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1. INTRODUCTION

1.1. GENERAL OVERVIEW. Let p be an odd prime number fixed throughout
the paper. In the spirit of Iwasawa theory, our interest is in constructing and
studying p-adic analytic L-functions which interpolate special values of Hecke
L-functions of various automorphic forms (or Hasse-Weil L-functions of various
motives). According to the philosophy of Iwasawa Main Conjecture, the p-
adic analytic L-function is expected to coincide with its algebraic counterpart
encoding the behaviour of generalized class groups or Selmer groups.

In the classical situation, we fix an automorphic form f for a certain algebraic
group G on a number field F' and we study the p-adic analytic L-function L, (f)
interpolating special values of the Hecke L-function L(f, ¢, s) twisted by Hecke
characters ¢ on F' of p-power order and p-power conductor. Note that, by
the class field theory, Hecke characters as above are identified with characters
of the Galois group Gal(Fy,,/F) where Fy, is the maximal abelian pro-p
extension of F' unramified outside primes above p. The most fundamental case
is the case of a totally real number field F', in which case Leopoldt conjecture
predicts that F,, is almost equal to the cyclotomic Zj,-extension F, of F.
Thus, L,(f) is an element of the cyclotomic Iwasawa algebra O[[Gal(Fs/F)]]
over the ring of integers O of a finite extension of @Q,,, which is non-canonically
isomorphic to a power series in one variable O[[T]]. When F = Q and G = G,,,
the p-adic L-function L,(f) € O[[Gal(Qs/ Q)]] of an automorphic form on G
(that is a Hecke character of F') is constructed by Kubota-Leopoldt, Iwasawa
and Coleman. When F = Q and G = GLg, L,(f) € O[[Gal(Q. /Q)]] is
constructed by Mazur-Tate-Teitelbaum [MTT]. There are some known work
of p-adic L-functions over the cyclotomic Iwasawa algebra O[[Gal(F /F)]] for
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other algebraic groups G of higher rank. We do not try to give a list of previous
work on such constructions.

We are interested in a vast generalization of Iwasawa theory from the the-
ory over the cyclotomic Iwasawa algebra to the theory over the whole algebra
RZ° of nearly ordinary Galois deformations (with suitable local conditions)
of a given mod p representation p (see [G] and [Oc2] for the project of an
Iwasawa theory over deformation algebras). We are particularly interested in
constructing p-adic analytic L-functions L,(p) € R5°. Let pyp be a modular
p-adic representation lifting p. By the universal property, R%° parameterizes
in particular twists of ps, by Hecke characters on F' of p-power order and p-
power conductor. Hence, there is a surjection R3° — O[[Gal(Fis/F)]] and we
expect that the specialization of L,(p) € R5° to be the classical cyclotomic
p-adic L-function L,(f) € O[[Gal(F/F)]]. In this way, our project is really a
generalization which contains previous work.

When a given mod p representation p of Gal(F/F) has rank one, RZ° s
isomorphic to O[[Gal(F/F)]]. Hence, in this case, the theory is the same
as the classical cyclotomic theory. The first important new case arises when
rank(p) = 2. In this case, the Krull dimension of R is greater than that of
O[[Gal(Fx/F)]]. We have a natural surjection from R to the (p-component
of) Hida’s nearly ordinary Hecke algebra T35 and this surjection is conjectured
to be an isomorphism.

Up to now, we took the viewpoint of Galois deformation rings since we believe
that this is the appropriate framework for construction of more general p-adic
L-functions. However, from now on, we will try to define the p-adic analytic
L-function Ly(p) in T3 rather than in R5° since T5 is more closely related
to the L-values.

For the rest of the introduction, we fix a rank-two mod p representation p of
Gal(F/F) which is modular and nearly ordinary. When F = Q, there is a
canonical isomorphism:

T3 = T80 0[[Gal(Qu / Q)] = To[[Gal(Que / Q)]

where ’]I‘%‘"d is (the p-component of) nearly ordinary Hecke algebra, which is
finite and flat over O[[1 + pZ,]]. The algebras T2! and T4 depend on a
certain tame conductor N. However, if there is no confusion, we will omit
N in the notations. By Hida’s theory, for every p-stabilized elliptic (nearly)
ordinary eigen cuspform f of weight £ > 2 and conductor Np* (¥ € N) such
that the residual representation p; associated to py is isomorphic to p, there

exists a unique kK = Ky : T%rd — @p such that the g-expansion of f equals
ZH #(Tn)q", where T, is the n-th Hecke operator in ']I‘%rd. Hence, for every
n
pair (f,¢) of ordinary p-stabilized eigen cuspform f as above and a character
¢ of Gal(Q, /Q), there is an unique kK = Ky : T5° — @, such that the
g-expansion of f ® ¢ equals Zn #.6(Thn)q". The algebra T%rd is a local algebra
n
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which might contain zero divisors in general. A quotient R = T%rd /2 by a prime
ideal 2 of height zero is called a branch of T%rd. A branch of T is defined
exactly in the same way. For a branch R of ’]1’%“1, R&00O[[Gal(Q., /Q)]] is
a branch of T and this correspondence gives a bijection between the set of
branches of ']I‘%rd and the set of branches of T7Z°.

The p-adic L-function L,(f) € O[[Gal(Q,, / Q)]] of an elliptic modular form
f has been constructed in the 70’s and extensively studied by the method
of modular symbols. Kitagawa refined Mazur’s method of A-adic modular
symbols which is a family of modular symbols associated to Hida family. We
recall the following theorem of [Ki].

TuEOREM 1.1 (Kitagawa-Mazur). Let R°™ be a branch of 'If%rd. Assume that

R is a Gorenstein ring. Then, there exists L,(R°) € R°'[[Gal(Q,, / Q)]]
which is characterized by the interpolation property:

Kp i ord
fx q»éfp(n D (1166 )AL

for every pair (f,x’~'¢) as follows:

L(f,ow' ™, j)
(7271’\/771)]‘716},00

o The form f is a p-stabilized ordinary eigen cuspform f € Si(T'1(Np*))
satisfying py = p such that g : T%rd — @p factors through R.
o The character x?~1¢ consists of a finite character ¢ of Gal(Q., / Q)
and an integer j such that 1 < j <k —1.
Here, the notation in the above equation is as follows.
The element Cp, ¢ € Z: /Z(Xp) is a p-adic period for f and Cf o € (CX/Z(XP) is a
complex period for f where Z, (resp. Z) is the ring of integers of@p (resp. Q)
and Z(p) is the localization of 7Z at the valuation induced by a fired embedding
Q= Q,.
The symbol G(¢,j) is the Gauss sum for the Dirichlet character (¢pwet1=7)=1

where a is an integer such that p @ w™? is ordinary.
The term Ap(f) is given by

(1 - pH) if pwt1=7 s trivial
Ap(f) = ap(f®w )

pi—1 c(¢.4) ' |
<(f®—)> if pwt1=9 has conductor p*(#7).
ap w a

By abuse of notation, a,(f@w™?) is the Hecke eigenvalue at p of the p-stabilized

newform associated to f @ w™?.

REMARK 1.2. Kitagawa [Ki] constructs the p-adic L-functions on each branch
T%rd /2 assuming that T%rd /2 is Gorenstein. As explained above, we believe
that the construction on the whole T%rd is more universal. It seems to us

that such a universal construction will be possible if we assume that ']I‘%rd is
Gorenstein as well as some conditions.

For other results related to Theorem 1.1, we give the following remark:
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REMARK 1.3. (1) Results similar to that of Theorem 1.1 are obtained us-
ing a similar method of A-adic modular symbol by Greenberg-Stevens
([GS]) and by Ohta (unpublished). Later was found another construc-
tion based on the method of Rankin-Selberg and it has been gener-
alized to obtain results similar to Kitagawa’s result by Fukaya[Fu],
Ochiai[Ocl] and Panchishkin[P2]. (Panchishkin’s construction is done
for a p-adic family of positive slope, but the same construction works
for a Hida family)

(2) The p-adic L-functions obtained at [GS], [Fu], [Ocl] and [P2] are weaker
than the one by Kitagawa since they are sometimes defined only at a
localization of a branch R but not on the whole of R. In [Fu], [Ocl]
and [P2], the complex periods Cf o cannot be optimally normalized

and are defined at C*/Q". In [GS], the analogue of Cy,, is not a p-
adic unit as in the Kitagawa’s one and we only know that C', are non
zero except finitely many f’s.

We fix a totally real number field F' with d := [F : Q] > 1 throughout the
paper. We would like to introduce the nearly ordinary Hecke algebra T3
over a general totally real field F' of degree d > 1 and construct a p-adic L-
function which generalizes Theorem 1.1 (Everything which will be discussed in
this paper works for d = 1 except that we omit the condition of holomorphy at
infinity in Definition 2.1 which is always valid for d > 1 thanks to the Kocher
princicple).

REMARK 1.4. In order to work in the setting of Hilbert modular forms, it is
more efficient to switch to the terminology of nearly ordinary modular forms
rather than ordinary modular forms twisted by characters. Let Ir be the set of
embeddings of F' into R. It will also be more efficient to cinsider modular forms
with double-digit weight w = (w1, w2) € Z[Ir] x Z[Ip] as explained in [H6].
When F = Q, a cusp form of weight k in the usual sense is of weight (0, %k —1).
For an ordinary elliptic cusp form of weight (0,k — 1), the twist by a Hecke
character of weight j is a nearly ordinary cuspform of weight (—j, k — 1 — j).
Conversely, every elliptic cuspform of weight (—j,k — 1 — j) which is nearly
ordinary at p is obtained as a twist of an ordinary cuspform of weight (0, k—1).
For general totally real fields F', the situation is a bit more complicated. Since
all global Hecke character on totally real fields coincide with an integral power
of the Norm character multiplied by a finite order global Hecke character, a
cuspform of weight (w1, wsy) and a cuspform of weight (wf, w}) nearly ordinary
at p are a twist of the other only when there exists an integer j such that
w) — w) = wy — wh = jt.

JFrom now on, we will switch to the notation of nearly ordinary forms with
double-digit weight.

We denote by ﬁoo the composition of all Zp,-extensions of F. Note that

Leopoldt’s conjecture predicts that ﬁoo = F,. We fix a residual modular
Galois representation p and an integral ideal n of F' which is prime to p. We
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note that, over a general totally real field F' of degree d > 1, there are two
different approaches to introduce the (p-component of) nearly ordinary Hecke
algebra T™-° of tame conductor n.

The original approach due to Hida ([H1], [H2], [H3]) uses a quarternion al-
gebra B over F' which is unramified at all finite primes of F. He chooses a
quarternion algebra B such that Shimura varieties Yfi(n)n K (p™) associated to
Ki(n) N K11(p™) (see Section 2.1 for the definition of K;(n) and Ki(p™)) are
of dimension e =1 (resp. e = 0) when [F : Q] is odd (resp. even). The nearly
ordinary part HE (wy,ws) of the limit lim He(Y}é(n)ﬂKn(pn);E(wl,wg; 0))
for a certain local system L(wq,ws; Q) is a finitely generated free module
over a certain Iwasawa algebra A, , (see Definition 4.2). The nearly ordi-
nary Hecke algebra in this context T’y is defined to be a A, ,-subalgebra in
Endy,  (HE, (w1, ws)) generated by Hecke operators. Let p be a mod p rep-
resentation of F. In general, for a local domain R whose residue field R/M g
is a finite field of characteristic p and an R-module M with R-linear action of
Hecke correspondence, the p-part My is defined by

(1)  Mz={x e M | Thr = Tr(p(Froby))z mod MrM for every A{np},

where T}, is the Hecke correspondence at the prime A and p(Froby) means the
action on the inertia fixed part when X divides n. Then, p-component (T'5°)5 is
defined to be a A, o-subalgebra in Enda,  (HZ, (w1, ws)5) generated by Hecke
operators. The algebra (T';°)5 is one of the local components of the semi-local
Ay .o-algebra TgC.

The second approach to introduce the (p-component of) nearly ordinary
Hecke algebra, which is essential to our work, is the one which uses Hilbert
modular varieties. Taking the matrix algebra Ms(F) over F in place of

Y;gﬁg% Koy (pn) A€ SO called Hilbert modular vari-
M (F)

eties, which are of dimension d. The nearly ordinary part Hn.o (w1, ws) of

c e 1. d/vMa(F) .
the limit @nH (YK12(n)ﬁK11(p")’
L(wy,wz;0) (cf. §2.4) is not known to be a finitely generated free module
over A, (see Definition 4.2). However, we will prove later in this article, that

a7

B, the Shimura varieties

L(wq,ws;0)) for the standard local system

w1, ws)5 for a suitable mod p representation 7 is a finitely generated
free module over A, ,. Hence, (TIMZ(F))ﬁ is also defined to be a A, ,-subalgebra

in Endy, _( ﬁ‘%(“(wl, ws)5) generated by Hecke operators. See Section 4 for

the precise result.

REMARK 1.5. In this way, for a mod p representation p satisfying suitable
conditions, there are two different definitions of nearly ordinary Hecke algebras
(T'%5°)7 and (T} )z which are both local rings finite and torsion free over
Ay.o. There should be a comparison between these two different definitions, but
it seems unknown at the moment. However, in order to discuss modular symbol
method, it is necessary to work on Hilbert modular varieties Yéwl 2(55% K (p™)
which are non-compact and have cusps at infinity. Thus, we only take the
second approach in this paper.
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,From now on through the introduction, we assume that our nearly oridinary
modular mod p representation p satisfies a certain condition so that (']T%rd)ﬁ
and (T’M;( F))F are defined and (the p-component of) the nearly ordinary (resp.
ordinary) Hecke algebra TZ° (resp. T%rd) means always the one obtained by
the second approach.

Asis shown in Theorem 4.15 later, for every p-stabilized Hilbert nearly ordinary
eigen cuspform ¢ of cohomological weight (w1, w2), level np* satisfying p,, = p,
there exists a unique algebra homomorphism £ = k, : T5° — @p such that

the g-expansion of ¢ equals to ZK‘P (T4)q" where T, is the a-th Hecke operator

in T7° for each integral ideal a gf F. The algebra T%° is finite and torsion free
over O[[(1 + pZ,)*+1+°r»]], where §f,, is the Leopoldt defect (conjectured to
be zero by Leopoldt conjecture). For each prime ideal 2 of height zero on T5°,
R =T5° /2 is called a branch of T3 as is the previous page. Every arithmetic

specialization x : T5° — @p factors through a unique branch R in which case
we say that the arithmetic specialization x is on the branch R of T%°.

A double-digit weight (wy,ws) is called critical if we have the inequality wy , <
0 < wy; for every 7 € Ip, where w; , € Z is the coefficient given by w; =
Z’LUZ',TT. Put t = > ; 7 € Z[Ip] where Ir = {7 : F' — R} is the set of
T€lR

embeddings. A double-digit weight (wq,ws) is called a cohomological double-
digit weight if wo —wy > t and wy + we € Zt. As a dictionary in this paper,
we recall that k& = wa — w; + ¢ plays a role of the weight of modular form in
the classical sense.

We propose the following conjecture:

CONJECTURE A . Let R be a branch of T5°. There exists an element L,(R) €
R which satisfies the interpolation property:

o - e

pl(p)

for every p-stabilized nearly ordinary eigen cuspform ¢ € Sy, w, (K1 (np*)) of
critical cohomological double-digit weight w = (wq,w2) on R, where the term
Ay () is defined as follows:

1
L N ama @) if ap(p) # 0,
(2) Ay(p) = ( NT/Q(p)apgfd)p oo
(J\fp(p)ap(w) if ap () =0,

where " is the nearly ordinary form of weight (w;,ws) which is of minimal
conductor among twists of ¢ by finite order Hecke characters of F' with p-

primary conductor and ¢q is the unique finite order character of Gal(F./F)
such that ¢ = ©° ® ¢g. The number Ng(p) is the absolute norm of the prime

ideal p. Further, C,, € Z: /Z(Xp) and C, o € (CX/Z(XP) are a p-adic period
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and a complex period for ¢ (cf. Remark 1.6 (1)). For any ordinary eigen
cuspform ¢ of critical double-digit weight (w1, ws) and for any nearly ordinary
eigen cuspform ¢ of critical double-digit weight (w; — 7, ws — r) respectively
satisfying ¢’ = ¢ ® Ni.¢ with the norm character Np of F' and a finite Hecke
character ¢, we have

(3) Cgo:p,v = C@’,p,v’

B G P(-wi,)
(4) CW:OO:U - Ccp’,oo,v’ (727.(_\/?1)&“ Tgpr(iwlﬁ)

where G(¢) is the Gauss sum for ¢ defined in Definition 3.6 and I'(s) is the
Gamma function.

REMARK 1.6. (1) The complex period C, o is a usual motivic complex
period defined via the comparison isomorphism between the de Rham
realization and Betti realization. On the other hand, the p-adic period
Cy,p which appears here is not expected to be a motivic p-adic period
obtained via the comparison theorem. Though it is not motivic, we call
Cy,.p a p-adic period following Greenberg. Since motivic p-adic periods
will probably transcendental over @, there should be some modifica-
tions if we state Conjecture A using motivic p-adic periods. The author
has some speculations on these possible different formulations of Con-
jectures depending the choices of p-adic periods, but it will be discussed
elsewhere.

(2) Though we do not have a canonical lift of C, ), (resp. Cy, ) to Z:
(resp. C*), the ratio “Cy p/Cyp 0" should be well-defined. (cf. Defini-
tion 4.16, Remark 4.17)

(3) When F' = Q and when R is a Gorenstein ring, Conjecture A is equiv-
alent to Theorem 1.1.

(4) We expect that a more general conjecture by replacing R by the whole
local component of the Hecke algebra T7 should be true.

The ordinary Hecke algebra ']I‘%rd is finite and torsion-free over OJ[(1 +
pZyp)tHore]]. Since d + 1+ 0p, > 2 + 6pp, the natural surjection T3 —
T%rd[[CIF (p™)p]] cannot be an isomorphism by looking at the Krull dimensions.
As is also shown in Theorem 4.15 later, for every p-stabilized Hilbert ordinary
eigen cuspform ¢ of parallel weight k > 2 and of level Np* satistying p,, = p,

there exists an unique algebra homomorphism x = &, : ']I‘%rd — @p such that

the g-expansion of ¢ equals Z’%(Ta)qa- We propose another conjecture :

a

CONJECTURE B . Let R°*® be a branch of T%rd. There exists L,(R) €
RO™[[CLL(p™),]] which has the interpolation property:

5oLy (R™) T 4y 220

C Co,00
»,p pl(p) ¥,
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for every p-stabilized ordinary eigen cuspform of critical parallel weight k > 2
and of level np* on R°™. Here, C,, € Z: /Z(Xp) and Cyp o € (CX/Z(XP) are a
p-adic period and a complex period for ¢ satisfying the same relation as (2)
and (3) of Conjecture A.

Since, for every R, R™[[Gal(F /F)]] is a quotient of some branch R of
T5°, it is clear that Conjecture B is an immediate corollary of Conjecture A.
We remark that Mok [Mo] constructs a two-variable p-adic L-function related
to Conjecture B by the method of Rankin-Selberg and he obtains an application
to the problem of trivial zeros of the one-variable p-adic L-functions of Hilbert
modular forms. However, his construction is slightly weaker than the p-adic
L-function of Conjecture B since his complex periods Cy,  are Rankin-Selberg
type which are different from p-optimal modular symbol type periods required
in Conjecture B. In fact, with Rankin-Selberg type period, the p-valuation of
the special values which appear in the interpolation formula might not match
with the value expected by generalized Birch and Swinneton-Dyer conjecture.
It seems difficult to improve this point of the method of Rankin-Selberg (see
Remark 1.3. 3. for a similar problem). Also, it is not clear if Mok’s method
works for Conjecture A.

1.2. MAIN RESULTS AND TECHNICAL DIFFICULTY ON THE WORK. In 1976,
Manin [M2] generalized the method of modular symbol on modular curves in
the setting of Hilbert modular varieties and constructed the cyclotomic p-adic
L-function L,(p) € O[[Gal(Fus/F)]] of a Hilbert modular form ¢. In this
paper, we prove a weaker version of Conjecture A by generalizing the method
of A-adic modular symbols on Hilbert modular varieties (see Theorem 5.1 for
the precise statement of Theorem A below). In order to state the result, we
introduce the following conditions (Vangz) and (Irz) for our fixed 7 and 9.

(VAN;) The module H* (Y, (n)nk,, (pr): £(w1, w2, O))5 vanishes for any i # d,
any n € N and any cohomological double-digit weight (w1, ws), where
Yk, (n)nk i (pr) is a Hilbert modular variety of level Ki(n) N K1y (p™).
The groups Ki(n) and Ki1(p™) above are defined at §2.1. See (1) for the
definition of p-part H*(Yi, (m)nk,, (pm), L(w1, w2, O))5.
(Irz) The [F : Q]-th power mod p Galois representation p%" of Gal(F/F)
is irreducible.

The main result of this article is as follows:

THEOREM A . Assume that the conditions (Vanz) and (Irp) are satisfied for
our fixed p and n. Let R be a branch of T%:°. Assume that R is a Gorenstein
algebra.
Then, there exists a p-adic L-function L&™*(R) € R (resp. L9¥(R) € R)
which satisfies the interpolation property
w = H A, (o) Léw,O) (*x = even (resp. odd)),
P pl(p) 7o
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for every p-stabilized nearly ordinary eigen cuspform ¢ € Sy, w, (K1 (np*)) of
critical cohomological weight w = (w1, wz) on R such that wy + we = 1t are
multiples of ¢t = Z 7 by even (resp. odd) integers r. Here, all terms in the

T€IR
above interpolation are the same as explained in Conjecture A.

REMARK 1.7. (1) Since wy + w9 is a multiple of ¢ for every critical coho-
mological weight w = (w1, ws), each of L& (R) and L3%4(R) satisfy
the half of the desired interpolation property. Hence, Conjecture A is
true if L&Y (R) is equal to Ly (R) as an element of R. Though we
prove only the half of Conjecture A, a phenomenon of such a partial
interpolation and such a theorem were quite new as far as we know.
We believe that our work shed a new light on this area.

(2) The assumption that R is Gorenstein might not be satisfied in general.
When F = Q, there are some known explicit Eisenstein local compo-
nents which are not Gorenstein. If R is not Gorenstein, we have some
technical difficulties to construct the p-adic L-function in R. Proba-
bly, we can construct L,(R) only as an element in a localization of R
and we have a similar interpolation only by means p-adic periods C,
which are not necessarily p-adic units.

Theorem A immediately implies a corollary which gives two p-adic L-functions
for the interpolation predicted by Conjecture B depending on the parity of
weight. However, we will prove in [DO] the following full interpolation result
which is stronger than the corollary of Theorem A.

THEOREM B . Assume that the conditions (Vanz) and (Irz) are satisfied for our
fixed p and n. Let R°*¢ be a branch of ']I‘%rd. Assume that R is a Gorenstein

algebra. Then, there exists a p-adic L-function L,(R°'?) € RO[[CIf(p™),]]
which satisfies the same interpolation property as stated in Conjecture B.

REMARK 1.8. We remark that the p-adic L-function in Theorem B interpolates
not only the half of the desired specializations depending on the parity but all
desired specializations. This is because we can simply use the space of ordinary
modular symbols for the proof of Theorem B and we do not have to use the
space of modular symbols for the level structure Z K7, which is necessary for
the proof of Theorem A. As is remarked in the previous section, Mok [Mo]
proves a result which is quite similar as Theorem B.

(From the look of the statement of our main theorem (Theorem A), this work
might seem to be done by a routine translation of the method of Mazur-
Kitagawa form the method of modular symbols over modular curves into the
method of modular symbols over Hilbert modular varieties. However, if one
tries to establish this kind of result, one immediately finds a lot of difficulties
including the ones coming from complicated natures of the generalization of
Hida theory to Hilbert modular forms. This is why there has not been a result
analogous to Theorem A long time after [Ki] and [M2] and why it took a long
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time for us to fill the detail of the work. So, it is important for us to explain
difficulties of the work and ingredients of the paper.

(1)

On the process of Mellin transform and the theory of modular symbols
on Hilbert modular varieties, we often have the problem of the action
of units of the totally real field F' which did not exist in the classi-
cal situation of modular curves and where we considered the field of
rationals Q.

We have to control the torsion of the étale cohomology of Hilbert mod-
ular varieties so that our p-adic L-function interpolates special values
of Hecke L-function (cf. the condition (Vang) stated before Main The-
orem A). Such problem as well as the freeness of the Hecke algebra was
studied by Dimitrov[Dil] and by Lan-Suh[LS].

By Shimura’s work, the special value L(y,0) of the Hecke L-function
of a Hilbert modular form ¢ of critical weight is equal to a complex

period ), o modulo multiplication by elements in @X. The periods

2, 00 are invariant modulo multiplication by elements in @X under
twists by Hecke characters. Our p-adic L-function should satisfy an
interpolation property which matches well with Shimura’s results (and
Deligne’s conjecture). Hence, in our nearly ordinary Hida deformations
(consisting of d+1 variables), we have to separate d variables related to
the weights of modular forms from the variable related to the twist by
Hecke characters. Though the separation of the variables is not difficult
for F = Q in Kitagawa’s work, the direct analogue of this construction
for a general totally real field gives us only a result for Conjecture B.
To have a positive result for Conjecture A, we need a delicate choice of
the level (Z, ®0)* K11(p™) which is between the usual level structures
Ko(p™) and Kq1(p™). The use of (Z, ®0)*K11(p"™) already appears
in a work of Hida [H5] but, to our best knowledge, its relation to the
construction of a p-adic L-function has not been pointed out anywhere.
Roughly speaking, when F' = Q, the level structure (Z, ®0)* K11(p™)
yields a one-variable Hida family characterized by j = g in the two-
variable Hida family obtained by Kji(p™) in which the weight &k of
modular forms and Tate twist j vary freely.

At the end of this introduction, we recall that the algebraic counterpart of the
p-adic L-functions on branches R of T7:° is given by the Selmer group Sely of
the universal Galois deformation 7 over R. The group Sels is defined to be a
subgroup of the Galois cohomology H!(F, 7T @z R") and its Pontrjagin dual

(Selr)"

is conjectured to be a finitely generated torsion module over R. This

conjecture is proposed in [Oc3] and is partially proved in [FOJ]. We finish our
paper by stating the d + 1-variable Iwasawa Main Conjecture with our p-adic
L-functions constructed in this paper.

d 4 1-VARIABLE IwASAWA MAIN CONJECTURE (cf. [Oc3])
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Under certain conditions (see the above articles for the exact statements), we
conjecture that the principal ideals of a d + 1 + 0 -variable nearly ordinary
Hecke algebra R generated by Ly*"(R) and Lgdd(R) constructed in Theorem
A are equal and they coincide with the characteristic ideal of (Sely)V.

Note that we also have 2-variable and 1-variable Iwasawa Main Conjectures
corresponding respectively to Theorem B and Theorem C as special cases of
the above Iwasawa Main Conjecture which are formulated in the same way.

1.3. LIST OF NOTATIONS. At the last page, we will list the symbols which
appear in the article. Here, we list some of the most basic notations in the
article.

e Let o be the ring of integers of our fixed totally real field " and let 03 be the
group of totally positive units of o.

e We denote by Ap the ring of adeles of F' and by Ai}n the subring of finite
adeles I ® Z. We puto=o ®ZZ, where Z is the profinite completion of Z.

e p > 5 is a fixed odd prime number unramified in F'.

e § is the upper half-plane {z € C|Imz > 0} and $* = C — R.

e Let O be a discrete valuation ring finite flat over Z, which contains all
conjugates of 0. We denote by K the field of fractions of O.

e For any n € Z[IF], we put nyax = max{n.|r € Ir}, nnin = min{n.|7 € Ir}.
e We denote by T the p-Sylow subgroup of the maximal torus in GLs (0 ®zZp).
We refer to 4.1 for various tori Ty, o, Ty, Topa, T2, Tarith Tarith pelated to 7.
e For a (pro-)abelian group A, we denote by A, the p-Sylow subgroup of A.

e For a locally compact abelian group A, we denote by AFP the Pontrjagin
dual of A.

e Suppose that the ideal (p) C Z decomposes into the product p; - - - ps in 0. In
this paper, if there is no possibility of confusion, we often take the multi-index
notation p® which means p{* .- - pS=.
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2. MELLIN TRANSFORM OF HILBERT MODULAR FORMS AND HECKE
L-FUNCTIONS.
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2.1. AUTOMORPHIC FORMS ON GLy. We define the C-vector space of Hilbert
automorphic forms as in [H1], except that our normalization is cohomological.

DEFINITION 2.1. Let K be an open compact subgroup of GLa(Ap). Let us
take a cohomological double-digit weight w = (w1, w2) € Z[Ip] x Z[Ip] (as
defined in §1.3). The space My, w,(K;C) of adelic Hilbert modular forms of
weight (w1, ws), level K is the C-vector space of functions ¢ : GLy(Ap) — C
satisfying the followings three conditions:

(i) p(vgy) = @(g) for all v € GLa(F), y € K and g € GLa(AF).

(il) @(gu) = det(u)**exp(—v/ =13, k-0-)@(g), for all u € GLy(F ®q R)
and g € GL2(AFr), where 6, € R is such that u, € R*- (ifjgg:)) _C;:(’éf*))) and
k € Z[IF) is defined to be k = wy — wy + t.

(iii) For all § € GLyAR), @5 : 2z = () € $HF
® (5((1) Rez) (\/I(r)niz \/%,1 )) is holomorphic at z, € § for every 7 € Ip.

The space Sy, w, (K) of adelic Hilbert automorphic cuspforms is the subspace of
My, w, (K) consisting of functions satisfying the following additional condition

(iv) fAF i ((3%)g)dx =0forall g € GLa(Ap), where dz denotes an additive
Haar measure.

For an ideal I of o, we consider the following open compact subgroups of

GLy (AR
Ko(l) = { <‘CL Z) € GLz(0)|c e [E},

K (1) = { (‘CL Z) eKo([)’d—le [6},

K (1) = { (Z‘ Z) eKi(D|a—1¢€ [a}.

Let Z be the p-Sylow subgroup of (0 ® Z,,)* viewed as a subgroup of the center
of GLy(AM). Then, ZK1,(l) is another important example of an open compact

subgroups of GLg (A{}n). We have the following inclusions for every prime [ of
F:

ZKll([) C Ko([)
@] U
Ki1(h) < Kq(h.

For z = (2,) € H'F and v = (CCLT ZT) € G(F®gR) we put j(v, 2) = ¢r2-+d.

2.2. HECKE OPERATORS. For an open compact subgroup K of GLy(A") and
an element § € GLy(AM"), the Hecke operator [K6K] acts on the left on ¢ €
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Sk(K) as follows :

oliksr) () = ng(axéi) , where [K{K| = HéiK'

Assume that K is factorizable as [ [, K where K is an open compact subgroup
of GLa(K) (A running over the set of all finite places of F') and K is an open
compact subgroup of GLo(0)) for almost all A with o) the completion o of at
A. Let w) be a uniformizer of o). Then, the Hecke operator {K (%’\ (1)> K ]
is denoted by T, if Ky = GLs(0)), and by Uy, otherwise. Here, we regard
(720/\ (1)) € GLy(K)) as an element in GLy(AfM") which is 1 in GLy(K)y/) at all
other finite primes \. It is important to observe that Uy might depend on the
choice of w (for example when K C K71())). In order to show the dependence
on the choice of a uniformizer, we sometimes denote {K (T;‘ (1)> K ] by U, .-
The group {£1}/F acts on the space of Hilbert modular forms by the action of

1 0
0 -1
place 7. This action naturally commutes with the Hecke action.

the element ¢ = (t7)rer, € GL2(F @ R) with ¢, = at every infinite

2.3. NEARLY ORDINARY MODULAR FORMS. For an element m = Z m,T €

TElR
Z[Ip], we denote by Q(m) the smallest subfield of F' which contains z™ for
every x € F. Let A C C be an algebra satisfying the following properties:

(1) The algebra A contains the ring of integers of Q(m).
(2) For every element § € (Al")*, the fractional ideal §™A is a principal
ideal.

In fact, for every non-archimedean prime A of F', we fix a generator {w}'} € A,
which determines a generator {0™} € A for any § € (Af")*. We refer to
[H1, Sect.3] for the proof of the existence of such algebra A. Let us define
modified Hecke operators Tp » and Up y for non-archimedean prime A of F
when the weight k is not parallel acting on the space Sy, w,(K;A). On the
space Sy, w, (K; A), we define:

Tox = {@w\*}Tx, Upx = {w)* }Ux,
To(p) = HTO,;:” Uo(p) = HUO,p~
plp plp

By using these modified Hecke operators, we define nearly ordinary modular
forms as follows:

DEFINITION 2.2. A Hilbert modular eigenform ¢ € My, w,(K;Q) is nearly
ordinary at p if the eigenvalue of ¢ with respect to Ty, (or Up,) is a p-adic
unit for all primes p of F' dividing p.
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2.4. HILBERT MODULAR VARIETIES AND STANDARD LOCAL SYSTEMS. For an
open compact subgroup K of GLQ(A?;‘H)7 we denote by Yx the Hilbert modular
variety of level K with complex points

Y (C) = GL2(F)\GLa2(AF) /KK,

where K1 is the group (SO2(R)R})?. We will consider the Hilbert modular
varieties as analytic varieties. By the strong approximation theorem for GLo,
Yk has h := |F*\Ay /det(K)(F ®R)%| connected components, each isomor-
phic to a quotient of H7# by a congruence subgroup of GLo(F) of the form
GL2(F)N(§ (1))_1K GL2(F ®@gR)4(§) for each ¢ which represents a class of
F*\Aj /det(K)(F®R)X. Let us fix a set of representative {¢; € Ax}i<i<p, of
the narrow class group Cl}. := F*X\AZ /o™ (F @ R)} of F where hp = §Cl}. is
the narrow class number of F'. Throughout the paper, we assume the condition:
(5) ¢ip = 1 for every ¢,

where ¢; ,, is the p-component of ¢;. Note that the number of connected com-
ponents of Y, () equals to hr and

Vi = I Ty )\,

1<i<hp

where Iy, m)(¢;) = GL2(F) N (§9) 'K Ki(m)GL2(F ®g R)4(§Y) for each
representative ¢; € A} of the narrow class group of F. For each ¢;, we have
the following description of the group I'g, (m)(c:):

Lk, (my(ci) =
={(¢ D carmn( ° @ ‘ d—bee o, a=1 (modm)}
- c d 2 c;0m 0 @ =0y 4= e

where 0 is the different of o.

We fixed an integral ideal n C o prime to p. We denote by Yi1(np®) (resp.
Yz (np®), Yi(np®)) the Hilbert modular variety Yx for K = K;(n) N K11(p®)
(resp. ZKi(n) N Ky11(p*), K1(np®)). Similar analytic descriptions as above
holds for these varieties, but we omit them since these are more or less parallel
to the above description.

DEFINITION 2.3. Let A be a Z-algebra and let (w1, ws) be an element of Z[I ] x
ZlIr).

(1) For each 7 € Iy, we define a module L(w; -, wa ,;A) to be

L(wy 7wy 0 A) = T AXIYY.

0<i,j<wa,r —wy,7—1
i+j=wz r—wi,—1
XT wa,r—w1,—1
Put =
Y,
_t sz,rfwl,rfl sz,r*wl,r*QY Yw2,1—*w1,7—*1
- T y AT TyeeoydT .
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a b

On the module L(w;,,ws,;A), (c d

) € GLa(A) acts

X wa, r—w1,—1
from the left on the way which sends (YT> to

wa,r—w1,+—1

wy . [aXr +0Y:
(ad —bey (057 T
(2) We define a module L(wy,ws; A) to be ® L(ws,r,wa r;A) where the

TE€lR
tensor product is taken over A.

Let K be an open compact subgroup of GLy(Af"). Similarly as the case of
K = K;(m), Yk is presented as follows:

Yk = GL2(F)\GL2(AF) /KK,
= GLy(F)\(GL2(Af") x GLa(F ®g R)) /KK,
= GLo(F)\(GL2(A}")/K x GLa(F ®g R)/KZ)
GLo(F)\(GLa(AF")/K x (57)'r)

II Txe\s'

1<i<hp

1%

where the discrete group 'k (¢;) is defined to be:
Pie(e) = GLa(F) N (§1) 7 K GLa(F g R)+ (5 9)

for each representative ¢; € Aj of the ray class group F*\Ay /det(K)(FQR)X.
Each component I'gx (¢;)\($)!F is an affine algebraic variety of dimension d.

DEFINITION 2.4. Let A be a subring of C or Q, which contains the Galois clo-
sure of 0[0~¢c;!] for each 1 < i < hg. We define the local system L£(wy,wq; A)
on Yy to be:

Here, the group KK} acts on L(wy,we; A) trivially and (6) is presented as

hk
H T (e)\(H'7 x L(wr, wa; A)),

where ' (¢;) acts on (§1)F x L(wy,wsy; A) diagonally for each conjugate cor-
responding to 7 € Ip.

Note that for K’ C K, there is a natural projection pr : Yx — Y. For
§ € GLy(AM), we define the Hecke correspondence [K§K] on Yx to be (pr;), o
(:0)* o (pry)* from the diagram below:

5
Yrns-1xs — Ysks-1nK
/f)r/ &

Yk Yx,
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*

where ( )* means the pull-back and ( ). means the trace map.
T\ 0 K

0 1 ’

Sy = {K (m 0)1{} for A\ € g, and Uy = [K <m 0> K} for
0 ’ ’ 0 1 ’

A € Yk, where w) is a uniformizer of F). The Betti cohomology groups
H* (Y, L(wy,ws; A)) admit a natural action of all Hecke correspondences.

The action of the group {1}/ on (Y, L(wy,we; A)) is induced by the ac-

tion of (é _01) on the 7-component. Note that, for each 7 € Ip, the

We define the standard Hecke cohomological operators T = | K

action of {:I:l}IF on Y is the one induced by sending z, to —Z, on the
upper-half plane $’F corresponding to the 7-component of Y,. The action
of {+£1}F on (Y, L(w1,ws; A)) induces the action of {£1}/F on the coho-
mology H® (Y, L(wy,ws; A)). This action commutes with the Hecke action.
For a character € : {1}/F — {£1} we denote by H*(Yy, L(wy, wa; A))[e] the
e-isotypic part for this action.

2.5. STANDARD ¢-EXPANSION AND L-FUNCTION. In this paragraph we con-
sider forms of level K7 (m). We recall the relation between the adelic definition
of the modular form and modular forms over Hilbert upper half planes defined
as follows:

DEFINITION 2.5. For each i with 1 < i < hg, the space My, w,(I'x, m)(¢i); C)
of Hilbert modular forms of cohomological weight (wi,ws2), level T'g, (m)(c;)
is the C-vector space of the functions f; : % — C which are holomor-
phic at z, for every 7 € Ip and such that, for every v € I', we have
fi(v(2)) = det(y)*1j(y,2)*fi(z) where k € Z[Ip] is wy — wy +t. The
space S, w, (Ui, (m)(¢:); C) of Hilbert modular cuspforms is the subspace of
Moy, ws (U, (my (€3); C), consisting of functions vanishing at all cusps.

LEMMA 2.6. We have an isomorphism:

(1) Swpwn(E1(m);C) = D S Trey () (€0);C)s 0 (fil2)h<ishes
1<i<hp

whose definition is explained in the proof below.

Proof. In order to explain the correspondence of the map (7), we recall the

notion of Hilbert automorphic functions on GL2(F ®g R) of weight (w1, ws),

level T'k, (m)(¢;) which are defined to be functions g satisfying the following
conditions:

(i) r(79) = ¢r(g) for all v € ', (m)(¢;) and g € GL2(F ®g R).

(i) wr(gu) = det(u)™ exp(—v—=13" ¢}, k-07)pr(g), for all u € GLy(F ®g R)
and g € GL2(F ®g R), where 6, € R is given by u, € R* - (Z?;((g:; Zzlsr(‘éfs))
and kr = wo » —wy » + 1.

(iii) 2 — ¢r (((1)R§’Z) ( I;“Z \/170,1)) is holomorphic at z, € $ for every
7€ Ip.
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Note that, since 7 is isomorphic to SLa(F ®g R)/SO3(R)?, for modular
forms f;(z) of weight (w1, w2) and level I'k, (m)(c;) in the sense of Definition
2.5, (cz+d)¥ f;(2) corresponds naturally to a Hilbert automorphic function g ;
on GLy(F®gR) of weight (w1, ws), level I' ¢, () (¢;) in the above sense. In fact,
this correspondence gives a bijection between two spaces.

On the other hand, let us consider an element ¢ of My, 4, (K1(m)) as intro-
duced in Definition 2.1 and Definition 2.2. For each 1 < i < hp, we denote by
¢r,; the function o((% ) g) restricted to GLa(F ®gR) C GL2(Af") where we
choose t; € A%“ such that ¢; 0 = (¢;). ¢r,; is naturally a Hilbert automorphic
function ¢r ; on GL2(F ®q R) of weight k, level I' i, (m)(c;) in the above sense.
In fact, this correspondence gives a bijection between M.y, v, (K71(m)) and the
direct sum for 1 < i < hp of the spaces of Hilbert automorphic functions on
GL2(F' ®g R) of weight k, level I' g, (m)(cs).

Now, the desired isomorphism is obtained by taking the composition of two
correspondences explained above. O

Since f; is invariant with respect to the action of the matrix with

1 =z

0 1
x € (¢;0)71, f; has a g-expansion of the form Zfe(ci” a(fi, €)qt, where ¢¢ =
exp(2my/—1Trp,g(£2)). Note the important relation :

(8) a(fi, €€) = €"a(f;, &) , for all e € 07 .
We will describe the relation between Fourier coefficients and Hecke eigenvalues.

LEMMA 2.7. For each ¢; and for an element £ € (¢;) 4, the quantity

a(fia 5)6—“)1
depends only on the ideal (§)¢; C o.

DEFINITION 2.8. For an integral ideal a of o, there is a unique ¢ such that a
belongs to the same narrow ideal class as ci_l, that is a = 5%‘_1 with € € (¢;) 4.
We put then :

Clp,a) :=a(f;, &) .

LEMMA 2.9. ([H1, Prop.4.1,Thm.5.2]) Let ¢ € Sy, w, (K1(m)) be an eigen cusp-
form. Then, for every integral ideal a of 0, the eigenvalue of Ty on ¢ is C(p, a).

DEFINITION 2.10. We define the standard L-function of ¢ € Sy, w, (K1(m)) to
be :
Clp,a
Ly, s) = Z 7( )

= Nreyola)®

Similarly, for any Hecke character ¢ of finite order, we define the standard
L-function of ¢ € Sy, w, (K1(m)) twisted by ¢ to be :

Lip® ¢,s) = ;m.
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2.6. EICHLER-SHIMURA MAP. Let ¢ € Sy, w,(K1(m),C) be an eigen cusp-

form. Recall that, by (7), ¢ corresponds to > fi(z) where f;(z) €
1<i<hp

Swi,ws (Fiy (m)(ci); C) for each i. Then, the integration of the vector-valued

d-form

X wa,r—w1,r—1
Z fitz ) Lrer, (Xr + 2:Y7) TE/\IF dzr

on hp-copies of ' defines an element of

HY Yy (m); L(wy, w2 €)= @ HUT ke, (m)(€:)\H'"5 L(wr, wa; C)).

1<i<hp

We call this the Eichler-Shimura class of ¢ and we denote it by
[¢] € HYYi(m);L(wi,w2;C)). Let H(Yi(m);L(w,w2;C))[Ay] (resp.
HZ(Y1(m); L(wr,ws; C))[A,]) be the component on which the Hecke alge-
bra for My, w, (K1(m);C) acts by the Hecke eigenvalues of . The class [¢] €
H(Y1(m); L(wy,we; C)) naturally falls in HY(Y;(m); L(wy, w2; C))[A,]. By
the isomorphism H?(Yi(m); £(w1,ws; C))[A,] =2 HE(Y1(m); L(wr, wa; C))[Ay],
we also have the Eichler-Shimura class in H%(Y; (m); £(w1, wa; C))[Ay).

2.7. MELLIN TRANSFORM. In this section, we compute L(¢y,s) for an eigen
cuspform ¢ € Sy, (K1(m)) by using a Mellin transform.

> Npjola) / fi(2)2"7 Y A dz,y

1<i<h Telr
s VEI(FRR) Y/ o

> NF/@(%)S/ > a(fi §) expny/—1Trpq(€2)2° 7“0 A dz,

1<i<h TelF
<i<hp VTI(F@R) / o £€(ci)+
= > Npglea)'x
1<i<hp
a(fi7€)€w1 s—t—w
X a———=>—>—exp(2mrv/—1Tr 2))(&z LA d(&z
[ X oS e T aeen ™ digs)

VIR 0x ST
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By using the invariance of the integrant with respect to the action of units, the
last term is equal to:

fZ7 s—t—w
Z Npg/o(c:) Z NF/Q( exp(2mV/—1Trp g(2))2" """ A dzr

T€lR
1<i<hp ge(e; )+/o+ F(F@R)j;
Z Z % /exp(?wx/fl Trp/g(2))2" " A dzr
Nr/o(€e;7)* TelF
1<i<hp ce(e F(F@R)

o0

V=1
- <Z Clpa) a)s> / exp(2mV/ 1y, )y~ dy,
T€lR 0

o Nryola)

s—1—wiy +
> N ) 11 / exp(~ 2y, )(vTyr) 4V "Tyy)

T€lr

(\/jl)s_wl,q— < o
(aco Nr/o(@ > X H (27r)3—w1«70/eXp(_277y7)(27TyT) d(2my,)
= L(yp

T€lR
I'(s —wi,r)
e Il e

3. MODULAR SYMBOL CYCLE

The image of (F ® R)} /o in the Hilbert modular variety Y of level K is
a closed d-cycle, which is a generalization to the Hilbert modular case, of the
classical modular symbol linking the cusps 0 and co on a modular curve. Recall
that the number of components of Yx is hx = |[F*\Af /det(K)(F @ R)%]|.
Thus Y is a quotient of $77 [[---[[HF (hx copies). For each i satisfying
1 <i < hg, we fix an element u; € F of the cusp P}(F) of i-th component
H1r. We define H,, C H¥ to be

Hy, ={ui+V-1y |y € (FRR)}.

For each u = {u; € F}i<i<h,, we denote by H, C HIF[]---[[H7 (hg
copies) the disjoint union ]_[:L:Kl H,,. Let m be an integral ideal of F' such
that mu; is contained in o for every i. Let E be a finite index subgroup of
o consisting of totally positive units e congruent to 1 modulo m. For such a
sufficiently small subgroup E C o7, we have:

GK,E,u : Hu/E — YK

Note that each component of H,/FE is a finite cover of (F ®g R)} /0% and it
is homeomorphic to R x (S')4~1. In Section 2.4, we introduced a local system
L(wy,we; A) on Yk for any subring A of C or @p which contains the Galois
closure of o[b‘lci_l] for each 1 < i < hg. By definition, the pull-back of the
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local system L(wq,wq; A) to Hy/E is the etale space
(Hy X L(wy,wa; A))/E

where e € E acts on H, by multiplication and acts on L(wi,ws; A) via the

b e 0
matrix ().

DEFINITION 3.1. A cohomological double-digit weight (w1, ws) € Z[Ip] X Z[IF]
is said to be critical if wy , < 0 < wy ; holds for every 7 € Ip.

For each critical (w1, w2), we consider the map:
(9) L(wl,wg;A) — A
(10)

Zanwz_“’l_t_“’Yw — the coefficient of <w2 :le ;t) Xw2y —wist
—wy —

where all the indeterminates are of multi-index and w runs through elements
in Z[IF] satisfying 0 < w < wy —wy —t. Note that, by definition, a,, is divisible

by Wa ;; w1 ; t>. Hence, (9) induces a map of sheaves
—wy —

(11) L(wy, w3 A) — A

on H,/E.

DEFINITION 3.2. Let A be a subring of C or @p which contains the Galois
closure of o[D‘lcfl] for each 1 <14 < hg and let (w1, ws) be a critical cohomo-
logical double-digit weight. For each w = {u; € F}1<i<n,, we have the Gysin
map

(12) H(Yi; L(wy, wa; A)) — HE(Hy/E; L(wy, wa; A))
for the map Gk g .. We define the evaluation map
(13) eVt L H(Yie; L(wy, wa; A)) — Az Q

to be the composition of (12) and the map (14) defined as follows:
(14)

-

X

HY(H, ) B L(wy, wa; A)) — HY(H,/E; A) = A% — 4 " 4, Q.

(the first arrow of (14) is induced by (11) and the second one is the trace map.)

REMARK 3.3. Later, in §5, we use the evaluation maps to define a certain
measure on I'&nﬁ Cl;(p?). Since K varies in K;(n) N K1 (p®) where p® C o

1
[ai:E]
control. However, by distribution property with respect to a proved at Lemma
5.3 and Corollary 5.7, it will follow that the measure we obtain is integral.

becomes arbitrary small, it might seem that the denominator is out of
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We recall some basic facts and fix notations related to cusps and evaluation
maps. For a multi-index notation p® = p? L...pP we have the extension as
follows:

(15) 1— (0 /p)) o} — ClE(P?) — CIf — 1.

When K = K;(np®) for fixed tame conductor n, the number of components of
Yy is hp = |Clf|. We fix a splitting of the sequence (15) in a manner which
is compatible with respect to 8. Every element of u € CIJIS (p?) is identified
with {u; € (0/p?)*/ 05 }1<i<n,. Here, we note that p~#/0 C F and we fix
representatives of (o /p?)* /0% in p~? /0 in a manner which is compatible with

respect to 8 = (81, -+ ,0s). Under this situation, we denote evgjzm) with
K = K;(np®) and u € Cl}(p?) by eviﬁ%”g”.

In §5, we need a similar construction for the level K (p®) = ZK1(n)N K11 (p%)
for fixed tame conductor n where Z is the p-Sylow subgroup of (0 ® Z,)* viewed
as a subgroup of the center of GLy(AM") as introduced at the end of the in-
troduction. The number of components ki, (o) = |[F*\AJ /det(Kz(p®))(F @
R)%| of Y, (po) is 2'hp independently of o, where ¢ satisfies 1 < ¢ < s. Since
p is not equal to 2, we have

(16)

1 — ((0/p")/ 0%)p — CLE(")p — (F*\AF /det(Kz(p™))(F @ R)Y), — 1.

As in the previous case, we fix a splitting of the sequence (16) in a man-
ner which is compatible with respect to 8 = (B1,---,8s). If we con-
sider the situation where the coefficient ring is p-adic and the cohomology
H (Y, (poy; L(wr, w23 A)) is localized at a maximal ideal of the p-adic Hecke
algebra acting on the cohomology (we denote the maximal ideal by p), we
have the cusp associated to u = {u; € ((0 /p®)*/0%),} € ClE(p?), and an
evaluation map:

(17) evignha) o HE(Yic, ey L(wn, wa; A))y — A®z Q.

(w1,w2)
u,a,

(w1,w2)

Ko (poyu 10T UE ClE(p?), by ev

We also denote ev
3.1. COHOMOLOGICAL INTERPRETATION OF SPECIAL VALUES. Now we con-
sider the paring between the modular symbol cycle and the cohomology class
of ¢ under Eichler-Shimura map and relate it to the special value with help of
the subsection 2.7.

By the definition of Eichler-Shimura class, we have the following proposition:

THEOREM 3.4. Let ¢ be an eigen cuspform of critical double-digit weight
(w1, w2) and level K1(np®). We denote by [p] € HI(Y1(np®); L(w1,w2; C))[Ay]
the Eichler-Shimura class of a cuspform ¢. Let B = (B1,-+-,Bs) be a multi-
index as above. Then, for each u = {u; € (0o /p?)*/0X} € ClE(p?), we have

1
= filz+u)z77 A de,

(w1,w2)
ev 5 (le]) = /
[0+ :E} 1<i<hp h—l(F@R)j;/E T€IR

w,a,8
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via the correspondence from ¢ to {fi(z)} obtained in Lemma 2.6 where E is a
sufficiently small subgroup of o} with finite index introduced at the beginning
of Section 3.

Let o, be the ring of integers of the Hecke field which is obtained by adjoining
the eigenvalues of Hecke operators to Q and let o, (,,) be the localization of o,

at the prime ideal above p which is specified from the fixed embedding Q — @p.

DEFINITION 3.5. Let ¢ be an eigen cuspform of critical double-digit weight
(w1, wz) and level Ki(np®). Let v be an o, (,)-basis of the free o, (,)-module
of rank one obtained by HZ(Y:(np®); L(w1,w2;04, (p)))[Ap, €] modulo o, (-
torsion part. By abuse of notation, we denote the image of the above v via the
map
HH (Y1 (np®); L(w1, w2504, (5))) [Ne» €]/ (0, () -torsion) —

< H(Y1(np®); L(w1, w23 C)) Ay, €]
by the same letter v. We define the complex period C¢ € C* to be the

©,00,0
complex number satisfying v = C¢, - [¢].

DEFINITION 3.6. Let ¢ be a finite order character of Clf(p®). As in (15),
(0 /pP)*/ 0 is canonically identified with a subgroup of Clf(p®). Thus we
have a homomorphism:

(0™7/0)* 5 (0 /") = (0 /p")*/ 0¥ = CIL(")

where the first term (p~”/0)* is defined to be a subset of p~?/ o consisting of
elements whose annihirater is p®. Then, the Gauss sum G(¢) for ¢ is defined
as follows:

Ge)= > ¢(z)exp(2my/—1Trp)g(x)).

z€(p=F/0)x
By a similar calculation as §2.7, we have

1
[0 : E]

S Neol) Y 67 w) / filetu)2 T A dz

X T€lr
Isishr u €((pF/0)/0%)i /A (FeR)X /E

= Lip®¢,9)G(6 ) [I

TElR

I'(s —w,r)
(—2my/—1)s—w1r’

for any finite order character ¢ of Cl}.(p?), where ((p~#/0)*/ 0); is the inverse
image of each ¢; € Cl}. in (15) which is isomorphic to (p™%/0)* /0% and ¢; is
a map on each component ((p=?/0)*/0%); induced by ¢. In the integral of
the above equation, we choose a lift u; € (p=7/0)* of u; € (p~7/0)* /0% (we
use the same symbol by abuse of notation). It is not difficult to see that the
integral does not depend on the choice of such a lift. Using this, we have the
following corollary:
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COROLLARY 3.7. Let ¢ € Sy, w,(K1i(np®)) be a normalized eigen cusp
form of weight (w1, ws) and of level Ki(np®). Let v be an o, () -basis of
HE(Y1 (np®); L(w1, w23 04, (5))) [Ny, €] modulo o, () -torsion part. Then we have

w1 ,Wws _ L ,0
S ot wediy ) = Gl ) HEE S

ue Cl;: (pP)

for any Herke character of finite order, where € is the equal to ¢ restricted to
(F ® R)* identifying (F @ R)*/(F @ R)% with {£1}'r.

The following proposition is very important for the property of “invariance” of
periods with respect to character twists:

PROPOSITION 3.8. Let ¢ € Sy, w, (K1(9M)) be an eigen cuspform which is
critical in the sense of Definition 3.1. Assume that ¢ is not a twist of another
eigen cuspform by a Hecke character of a finite order. We take a twist @' =
¢ ® Npo with the Norm character Nr and a Hecke character of finite order ¢,
which is of weight (wy — rt,wy —rt). We assume that (wy — rt, wy —rt) is also

critical. Let v be an o, (,)-basis of

HH (Y1 (np®); L(w1, w2504 () [N €]/ (04, () -torsion)
and let v' be the twist v[r] @ ¢ which is an o, () -basis of
HA(Y1(np®); L(wy — 18,05 — 115040 () [8])) [N, €]/ (047, () ~torsion)

where v[r| is a shift of weight of v by r.
Then we have:

o —cn GO TG0
poon = Coroen Tor myar L 7pzu 3
If there are not so much confusion, we sometimes omit the dependence on v

of the period and denote it by C, . (see Remark 4.17 (2) for our idea for
eliminating the dependence on the choice of v)

TElR

4. HIDA FAMILIES OF HILBERT MODULAR FORMS.

In the first half of this section we review Hida’s theory of nearly ordinary Hilbert
modular forms as developed in [H1] and [H2]. In particular, we recall Hida’s
control theorem for nearly ordinary p-adic Hecke algebras. Hida’s proof relies,
via the Jacquet-Langlands correspondence, on control theorems for cohomology
groups coming from quaternion algebras over F' which are totally definite, or
indefinite but yield Shimura curves. The introduction of [H1] ends up with
the hope that those results would be extended to general quaternion algebras
yielding varieties of higher dimension. In the second half of this section we
extend Hida’s theory to the case of Ms(F'), corresponding to the d-dimensional
Hilbert modular variety. Using the results of [Dil], we prove a control theorem
4.9 as well as a freeness result over the universal nearly ordinary p-adic Hecke
algebra (see theorem 4.15).
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The universal nearly ordinary p-adic Hecke algebra introduced by Hida is nat-
urally an algebra over the Iwasawa algebra in d+ 1+ dp,, variables (dp, being
the Leopoldt defect), and it is very important in our application in the follow-
ing sections to separate the first d variables corresponding to the weight, from
the other 1 + 0, variables corresponding to twists by Hecke characters. We
do that by a careful choice of level structure at primes dividing p.

Since we assumed that p is unramified in F', we denote by py,...,p, the ideals
of F' above p. We fix an ideal n of F' prime to p.

4.1. VARIOUS LEVEL STRUCTURES. In Section 2.4, we introduced for o > 0 the
Hilbert modular varieties Y11 (np®), Yz (p®) and Y7 (p®) of level Ky (n)NK11(p®),
Kz(p*) = ZK1(n)N K11 (p*) and K1 (np®), as well as the sheaves £(wy, ws; A)

on them. Here Z is a group of elements 2) with a € (0 ®Z,)*. Using the

a
0
multi-index notation of 1.3, we have:

(18) Ko(p®)/K11(p®) = (0 /p*)* x (0 /p%)",

where the first factor is represented by the group of elements
{(8 (1)) a€ (U/pr‘i)x} and the second factor is represented by the
group of elements { (é 2) ‘ de (o/IIpi")* } Hence, we have
(19) Ko(p™) /K11 (p™) 0 = ((0 /p*) x (0 /p™)*) / 0*

where we divide by the group generated by the elements {(d 0>} where d

0 d
which is also denoted by 0* by abuse

runs through the image of 0™ in (0 /p®)*

of notation.

We introduce several tori as follows:

DEFINITION 4.1. Let us define T (resp. Tho, Tz, Tora) to be the
p-Sylow subgroup of limKo(p®)/K11(p®) (resp.  LmKo(p®)/ K11 (p®) o™,

WmKo(p®)/Z K11 (p®), kmKo(p®)/K1(p®) o).

By definition, we have the following relation:
T
(20) !

Tora « Tho — Tz

DEFINITION 4.2. We define an Iwasawa algebra A (resp. An.o, Az, Aord) to be
O[[T1] (resp. O[[Tu.o]], O[[TZ]], O[[Torall)-

The algebra A (resp. Ayz) is isomorphic to O[[(1 + pZ,)??]] (resp. O[[(1 +
pZy)?]). The algebra Ay, , (resp. Aoa) is isomorphic to O[[(1+ pZ, )¢+ 1H9re]]
(resp. O[[(1 + pZ,)**+o#»]]), where dp, is the Leopoldt defect for F' and p
which is expected to be zero by the Leopoldt conjecture.
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We have the following relation:

A
(21)
Aord « An.o - AZ

where two vertical arrows are surjective. We remark that a A, ,-module (resp.
Az-module, Agq-module) M is naturally regarded as a A-module.

Let the module H? (Y11 (np®), L(w1,w2; K/ O)) be the largest O-direct sum-
mand of the module H* (Y11 (p®), L(w1,ws; K/ O)) on which the Hecke operator
To(p) in Definition 2.2 is invertible. The Pontryagin dual H; _(w;,ws) of the
limit @H;.O(Yu(npa),/l(wl,wg; K/ O)) has a natural action of T}, , and it is

a modﬁle over the algebra A, ,.

Let the module H?  (Yz(np®), L(w1,we; K/ O)) be the largest O-direct sum-
mand of the module H*(Yyz(np®), L(w1,ws2; K/ O)) on which the Hecke oper-
ator Ty(p) of Definition 2.2 is invertible. The Pontryagin dual H% (w;,ws) of
the limit @H;.O(Yz(npaﬁﬁ(wl, wy; K/ O)) has a natural action of Tz and it

is a module over the algebra Az.

Let the module H? (Y1 (np®), L(w1,we; K/ O)) be the largest O-direct sum-
mand of the module H* (Y7 (np®), L(w1, we; K/ O)) on which the Hecke operator
To(p) of Definition 2.2 is invertible.

The Pontryagin dual H 4(w1, we) of the limit

HmHE, (Y1 (np®), L(w1, we; £/ O))

has a natural action of T,,q and it is a module over O[[Toa]] = OJ[(1 +
pZ,)+9%).

REMARK 4.3. Let p be a nearly ordinary residual Galois representation of G g
which is modular of level Kj(n) N K11(p®) and nearly ordinary at p. For any
cohomological weight w = (wy,ws), we have

H (Y11 (np®), L(wy, we; £/ O))5 # 0,
HY o (Yz(np®), L(w1, w2; K/ O))5 # 0,
where ()7 means the p-part as explained at the equation (1). On

the other hand, Hp  (Y1(np®), L(wi,we;K/O))5 can be zero for certain

n.o
(w1,ws). However, there exists a double-digit weight (wq,ws) such that

HY o(Yi(np®), L(wy, w2; K/ O))5 # 0.
We say that a residual representation p is realized in

H o (Y1(np®), L(w1, w2; K/ O))
when we have H?

s o(Yi(np®), L(wr,we; K/ O))5 # 0. We recall the following
lemma, which is straightforward from the construction of Hida family.

LEMMA 4.4. Suppose that p : Gp — F, is a nearly ordinary residual Ga-
lois representation of level Ki(np) and double-digit weight (ay1,a2). Then p
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is realized in the cohomology HY (Y1 (np®), L(w1,we; K/ O)) if and only if the
maps (0 /p)* — (o /p)*, u— v~ and (o /p)* — (0 /p)*, u > w2~
annihilate the image of 0% in (o /p)*.
When p is not realized in

Hr.lo(Yl (npa)’ E(wlv w2; IC/ O))7
HY  (Yi(np®), L(wi,ws; K/ O)); is defined to be zero. ~ We denote by

My (w1, w2)5 the p-part of H;  (wi,w2), which is defined to be the Pontr-
jagin dual of ligH;IO(YH(npo‘), L(wy,we; K/ O))p.

Let (r1,79) € Z[Ir] x Z[Ir]. For a A-module M, we denote by tw(""2) (M) the
module M whose A-module structure is twisted by

(22) A=A, fa,d]— a"d™?[a,d],
where we identify (6 ® Z,)* x (0 ® Z,)* with T by

(a,d) — (8 2)

By Hida, H; (w1, w2)5 is independent of (wy,ws) in the following sense:

THEOREM  4.5. [H2, (3.3)] The A-modules H; (wi,w2); and

tw (W1 WL w2 W) (Y (wh wh))  are  isomorphic  to  each  other  for

(w1, ws), (W, wh) € Z[Ip] x Z[Ip] cohomological double-digit weights (cf.
§2.4).
COROLLARY 4.6. Let (wy,ws), (wh,w)) € Z[Ir] x Z[Ip] be cohomological
weights (cf. §2.4).
(i) The Ano-module H; (wi,w2); is always isomorphic to
My o (W], wy)5s with Ay o-structure is twisted by the above twists.
(i) The Aora-module H.q(w1, we)5 is isomorphic to

(V1m0 (A (wh, wh)p)

with Aorq-structure twisted by (22) if and only if we have w; = w} and
wq — wh € Zt.
(i) The Az-module Hy (w1, w2)5 is isomorphic to Hy(w,wh)s with

A z-structure is twisted by (22) if and only if wi + wy = Wi + wh.
DEFINITION 4.7. Let (w1, w3) be a cohomological double-digit weight. We de-
note by T%° (w1, ws) (resp. Tﬁz(wl, wa), T%rd (w1, ws)) the Hecke algebra which
is defined to be the subalgebra in the A, ,-linear (resp. Az-linear, Ayq-linear)
endomorphism ring of HY (w1, w2)5 (resp. HYE (w1, ws)p, H (w1, wa)5) gen-
erated by all Hecke operators.
Suppose that 7 is realized in HY (Y7 (np®), L(w1,we; K/ O)) and it is also re-
alized in Hj ,(Y1(np®), L(w], wy; K/ O)). By Corollary 4.6, TS (w1, ws) (resp.
TZ (w1, wz), TY (w1, wy)) is isomorphic to Ta(w},wh) (resp. TZ(wi,ws),
T%rd(w’l,wé)) without any condition (resp. if w; + wq = w) + wh, if wy = w}
and wy — wh € Z[t]).
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4.2. CONTROL THEOREM FOR NEARLY ORDINARY COHOMOLOGY. As ex-
plained in the introduction, the condition (Vany) is essential for the construc-
tion of our p-adic L-function. Before starting the construction, we will list some
of known sufficient conditions which ensure the condition (Vanz) stated at the
beginning of §1.2.

REMARK 4.8. Let p be a residual Galois representation of Gr which is nearly
ordinary at p and of level K;(n) N K11(p).

(1) The paper [Dil] by Dimitrov shows that (Vanz) holds if the conditions
(%) and (%) below are true:
(x) p is realized in HZ (Yi, (), L(a1,a2,K/O)) of double-digit
weight a = (a1, a2) € Z[Ip] x Z[IF) satistying

Z (a2,‘r - al,‘r) <p—L

T€lR

(%%) The representation ®1 p(rt
TElFR
G 5 is irreducible of order divisible by p, where F /Q denotes the Galois
closure of F/Q in Q.

We also remark that, if ' is Galois over Q and if ¢ is a (parabolic)
newform which is not a theta series, nor a twist of a base change, then
for almost all ordinary primes p, p = p, mod p satisfies (x) and ().

(2) The paper [LS] by Lan and Suh shows that the condition (Vang) is true
if the weight of p is regular.

- 7) of the absolute Galois group

The general formalism of control theorems established in [H1, §10] and [H4]
and the condition (Vanz) immediately implies the following theorem.

THEOREM 4.9. Let p be a residual Galois representation of G which is nearly
ordinary at p and of level K1(n)NK11(p) satisfying the condition (Vang) stated
at the beginning of §1.2. Then we have,

(i) (HI,)p is a free Ay.o-module of finite rank and vanishes if ¢ # d.
(ii) For any cohomological double-digit weight (w1, ws), we have the fol-
lowing isomorphism.:

D (Hi o)) © O [(Ko(™)/Kn () 0),]

n.o

= (Hg.o(wlva))ﬁA@) O [(Ko(p®)/K11(p™) 07),]

n.o

= Hglo(yll(‘l‘lpa), E(wl, wa; IC/ O))FPD

COROLLARY 4.10. Let p be a residual Galois representation of Gg which is

nearly ordinary at p and of level K1 (n)NK11(p) satisfying the condition (Vang).

(1) HI (w1, ws)75 (resp. HE (w1, wa)5) is a free Aora-module (resp. Az-
module) of finite rank and vanishes if ¢ # d.
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(ii) We have the following isomorphisms:
Hora(wi,w2)5®1,,4 O [(Ko(p™)/K1(p™) 0%),] = Hij o (Y1 (0p™), L(wr, w2; K/ O))5°
HE (w1, w2)p@n, O [(Ko(p™)/ZK11(p%))p) = Hy o (Yz(np®), L(wi, w2; K/ O))5"

Theorem 4.9 (ii) and Corollary 4.10 (ii) ensure the existence of Hida families
in our setting (cf. Remark 1.5 for the relation between our construction and
Hida’s construction [H1], [H2], [H3]).

Now, we recall that we have another group of global units:

(23) {(§ 2)|aeo)

We have the following definition by using the above group.

DEFINITION 4.11. (1) Let w = (w1, w2) be a cohomological pair and let
a = (a1, ,as) be an element of Z°. We define an ideal Py € Ay,
(resp. PZ, € Az ) to be the ideal such that

tw " (P = Ker [Ano — O [(Ko(p*)/Ku(p®) 0¥),]]
tw "1 v2(PZ ) = Ker[Ay — O [(Ko(p®)/ZK11(p™))y]

(2) Let O[(Ko(p®)/ K11 (p) 0 ),1"™ (resp. O [(Ko(p®)/ZK1 (5)),]"™")
the quotient ring of

O [(Ko(p®)/ K11 (p™) 07)p] (resp. O[(Ko(p®)/ZK11(p™))y))

by the global units action of (23). We define an ideal P ™ € A,
(resp. PZ2"™ € Ay ) to be the ideal such that

W w2 (Psgg,arith) — Ker |:An‘o N [(Ko(pa)/Ku(pa) Ux)p} arith:|

tw W w2 (PZ,arith) — Ker {AZ 50 [(Ko(pa>/ZKll(pa))p]arith:|

wio

Note that, Pp:S, and Py are defined for any w = (w1, ws), while PZ, and
Pf;gmh are defined only for w = (w1, ws) such that wy +we = 0. By definition,
we have Pp.omth 5 poo (resp. PZ21h 5 PZ ).

4.3. FREENESS RESULT FOR NEARLY ORDINARY COHOMOLOGY. Let us recall
the following results:

THEOREM 4.12. Let p be a residual Galois representation of Gp which is nearly
ordinary at p and of level Ki(n) N K11(p) satisfying the condition (Vang). Let
us fix a cohomological double-digit weight a = (a1, a2) € Z[Ip] X Z[Ip]. Then,
the Hecke algebra T; (a1, az) (resp. Tﬁz(al,aQ)) is free over Ay, (resp. Ayz)

when it is realized in HS  (Y1(np®), L(a1,a2; K/ O)) in the sense given before
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Lemma 4.4. For any cohomological double-digit weight w = (w1, ws), we have
ezact control:

T3 (a1, a2) @, Ano/Poia’ = (05%)7
z Z,arith z
T5 (a1, a2) @, (AZ/Pw P ) = (03.0)7
where  byS,  (resp. Z.) is the Hecke algebra acting on

H;jl.o (Yll (pa)7 £(w17 w2; ’C/ O))ﬁPD (resp. Hﬁ.O(YZ(npO‘), ‘C(wh w2; IC/ O))%)D)
Proof. By Theorem 4.9 (ii) and by the assumption (Vang), we have
HE (a1,02)5 ® Ao/ Pyt ™ = (H(Yi, ()i, (po)» L (w1, w25 K/ 0))5)FP

at each cohomological double-digit weight w = (w1, ws), By specializing at
Pn .0,arith
w—a;x

, we identify
T5° (a1, 02) ® Auo/ Py 2™ € Endo (M o(a1,a2)5 ® Ano/ Py ™)

w—a;x

with by, The statement for hw o, 1s done in the same way. Hence, we omit

the proof for bw;a. O

DEFINITION 4.13. Let w = (wy, w2) be a cohomological weight and let o be an
element of N°. A ring homomorphism & : A™° — @p is called an arithmetic
specialization of weight w and level p® if the kernel of « contains P>,
For any finite A™°-algebra R, a ring homomorphism x : R — @p is called
an arithmetic specialization of weight w and level p® if A»° — R 5 @p is
an arithmetic specialization of weight w and level p® in the above sense. The
arithmetic specialization of AZ or a finite AZ-algebra is defined similarly.

REMARK 4.14. By Theorem 4.12, we have a one-to-one correspondence under
the condition (Vang):

normalized Hilbert modular eigen cuspforms ¢
of double-digit weight (wy,ws), level K1(np%)
which are nearly ordinary at p
and whose residual Galois representations
are isomorphic to p
arithmetic specializations
= K: T;H@p
which have weight (wq,ws) and level p®

We denote by &, : ’H‘g—>@p the arithmetic specialization associated to an eigen
cuspform ¢ via the above correspondence.

As is explained after Definition 4.7, Tg (w1, ws) depends only on wy + ws.
Hence, we denote Tﬁz(wl, ws) by Tg’wﬁ“” . Note that, once we fix a branch R
of T%°(wy, wz), a branch RZwitw2 .= R BTz (1w w2) Tﬁz’wﬁm of T?’wﬁm is

induced for each cohomological double-digit weight (w1, ws). We will present
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the following refinement of Theorem 4.9 which takes into counts the action of
the whole Hecke algebra.

THEOREM 4.15. Let p be a residual Galois representation of G g which is nearly
ordinary at p and of level Ki(n) N K11(p) satisfying the condition (Vang). Let
w = (w1, ws) be a cohomological double-digit weight and let R be a branch of
T%’O(wl,wg). Then,

(1) The R-module M(wy,ws)r = HE (w1, w2)5 ®uo R is free of rank
one over R. Similarly, The R%“rT%2 _module MZ(wl,wg)Rz,w1+w2 =
M(wy,wa)r @r RZW1HW2 s free of rank 2¢ over R%witwz,

(2) For any character ¢ of the {E1}F,  M(wy,we)rle] (resp.
MZ (w1, W2) g z.wi s [€]) is free of rank one over R (resp. RZwitw2),

Proof. We will write the proof only for M(wy,ws)r and M(wr, w2)r[e].
We can apply exactly the same proof for M?(wy,ws)gzw tws and
MZ(wl, U}Q)Rz,wl +wo [6]

Since p is not equal to 2 and the group {1}/ is of 2-power order, we have a
direct sum decomposition as T (wy, wz)-module with respect to the action of
the group {£1}/# on the Betti cohomology as follows:

Moo (w1, wa)5 = ED M, (w1, wa)5[e]-

This induces the direct sum decomposition as R-module

M(wy,wa)g = @M(wl,wg)n[e].

Hence, the statement (2) implies the statement (1). We will prove the statement
(2) in the rest of the proof. By Theorem 4.9 (ii) and by the condition (Vang),
we have

M(wr, wa)r[e] O R/M = U (w1, ws)ple] ©rao R/M

= (HY(Yic, (mynko (p)> £(wr, wo; R/ [e]) 7P

= (HY(Yi, (), L(w1, wz; R/M))[e]) 7P
where the second isomorphism holds thanks to the ordinarity. Note that the
condition (Vang) easily implies that H?(Yy, (), £(w1, w2; R/9M))[e]) is of rank
one over R/M. By Nakayama’s lemma, M (wy,ws)r[€] is a cyclic R-module.
Thus, M (w1, w2)re] is isomorphic to R/I for some ideal I of R. Since R is
an integral domain which is integral over A, ,, we have I # 0 if and only if
INAyo, # 0. Since M(wy,ws)re] is a torsion-free A, o-module by Theorem

4.12, this implies I = 0. Thus M(w,wq)r[€] is a free R-module of rank
one. |

4.4. p-ADIC PERIODS. Let us consider the homomorphism

(24) T — (0 ®2Zp)* /0%)y.
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induced from the map T = ((0®z%Z,)%/0%), x ((0®zZ,)*/0%), -
((0®2Zp)* /0%)p, (a,d) + ad~!. Note that the kernel of (24) is equal
to Z.

By identifying ((0 ®2Z,)* /0*), canonically with Gal(Fy,,/F) where Fy,) is
the maximal abelian pro-p extension of F' unramified outside primes above p,
we have the isomorphism

(25) A= A&y, Z,[[Gal(F,y /F)]).
The isomorphism (25) induces the following isomorphism for any cohomological
double-digit weight (w1, ws) € Z[Ip] X Z[IF]:
(26) Mo (w1, w2)5 = HG (w1, w2)p@z, Zy[[Gal(Frpy /F)])-
Let w = (w1, ws) € Z[Ir]) X Z[IF] be a cohomological double-digit weight. Since
wy + we € tZ, there exists an integer r = r(w) such that w; + wy = rt, we
denote by w? = (w¥,w?) € Z[Ir] x Z[Ir| by

7z _ Jwi—(5+ 1)t if ris even,

o w = S i s odd,

fori=1,2.
‘We also have the identification:
(27) Mo (w1, w2)p 2 Hi o (w],w).

r(w) r(w)+1

induced by the twist by xcyz i (resp. Xeyc® ) when r(w) is even (reps. odd).
The isomorphisms (26) and (27) induce the following isomorphism:
(28) ML (11, w25 = He (0, 0D )P, 2, [Gal( Fipy /F)]
Note that wZ +w? is equal to —2t (resp. —t) when 7(w) is even (resp. odd). For
a branch R of T3® C End,, |, (HE (w1, w2)5), the identification (28) induces
the following isomorphism:
R RZ’*QtA@ZPZP[[Gal(F{p} /F)]] when 7(w) is even,

RZ% Qg Zy|[Gal(Fpy /F)]]  when r(w) is odd,

(29)

where R% =2t (resp. R% %) is a branch of ']I‘g’fz'5 (resp. ']I‘ﬁz’ft) when r(w) is
even (resp. odd).
Thus, we have the following one-to-one map:

(30) arithmetic specializations & of weight w = (wq, wa)
and level K1(np®) on R

a pair (kZ,n,) which consists of

arithmetic specializations k% on R?%~2! (resp. R% ")
of weight w? = (w#,w%)
—X rw) 1
Nk : Gal(Fppy /F) — Q, such that M/ Xeye
r(w)+1

(resp. Mi/Xeye: ) is of finite order

when 7(w) is even (resp. odd).
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Let us fix an R%~?!-basis element (resp. RZ%!-basis element) b€ €
MZ(=2t,0) oz, -2 €] (resp. b°dde € MZ(—t,0)rz—¢[e]).

For any arithmetic specialization x on R of cohomological double-digit weight
w = (wy, ws) with wy + we, we have

(31) wHM(wi, wF) 5070z le])
= (H (Y2 (np®), L], w's K/0))FP[e]) ©yz, , s B(R)

= (Y, (Va(wp®), L, wf K/ O)EPI) ©ns ), w(R)

Hence, if we denote by b%™ (vesp. b°5"°) the image of V™ (resp. b°dd<)

Z

via the specialization k“, we have the canonical isomorphism

(82)  (EY (Vi (np™), Llwn,wo; K/ ODEP[E]) @y, K(R) = b - K(R)

DEFINITION 4.16. Assume the condition (Vang) for 7 associated to the fixed
branch R. Let x = k, be an arithmetic specialization on R which corresponds
to a nearly ordinary eigenform ¢ of level K;(np®) and of weight w = (w1, ws).
Denote by o, the ring of integers of the Hecke field for ¢ and let be the local-
ization at the prime over p induced from the fixed embedding o, — Zp.

H; o (Y1 (np®), L(wy, w2; 04,(5))5e]

— (Hio(Yi(np™), L(w1, wz; 0))gle]) By )p H(R)

— (Hyo(Vi(np™), L(w?, w’; O))5le]) @y ), 5(R)

a’P

where o, ) is the discrete valuation ring defined before Definition 3.5
and O contains the completion of o, (). The image of the module
HE (Y1 (np®), L(w1, wa; 04 (1)) )5l€] gives an o, (,)-rational structure on the im-
age He (Y1 (np®), L(w?,wZ;0))5]e ]®(h“ o ) #(R) which is a free £(R)-module
of rank one. Since o, (,,y is principal, the Hc;lage of the above composite map is
free of rank one over o, (). Let v be an o, (,)-basis of the image. On the other
hand, we have the isomorphism

(B2 (Vi (%), £(wf w5 0))le) @, 5(R)
= (Y, (Vi (), £(wf w5 K/O)[e]) @iy, 5(R) = Vs 5(R)

P

via the Poincare duality theorem. We define the p-adic period C§, , = C¢

PP
in K(R)* by by, =C5 v

REMARK 4.17. (1) A p-adic period does not depend on the twist by a finite
character. That is, if an arithmetic specialization x on R corresponds
to a modular form ¢ and if an arithmetic specialization ' on R cor-
responds to a modular form ¢’ = ¢ ® ¢ with a finite character ¢ of
Gal(Foo/F), we have C¢ = C¢,

©,pv @' \pv
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(2) Note that the p-adic period C¢, , , as well as the complex period Cf, ., ,,
depend on the choice of v and they are well-defined only up to mul-
tiplication of an element in (0, (,))*. Nevertheless, for two different
choices of v, the p-adic and complex periods are incremented by the

same amount. Hence, the pair (C§, ,, C¢, ) (or the ratio “C¢, ,/C¢ )7)

is independent of the choice of v. By this reason, later in the interpo-

lation of the p-adic L-function, we will denote the periods by C§, , and

O, without specifying the choice of v.

5. p-ADIC L-FUNCTION

5.1. STATEMENT OF THE MAIN THEOREM (THEOREM A). Under the one-to-
one correspondence between arithmetic specializations of R and modular forms
@ on the Hida family over R, we sometimes denote an arithmetic specialization
k of R by k., to specify the corresponding modular form ¢ (cf. Remark 4.14).
As is explained after Definition 4.7, ']I‘%‘O(wl, ws) is independent of the choice of
a cohomological weight (w1, wz). Hence, we denote T3 (w1, wz) by T5°. We
sometimes denote the complex and p-adic periods C¢, ., , and C¢, , , by Cy oo v
and C,, , , when € is the trivial character 1. We also denote b°V™¢ (resp. b°44d:)
by b°Ve" (resp. b°d9) when e is the trivial character 1.

The theorem below is the main theorem of our paper which we denoted by
Theorem A in the introduction.

THEOREM 5.1. Let p be a residual Galois representation of Gg which is nearly
ordinary at p and of level Ky(n) N Ki1(p) satisfying the conditions (Vang)
and (Irz) stated at the beginning of §1.2. Let R be a branch of TZ° and
let us fiz an R% ™ -basis (resp. R%'-basis) element bV" (resp. b°) of
MZ(=2t,0) gz —2[1] (resp. MZ(—t,0)gz—+[1]) (see Theorem 4.15). Assume
that R% =2t (resp. R%~2%) is a Gorenstein algebra.

Then, there exists a p-adic L-function L,(R;b*") € R (resp. L,(R;b°) €
R) which satisfies the interpolation property

HW(LP(R; beven)) _ H Ap(go)L(w’O)

C
o pl(p)

(resp. the same interpolation for L,(R; peddy),

for every p-stabilized nearly ordinary eigen cuspform ¢ € Sy, w, (K1(np*)) of
critical cohomological weight w = (w1, ws) on R such that wy +we = rt for an
even (resp. odd) integer v where C¢ , is a p-adic period (cf. Definition 4.16)
and Ay (p) is defined as follows:

1 . -
(- moaw) e Condon
1 ) ord, Cond(¢ow™7)

(NF(P)%(SOO)
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where ©° (resp. ¢o) is a unique ordinary form of weight (wyi,ws) (resp. a
unique finite order character of Gal(Fu/F)) which is not a twist of another
nearly ordinary form of weight (k — 2,j — 1) by a finite order Hecke character
of F with p-primary conductor such that ¢ = ©° @ ¢ow ™. The number Nr(p)
is the absolute norm of the prime ideal p.

5.2. CONSTRUCTION OF L,(R;b®V") AND L,(R;b°44). The p-adic L-function
Ly(R;b°v™) (resp. L, (R;b°9)) will be constructed as an element of R =
RZ2H[Gal(Fypy /F)]] (resp. R = R%![[Gal(Fy,/F)]]) interpolating special
values of L-function of Hilbert modular forms twisted by Hecke characters.
Since the construction of L,(R;b°4d) is parallel to that of L,(R;b°vh), we
will explain mainly the construction of L,(R;b°V*"). Note that, for a fixed
cohomological weight w? = (w?,w?) € Z[Ir] x Z[Ir] with w? + wZ = —2t,
we have:
RZ=2[[Gal(Fiyy /F)] = lim RZs [CI3 (7)),
a,B

zZ zZ
where Rgz ., is alocal component of the full Hecke algebra bg’(wl wz) acting on

the cohomology H¢(Yz(np®), L(w?,wZ; K/ O)) generated by Ty with A prime
to pn, Uy with A\|n, and Uy, for w; running over all uniformizers of p;. Recall
that, it is an immediate consequence of Corollary 4.6 that @a Ri Z. depends
only on w# 4+ wZ. Hence the notation R% 2! is justified (cf. notations given
after Remark 4.14).

Therefore, in order to construct L,(R;b°*"), it is enough to construct an in-
verse system

(RN

{Ia,ﬂ _ $((11t1ﬁ1 I )(bcvcn) € RZ [Cl};(pﬁ)p]}

a,p
with respect to multi-indexes o and 3 for each w? = (w?,w%) with wf +
wf = —2t in Z[Ir]. For w? = (wf,w¥) with wf + wf§ = —2t, we will define
4 zZ zZ zZ
L,(,w1 e )(R; beven) € R%2[[Gal(Fy, /F)]] to be @xgwé ’w"’)(be"e“) and we

a,B
denote L,(g_%’o) (R;b6v™) by L,(R;b%¥"). Finally, by help of the canonical
identification R = R%~2![[Gal(Fy,}/F)]], we regard L,(R;b°") as an element
of R. .
The construction of miwé 2 )(beven) will occupy the next paragraph 5.3 and the
desired interpolation property will be proved in the paragraph 5.4.

5.3. PROOF OF THE DISTRIBUTION PROPERTY OF THEOREM A. Recall that,
for every u € Cl}(p?),, we constructed:
z z

Vs € Homo (H (Y (np™); L(w w'; 0))5[1],K)
after the equation (17) of Section 3. Note that we can omit the compact
support, since the localization at p kills the boundary cohomology.
The R% =2t basis tw(®1 w3 (beven) € MZ(wZ, w¥) gz -2 1] from Paragraph 4.4
specializes to an RZ, _-basis b2 of HI (Y (np®); L(wf,w¥; O))5[1]. Now, let
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us consider the composite map:
(33)
Homo (H*(Yz (np™); L(wi’, w’; 0))3[1], K) » Homo(R{z o, K) = Rz , ®o K,

where the first morphism of (33) is induced by RZ, _-basis b,

DEFINITION 5.2. We denote by evﬁf}jgzz)(bg"e“) € RUijya ®o K the image of
z z
evilf]&”év"’) by the map (33). Then, for each o = (a1, ,a5),8 = (B1, - ,8s) €

JIZ w2z)

N* with oo < 8 and with 8; > 0 for all j, we define xglﬁ 2bever) € (RZ,  ®o0
K) [CI(pP),] to be:

wZ wZ even - ’wZﬂUZ even
) =) Y e ) - [u)

u,a, B
uGCIF(pﬁ)p

Here, Up(p)”? is the modified Hecke operator H (Uo.p; )P associated to fixed
1<i<s
uniformizers twy, of p; (see 2.3 for the definition).

By the definition of ordinary forms in 2.3, the operator Uy(p) defined as in
Definition 5.2 is a unit in the nearly ordinary Hecke algebra R%~2' and its
quotients Riz o

We will show that the set {mg’j,f v (peven) € (RZ, | 00 K) [01;(pﬁ)p]}a5

forms a projective system, by checking the compatibility with respect to o
z z

and 3. Thus, our construction via the inverse limit of x((lwé 2 )(be"en) for the

p-adic L-function L,(R;b°°") is an analogue of Iwasawa’s construction via

Stickelberger elements for Kubota-Leopoldt p-adic L-function.

The compatibility with respect to « is not so hard.

LEMMA 5.3. For each f and for each pair a,a’ satisfying a < o,
zZ zZ z zZ
:EE;I/JI/BJUZ )(be"en) is mapped to x(awé " )(be"e“) via the natural map (RZ, , ®o

K)[ClE(0%)y] = (RZz , ®0 K)[CIE(p")y].

Proof. Note that {b5°"}a>0 is a compatible system by definition. Hence, it
zZ 4 zZ z
follows that m&wé e )(be"en) is the image of ng)’lﬁ’% )(beven) by the natural ho-

momorphism
(Ribz .o @0 K) [CIE@?),] — (R 0 ®0 K) [CLE(D7),]

Note also that the image of Uy(p)? in RLZUZ « ®o K is compatible with respect

zZ zZ
to a once S is fixed. Thus, we have the compatibility of xiwé 2 )(be"e“) and
zZ zZ
m((x’f”lﬁawz )(beven). O

The compatibility with respect to 8 which is more delicate than that of « is
proved below.
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LEMMA 5.4. For each o and for each pair 3,8 satisfying 8 < f',

(w1 sWo ) (wfvwzz)

zy g0 0 (0N is mapped to x,, (b°¥°") wvia the natural map (RZ, , ®o
K)[CLE ™)) > (RZ. , @0 K)[CLE(p),].

Proof. Tt suffices to show the equality:

(34) Uo(p)® IBev(w1 ’w2 Zev i )

u,«a,B8
for any u € Cl}(p?), in the space Homo(Hd(YZ(npa);E(wlz,wf; 0))5[1],0),
where u’ runs through elements in Cl;(pﬂl)p which are mapped to u.
By an inductive argument, the proof of (34) is reduced to the case of § < g’
where there exists j such that 5’ = (81, -+ ,5;-1,58; + 1, Bj41, -, Bs). Then,
the equation (34) is reduced to

(35) Uo,w, eviw(; ’;3”2 2) Z ev(w1 ’12? ),
where the sum runs through archimedean embeddmgs of F with which @;-adic
topology is compatible with the induced p-adic embedding. For any o > 0, we

have the coset decomposition of the double coset Kz(p®) (wopj (1)) Kz(p*)

which induces the operator Uy as follows:

ay [op, 0 o Wy, a o
s ke (T ) Ko =TT ) e
where a in the right-hand side runs through a set of representatives of 0 -orbits

in o /(wp,) = 0 /p;. By the sequence (16), u is identified with a set of certain

numbers of elements {uz} where each u; is an (0} ),-orbits in o /p® = p=# /0.

1 Q
Since we have p~—# Wy, =D -8, et runs through the set of representatives of

Ty,
afixed u; € p~?/0in p*5 / 0 when a varies the representatives of the elements
which appeared in (36). Here, when we talk about these representatives, we
consider p~# /o — p~#/0 induced from o / P =0 /p” by fixed identifications
pP/o=o0/p’ and p~F /o =0 /p?. This completes the proof. O

If there is an index j with 3; = 0, the element x;wéz ’wQZ))(b‘sze“) is not defined

at Definition 5.2. We extend the definition to general 5 as follows.

DEFINITION 5.5. Let S be the subset of {1,...,s} such that §; = 0 for j €
zZ z

S and B; > 0 for j ¢ S. Then, we define m&wé ’w2)(be"e“) € (Riz7a ®o

K) [CLE(pP),)] to be:

$(w1zawzz)(beven) _

a,p

1 _ wi ,w5) rpeven
:H<1_J\/M)'U0(p) b Z eviui,ﬁ )(b ) - [u]

u€eCLi (ph),

DOCUMENTA MATHEMATICA 17 (2012) 783-825



820 TADASHI OCHIAI

With this extended definition, we have the following proposition:

PROPOSITION 5.6. For each pair o, o’ satisfying o < o' and for each pair 3,5’
zZ zZ
satisfying B < f3', (W1 w2 )(be"e“) is mapped to :c(wl 2 )(beve“) via the natural

al,B’ a,B
map (RYz ., @0 K)[Clg(0”),] = (RZz , ®0 K)[Cl(p”),]-

Proof. Thanks to Lemma 5.3 and Lemma 5.4, the desired compatibility holds
unless there is an index j with 8; = 0. Hence, we fix o and we assume that
there is j such that §; = 0. Let 8’ = (B8], ---,5.) be the multi-index such
that 8; = 1 and 3 = Sy for k # j. It suffices to prove that x(wé,’wz )(beven)
is mapped to x(wé e )(be"e“) via the natural map (RZ,  ®o K)[C1E(p* )p) =
(RZ, , @0 K)[CLE(pP),). Let us calculate the ratio:

(37) Z evuw(i 21:2 7) bcvon /Z evuw(i ;;:2 ) bcvcn)

where u runs through the element of o’ -orbits of [], (o /;:0£’€)X x 0 /p; which

are lifts of w in the summation of the denominator, and @ runs through the

element of o-orbits of [],_;(o /p)*)* x (0/p;)* which are lifts of u in the
1

Ne(p;)Uop,

acting on ev(uj1 ”;2 )(be"e“). By modifying the definition counting this factor,

we have the desired compatibility, which completes the proof. O

summation of the numerator. The ratio is equal to the value of 1—

Finally, We have the following corollary.

COROLLARY 5.7. Assume the condition (Ir). For each o = (a1, -+ ,a5),8 =
(Bi,---,Bs) € N with o < j, the element q:gf)g’wf)(beven) c
(Riz@ ®o K) [Cl5(p?),] introduced at Definition 5.5 lies in the subalge-
bra RY 2 ., [CLi(p")p)-

Proof. Let us consider the case of @ = 0. In this case, since we consider the

set of all w in C15(p?),, ([, Hu)/ 0} is well-defined. (Note that <(€) (1)> is

contained in K;(n) C K11(p°) = K1 (n) for any unit e € 07.)

We recall that the Betti cohomology with compact support
Hg(YKl(n); L(wy,we;K)) is isomorphic to the étale cohomology with com-
pact support Hédt,c((YKl(n))@; L(w1,wz;K)) where (Yi,(n))g is a model of
Yk, (n) Over Q. By the fact that Yk, (n) has a model over Q, the étale cohomol-
ogy H&C((YKI(,‘))@; L(wy,ws; K)) has a natural Galois action of Gg. By [BL],
for each eigen cusp form ¢ in p-component, it is known that we have

HE ((Yie, () £(wr, wa; K))[Ag] & (pp)BFQ

as a representation of Gp where p, is a Galois representation of ¢
on K which lifts our p. We denote by A the Pontrjagin dual of
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the image of the integral cohomology H‘i,c((YKl(n))@;ﬁ(whwz;O))P\@], in
Hé

&, (Y, () )y L(w1, w2; K))[Ay]. The representation A is an O-module iso-
morphic to (K/0)®2" with continuous Gg-action and Afw] is isomorphic to
the dual of ﬁ‘g’[F ‘@] a5 a representation of G for a uniformizer @ of O.

Thus, the element

(wf,wf) r1even ( 1 ) (wf wf) 1 even
x (V) = l——— ] ev (57" - [u] .
0,8 159 NF(pj)UO,pj u,0,8

lies in RZ,  [CIf(p®),] since we can choose a finite-index subgroup E of o}
whose index [0} : E] causes the denominator to be E = o} (cf. Definition

z 4

3.2) and since the assumption that evgtwé wa )(b(e)"en) is not integral would in-
duce a Gp-stable line in Afw], which contradicts to the result of [BL] and our
condotion (Irz).

By Lemma 5.3 and by the fact that RZ, _ is the preimage of RZ, / C RZ, ;®0
KC under the natural projection map Riz o ®o K — Riz o ®o K, we obtain
the desired integrality for any a. (|

The RZ%~2t basis tw(w7 w5) (bevn) € MZ(w?,wZ) gz -2 [1] from Paragraph 4.4
specializes to an Rizyu-basis beven of HA(Yz(np®); L(wf, wZ;0))5[1]. More-
O)=RZ, .,
Rg z ., is Gorenstein by assumption. Now, let us consider the composite map:
(38)

Homo (H(Yz(np®); L(wf, w; 0))5[1], 0) - Home (RZ

wZ a0

over, there exists an O-algebra isomorphism Home(RZ since

wZ

0) 5 RZ

wZ a0
where the first isomorphism of (38) is induced by RZ, _-basis b3"" and the
second isomorphism of (38) is the one induced by the Gorenstein property.

5.4. PROOF OF THE INTERPOLATION PROPERTY OF THEOREM A. We will
evaluate L, (R; b°°") at an arithmetic specialization k = £, of R corresponding
to a cuspform ¢ € Sy, w, (K1(np®)). Let r and n be as introduced in 4.4.

We have the following commutative diagram with a unique arithmetic special-
ization xZ on R:

©
» L} @p
R% 72 ([Gal(Fpy /F)] o o

Let ©Z be the eigen cuspform corresponding to the arithmetic specialization
Iﬁ:g and let (w),w9) be the critical pair which is the largest among the shifts
(w? + nt,w¥ + nt) by integer multiples nt of ¢ which are critical. We denote
by ¢ the unique twist of p? of weight (w{,w) which is not a twist of another
nearly ordinary form of smaller level by a finite order Hecke character of F.
(Since it will be a long and tedious description, we do not repeat what the twist
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by a finite order character of a modular form or the corresponding arithmetic
specialization means.) Note that there exists a unique integer ro (resp. rz) and
a unique finite order character ¢z (resp. ¢g) of Clf(p™) such that the form
the newform associated with ¢ @ Nz"¢y" (resp. ¢? @ Np"%¢,") is equal to
©". By definition, we have:

Ry (LP(R’ beven)) = (775 o Hi)(LZ()_Qt’O) (R’ beven)).

The element ng(Ll(;Qt’O) (R;b°V°")) is an element in x(R)[[Gal(Fpyy/F)]] C
k(R)[[Gal(Fypy/F)]]. Recall that 7, is equal to 77 ¢ for some finite Hecke
character ¢z.

By construction, ng(Lz()_Qt’O) (R; b)) ® ¢, is equal to

zZ

wi w? even — . — wz’wz — even —
(lwi(x&,ﬁ“ ) (b3 >>®¢;=1g1<ni®¢zl><xi,g Do) ees).
B B

Let v° be a basis of a free 0,0 (,)-module HZ(Y1(np®); L(w?, wd; 0,0 (p)))[Ap, €]
of rank one. Then, by Definition 5.2, we have:

— wZ,wZ - even —
%m%i 2oz )(weh " @ 92 ) BE" @ 67

. - (wf,w¥) ;1 even -
=lm (> Un(p) Pevyla 57 (005" @ 67" [ul
B uGCI;r‘(pﬂ)p

Z zZ
= Copoo-lim [ S Uop) Pevil ) (0 rz))[u]

B ueCl; (pﬁ)p

(wf,wf)

The evaluation of lim > Us(p)Pev, 5 (VOrz])[u] at XD9c "% o is
weCTE (),
equal to the evaluation of lim > U (p)*ﬁeviwé’zgz)(vo[ro})[u] at ¢o by
u€CIE (p?),

S
the standard argument between Tate twists of critical values. Let H P jj be
j=1
the conductor of ¢g. If we have 8; > 0 for all j, we simply evaluate Uy(p)~* -

z 4
(Zuecfg(pﬁ)p eVEZJ&,};% )(vo[ro]) [u]) . via the character ¢, whose value is equal
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to:

: 1 ” -1 (w1,w2) /. 0
[ (ram) | 2 el e

i= weCTE (p9),
s 1 Bj . L(QOO ®N;;0’0)
i=1 Fp ap(Pp ©,00,09[r0]

: ( L )’*‘ L(¢",0)
j=1 NF(p)aP(<p0) Ccp,oo,v ’

where the first equality follows from Corollary 3.7 and the second equality
follows from Proposition 3.8. This completes the proof of the interpolation
property for L,(R;b¥") for x, with ap,(¢) = 0 for all j.

If there are j with ay,(p) # 0 or equivalently 3; = 0 for some component
of the conductor ]} p?j of ¢g, the interpolation is clear from the extendes

j=1
z z
definition of the element xgwﬁl 2 ))(bfi 2) at Definition 5.5 (see also Proposition

5.6) which complete the proof for L,(R;bV").
The proof for L,(R; b°44) is done in the same way except that we replace the
role of MZ(—2t,0)[1] by that of MZ(—¢,0)[1].
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