H'(Gx, Cor[f])

teristic ideal of (Cor)Y. This proves the first assertion of the lemma.
Next, we consider the case n > 2. Let CY be a Agl)-submodule of C such that (C/CY)Y =
(CY)nun- We consider the following commutative diagram:

- —— HY(Gx,Cd) —— HY(Gx,Cor) —— Hi(GZaCO//C(OO/) -

xll l x1 l x1
- — Hi(Gz,CO/) E— Hi(Gg,Co/) _— Hi(Gz,Co//C(OQ/) —_—
For finitely generated torsion R-modules M and NV, having R-linear map M — N whose
kernel and cokernel are pseudo-null R-modules is an equivalence relation called pseudo-

isomorphism. We write M ~ N when M and N are pseudo-isomorphic. By decomposing
9
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the two long exact sequences of the above diagram into short exact sequences and by
applying the snake lemma, we obtain the following statement for each ¢ > 0:

(6) (H' (G, Conll]) ~ (H' (G, Conll])Y if 1 € L3 (Y4(0)),
where
i Hi(GE,CO//C(OQ/)v@Hi_l(Gg,Co//Cg/)v ifi >1,
YZ(O) = 0 0 o
H (GZ,CO//C ,)V 1f’L:0,

For a linear element [ € Agl,) prime to the characteristic ideal of C¥, we have the short

exact sequence 0 — CQ,[l] — C2, =, C% — 0. This implies that

(7) HY (G, € [1)Y ~ (H(Gs,CO)I]) it i e £0)(Z5(0),
where A
Z(0') = H™YGx,CA)Y )nun %f Z >1,
0 if 1 =0.

Finally, the sequence 0 — C%,[l] — Cor[l] — (Cor/C2,)[l]] — 0 implies that we have
the sequence for each 7 > 0 :

®) Hi (G, 1) ~ Hi(Gs:, Corll])" it 1€ £2((C% o)

By combining (6), (7) and (8), we see that (H'(Gx,Co)[l])Y and HY(Gsx,Col])V is
pseudo-isomorphic to each other for every [ € LE;/)((C(\S/)HUH ® YL(O') & ZL(0')). This
completes the proof of the second assertion for the cohomologies of Gyx. For the coho-
mologies of D, the proof is done exactly in the same way by putting :

YO = H'(Dy,Cor [C)Y @ H'™H(Dy,Cor [C)Yif i > 1,
T H (D Cor/C)Y if i =0,

and

Hi_l(Dv’C(OD/)v)null if i > 1,

0 if i = 0.

o) - {

Let us return to the proof of Theorem 2.1.

Proof of Theorem 2.1. As in the proof of Lemma 2.5, we prove our statement only for
the cohomology of the semi-global Galois group Gx. The case for the cohomology of D,
is done in the same way and will be omitted.

We apply Theorem 2.3 to the following modules:

M = H%(Gyx,C)" @ H*(Gx,C)Y @ (COr)Y,
N = HYGy,C)Y @Y

We will show that M is pseudo-isomorphic to N as a Agl)-module by induction with

respect to n. Let us assume that n = 1 at first. For a complete discrete valuation ring

O’ finite flat over O, Mo, (resp. Nov) is isomorphic to H?(Gx,Cor)Y @ H?(Gx,Cor )Y &

((Co)C®)Y (resp. H' (Gx,Co)Y @ (Cor)Y). Let f be any element in O'[[X]]. The groups
10



(Mo /(f)Me:) and (No//(f)Nor) are finite when f is prime to the characteristic ideal
of (Cor)V. Lemma 2.5 immediately implies the following claim:

Claim 2.6. Let us introduce the following rational numbers:
ry = §(Mo/(f)Mo')/ 4(No/(f)No),
sp =1 (HO(Gz,C@[f]) ® H*(Gx,Cor[f]) @ (CSELf )/ﬁ YGyx, Corlf]) @ Corlf]) -

Then the numerator and the denominator of ry/sy is bounded when f runs elements
prime to the characteristic ideal of (Cor)Y.

By the Global Euler-Poincaré characteristic formula for finite Gx-modules (cf. [NSW,
Chap. VIII]), we have
1A
" as

(9) [T t#'(Gs, 4D

0<:i<2

This shows that sy = 1 for every f € O'[[X]] prime to the characteristic ideal of (Cor)".
Thus, ry = §(Mo/(f)Mor)/ #(Nor/(f)Nor) is bounded when f varies in O'[[X]]. By
the first half of Theorem 2.3, we conclude that M and N are pseudo-isomorphic to each
other.

Next, let n > 2 and assume that Theorem 2.1 is proved for n — 1. We define M(,, and
NO/ to be

My = Mo @ Y3 (0) @ Z5(0") @ YS(0') @ Z3(0"),
N/ = No @ Yo (O') @ Z5(0').

By Lemma 2.5 and inductive assumption, M/,, /(1) M{,, is pseudo-isomorphic to N(,, /(1) N,
as Agl,)/(l)—module for every [ € [,g,)(M(’Q,) N LE;,)(N(’Q,). Hence, the last half of Theorem
2.3 implies that M/, is pseudo-isomorphic to N, as Ag )_module. Since M/, (resp. Nj,)
is pseudo-isomorphic to M (resp. N) over Agl) by definition, this completes the proof for
the cohomologies of Gy. For the cohomologies of D,,, we apply the local Euler-Poincaré
characteristic formula for finite D,-modules (cf. [NSW, Chap. VII]) in place of the

Global Euler-Poincaré characteristic formula when n = 1. Since the proof for n = 1 and
n > 2 is done in the same way, we omit it. O

3. PROOF OF THEOREM 1.6

In this section, we will complete the proof of Theorem 1.6 by using the results in
§2. Throughout the section, we suppose that R is isomorphic to O[[ X1, -, X,]] with
O the ring of integers of a finite extension of Q, and n a natural number. We fix an
injection between two free lattices 7 — 7’ and we denote by C the kernel of the induced
surjective map A — A’ where A (resp. A’) is 7 @g RY (resp. 7' @xr RY). First, we
prepare the following notation:

Definition 3.1. Let (M,F') be a discrete Gy-module with D,-stable R-submodule
FTM c M.
11



1. Loc}, is defined to be Loch, = H'(D,,F~ M) @ @ HY(D,, M) (Though Loct,
veX\{oo,p}
depends on the choice of FT M, we leave the notation as it is if there causes no
confusion).
2. We denote by loc’]'\/[ the natural localization map:

HY(Gy, M) — @ H(Dy, M) — Loch,.
veX\{oo}
Our strategy is to consider the following commutative diagram:

N Hi(Gg,C) SN Hi(Gz,A) SN H"(GZ“A’) - ...
(10) locél lloci‘ lloci\,

C— Locé —_ Locf4 —_ Loci4, —_— e

We show that the kernels or cokernels of some of vertical homomorphisms in the above
diagram vanish and this will give us a relation between the orders of the kernels and
cokernels of the vertical homomorphisms. In the first half of this section, we will show
that Ker(locy) (resp. Ker(locy,)) is very “close to” Sely (resp. Selzs). Then, in the
latter half of the section, we calculate the difference between Ker(locy) and Ker(locy)
by the diagram (10) and by the Euler characteristic formula established in §2.

The goal of the first half of the section is the proposition as follows:

Proposition 3.2. Let us assume the conditions (T*), (Fp) and (Fy) for each v €
¥\ {o0,p}. We have the following equality:

lengthp (Ker(loc})")p = lengthp, ((Selr)Y)p

for each height one prime p of R and Coker(loch)v 1s pseudo-null. The same result also
holds for A'.

The proofs for A and A" are exactly the same. Hence we only treat the case of A. Let
us also recall the following notation:

H}\(Dy, M) = Ker [H' (D, M) — H'(I,, M)]

for any finite prime v of Q and for any D,-module M. Before proving Proposition 3.2,
we recall the following lemma:

Lemma 3.3. Under the assumption (T™*), the following localization map is surjective:

Hl(Dp,A)EB @ HY(D,, A)

1 1 ’
HGr(DP7'A) vGE\{oo,p}Hur(Dv’A)

(11) H'(Gs, A) —
where H, (Dy, M) = Ker [H'(D,, A) — H'(I,,F~A)].

We omit the proof of the lemma, since it is done in the same way as [O3, Corollary
4.12] where the same statement is proved for two-variable Hida deformations.
12



Proof of Proposition 3.2. As we remarked earlier, it suffices to prove only in the case of
A. We start from the proof of the first assertion. By the definition of loc}4 (cf. Definition
3.1), we have the following commutative diagram:

0 _— Hl(Gz,A) _— Hl(Gz,A) —

| s L

0 —— HL(D,,F-A)® @ HL(D, A) —— Loc}y —— X —
veX\{oo,p}
H' (D, A) o H'(D,, A)
Hér(Dp7‘A) veX\{oo,p} H&r(va'A)
and HL.(D,, A) = (A%)p, for each v € ¥\ {c0,p} are pseudo-null by the assumptions
(Fp) and (F,). Since the module Ker(«) is Sely by definition, we complete the proof
of the first assertion by the snake lemma. On the other hand, we have Coker(a) = 0 by
Lemma 3.3. Hence we deduce that Coker(locly)Y is a pseudo-null R-module. O

where X = . Note that H} (D, ,F~A) = (Al)p,

By a similar argument using the Poitou-Tate sequence, we obtain the following proposition:

Lemma 3.4. Let us assume the conditions (T*), (Fp) and (Fy) for each v € ¥\ {o0, p}
on T. Then, H*(Gx:, A) and Loc% are trivial.

Proof. We have H%(D,,F~A)Y = ((F~7(-1))*)P» and H?(D,, A)V = (T(-1)*)P» by
the local Tate duality. Hence (Loc%)V is trivial by the assumptions (Fp) and (F,) for
each v € ¥\ {oo,p}. This proves the second assertion.

Recall that H_IZE (A) is defined by the following exact sequence for each i:

(12) 0 — ML (A) — H'(Gs, A) — P H(Dy, A).

veX\{oo}
For i = 2, H?(D,, A) is the Pontrjagin dual of (7*(1))P» by the local Tate duality. Since
(T*(1))P? is zero by the assumption (Fp), the left terms in (12) is trivial. The group
IIT*(A) is the Pontrjagin dual of imITT' (A*(1)[9"]) by the global duality theorem, where

n
M is the maximal ideal of R. On the other hand, limIII" (A*(1)[9"]) is isomorphic to
n
Homp (ITT' (A*(1))Y, R) (see [O1, Lemma 5.4] and its proof for the general result on such
isomorphism exchanging the inverse limit, the Pontrjagin dual and the linear dual). Since
IIT (A*(1))Y is a torsion R-module by the (T™*), ITI?(A) is trivial. Since the first term and
the third term of the equation (12) for i = 2 is zero, this proves that H*(Gx, A) =0. O

Lemma 3.5. Assume the conditions (T*), (Fg), (Fp) and (Fy) for each v € 3\{o0, p}.
We have the following equality for every height-one prime p of R:

lengthp, ((Selr)¥)p — lengthp, ((Selr)")p
= Y (—1)lengthg, (H'(G5,C)"), — Y (—1)lengthg, ((Loct)")p
1<i<2 1<i<2

Proof. The R-modules (Loc%)Y and H?(Gyx,A)V are trivial by Lemma 3.4. The R-
module H(Gx:, A)V (resp. (Loc%)V) is a pseudo-null R-module by (Fg) (resp. (Fp)
13



and (F,) for each v € ¥\ {o0,p}). Thus, we have the following commutative diagram
for each height-one prime p of R:

(13)
0 —— (H'C))p «—— (H'(A))p e (H'(A))p «——— (H*C)"))p «—— 0

[ I [ [

0 ((Locg)Y)p «—— ((Locy)")y «—— ((Lock)")y —— ((Locg)")y «—— 0,

where H*(M) means H*(Gyx, M) and the vertical maps are the Pontrjagin duals of loc’.
This implies the following equation:

(14) lengtth(Ker(locé)v)p - 1engtth(Ker(loc}4)v)p
+ lengthy, (Ker(locy)Y)p — lengthyp, (Ker(locZ)¥),
= lengthp, (Coker(locg)Y), — lengthp (Coker(lock)")p
+ lengthp, (Coker(lock/)¥)p — lengthy, (Coker(locg)"),
On the other hand, we easily prove the following equality:
(15) lengtth(Ker(locé)V)p — lengtth(Coker(locé)v),J
= lengthy, (H'(Gx,C)Y)p — lengthr, ((Locg)Y)y

Thus, we complete the proof of the lemma by combining (14), (15) and Proposition
3.2. ]

Let us return to the proof of our main theorem.
Proof of Theorem 1.6. Let us note that
(16)
lengthz €)Y = lengtth(’T/T’) (resp. lengtth(F+C)V = lengtth(FJrT/FJrT’)).

On the other hand, we have the following equality by our Euler-Poincare characteristic
formula (Theorem 2.1) and Lemma 3.5 :

lengthy, ((Selz)Y)y — lengthy ((Selz)Y)y
— lengthg, (FC)"), — <lengtth (C¥)p — lengthy, ((CGR)V)p)
= lengthg ((C“*)Y), — lengthg, ((F*C)Y),.
This completes the proof. ]

4. TwWO-VARIABLE IWASAWA MAIN CONJECTURE FOR HIDA DEFORMATIONS

In this section, we will study the Iwasawa Main Conjecture for two-variable nearly
ordinary deformations associated to Hida’s ordinary A-adic forms. For general facts on
Hida theory, we refer to papers [H1], [Wi] and a book [H2] by Hida, but we refer also to our
previous papers [02] and [O3] for the notations. Let Ty = lim ,>1 Hg (X1 (Np")g: Zp)°d,
where X1 (Np")g is a projective modular curve over Q with level structure I'; (Np") and

()°' means taking the unit-root subspace with respect to Up-operator. Recall that
14



Ty is free of finite rank over A = Z,[[I'']] where I'' = 1 4 pZ, is the group of diamond
operators acting on the tower of modular curves {X;(Np")},>1. We denote by h{d
Hida’s ordinary Hecke algebra, which is a subalgebra of End, (S9) with S the space
of whole ordinary A-adic cusp forms of tame conductor N. The algebra h‘j\?d naturally
acts on Ty. Let F be a A-adic eigen newform of tame conductor N and let Ir be the
subalgebra of the algebraic closure of Frac(A) generated by all Fourier coefficients of F.

We define the canonical ordinary Galois representation T associated to F as follows:
T]: = HOHI]IF(HOIH]IF(TN[A]:],H]:), ]1_7:),

where Tn[Ax] is defined to be the Iz-submodule (Ty ®z [ LF)[Ax] cut out by the
condition that [-Hecke operator in h?\}”d acts by [-th Fourier coefficient of F for almost
all [. We have the following properties:

1. The module T# is a reflexive Ir-module since T is the double Iz-linear dual of
the Ir-module Ty ®hc]>\1;d Ir.

2. The module Vx := Tr ®1, Kr is a Kz-vector space of rank two, where Kz =

Frac(Ix).

The module Tr is equipped with continuous Gg-action.

4. T is also equipped with a natural Gg-equivariant [z-linear homomorphism T y® R

o9

Ir — Tg.
We define the canonical nearly ordinary Galois representation 7r associated to F to be
Tr = Tr®z,Zy[[]](X). The action of Gg on Tr is the natural diagonal one. Thus, we
have a lattice of the nearly ordinary representation pr : Gg — GL2(Kx) associated to
F, where Kz = Frac(Lz[[T'])).

Let Vr be the underlying KCr-vector space of pr. As is well-known, two lattices of
Vr is not unique modulo I£[[I']]-isomorphism when the residual representation for F is
reducible (cf. [MW] for residual representation). A lattice of Vr is not necessarily free
over I7[[I']] and a free lattice of Vr is not necessarily isomorphic to 7z. Since it is not
difficult to see, we introduce the following facts on lattices on Vx without any proof:

Lemma 4.1. 1. For any lattice T over 1£[[I']], we define T** to be the double Iz[[I']]-
linear dual as follows:

T = Homy ,ry) (Homy ) (7', L#[[T]), T [[T']])-

Then the natural Lg[[T]]-linear homomorphism T — T** is injective. Further,
if 1z[[T]] is integrally closed in Kx, the cokernel of T — T** is a pseudo-null
L£[[T]]-module.

2. LetT be alattice of VF defined to be the cyclotomic deformation T = T@ZPZP[[FH()A{)
where T be a lattice of V&. Then, T** defined above is isomorphic to T**@ZPZP[[FH()A{)
where T** is the 1r-linear double dual Homy . (Homy . (T,Ir),1r) of T.

3. If T is a reflexive lattice over Ix and if Ix is a regular local ring, then T (resp.
T = T@ZPZP[[FH()A{)) is a free lattice over Ix (resp. Lr[[T']]). Especially, the lattice
Tx (resp. Tx) constructed above is free over I (resp. 1£[[[']]) when Lr is a regular

local ring.
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Now we introduce the algebraic p-adic L-function for a lattice 7 under certain as-
sumption.

Definition 4.2. Let T be a lattice of Vx and let 7 = T@ZPZP[[F]](SZ). We assume that
I+ is a regular local ring (hence Iz[[I'] is also a regular local ring). Recall that V£ has a
unique D,-stable one-dimensional subspace VJ} such that the quotient V. = Vx/ VJ} is an
unramified representation of D,. This induces a D,-stable Ir-submodule F*T = T OV}
on T and hence induces Dj-stable Iz-submodule F* A of A = T @y (I[[T]])". We
define the Selmer group Sely C H(Q,.A) as in Definition 1.2. It is known that (Selz)V is
a finitely generated torsion Ix[[I']]-module. We define L2'3(7T) € I#[[T]] to be a generator
of the characteristic ideal of (Sel7)¥, which is defined modulo multiplication by a unit of

Lz [[I]].
We introduce the following lemma without any proof:

Lemma 4.3. Let T be a lattice of Vr and let T = T®z,Z,[[T)](X). We assume that Ir
1s a reqular local ring.

1. We have lengthﬂf[[F]]p((Self)v)p = lengthﬂf[[rﬂp((SelT**)v)p for every height-one

prime p of Le[[L]).
2. We have Lglg(T) = Lglg(’f**) and T** is a free lattice.

This lemma tells us that it suffices to treat only free lattices. Now, we state a corollary
of Theorem 1.6 in the setting of Hida deformation.

Corollary 4.4. Let F be a A-adic newform with reducible residual representation. As-
sume that 1r is isomorphic to O[[X]] for a discrete valuation ring O finite flat over Z,.
Let T and T’ free 1z[[T]]-lattices isogenious to Tr. Then we have

length; ), ((Selr)")y — lengthy qryp), ((Selzr)"),
= lengthy oy, (7/7")Gy )p — length oy, (FTT/FTT)),
for every height-one prime p of Lx[[[']].
We finish the paper by the following question.

Question 4.5. 1. How much lattices exist for a given F (for a given V£)?

2. Can we find and calculate examples of certain ordinary A-adic eigen cuspform F
with reducible residual representation where we can calculate the difference between
(LY$(T)) and (L3%¥(T")) when T and 7’ vary in the set of lattices over Iz[[I]
associated to F?

All such questions naturally arise as continuation of the work in this paper and are
related to a work by Emerton, Pollack and Weston [EPW] on the variation of Iwasawa
A-invariants in Hida families (Note that our Question 4.5 2 is related to the variation
of Iwasawa p-invariants). In this paper, we do not give an explicit example for explicit
F’s. Further results on residually reducible Hida deformations will be discussed in a joint
project [OP] with Robert Pollack.
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