EULER SYSTEM FOR GALOIS DEFORMATIONS

TADASHI OCHIAI

ABSTRACT. In this paper, we develop the Euler system theory for Galois deformations.
By applying this theory to the Beilinson-Kato Euler system for Hida’s nearly ordinary
modular deformations, we prove one of the inequalities predicted by the two variable
Iwasawa main conjecture. Our method of the proof of the Euler system theory is based
on non-arithmetic specializations. This gives a new proof of the inequality between the
characteristic ideal of the Selmer group of a Galois deformation and the ideal associated
to a Euler system even in the case of Zg—extensions already treated by Kato/Perrin-

Riou/Rubin.
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For a motive M over a number field, the relation between the size of the Selmer groups
for M and the special values of L-function for M is one of the main theme of arithmetic
geometry. In Iwasawa theory, we are interested in the relation between the Selmer group
and the p-adic L-function for a Galois deformation of the p-adic realization of M. After
original works by Iwasawa for ideal class groups in the cyclotomic tower, many people
followed and generalized his philosophy to study elliptic curves, modular forms or more
general p-adic representations in the cyclotomic tower. In early 90’s, Greenberg [Gr2]
proposed a vast generalization and reformulation of Iwasawa theory through Mazur’s
theory of deformations of Galois representations.

In this paper, we study the theory of Euler system for Galois deformations to bound
the size of the Selmer group of a Galois deformation by the characteristic ideal of an Euler
system. Such theory was first obtained by Kolyvagin and it has been developed by Kato,
Perrin-Riou and Rubin in the case of cyclotomic deformations. However, the method of
their theory does not work well for Galois representations over general deformation rings
R. The difficulty comes from impossibility of finding nice system of Frobenius elements
which reflects the R-module structure of the Selmer group except the case where R
is the group algebra of a Zg-extension. Thus, the aim of this paper is to overcome
these difficulties in Euler system theory over a more general deformation ring R such
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as a nearly ordinary Hecke algebra of Hida by introducing a new approach to the Euler
system theory. As a corollary, we show one of the inequalities predicted by the two-
variable Iwasawa main conjecture for a nearly ordinary Hida deformation. This is the
first example of such inequality of the generalized Iwasawa Main conjecture proposed by
Greenberg over a deformation ring which is not the group algebra of Zg—extension of a
number field.

1. TwWO-VARIABLE IwASAWA MAIN CONJECTURE FOR HIDA DEFORMATION

In this section, we shall introduce our main result in the case of Hida deformations. To
introduce our result, let us recall briefly Hida’s nearly ordinary modular deformations.

We fix a prime number p > 3 and a norm compatible system {(y»},>1 of primitive
p"-th roots of unity throughout the paper. Let I' be the Galois group Gal(Qu/Q) of
the cyclotomic Zy-extension Qo /Q of the rational number field Q. We denote by I the
group of diamond operators for the tower of modular curves {Y7(p')}:>1. We have the
canonical isomorphisms:

r % 1+ pZy C 25, T 51+, C 2.
X
Fix a topological generator 7 (resp. 7') of " (resp. I''). From now on, we fix an embedding
of an algebraic closure Q into the field C of complex numbers and an embedding of Q
into a fixed algebraic closure @p of the field Q, of p-adic numbers simultaneously.

Let Hofrd be the quotient of the universal ordinary Hecke algebra with certain fixed
tame conductor, which corresponds to a certain A-adic eigen newform F. The algebra
HZ is a local domain finite flat over Z,[[I"]]. Hida’s nearly ordinary Hecke algebra H%°
is defined to be the formal tensor product of Hofrd and the cyclotomic Iwasawa algebra
Z,[[T]) over Z,. By this, HX° is isomorphic to H¥4[[I']] and is a local domain finite flat
over Zp[[I'xI"]]. In his celebrated paper [H1], Hida constructs a big Galois representation
p: Gg = Gal(Q/Q) — Aut(T), where T is a finitely generated torsion-free module of
generic rank two over H'%°. The representation T is presented as ford@)Zp[[FH(S{), where
X is the universal cyclotomic character Gg — I' — Zp[[I']]* and Zy[[I']](X) is a rank
one free Z,[[I']]-module on which Gg acts via the character x. We always assume the
following condition:

(F) T is free of rank two over H%° and the residual representation T/IMT of T is an
irreducible Gg-module, where 9 is the maximal ideal of H':°.

We expect an equality between the ideal generated by the p-adic L-function and the
characteristic ideal of the Selmer group for Hida deformation (Iwasawa Main Conjecture
which will be proposed later). In this paper, we shall show one of the inequalities between
these two objects under certain assumptions. In this section, we summarize briefly our
main result in this paper (Theorem C) and apply it to the Iwasawa Main Conjecture by
combining with our previous works (Theorem B).

Let us recall the following definition:

Definition 1.1. Let w be an integer. A point k£ € Homg, (H%Y,Q,) is called an arith-

metic point of weight w if there exists an open subgroup U of I such that the restriction
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klz, - Zp[[T']] — Q, sends u to x"*(u) for any u € U. For an arithmetic point « of
H$4, we will denote by w(x) the weight of .

We briefly recall the properties of this Hida deformation T (cf. [H1], [Wi]):

Basic property of Hida deformation T . Assume the condition (F). Hida’s nearly
ordinary deformation T has the following properties:
1. Tis unramified outside a finite set of primes S of Q containing p and the archimedean
prime.
2. Let X' : Gop — Zp[[I"]]* be the universal character defined to be the composite

Go =5 Z, [T =5 Z,[[T']]* obtained by the canonical isomorphism T —- T".
2 ~
Then the determinant representation Gg — Aut(AT) = (H%°)* coincides with

the ch X TRExXTY / n.0\ X 1

e character Go O[I' x I']] < (H:°)* modulo a character of finite
order.

3. For each pair (j,k) of integer j and an arithmetic point k € HomZP(HB’gd,@p)
satisfying 1 < j < w(k) + 1, we denote by TUR) the specialization of T by the
homomorphism x7 ' ok : HE® = HEIT]] — sHEY[T)] — Q,. Then there
exists a normalized eigen cusp form f. of weight w(k) + 2 and TUR) s the twist
Ty, @ x? of Deligne’s Galois representation T}, associated to fi.

4. If we restrict the action of Gg on T to the decomposition group Gg, at p, T has
a filtration 0 — F*T — T — F~T —> 0 such that the graded pieces F+T and
F~T are free of rank one over H%°.

5. Further, the representation FTT is isomorphic to Zp[T)(X)®z,HEd (@) as a Gg, -
module, where & is an unramified character Gg, — (HEY)* such that A, =
a(Frob,) € H% satisfies an interpolation property k(Ap) = ay(fs) for each arith-
metic point k of w(k) > 0 and HFY(Q) is a rank one free HE4-module on which
Gq, acts via the character a.

In order to consider p-tame twist of the representation T by a power of the Teichmuller
character w, we will consider the nearly ordinary deformation 7 = T®w for 0 <i<
p—2. Let A be the discrete Galois representation 7 @gm.c Homy (H%°, Q,/Z;). We
denote by Qg the maximal Galois extension of Q which is unramified outside S. The
Selmer group is defined as a subgroup of H'(Qg/Q,.A). Once we fix a local condition
H}(Qp, A) C HY(Q,, A) at p, we define a Selmer group Sel?T as follows:

HY(Q,A)  H'Y(Qp, A)

Sely = Ker |\ H'(Qs/Q.A) — 11 7r5 7 % mos s
ur ’ ? P

leS,l#p

Let us consider two important types of local conditions ? = Gr or BK.
1. Greenberg’s local condition H, (Qp, A) C H*(Q,, A) is defined to be

Hér(@paA) = Ker [Hl(Qp’A) SN Hl(Qur’FfA)] ’

P

where Q)" is the maximal unramified extension of Q.
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2. Let (j,k) be a pair of integers satisfying 1 < j < k — 1 and let @g{gk) C Hy°
be a height two ideal (77" — Xj_l('yps),v’pt - X’k72(7’pt)). We denote by A[@g{;k)]

the @g{gk)—torsion part of A, which is cofree of finite rank over Z,. We define a

Bloch-Kato type local condition Hip (Qp, A) C HY(Q,,.A) to be

Hi(Q,, A) = @H}(@M@iﬁ’“’]),

s,t

where H}(Qy, A[@YY]) ¢ HY(Q,, Aj@Y;"]) is the “finite part” defined by Bloch-
Kato in their paper [BK] using Fontaine’s ring of p-adic periods.

First, we recall the following result concerning these Selmer groups:

Proposition A . Assume the condition (F) above. We have the following statements:

(1) Two Selmer groups Sel2X and Sel$* are equal as subgroups of H'(Qs/Q, A). Espe-
cially, the definition of Sel3® does not depend on the choice of (j, k) as above.

(2) The Pontryagin duals (Sel3¥)Y and (Sel$*)Y of our Selmer groups are torsion mod-
ules over HY%°.

The first statement of the above proposition is proved in [02, §4]. The second one is
proved by a specialization of two variable Selmer group to a certain weight k and by the
use of results of Kato and Rubin (cf. [Ka3] and [R1]) for cotorsion-ness of one-variable
Selmer groups over the cyclotomic tower. For such specialization argument of Selmer
group, see [O1]. By the above proposition, we will denote the Selmer group for 7 simply
by Sel7 no matter how it is Greenberg type or Bloch-Kato type.

Now we will relate the characteristic ideal of the above Selmer group to a two-variable
p-adic L-function for Hida deformation by using an Euler system of Beilinson-Kato.

In order to introduce Beilinson-Kato elements, we need to prepare notations. For

each arithmetic point & of weight w(k) > 0, we denote by f, = > an(f.)°¢" be the
n>0
dual modular form of f;, = > a,(f.)q" where o is a complex conjugation. The dual
n>0

modular form £, is known to be a Hecke eigen cusp form of weight k& = w(k) + 2 with
Neben character dual of that of f.. We denote by Q? a finite extension of Q obtained

by adjoining all Fourier coefficients of £, to Q. We associate the de Rham realization
Var(f,) to f,.. The de Rham realization Vyr(f,) has the following properties:
1. Var(f,) is a two dimensional vector space over Q? and is equipped with a de

Rham filtration Fil'Var(f.) C Var(f,), which is a decreasing filtration of Q? -
vector spaces. . . _

2. We have Fil'Var(f,) = Var(f,) and Fil*" "2V (f,) = {0}. For each j such
that 1 < j < w(k) + 1, FiVVyr(f,) is naturally identified with one-dimensional
Q7 -vector space Q7 “fr

3. For each j such that 1 < j < w(k) + 1, Fil*®W+277Vk (F,) R0, @? is naturally
identified with Fil’Dgg ((V*))*(1)), where @? is the p-adic completion of Q7 in
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the fixed embedding (@?K — @p, V@) g T) ®z,Qp and ()* means the Q,-linear
dual here.
For each 1 < j < w(k) + 1, we denote by SiR the Q7 -basis of Fil*()+2=7V e (F,.) sent
to f, under the natural identification Fil*(*)+2=J VdRE?K) = Q5. - f.. Kato constructs

elements in the K of modular curves [Ka3]. By using his elements, we have the following
system of elements in Galois cohomology.

Proposition 1.2. [Ka3] Assume the condition (F). Let R be the set of all square-
free natural numbers which are prime to S. Then we have a collection of elements

{Z(r) e Hl(@/Q(CT),T*(l))}TGR satisfying the following properties:

1. The element Z(r) is unramified outside primes of Q((,) over S for eachr € R. Let
r be a square-free number and let q be a prime number such that (r,q) = 1. Then the
norm Normgy¢, .y/0()2(rq) is equal to Py(Froby)Z(r), where Py(X) € HE°[X] is
the polynomial det(1—FrobyX;T) and Frob, is ( the conjugacy class of) a geometric
Frobenius element at q in the Galois group Gal(Q((,)/Q).

2. For each pair (j,k) of an integer j and an arithmetic point K such that 1 < j <
w(k) + 1, let 29%(1) € H (Qs/Q,(TU))*(1)) be the specialization of Z(1) €
HY(Qs/Q,T*(1)) via x~tok. If we denote by loc/f(z(j’“)(l)) the image of 20" (1)
under the localization map:

Jum)y* oy o HH(Qp (TU)*(1))
H' (Qs/Q, (T9) (1)) — Hy (@ (TO7) (1)) = HN(Qy, (TGO)(1)’

exp*(loc/f(z(j’“)(l))) is contained in Fi*W+27IVp (F,) < Fil®Dag ((V0R)*(1)),

for the dual exponential map H/lf((@p, (TU+))*(1)) s Fil®Dgg ((VO®))*(1)) defined
by Kato (cf. [Kal]).

L(p)(flw wz—]’j)

(2v=TIm)i—1cSY'
is a complex period (see [02, §3] and [O3] for C’foﬁ).

dR

K 7

)

3. Further, exp*(loc/f(z(j’”)(l))) is equal to where C’foﬁ c€C

. : » 1,2)
Let H/lf((@p,’]' (1)) be linH/lf(Qp,T (1)/@;,5 T (1)). We also denote by loc,¢(2(1))
s,t
the image of Z(1) under the localization map :

H'(Q,T*(1)) — H'(Qy, T*(1)) - H};(Q,, T*(1)).

The main theorem in our previous paper [O2] is the construction of the two-variable
p-adic L-function L,(7) as follows:

Theorem B . [O2, Theorem 3.14] We assume the condition (F). Assume further that
H%° is integrally closed in its field of fraction. Then we have a map = : H/lf((@p, 7*(1)) —
% such that Ly(T) := Z(loc,¢(Z(1))) has the following properties:

(1) We have the equality length(H}o)p(H/lf(Qp,T*(l))/loc/f(Z(l)))p = ordy(Ly(T)) for

each height one prime p of HZz°.
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(2) We have the interpolation property :
O o R)(Ly(T))/Cpy
i—j i—1 i—1 \ 4(i:) i—j
— (—1)y1! ~_1!(1_W (p)p’ )(P] > Gl L(fr, w7, ) ,
A wita \am) ) ey

for each (j, k) with 0 < j —1 < w(k), where Cp . € @; is a p-adic period (see [O2]
and [03] for Cp ) at each arithmetic point k € Homgz, (HEY,Q,), G(wi™*) is the
Gauss sum and q(i,j) is equal to the p-order of the conductor of w'=7.

Remark 1.3. The condition that H%° is normal in the above theorem is necessary only
to assure that the image of = is contained in the integral part H%°. Without this condi-
tion, we only know that the localization of the image of = is in the fraction field Frac(H%°)
of H%° is contained in (H':°), for each height one prime p of H:°. Then, interpolation
properties as above hold without the condition that H':® is integrally closed (see the
arguments in [02, §5]).

By the above Proposition A and Theorem B, we propose the following conjecture which
was first proposed by Greenberg [Gr2]:

Iwasawa Main Conjecture . We assume the condition (F). For each height one prime
p of H%:°, we have the equality:

length .oy, (Sely)y = ordy(Ly(T)).

To relate our Euler system Z(1) to the Selmer group, we need to develop the Euler
system theory for Galois deformations which generalize the Euler system theory for the
cyclotomic tower proved by Kato[Ka4], Perrin-Riou[P] and Rubin[R2|. The following
theorem is the main result of this paper (see Theorem 2.4 and Theorem 2.6):

Theorem C . We assume that H%:° is isomorphic to a two-variable power series algebra
O[[X1, X2]] over the ring of the integers O of a certain finite extension of Q,. Let us
assume the condition (F) and the ezistence of the elements T € Gg ) and 7' € Gg
which satisfy the following properties:

1. The image of T under the representation Gg — Aut(7) = GLo(H%°) has a pre-

sentation é ];T under certain choice of basis Aut(T) = GLy(H%°), where Pr is

a non-zero element of H'z°.
2. The element 7" € Gg acts on T via the multiplication by —1.

Then there exists an integer k > 0 such that we have the following inequality for each
height one prime p of Hz° :

length gp.o), (Sely), < length g0y ((H;p(Qp, T7(1))/loc,f(Z(1))HE), + ord,(PF).
Finally, our results combining Proposition A, Theorem B and Theorem C are summa-
rized as follows.

Theorem . Let us assume the condition (F) and the existence of elements T € G@(Mpoo)

and 7' € Gy satisfying the conditions 1 and 2 stated in Theorem C. Assume further that

the local ring H'z° is isomorphic to a two-variable power series algebra O[[X1, Xs]]. Then
6



(1) The Pontryagin dual Sel¥ of Selr is a finitely generated torsion H%°-module.
(2) If we assume the two conditions given in Theorem B, there exists an integer k such
that we have the following inequality for each height one prime p of Hz :

length g, (Sely )y < ord (o), (Lp(T)) + ordy(PF).

The key of the proof of the inequality in Theorem C consists of:

1. the specialization lemma (see Proposition 3.6 and Proposition 3.11), which recovers
the characteristic ideal of a given torsion Iwasawa module M over an n-variable
Iwasawa algebra A from the variation of the sizes of the specializations M, of M
via a certain (well-chosen) family of homomorphisms {a : A — Qplaca.

2. induction argument (§4) using the above specialization lemma, which reduces the
problem of the Euler system theory over an n-variable Iwasawa algebra to the Euler
system theory over a discrete valuation ring already studied by several people.

We remark that our approach via the specialization lemma makes the proof of the Euler
system theory easier even in the classical case of the Euler system theory in a Zg—extension
(compare to [Kad], [P] and [R2]). One feature of our proof is the use of non-arithmetic
specializations o : A — @p such that the specialized Galois representations 7, are not
necessarily associated to motives. Over a one-variable Iwasawa algebra, a similar idea of
the simplification of the Euler system argument is given also in a recent article [MR] by
Mazur and Rubin. The specializations of our result on the two variable main conjecture
to other non-critical or non-ordinary representations might give us some interesting con-
sequences. Thus, we expect that further inquiry of such systematic use of the induction
argument combined with the specializations will bring about fruitful applications and
new perspectives in the research of Iwasawa theory for Galois deformations.

Notations. For an integer r, we denote by u, the group of r-th roots of unity and
denote by Q(u,) the field obtained by adjoining u, to the rational number field Q. We
often denote by Q(pp~) the field obtained by adjoining all p-power roots of unity to the
rational number field Q. For any Galois extension L/Q and a prime number ¢ which is
unramified in L/Q, we denote by Frob, € Gal(L/Q) (resp. ¢4 € Gal(L/Q)) (a conjugate
class of ) a geometric (resp. arithmetic) Frobenius element at q.

Acknowledgements. The author expresses his sincere gratitude to professor Kazuya
Kato for advice on the use of non-arithmetic specializations. He thanks Yoshitaka Hachi-
mori, Kazuo Matsuno and Takeshi Saito for useful discussion. He also thanks Ralph
Greenberg and Haruzo Hida for stimulating conversation on the subject and encourage-
ment.

2. THE MAIN THEOREM FOR EULER SYSTEM AND ITS APPLICATIONS

Throughout the paper we denote by O the ring of the integers of a finite extension
K of Q,. For a natural number n, let Agl ) be an n-variable Twasawa algebra over O.
That is, Agl) is an n-variable power series ring O[[X1,- - ,X,]] over O. Let 7 be a
free Ag ) -module of rank two with continuous Gg-action. We denote the Kummer dual
AG (7, Agl)) ®7, Zp(1) by T, where ®7,,Z,(1) means the Tate twist.

The definition of the Euler system for Galois deformation is as follows:
7
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Definition 2.1. Let 7 be a free Agl)-module of rank two with continuous Gg-action
which is unramified outside a finite set of primes S which contains {p,oo}. We denote
by R the set of all square-free natural numbers which are prime to S. An Euler system
for T is a collection of cohomology classes {Z(r) € H (Q(u), T ) }rer with the following
properties:
1. The element Z(r) is unramified outside S U {r} for each r € R.
2. The norm Normgy,, .y /q(u,) 2 (7q) is equal to Py(Frobg) Z(r), where Py(X) € Agl) [X]
is a polynomial det(1 — Frob,X;7) and Frob, is a (conjugacy class of) geometric
Frobenius element at ¢ in the Galois group Gal(Q(u,)/Q).

Definition 2.2. Let M be a finitely generated torsion Agl)-module. For each height

one prime p of Agl), we denote by [(M;p) the length of Agll-module M, where Agll
(resp. M, ) means the localization at p. Note that {(M;p) is an integer which is zero for

almost all height one primes p of Ag). Then the characteristic ideal char ) (M) of M
(@]

is defined to be the ideal [Jp" ™) where p runs all height one primes in H:°. A torsion
p
Agl)—module M is called pseudo-null if [(M;p) is zero for all height one primes p of Agl).

Definition 2.3. We say that the representation 7 satisfies (Im) if there exist 7 €
GQ(uye) and 7' € Gg such that the following two conditions hold for the Galois im-
age of 7 and 7:

1. The image of 7 under the representation Gg — Aut(7) = GLQ(AE;L )) has a pre-

sentation ((1) ]?) under certain choice of basis Aut(7) = G Lo (Agl)), where P is
)

(n
a non-zero element of Ay)".
2. The element 7" € Gg acts on 7 via the multiplication by —1.

Let I11%(7) be the kernel of the restriction map H%(Qg/Q,7) — @® H%*(Q,, 7). Our
vES

main theorem is as follows:

Theorem 2.4. Let {Z(r) € H'(Q(p,),T)}rer be an Euler system for T. Assume the
following conditions:

(i). The element Z(1) is not contained in the Ag)-torsion part of H' (G, T).

(ii). For each finite place v € S, H*(Qy,7) is a torsion Ag)—module.

2
(iii). The images of the determinant representations Go — Aut(AT) = (Ag))X and

Gop — Aut(/Q\T) = (Agl))X contain elements of infinite order.

(iv). The residual representation T /(no, X1, - , Xn)T = F®2 is an irreducible represen-
tation of Gg.

(v). The £-eigen spaces TT of a complex conjugate element are both rank one modules

over Ag).

Assume further the condition (Im) and fix T € Gy ) Satisfying (Im). Then we have

the following statements:
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)

(1) The group T%(T) is a finitely generated torsion Agl -module.
(2) Assume that the finitely generated Agl)—module I%(T) admits a set of generators
consisting of k elements. Then the following inclusion of the characteristic ideals

holds:

(PF)char, (o (H'(Qs/Q,T)/Z(1)AS) C char, ) (ITF(T)).

(n) (n)
Ao Ao

Remark 2.5. Though we assume that rank A(")(T) = 2 throughout the paper, it is not
(@]

essential assumption for the proof of the above result. A few minor modification of the
conditions in Theorem 2.4 and (Im) allows us a similar result in the case rank A (T) > 2.
(@)

Since the application to Hida deformation requires only the rank two case, we restrict

ourselves to this case in order to avoid complicated notations. We would like to discuss
the general case together with other generalization in a subsequent paper.

The proof of Theorem 2.4 is completed in §4 after preparation in §3. Let us apply
Theorem 2.4 to Hida’s nearly ordinary deformation 7 = T ® w' explained in §1. From
now on throughout the section, we assume that H%° is isomorphic to a two-variable
power series algebra O[[X1, X2]] over a complete discrete valuation ring O which is finite
flat over Z,.

Theorem 2.6. Assume the condition (F). We also assume that T = T ® w' satisfies
the condition (Im) and fix T € Gou,e) satisfying (Im). Let Z(1) € HY(Qg/Q,T*(1))
be the Beilinson-Kato element (see Proposition 1.2). Then, under the assumption that
H'%° is isomorphic to O[[ X1, Xa]], we have the following statements:

(1) The group II%(T*(1)) is a finitely generated torsion Hx°-module.

(2) Assume that the finitely generated Agl)—module I%(T) admits a set of generators
consisting of k elements. Then the following inclusion of the characteristic ideals

holds:
(PF)charmm.o (H'(Qs/Q,T*(1))/Z(1)) C chargmye (IUZ(7T7(1))).
Let us deduce Theorem 2.6 from Theorem 2.4.

Proof of Theorem 2.6. It is sufficient to check that our Galois module 7 and the Euler
system Z(1) satisfies the conditions in Theorem 2.4. The condition (iv) is already as-
sumed by the condition (F'). The condition (v) is due to the fact that the determinant of
the representation associated to an elliptic modular form is odd. For the condition (iii),
we recall the basic properties of Hida deformation introduced after Definition 1.1. The
most non-trivial condition is (i). We need the result in Theorem B that the composite
homomorphism:

H'(Qs/Q,T*(1) — H};(Qy, T*(1)) =% O[[X1, X2]]

sends Z(1) to L,(7T). Since L,(7T) € O[[X1, X»]] is not zero, the condition (i) follows.
This completes the proof. ]

Let us deduce Theorem C stated in §1 from Theorem 2.6.
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Proof of Theorem C. By the global duality theorem, we have a four term exact sequence:

0 — H'(Qs/Q.T(1))/2(1) — H;;(Qp, T(1))/(loc/;(2(1)))
— Sely — MI%(T*(1)) — 0
Since H, 1 (@p,T*( )) is a torsion-free H'°-module of generic rank one by [02, §4],

/f(Qp,T*( ))/loc,+(Z(1)) is a torsion H%°-module. Hence by Theorem 2.6, Sely is

a torsion H:°-module. We see that the inequality Theorem 2.6 (2) and the inequality in
Theorem C are equivalent by the exactness of the above sequence. ]

3. IWASAWA MODULE AND ITS SPECIALIZATION

In this section, we discuss about a characterization of the characteristic ideal of a given
torsion Iwasawa module by the behavior of the orders of its specializations. The results
obtained in this section are used for the proof of our main result in §4.

Before going into the main subject of this section, we give the following lemma, which
will be used in this section and the next:

Lemma 3.1. Letn > 2 and let N be a pseudo-null A(n)—module Let I be a height one
prime of Ag such that A /I is a reqular local ring of Krull dimension n. Then, we

have the following equality between two ideals of Agl /I:

char (NI]) = char (N/IN)

A(")/I A(”)/[

Especially, N[I] is a pseudo-null A /I module if and only if N/IN is a pseudo-null
Agl) /I-module.

Since we have no reference for this lemma, we briefly give a proof here.

Proof. Let us take arbitrary height one prime p of Agl) /I and let p C Ag)

image of p via Agl) — Agl)/l . Then p is a height two prime of Ag )

be the inverse
. We apply the

functor ® A(m(Agl))fﬁ to the following exact sequence:
O

0 — N[I[] — N— N — N/IN — 0.
Since a localization functor preserves an exact sequence, we have the following:
Note that we have (N[I]); = (N[{])p (vesp. (N/IN)z = (N/IN),). We have to
prove the equality length () 1 (N[I])p = length( AD /D), (N/IN), or equivalently the

(A
equality length(A(n> (N[I]) = length(A(n) (N/IN);. Note that (N); is also a pseudo-

null (Agl))fﬁ—module. Since (Agl))fﬁ is of Krull dimension 2, any pseudo-null (Agl))fﬁ—
module has finite length. Hence by the above four term exact sequence (1), we have

length ), (N[I]); = length, ), (N/IN);. This completes the proof of the lemma. [
(A&)5 P (A8 p

We introduce the following notations:

Definition 3.2. Let n > 1 be an integer.
10



1. A linear element | in an n-variable Iwasawa algebra Agl) = O X1, -, X,]] is a

polynomial [l = ag+a1 X1 +---a, Xy, € Ag) with a; € O of degree at most one such

that [ is not divisible by 7o and is not invertible in Ag ). That is, [ is a polynomial

of degree at most one such that ag is divisible by 7o, but not all a; are divisible by
TO.
2. We denote by ng) the set of all linear ideals of Agl). That is:

Egl) = {(l) C Agl) ‘ [ is a linear element in Agl) } .
3. Let n > 2. For a torsion Agl)-module M, we denote by Egl)(M ) a subset of Egl)
which consists of (1) C [,g ) satisfying the following conditions:

(a) The quotient M /(l)M is a torsion Ag)/(l)—module.
A (M) C Agl) in Agl)/(l) is equal to
(@}

(M/(1)M) < AR /().

(b) The image of the characteristic ideal char

the characteristic ideal char Ag‘) 0

Definition 3.3. A linear transform o of an n-variable Iwasawa algebra O[[ X1, -+ , X,)]]
is an automorphism of O[[X71, - -, X,,]] given by 0(X;) = > t;;X; such that (¢; j)1<i j<n
1<i<n

is in GL,(O).

Note that a linear element defined in Definition 3.2 is stable under the action of a
linear transform. Let x € Agl). Take arbitrary linear transform o of Agl ), o(x) is a linear

) )

element in Agl if and only if x is a linear element in Agl .

For a natural number m, we denote by P™(O) the projective space of dimension m.
That is, P™(0O) is the set of ratios (zg : --- : zy,) with x; € O. We have the following
lemma:

Lemma 3.4. Let n > 1 be an integer.

(1) Letl andl’ be linear elements in Agl). If 1 = ul’ holds for a certain unit u € (Agl))x,
u 18 necessarily a constant element which is contained in O.

(2) The set Egl) is (non-canonically) identified with Mo x P~1(O).

(3) Letn > 2. For a torsion Agl)—module M, Egl)(M) is equal to

{() € Egl)\M/(l)M is a torsion Agl)/(l)—module} N Egl)(Mnuu),
where My s the largest pseudo-null sub-module of M.

Proof. Let us prove the first statement. We take linear elements | = ag + > a;X;,
1<i<n

' =a)+ 1<z:< alX; and u € (Agl))x, where a; (resp. a}) is an element in O for each
<i<n
i. By the definition of linear elements, one of the coefficients a of I’ is a unit of O. In
order to show that w is contained in O*, we may assume that a}, is a unit without loss
of generality. By multiplying an element of O, we assume that a), = 1. We denote
I'— X, € O[[X1, -+ ,Xn-1]] by a. By definition « is contained in the maximal ideal
M of O[[X1,-+, Xn_1]]. Since u € AY = O[[Xy,- -, X 1]][[Xn]] has an expansion
11



u= > ijg, where b; is an element in O[[X, -, X,_1]], we have the following
0<j<o0
expansion of ul’ in O[[ X1, -+, Xp—1]][[Xn]] :

ul' = (a+ Xp)( > biXh)=abo+ Y (abj+bj_1)
0<j<00 1<5<00
By the assumption that [ = ul’, ab; +b;j_1 must be zero for each j > 2. Thus we have an
expression b; = (—a)"b;, for arbitrary integers j,~ > 1. Since b; is divisible by arbitrary
large power of M, b; must be zero for each j > 1 (Note that Qer = 0). Hence we have
r>

l=aby+bo Xy, in O[[ X1, , Xn_1]][[Xn]]. Since the coefficient of X,, must be contained
in O, we have by € O. This completes the proof of the statement (1).

By definition, the set of linear elements [ € Agl ) is isomorphic to Mo x (OF"\ MG").
Let I,I' € Agl) be linear elements. As is shown above, (1) = (I') holds if and only if there
exists a unit u € O* such that [ = wl’. Thus the set of linear ideals ng) is isomorphic
to (Mo x (0%"\ MG")) / ~, where ~ is the equivalence relation under the diagonal
action by the multiplication of the elements of O*. Note that (O®"\ MZ"))/ ~ is
isomorphic to P"~1(O). We consider a map Mo x (O%"\ M3Z") to Mo x (0¥ \ MG")
which sends (m,xzg,- - ,z,—1) to (mx;l,xox;l, e ,xn,lxi*l), where ¢ is the minimal
integer such that z; is a unit of @. This induces a map (Mo x (0" \ MF")) / ~ to
Mo x (0% \ MG")/ ~. It is checked that the map ng) — Mo x P""1(O) defined
above is bijective. This completes the proof of (2).

Let us consider the fundamental exact sequence:

0— M/Myy —@© © An)/PeZ — N —0,
P 1<i<k(p)

where A is a pseudo-null Ag )—quotient. Let (1) € ng) be a linear ideal such that M /(I) M

is a torsion Ag )/ (I)-module. Note that the multiplication by [ is injective on & &
P 1<i<k(p)

Agl)/pei and that the characteristic ideal of the Agl)/(l) moduleof & @ A(")/((l)7 pe)
P 1<i<k(p)

is equal to the image of char, ) (M) in Agl)/ (1) in this case. By the snake lemma, we
(@}

have the following exact sequence:

0 — Nl — (M/Mya) (M /M) — & & AF /(1)) — N/(DN — 0.

By Lemma 3.1, we have:

charA(n)/ 0) ((M/Mnuu)/(l)(M/Mnuu)) = char n>/( )(p 1<Z§k(p) A(n)/((l)7 pei)).

On the other hand, since the multiplication map by [ is injective on M /My, we have
the following exact sequence:

0— Mnull/( ) null — M/( )M - (M/Mnull)/( )(M/Mnull) — 0.
Hence (1) is contained in EEQ)(M ) if and only if (1) € E(n)( Myan). This completes the

proof of (3). O
12



Let us investigate the set Egl ) (N) for a pseudo-null Agl)-module N. For this purpose,

we introduce the specialization map of Lgl). Let Fp be the residue field of O. We denote
by Spp the following specialization map:

LI = Mo x P"HO) — P Y(Fo), (a, (20 &n1)) = (To: - : Fn_1),
where T; € Fp is the reduction modulo Mg of z; € O for each 0 <¢ <n — 1.

Lemma 3.5. Let n > 2. We have the following statements:

(1) Let N be a finitely generated pseudo-null Agl)—module and let {Pj}i1<j<k the set of
the associated primes of height two for N'. Then we have:

LeWN) =, 0 L5 (AP,

(2) Let P be a height two prime of Ag). The set Cgl)(Ag)/P) contains (1) € ng) if and
only if (1) is not a sub-ideal of P. The complement Egl) \Egl)(Agl)/P) is infinite
if and only if P contains at least two different ideals (1), (l2) € [,g). Further, if
LN\ £WAM Py s infinite, there exist two linear elements 1,1’ € A" such that

O @ (@] (@
P is equal to (1,1").

(3) Let P = (I,I') be a height two prime of Agl) generated by two linear elements. If

P contains the ideal (7o), there exists an element T € P""Y(Fp) such that the

complement ng) \Egl)(Agl)/P) is equal to the inverse image (Spp)~H(Z) of T. If P
does not contain the ideal (7o), the complement Egl) \Egl) (Agl)/P) is isomorphic
to P1(0).
Proof. First, we show the assertion (1). If all prime ideals in the set Ass, ) (N) of the
(@}

) _module A have height greater than two, the set

associated primes of a pseudo-null Agl
ng) (N) is equal to [,81 ). Hence we have nothing to prove in this case. If A is the
extension 0 — N’ — N — N — 0 of two pseudo-null Agl)-modules N’ and N,
we have Egl) WN) D Egl)(./\f’) N Egl) (N”) by definition. For a linear element | € Ap,
consider the exact sequence:

Nl — N'J(ON" — NN — N[N — 0.

By the surjectivity of the last map, we have Egl ) WN) C Egl )(./\f ). If | is contained
in £\ (DWW N 2D W) = 2B\ L8 W), NN and NI must
be a pseudo-null Agl)/(l)—module by Lemma 3.1. Thus we have ng) W) = ng) (NN
Egl)(./\f”). If AssAgﬂ (N) contains a prime p C Agl) such that ht(p) > 3, A has a

submodule which is isomorphic to Agl) /p [M, Theorem 6.4]. Since Egl) (Agl) /p) = Egl),

we may replace N by a quotient of N by Ag ) /p in order to investigate the set . Since

N is finitely generated, we may suppose that Ass A (N) consists only of prime ideals of
(@}

height two {P;j}1<j<i by repeating the above process. Thus N is a successive extension

of a Agl)—module of type Agl)/Pi [M, Theorem 6.4]. This completes the proof of (1).
13



Let P be a height two prime of Agl). The first two statements in (2) are rather clear.
Let us assume that P contains an ideal (f,g) such that (f) and (g) are different linear
ideals. If (f,g) is a prime, we must have P = (f,g) since both ideals are of height two.
Suppose that (f,g) is not a prime. By replacing (f, g) with a suitable linear transform

(f9,g%) if necessary, we may assume that f = X,, + a with a € O. Let g € Agl)/(f) =
O[[X1,- -, X,—1]] be the image of g by the specialization modulo (f). Since the degree
of g € O[[X1, -+, Xp—1]] is at most one, g must be divisible by mp if (f, g) is not a prime
of Agl). Let us write as g = 1§, - § where g’ is not divisible by mo. A height one primes
of O[[X1,--+,X,-1]] which contains a principal ideal (g) are only (7o) or (g') (if ¢ is
not a unit). Hence P is either the inverse image of (7o) or (g’) via Agl) — Agl) /(f). In
the former case, P is equal to (f, 7o) = (f, f + 70). In the latter case, let us regard g’

as an element of Ag) via the natural injection O[[X1, -+, X,—1]] — Agl) and denote it

by ¢'. Then (f,¢’) is the inverse image of (g’) via Agl) — Agl) /(f). This completes the
proof of (2).

Let P = (I,I') be a height two prime such that [,!’ are linear elements. First, we
suppose that P contains the ideal (mp). By this assumption, P = (I, 7o) for a suitable
linear element [. If another linear element f is contained in P, we have f = ul + u/mp
with w,u’ € Ag). Hence f is congruent to [ modulo 7p. If T € P*" }(Fp) is the
point corresponding to the reduction modulo mp of I, (f) corresponds to a point in
(Spp) 1 (@) € Mo x P*~1(O). Suppose P does not contain the ideal (7). By replacing
(1,1") with a suitable linear transform (I7,1'?) if necessary, we may assume that | = X, +a
with a € O and that I’ = X,,_1 +bwith b € O. If I” is an element of P, I” = ul+u'l’ with

u,u’ € Agl). By similar argument of comparison of coefficients as the proof of Lemma
3.4 (1), we prove that u,u’ are contained in O. Hence (I") corresponds to a point of
Ol @ Ol') ~= PL(0). This completes the proof of (3). O

We have the following proposition which characterizes the characteristic ideal of a given

)

torsion Agl -module for n > 2:

Proposition 3.6. Let n > 2 be an integer and let M and N be a finitely generated
torsion Agl)—modules. Then the following three statements are equivalent.
1. We have charAg)(M) D charAg>(N).

2. Let O be arbitrary complete discrete valuation ring which is finite flat over O.
Then, for all but finitely many (1) € LE;,)(M@/) N EE;,)(N@/), we have the inclusion

CharAg)/(l) (MO’/(Z)MO/) ) CharAg)/(l) (NO’/(Z)NO’)

3. There exists a complete discrete valuation ring O' which is finite flat over O such
that we have the inclusion

char ) (Mo /()Mor) > charym (Nor/(I)Nor)

for all but finitely many (1) € EE;L/)(M@/) N EE;,)(N@/).

We recall the following well-known lemma (see [B] Chap. 7, §3.8, Proposition 6 or
[NSW, Theorem 5.3.4]):
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Lemma 3.7. Let R be a complete Noetherian local ring with its mazimal ideal Mpg.
Assume that R/ Mg is a finite field. Then we have the following statements:

(1) f(X) = > a; X" € R[[X]] is a unit in R[[X]] if and only if the constant term ag is
i>0
a unit of R.

(2) Assume that there exist integers i such that a; are units of R. Take r > 0 to be the
minimal one among such i’s. Then there exists a unique decomposition:

FXOu(X) = X"+ b1 X" 4o+ 01X + by,
where w(X) is a unit in R[[X]] and b; is contained in Mp for each 1 <1i <r — 1.
We will prove the following lemma:

Lemma 3.8. Forn >2, let f(X1, -+ ,Xpn) = > a: X" € O[[ X1, -, X,]] (ar € O is the
r>0

coefficient of X* = X' --- X7) be a power series which is not a unit of O[[X1,--- , X,]].
Assume that f(X) is not divisible by T. Then there exist a finite extension O’ of O and

a linear transform o of O'[[ Xy, -+, X,]] such that
o(f)X) = u(X) (X; +br1 X5 7"+ + b X+ bo)
with a unit u(X) in O'[[ X1, -+, Xy]] and an integer r, where b; belongs to the mazimal

ideal of O'[[ X1, -, Xp_1]] for0<i<r—1.

Before the proof of this lemma, we give the following lemma:

Lemma 3.9. Let n > 1 be an integer and let VTE be a Fp—vector space @ T,
’ deg(r)=r

X7t X7 spanned by n-variable monomials of degree r over Fp. Let us denote by py,
the projection map Ver — Fp - X7. Then, for any non-zero element v € ‘/er’ there

exists an element & € GLy(F,) such that p,(5(v)) is not zero.
Proof. For an element w € V;E, the following statements are equivalent:

1. The projection p,(w) € F, - X" is not zero.

2. The value w(0,---0,1) € F, of w at (X1, -+, X,,—1,Xy) = (0,---,0,1) is not zero.
Let (a1, -+ ,ap) € FZ be a point such that z(ai, - ,a,) € F, is not zero. We take
o = (tij)1<ij<n € GLy(Fp) such that ¢, ja, = «; for each 1 < j < n. Let us denote
by 7(v) € V.5, the action given by g- X; = 1<ZZ:<nZi’in for g = (ai j)1<ij<n € GLn(Fp).
Then & (v)(0,--- ,0,1) = v(ay,- - ,an) # 0. This completes the proof. O

Let us return to the proof of Lemma 3.8.

Proof of Lemma 3.8. Since f(X) is not divisible by mp, there exists an n-tuple r =
(r1,--- ,my) such that a, € O*. Let V.5 be a F-vector space & F - XX/
deg(r)=r
spanned by n-variable monomials of degree r. Let v = Y @X{'---X)» € V. an
deg(r)=r
element obtained by the modulo mp-reduction of degree r-part of f(X). By the assump-
tion, v is not zero. Hence, by using the Lemma 3.9, after taking a finite extension F’ of
F if necessary, there exists & € GL,(F’) such that the coefficient of 7(v) at X is not
15



zero. Let o = (ti,j)lgi,jgn € GLn(W(F/)) be a lift of 7 = (%i,j)lgi,jgn S GLn(F,) where
tij € W(IF') is the Teichmuller representative of t; ;. Let O be a finite extension of O
which contains W (F'). As a power series of X, o(f)(X) € O'[[ X1, -, Xpn-1]][[Xn]] is
presented as

O+ VX 4 b X+ b XT + (higher order terms)

where b/ is contained in the maximal ideal of O'[[ X1, -+ , X;,—1]] for each 0 <i < r—1 and
bl is a unit of @’. By applying Lemma 3.7 for this o (f)(X) and for R = O[[ X1, , Xn_1]],
we complete the proof of Lemma 3.8. U

Let us return to the proof of Proposition 3.6.

Proof of Proposition 3.6. The implication 1 = 2 = 3 is clear. Let us show the impli-
cation 3 = 1. Let us fix fundamental isomorphisms for M and N:

M2 DAG [ w5 e D AG [ (HE)Y,
i J

NP A [ ) o @ AE [ (ar (),
it 3’

where Ker(fas) (resp. Ker(fn)) and Coker(far) (resp. Coker(fy)) are pseudo-null Agl)—
modules and f;’s and g;/’s are monic polynomials. Let f(X) = [[f;(X)" (resp. g(X) =
J

ng/(X)";") and let pp = 3 p; (vesp. p' = > ). In order to show that char, ) (M) D
5/ J; i (@]

charAg>(N), it suffices to show that the image of the ideal (¢(X)) (resp. 77(’5/) is zero in

the ring Ag)/(f(X)) (resp. Agl)/(Tr“l)). If f(X) is a unit in Ag), there is nothing to
prove. We assume that f(X) is not a unit in Agl) from now on. By Lemma 3.8, after
a finite base change O’ of O and change of the coordinate by a linear transform, we
may assume that f(X) is of the form f(X) = (X7 + b1 X1 + -+ + b1 X, + bo)u(X)
where b; belongs to the maximal ideal of O'[[ Xy, -+, X,,_1]] for each 0 < i <r —1 and
u(X) is a unit of Agl,). The algebra Ag,)/(f(X)) is finite flat over O'[[ X1, -+, Xp—1]]

(C Ag,) = O'[[X1, -, X,]]). We have the following claim:

Claim 3.10. There exist a complete discrete valuation ring O@” which is finite flat over
O’ and a set {(;) € Egﬁ?}lgi@o satisfying the following properties:
(i). The ideals (I;) are all different.
(ii). For each i > 1, l; is contained in O"[[ Xy, -+, X, —1]].
(iii). For each 4, (I;) is contained in Egl,),(M@n) N EE;,}(NO//).

By this claim, if we replace O’ by a sufficiently large extension of O if necessary, we
may suppose that we have a set {(l;) € Egl,)}lgi@o satisfying the above three properties.
By the third condition of the claim, the image of ¢g(X) in Agl,)/(f(X), l;) is zero for each
i. By the first two conditions, we have an injection O'[[Xy, -, Xp—1]]/(Li---1;) —

I1 O[X1,- -, Xn-1]]/(l;) for each j > 1. Since the extension Agl,)/(f(X)) is finite flat
1<i<j
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over O'[[ Xy, ,Xn_l]],wehaveaninjectionAgl,)/(f(X),ll--- L) — 11 A /( (X),1;)

1<i<y
for each j > 1. Thus the image of g(X) in A(n)/(f( X), 0 - l») is zero for each j > 1.
By the completeness of A(n)/(f(X)) we have hmA /( (X)) = Agl,)/(f(X)) and

j
9(X) must be zero in A /( (X)). As for the inclusion (7};,) D () in Agl,), it suffices to
find only one linear element [ € Egl,)(M@/) N Egl,)(N@/). Then the element 7%, (resp.m,)
is equal to the highest power of 7 dividing the characteristic power series of My /(1) Meo»
(resp. Nov/(I)Ner). This completes the proof assuming the above claim.

Finally, we give the proof of Claim 3.10. By Lemma 3.4 (3), L2 (M) 1 £%) (Nov)

is equal to Eg,)((Mnun ® Myan)or), where My (resp. Npuan) is the largest pseudo-null

submodule of M (resp. N). The set of linear ideals of Agl,_l) = O'[X1, -, Xp-1]] is
Egl,) = Mo x P"=2(O"). By Lemma 3.5, E \E (( nall D M) o) is of the following

form:
—1/— 1 /
. (U P ,
<1§L%JSJ‘$Z) N (15’2;"8% Z )> . (195’23"’ © )>

where ; is an element of P"~1((0’) for each 4, 7, is an element of P"~}(Fo/) for each
i’. Note that the inverse image Spa}(P"*Z(FO/)) is contained in Egl,). Let n > 3. By
replacing O’ by a sufficiently large unramified extension if necessary, we choose T €

P"~%(Fer) which is equal to none of 7. Then Spy (F) N (1<L,J< ,Spo, (Uyr )) is empty and

Sp(_g/1 (T) N (Kiyq”IF’l((’)’ )) is finite. Thus, if we choose arbitrary sequence of different

linear ideals (1;) € Spg, (T)\ < Uz, U U [Pl((’)/)>, this satisfies the three conditions
1<i<y 1< <4"

of the claim. Let n = 2. If one of 7j;, € P}(For) coincides with the point %, corresponding
to Spol(ﬁg,)), we can not choose x as in the case of n > 3. Hence, if 7, coincides with
one of F;», we need to replace O’ by a sufficiently large unramified extension and replace

(1)

a transform @ in Lemma 3.9 so that Spe/(L)/) is different from all ;. If we choose

arbitrary sequence of different linear ideals (1;) € Spy, (7) \ ( Uu ;U U PYO )>,
1<i<y 1< <5"

this satisfies the three conditions of the claim.

(n)

Next, we discuss how to recover the characteristic ideal of a torsion A;’-module in the

case of n = 1. For short, we denote Ag) (resp. Lg)) by Ao (resp. Lo), when n = 1.

Recall that a monic polynomial E(X) = X¢ + ae1 X1 + - + a1 X + a9 € O[X]
is called an Fisenstein polynomial if the i-th coefficient a; is contained in the maximal
ideal M@ of O for each 0 < i < e — 1 and wp divides ag exactly. It is known that
Or = O[X]/(E(X)) is a complete discrete valuation ring whose fraction field Frac(Og)
is a totally ramified extension of Frac(Q) and that the image of X in O is a uniformizer
of Og. Note that an Eisenstein polynomial F(X) € O[X] is not a unit in a power series
algebra O[[X]] and O[X]/(E(X)) is isomorphic to O[[X]]/(E(X)).

17



A set of ideals Eo = {I,;, C Ao | m € Z>1} is called Eisenstein type if I,,, = (£, (X))
where E,,(X) is an Eisenstein polynomial of degree m in O[X] for each m > 1. The
result is as follows:

Proposition 3.11. Let M and N be finitely generated torsion O[[X]]-modules. We have
the following:
(1) The following conditions are equivalent:
(a) There exists an integer h > 0 such that charp, (M) D (wl)chary, (N).
(b) Let O be arbitrary complete discrete valuation ring which is finite flat over
O. Then there exists a constant ¢ depending only on My and Ny such that
$(Mor/IMer) divides ¢ - §(No /IN@or) for all but finitely many I € Loy.
(2) As for the difference by the constant ideal (71'(]’9), we have the following equivalence:
(a) Let M(y,) (resp. Nizn)) be the localization of M (resp. N) at the prime ideal
(ro). Then we have 1ength(Ao)(7ro)(M(ﬁo)) < length(Ao)(m)(N(ﬂo)).
(b) There exist a set of ideals Eo = {I,, | m € Z>1} of Eisenstein type and a con-
stant ¢ depending only on M and N such that §(M /I, M) divides c-4(N/L,,N)
for all but finitely many L.

Proof. Let us fix fundamental sequences for given torsion Ap-modules:

M 25D Mo/ (nt5) & @D Ao/ (f;(X))
i J
N D Ao/ () ® D Ao/ (g5 (X)),

where Ker(fas) (resp. Ker(fn)) and Coker(fys) (resp. Coker(fy)) are finite groups and
fi(X) (resp. g;(X)) is a monic polynomial for each j (resp. j'). Let O" be arbitrary
complete discrete valuation ring which is finite flat over O. Let us denote [] f;(X) €
O[[X]] (resp. TTg;(X) € O[[X]]) by f(X) (vesp. g(X)). Put p =3 p; (vesp. p' = > piis).

By a simple diagram chasing argument using the snake lemma, we see that
(Mo /IMor) = tAor /(7). 1) - #hor /((f(X)), ) - t(Ker(far) @0 O'/IKer(fur) ®o O)
4(Nov/INo) = Ao /(7). 1) - #hor /((9(X), T) - §(Ker(fx) ©0 O/ IKer(fx) @0 O')

for any I € Lo U o such that Mo /IMo and Nor/INeo: are finite. Hence we may
replace Mo (resp. Nor) by a fundamental type module Ao /(7l) & Aor/(f(X)) (resp.

AO//(W(%I) ® Ao /(g(X))) in order to show the equivalence between (a) and (b). For
the fundamental type modules above, the implication (a) = (b) is easy to see in both
cases (a) and (b). In the rest of the proof, we show the implication (b) = (a) for such
fundamental type modules.

Let us consider the first statement (1). Take fundamental modules M = Ao /(7}) @
Ao/(f(X)) and N = Ao/(wg) ® Ao/(g(X)). Suppose that f(X) does not divide g(X).
We will deduce a contradiction to the statement (b) from this assumption. Let O’ C Z,
be a complete discrete valuation ring which is finite flat over O which contains all roots
of f(X) and ¢g(X). Thus we have a decomposition f(X) = [[(X — a;)% (resp. ¢g(X) =
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[1(X — B;)) with o € O' (resp. §; € O" ) such that a; # ayr (vesp. (; # Bjr) if i # 7
(resp. § % ).

If f(X) does not divide g(X), there exists iy such that (X — a;,)%0 does not divide
g(X). For each m > 1, we define (I,,) € Lo to be (I,) = (X — s, — p™). The
order of Apr/(mlh, lim) is bounded independent of m. Thus the order of Moy /(L) Mo =
Aot /(7 ln) @ Aor /(f(X), 1)) is equal to §(O’/p™)%0 modulo a finite error bounded
independent of m. On the other hand, the order of No//(ln)Nor = Aor/(w(’g,lm) )
Ao /(9(X), 1) is equal to §(O'/p™)to modulo a finite error bounded independent of m,
where the number ¢;, > 0 is the maximal integer such that (X — )% divides g(X).
t(No'/(lm)Nor)
(Mo /(lm) Mor)
contradicts to the statement (b) of (1).

Next, we prove the statement (2). We assume that 7, does not divides W(/g , namely
w > /. In this case, we consider a sequence I,,, € E»n such that the extension degree e,
of Ap /I, over O tends to co. The order of Ap/(7l, I,) (resp. Ao/(wg, I,,)) is equal to
8(O/m0)em " (resp. #(O/mo)e*). On the other hand, the order of Ao /(f(X), I,n) (resp.

Since we assume t;, < s, converges to zero when m tends to co. This

. : : 4(N/ImN)
Ao /(g(X), I, is bounded by a finite constant independent of m. Hence ——F—+
converges to zero when m tends to co. This again contradicts to the statement (b) of
(2). This completes the proof. O

4. PROOF OF THE MAIN THEOREM

In this section, we give a proof of Theorem 2.4 for an Euler system over an n-variable

Iwasawa algebra Agl). We reduce Theorem 2.4 to the Euler system theory over discrete
valuation rings (Theorem 4.7) by using a method of specializations of Iwasawa modules
established in §3 (cf. Proposition 3.6 and Proposition 3.11).

First, we prepare the following lemmas:

Lemma 4.1. Let n > 1 and let M be a finitely generated Ag)—module. We denote by
Moy (resp. Mypa) the largest torsion (resp. pseudo-null) Ag)-submodule of M. Then,

for each height one prime I of Ag) such that I is prime to the characteristic ideal of
Moy, we have an isomorphism M[I] = Myn[].

See [O1] for the proof of the above lemma in the case n = 1. We prove the above

lemma by using a fundamental isomorphism of torsion Agl )_module (cf. [B, Chapter 7]).
Since the proof for general n is done exactly in the same way as the case n = 1, we omit
the proof here.

Let N be a finite discrete module with continuous Gg-action unramified outside a fi-
nite set of primes S of Q. We define the Tate-Shafarevich group I1I%(N) to be the kernel
of the restriction map H'(Qg/Q, N) — @SHi(QU, N). For an inductive system {M;}

ve

(resp. projective system {N;}) of finite discrete Gg-modules, we define Iﬂg(h_rg i M;)

(resp. H_Ifg(lgnJN])) to be the' inductive limit h_r)n](H_Ifg(M])) (resp. projective limit

lim ; (I (N;))).  Since lim ;H*(Qs/Q, M;) (resp. lim ;H'(Qy,M;)) is isomorphic to
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H(Qs/Q,lim jM;) (resp. H'(Qy,lim ;M;)) (cf. [Se, Proposition 8]), I (lim ;M) is
equal to the kernel of H'(Qg/Q,lim ;M;) — U?SHi(QU,h_r>anj). [T (lim ; N;) is equal

to the kernel of H'(Qg/Q,lim ;N;) — vEGBSHi(@v’@ij) since lim ;H'(Qg/Q, N;)

(resp. @jHi(@v,Nj)) is isomorphic to Hi(@S/Q,@ij) (resp. Hi(@v,@ij)) by
[T, Corollary (2.2)].

The following proposition is a part of the global duality theorem (cf. [NSW, Chapter
VIII)):

Proposition 4.2. For a finite discrete Gg-module M unramified outside a finite set of
primes S, the Tate-Shafarevich groups IIL(N) and I1%(NV (1)) are finite and we have
a canonical perfect pairing:

II5(N) x HI(NY (1)) — Q/Z.

The following two lemmas will be a key to the reduction step of the proof of Theorem
2.4:

Lemma 4.3. Let the assumptions and the notations be as in Theorem 2.4. We have the
following statements:

(1) Let I be a height one prime ongl). We denote by T | be the quotient module T /IT .
Then the natural map 1I%(T)/I%(T) 25 W2(T ) is surjective. Especially, if
(Ag))—module I%(T) admits a set of generators consisting k elements, (Agl)/l)—
module IH%(TI) admits a set of generators consisting of k elements.

(2) For all but finitely many height one prime ideals I of Agl), Ker(py) is a tor-
sion Agl)/l—module. Further, Ker(pr) is a subquotient of P[I] for all but finitely
many height one primes I. Here P is the largest pseudo-null Agl)—submodule of

@S(’T*)GQU, where T* = HomA(n)(T, Agl)). Especially, the order of the kernel of
ve o

%(7)/I%(T) — 10%(T 1) is bounded by the order of a finite group P for all
but finitely many height one primes I of Ao when n = 1.

Proof. By the global duality theorem (Proposition 4.2), I11%(7) is the Pontryagin dual of
I15(A), where A is the discrete Galois representation 7 ® AQ) Homz,,( Ag‘)’ Q,/Zy,). By

taking the Pontryagin dual of the map 111%(7 ) /ITI%(7T) — I11%(7 ), it suffices to prove
that the restriction map ITI5(A[I]) — TIIL(A)[I] is injective to prove (1). By the irre-
ducibility of the residual representation, we have H%(Qs/Q, A[M]) = H*(Qs/Q, A)[M] =
0, where 91 is the maximal ideal of Agl). Hence H°(Qs/Q, A) = 0 by Nakayama’s lemma.
Thus, we have the following commutative diagram:

0 —— MIg(All]) —— H'(Qs/Q All]) — vEGBSHl(QU,A[ID

1 g J-

0 —— MgA)[I] —— H'(Qs/Q Al —— v%Hl(Qv,A)[I]
20



By the snake lemma, the kernel of the restriction map IIL(A[I]) — II15(.A)[I] must

be zero since the kernel of wy is H(Qg/Q,.A)/TH®(Qs/Q, A) = 0. This proves the first
statement (1).
For the statement (2), we remark that the Pontryagin dual of ker(ws) is EBS(T *)Go, ]-
ve

By using again the snake lemma in the above commutative diagram, we see that the coker-
nel of TIT} (A[I]) — III§(.A)[I] is a subquotient of the Pontryagin dual of @& (T*)ag, 1]
veS Y

Hence the kernel of I11%(7) /TT1%(T) — 111%(7 1) is a subquotient of @S(T*)GQ” [I]. We
ve

see that @ (77)g,, [1] is a torsion Agl ) /I-module if and only if I is relatively prime to the

vesS
characteristic of a torsion Agl)—module © (T")qq,- Farther, @& (77)g,, [1] is isomorphic
vesS Y vesS Y
to P[I] by Lemma 4.1. This completes the proof of (2). O

By Lemma 4.3 (1), the number k in the statement of Theorem 2.4 is well-behaved under
the specialization argument.
By similar arguments using the snake lemma, we prove the following:

Lemma 4.4. Let the assumptions and the notations be as in Theorem 2.4. We have the
following statements:

(1) For any height one prime I of Ag), the natural map:

(H'(Qs/QT)/ZWAG) /IH" (Qs/Q,T)/ZW)AG)) 5 H' (Qs/Q.T1)/2(1);
is injective, where we denote by Z(1); the image of Z(1) by HY(Qs/Q,T) —
H'(Qs/Q,T1).
(2) For all but finitely many height one prime ideals I of Agl), Coker(qy) is a torsion
Agl)/l—module. Further, Coker(qr) is isomorphic to Q[I] for all but finitely many
height one primes I, where Q is the largest pseudo-null Agl)—module of H*(Qs/Q,T).

Especially, the order of Coker(qr) is bounded by the order of a finite group Q for all
but finitely many height one primes I of Ao when n = 1.

Recall the following lemma, which is an immediate consequence of the definition of
the characteristic ideal:

Lemma 4.5. Let M be a torsion Ag)—module and let O' be a complete discrete valuation

ring which is finite flat over O. Then, we have char () (Mor) = CharA(m(M)AgL/), where
o’ (@}

Mo is the extension M ®p O'.

By this lemma, we may take an extension of the coefficient ring O freely to prove
Theorem 2.4.

Let us return to the proof of Theorem 2.4. Our strategy for the proof is an induction
argument with respect to n by using the results in §3. The case of n = 0 is already
studied by several people. Let T" be a free O-module of rank two with continuous Gg-
action and denote by T the Kummer dual Homo (T, O) ®z, Zy(1) of T. We assume that
T is unramified outside a finite set of primes S containing p and co. In this situation, we
define an Euler system as follows:
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Definition 4.6. Let R be the set of all square-free natural numbers which are prime to
S. An Euler system for T is a collection of cohomology classes {z(r) € H*(Q(p,), T)}rer
with the following properties:

1. The element z(r) is unramified outside p for each r € R.

2. The norm Normgy,, . )/q(,)2(rq) is equal to Py (Froby)z(r), where Py(X) € O[X] is
a polynomial det(1 — Frob,X; V') and Frob, is (the conjugacy class of) a geometric
Frobenius element at ¢ in the Galois group Gal(Q(u,)/Q).

Let us recall the following result on the Euler system theory over discrete valuation
rings (n = 0 case):

Theorem 4.7. Let the notations be as above and let {z(r) € HY(Q(u), T)}rer be an
FEuler system for T. Assume the following conditions:

(i). The element z(1) is not contained in the O-torsion part of H'(Gs,T).
(ii). For each finite place v € S, H*(Q,,T) is finite.

2
(iii). The images of the determinant representations Gop — Aut(AT) = O* and Gg —

2
Aut(AT) = O both contain elements of infinite order.
iv). The residual representation T /7T = is an irreducible representation o .
iv). Th dual tation T /7T 2 F®? irreducibl tati Go
). The +-eigen spaces T of a complex conjugate element are both rank one modules
over O.

Assume further that there exist T € G@(upoo) and 7' € Gg such that the image of T under
the representation Gg — Aut(T) = GL2(O) has a presentation ((1) ]?17> by pr # 0
under certain choice of basis of T and that 7' acts on T via the multiplication by —1.
Then the following statements hold:

(1) The group I1%(T) is finite. B
(2) ¢ (IIZ(T)) divides §(O/ (%))t (H'(Qs/Q,T) /Oz), where k is the number of cyclic
O-factors of 1%(T).

We omit the proof of the above result since the case over discrete valuation rings with
finite residue field was already discussed by several authors. We refer the reader to [R2,
Theorem 2.2.10]. Though the statement of [R2, Theorem 2.2.10] treats only the case
where p; is a unit, careful reading of the argument of the proof in [R2, Chapter 5] gives
us the above slightly generalized version.

Let M = I%(T) ® P (resp. N = A /(P¥) @ H'(Qs/Q,T)/Z(1) ® Q ). For the
proof of Theorem 2.4, we need to show the following two statements:

(1) The module M is a torsion Agl)—module.

(2) The ideal char () (V) is contained in char, () (M).

A A
First, we prove the case where n = 1. We assume the conditions from (i) to (v) and the
condition (Im) which appeared in the statement of Theorem 2.4. Let us take a complete
discrete valuation ring O" which is finite flat over O. For height one prime ideals I € Ly,
let us consider the following conditions:

(I). The groups Nov/INo and H?(Qs/Q,T ®0 O')[I] are torsion Apr/I-modules.
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(IT). The module EBSHQ(QU, (T ®0 O0");) is a torsion Ao /I-module.
ve

2
(III). The images of the determinant representations Gg — Aut(A(7 ®p O');) =

2 _
(Ao /I)* and Ggp — Aw(A(T ®@p O)r) = (Apr/I)* contain elements of infinite

order.

Clearly (I) holds for all but finitely many I € Lp. Since we have an exact sequence:

® H2(Q,,T 80 0') 25 & H (@, T @0 0') — & HX(Qu, (T @0 O')1) — 0,
veS vES veS
the condition (II) also holds for all but finitely many I € Lo/. By the condition (iii)
of Theorem 2.4 in the case n = 1, there exists an element g € Gg such that the image

Uy € (Aor)* of g via Gg — Aut(/Q\(T ®0 O") = (Aor)* is of infinite order. The image

2
Ugr € (Ao /1)* of g via Gg — Aut(A(T ®o O)r) = (Apr/I)* is the specialization of
Uy modulo I. Note that we have

{the group of roots of unity in Aps/I} = {the group of roots of unity in O’}
for any I € E(n,). Take a sufficiently big natural number r such that (" = 1 for any root
of unity ¢ in O'". Hence U, € (Ao/)* is of finite order if and only if I divides U, — 1.

2
Since there are only finitely many I which divide (U; — 1), Go — Aut(A(7 ®0 O')r)

contains an element of infinite order for all but finitely many I € Lo/. By the exactly
2
same argument, we see that Gg — Aut(A(7 ®p O');) contains an element of infinite

order for almost all I € L»/. Hence (III) holds for all but finitely many I € Lor.

The conditions (iv) and (v) in Theorem 4.7 are trivially satisfied for all 7; by the
conditions (iv) and (v) for n = 1 case of Theorem 2.4. By Lemma 4.3 (3) and by Lemma
4.4 (3), the conditions from (I) to (III) imply all assumptions in Theorem 4.7 for all but
finitely many I € Lo/. By Theorem 4.7, the following statements hold for all but finitely
many I € Lo for arbitrary complete discrete valuation ring O’ which is finite flat over

O:

(1) The module My//IMe: is a torsion A(n,)/I-module.
(2) $(Mo:/IMey) divides c¢-§(Nor/INor), where c is the order of the finite group P ®o
o'
Since ¢ is a constant which is independent of I € Lo/, we deduce that M is a torsion Ap-
module and that there exists an integer h such that we have the inclusion chary, (M) D
(mh)chary, (M) by using Proposition 3.11 (1).

To finish the proof of Theorem 2.4 for n = 1 case, we have to show that the above
constant h is zero. We take a sequence of ideals Eo = {I;, | m € Z>1} of Eisenstein type
in the sense of Proposition 3.11 (2). As in the above argument, we consider the following
conditions:

(I). The groups N/I,, N and_HQ(QS/Q,T) [I,,] are torsion Ap/I,;,-modules.
(IT). The module EBSHQ(QU,TIM) is a torsion Ap/I;,,-module.
ve
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2
(ITI). The images of the determinant representations Go — Aut(A7;,,) = (Ao/In)*

2__
and Gg — Aut(A7,,) = (Ao /Iy)™ contain elements of infinite order.

The properties (I) and (II) hold for all but finitely many I, by exactly the same argument
as above. The difference from the above argument is that (III) might fail to be true for
infinitely many m if we take arbitrary set of ideals £» of Eisenstein type. So we have to
choose a set of ideals £p of Eisenstein type so that

{the group of roots of unity in Ap/I,} = {the group of roots of unity in O}

holds for all m. We may choose Eo = {I;, = (X" — 7o) }mez-, for example for E» with
the above conditions. Then, we show that (III) holds for all but finitely many I,, by
the same argument as in the case of Lo/. By Lemma 4.3 (3) and by Lemma 4.4 (3),
the conditions from (I) to (III) imply all assumptions in Theorem 4.7 for all but finitely
many I,,. By Theorem 4.7, the following statements hold for all but finitely many I,,:

(1) The module M/I,, M is a torsion Agl)/lm—module.
(2) §(M/I,,M) divides ¢’ - $(N/I,,N), where ¢ is the order of the finite group P.

Since ¢ is a constant which is independent of I,,,, we deduce that h is zero by Proposition
3.11 (2). This completes the proof of Theorem 2.4 when n = 1.

For general n, we reduce the proof of Theorem 2.4 for n > 2 to the case n — 1 by
induction. The induction argument for n > 2 proceeds basically in the same way as the
proof of the case n = 1 by using Proposition 3.6 instead of Proposition 3.11. So we omit
writing the process of arguments for n > 2.
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