ON THE TWO-VARIABLE IWASAWA MAIN CONJECTURE

TADASHI OCHIAI

ABSTRACT. This paper is a continuation of the papers [O3] and [O4], where we showed
one of the inequalities between the characteristic ideal of the Selmer group and the ideal
of the p-adic L-function predicted by the two-variable Iwasawa Main Conjecture for a
nearly ordinary Hida deformation 7 (see [O4] and §1 of this paper for the conjecture).
In this paper, we study several properties of the Selmer group and the p-adic L-function
solving some of open questions raised in [O3]. As applications, we examine the Main
Conjecture for certain given cusp forms.
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1. INTRODUCTION

In this section, we shall introduce our results for the Iwasawa theory on Hida defor-
mations obtained in [O3] and [O4]. We will also give a slight modification (see Theorem
2 and Remark 1.4) of our Euler system theory to give an application in §8.
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To introduce our results, let us recall briefly Hida’s nearly ordinary modular deforma-
tions.

We fix a prime number p > 3 and a norm compatible system {(y»},>1 of primitive
p"-th roots of unity throughout the paper. Let I' be the Galois group Gal(Qu,/Q) of
the cyclotomic Zy-extension Qu/Q of the rational number field Q. We denote by I the
group of diamond operators for the tower of modular curves {Y7(p')}:>1. We have the
canonical isomorphisms:

F:—>1+prCZ;, I"—N—>1—|—prCZ;.
X K
Fix a topological generator «y (resp. 7') of I' (resp. I''). For later convenience, we choose
and 7' so that x(v) = x(7). From now on, we fix an embedding of an algebraic closure Q
into the field C of complex numbers and an embedding of Q into a fixed algebraic closure
@p of the field Q, of p-adic numbers simultaneously. We also fix a natural number N
prime to p.

Let Hofrd be the quotient of the universal ordinary Hecke algebra H%go@ with tame
conductor N, which corresponds to a certain A-adic eigen cusp form F. The algebra
H% is a local domain finite flat over Zp[[I']]. Then (the F-component of) Hida’s nearly
ordinary Hecke algebra H'%° is defined to be the formal tensor product of H‘}d and the
cyclotomic Iwasawa algebra Z,[[[']]. By this, HX° is isomorphic to HF4[[[']] and is a
local domain finite flat over Z,[[I" x I'']]. Let ¥ be the finite set of places of Q consists
of {o0} and the primes dividing Np. In his celebrated paper [H2|, Hida constructs a

big continuous Galois representation p : Gg = Gal(Q/Q) — Autgm.o (’T](EO)) unramified
outside X, where 7. F(O) is a finitely generated torsion-free module of generic rank two over

H’°. The representation Tf(o) is presented as TEIRZ,[[I](X), where T%? is a finitely
generated torsion-free module of generic rank two over Hofrd with continuous Gg-action,
X is the universal cyclotomic character Gg — I' — Zp[[I']]* and Z,[[I']](X) is a rank one
free Zy[[I']]-module on which Gg acts via the character x. The trace of the Frobenius
element Fr; € Gg acting on ']I“fd is equal to the Fourier coefficient A;(F) of F for every
primes [ ¢ ¥. Let 9 be the maximal ideal of H’° and let F be a finite residue field
H’:°/9M. The residual representation of T](:O) is defined to be a rank two F-module with
semi-simple Gg-action where the trace of Fr; is congruent to A;(F) modulo 9t for every
primes [ ¢ .. Such residual representation of 7. }(_O) is always known to exist by Hida (cf.
MW, §9]) and is unique up to isomorphism by Chebotarev density theorem. Throughout
the paper, we always assume the following condition unless otherwise stated:

(Ir) The residual representation of T}O) is an irreducible Gg-module.

The condition (Ir) implies that T%¥4 (resp. 7, }(_O)) is free of rank two over HF? (resp.
H’:°). Let us recall the following definition:

Definition 1.1. Let w be an integer. A point J € Homy (H%Y,Q,) is called an arith-

metic point of weight w if there exists an open subgroup U of I such that the restriction

Iy U Z[[IT]* — (HE)> 2, @; sends u to k" (u) for any u € U. We denote by

Xarith (Hofrd) the set of arithmetic points of Hofrd. For an arithmetic point J of Hofrd, we
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will denote by w(3J) the weight of J. We define a subset Z{arith(H‘fd) >0 C f{arith(H(}d) to
be %arith(H%d)ZO - {j S %arith(H(}-zd”w(j) Z 0}

We briefly recall the properties of 7. ](EO) (cf. [H2], [Wi2]):

Basic property of nearly ordinary Hida deformations Tf(o) . Assume the condi-
tion (Ir). The deformation T}U) (resp. T(}gd) has the following properties:

1. For each J € %aﬁth(Hgd)zo, there exists a normalized eigen cusp form f5 of weight
w(J) + 2 and the quotient T /Ker()TEd =2 OF? with Oy := HFE/Ker(J) is
isomorphic to T't,, where Ty, is the unique lattice of Deligne’s Galois representation
associated to fy (cf. [Del]). Thus, T}O)/(Ker(j),’y - Xj(y))T}(” is isomorphic to
Tp & X! for each j € Z and each J € %arith(Hggd)zo.

2. As a representation of the decomposition group Gg, C Gg at p, T}O) has a filtration
0— F+T]§-U) — }0) — F_T}U) — 0 such that the graded pieces F+T]§-0) and
F_T](EO) are free of rank one over Hz°.

3. Further, F*T](EO) is isomorphic to Z,[[I'))(X)®z,HE4 (@) as a Gg,-module, where &
is an unramified character Gy, — (HEY)* such that A,(F) = a(Froby) € HyFd
satisfies an interpolation property J(A,(F)) = ap(fy) for each T € Xapien(HEY) >0
and HEY(@) is a rank one free HEY-module on which Gg, acts via the character a.

Let w be the Teichmuller character. We will study the twist Tﬁ) =T ](EO) ® w' for a
fixed integer 0 < ¢ < p — 2, which we call a nearly ordinary deformation. From now on,
we will denote T](;) by 7T if there causes no possibility of confusion. We would like to
study “the Iwasawa theory for 77. The space of p-adic characters of H’z° is naturally
viewed as a rigid analytic space finite flat over a two dimensional open unit ball in Cf).
Hence 7 corresponds to a family of Galois representations over a two dimensional rigid
space. Each “hypersurface” of the space of characters of H'z° is a rigid space of dimension
one, which also interests us from a view point of “the Iwasawa theory for deformation
spaces”. Among infinitely many hypersurfaces, we especially study the following four
types of hypersurfaces 7; = 7 /JT for hight one primes J of H}° (see (a), (b), (c) and
(d) below).

(a) Cyclotomic deformations of ordinary cuspforms.
T1 = Tty 90 92, Zp[[L]](X) for a cuspform f3 @ w' of weight k = w(J) 42, which is free of
rank two over O;[[I']]. Here, J € Xuitn(H%EY)>0 and I is a height-one ideal Ker(J)H%° of
H%°. This is the case called “the cyclotomic deformation” and was developed by many
people since Mazur [Mz] started the Iwasawa theory for the cyclotomic deformation of
an ordinary elliptic curve. (see [Grl], [Gr4] and [MTT], for example)
(b) Ordinary deformation twisted by x.
Tiy—(y) = ']I“fd ® xw', which is free of rank two over H‘fd. For each J € f{arith(H‘fd) >0,
Z(y—x() /Ker () Ty () .
lation of the Z,(1)-twists of the Galois representations for fy ® w'~! when J varies in
Xarith (HEY) >0.
(c) Ordinary deformation twisted by Z,[[I']](X) ® x.
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Ty )y) = T @7, Zpl[L1](X) ® xw', which is free of rank two over H¥4. Note
that 7 = T$4®7,Z,[[I]](X) ® v’ and that the tensor product is taken through canonical
isomorphism I' — I". For each J € %arith(Hofrd)Zo, T(y=n(y vy /Ker (3) Ty —p(yr)y)

morphic to T, ® X" *+1wi. Hence T(—u(+')y) is the interpolation of Z(1)2v+H _twists
i—1—w(3J)

is iso-

of the Galois representations of f3 ® w when J varies in %arith(Hofrd)Zo.
(d) One-variable deformation at the diagonal line.

Ti2—r2(yyyy = TE ®z,[[r]] Zp[[l“]]()z%) ® xw', which is free of rank two over HI.
+2—r2(y/)y) 18 the interpolation of Z.(1)®F/ 2 twists of the Galois

representations of f3 ®w"*(9)/2 when J runs arithmetic points of HE with k(3) € 2Z>o,
where k(J) = w(J) + 2 is the weight of the cuspform f5. Note that the representations
with the above twist correspond to the special value of L(fy ® w'=*(9)/2 s) at the center
of the functional equations when J varies.

Some of the Iwasawa theoretic properties of 7;’s are deduced by the method of “special-
ization” from those of 7 (see §4 for such technique and also §6 for results and conjectures
in these cases).

In the rest of this section, we will recall the results for the Iwasawa main conjecture
principally in the case of 7. By Combining [O3, Theorem 3.14] and an optimal nor-
malization of Beilinson-Kato elements done in this paper (Theorem 5.10), we have the
following theorem:

Similarly as above, 7

Theorem 1 (Corollary 5.16). Let ¢ be an integer such that 0 < i < p— 2. We assume

the condition (Ir) for a nearly ordinary deformation T = T]g). Assume also the following
condition:
(Nor) H%° is integrally closed in its fraction field Frac(H%).

Then we have an Euler system {Z(r) € H*(Q(u,), T*(1))} whose first layer Z = Z(1)
satisfies the equality

lengthes,q (H};(Qp, T*(1))/loc/p(2)H}) = ordi(LE(T))

for each height one prime | C H'%°, where LII,G(T) s the Kitagawa’s two-variable p-adic
L-function [Ki] (see also Theorem 5.7 for the interpolation property of Kitagawa’s p-adic
L-function).

Remark 1.2. In the above theorem, the condition that H'%° is integrally closed is neces-
sary only to assure that the image of 2 is contained in H%°. Without this condition, the
image of 2, is in the fraction field Frac(H'%°) of H’+° and that the localization Z4(C); of
=4(C) is contained in H% for each height one prime [ C H%°. All interpolation properties
as above hold without this condition (see the arguments in [O3, §5]).

On the other hand, we associate the Selmer group Sely to 7. Let A = 7T Q-0
Homg,,(H%°, Qp/Zy). Sely is defined as a subgroup of H'(Qx/Q, A) (see §3.3 for the
precise definition). The Pontryagin dual (Sely)" of Selr is a finitely generated torsion
H’:°-module (cf. Proposition 3.9). We propose the following conjecture:

Conjecture 1.3 (Two-variable Main Conjecture). We assume the condition (Ir). We
have the equality lengthgn.o (Selr) = ord((L,(T)) for each height one prime [ of H'°.
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In [O4], we proved that the ideal associated to the (localization of) Beilinson-Kato
element for 7 is contained in the characteristic ideal of (Sel7)Y. We restate the result,
but with slight modification of the assumptions (see Remark 1.4 below):

Theorem 2 . We assume that H':° is isomorphic to a two-variable power series algebra
O[[X1, X2]] over the ring of the integers O of a certain finite extension of Q,. Let us

assume the condition (Ir) for T = T](:i) and the existence of the elements T € G@(“p
and 7' € Go which satisfy the following properties:

o)

(i) The image of T under the representation Gg — Aut(7) = GLo(H%°) has a presen-
tation <(1) ]?) under certain choice of basis T = (H%°)®2, where P, is a non-zero
element of Hz°.

(ii) The element 7" € Go acts on T /MT via the multiplication by —1.

Then there exists an integer m > 0 such that we have the following inequality for each
height one prime | of Hx° :

lengthy,, (Selr);’ < lengthy., (H/ 1(Qy, T*(1))/1oc, f(Z)H}O)[ + ord(P™).

Remark 1.4. In the paper [O4], we assumed the following condition (ii’) in place of the
above condition (ii) :

(it"). The element 7" € Gg acts on 7 via the multiplication by —1.
However, the condition (ii) and (ii’) are equivalent to each other by the following lemma:

Lemma 1.5. Let R be a complete Noetherian local ring whose residue field R/9M is a
finite field of characteristic p > 2 and let G be a subgroup of GLa(R). We denote by
G C GL3(R/9M) the image of G under the reduction map GLy(R) — GLo(R/IM).
Then G contains a scalar matriz of multiplication by —1 if and only if G contains the
multiplication by —1.

We omit the proof of this rather elementary lemma, but we remark that the condition
(ii) is easier to check than (ii’) (cf. §8 and Claim 8.11).

Finally, our results combining Theorem 1 and Theorem 2 are summarized as follows.

Theorem 3 . Let us assume the condition (Ir). Assume further that H'x® is isomorphic
to a two-variable power series algebra O[[X1, Xs]]. Then

(1) The Pontryagin dual (Selr)Y of Sely is a finitely generated torsion H%°-module.

(2) Suppose that we have elements T € GQ(upoo) and 7" € Go satisfying the conditions
(i) and (ii) in Theorem 2. Then, there exists an integer m such that we have the
following inequality for each height one prime | of H%:° :

lengthg.o (Selz)y’ < ordmys (Ly, (7)) + ord((Pf").

So far, we gave results on the two-variable Iwasawa main conjecture for nearly ordinary
deformations 7. The above results are applied to the Iwasawa theory for one-variable
specializations 7/J7 for height one ideals J of H}°. In §3.2, Selmer group for 7 /JT are
studied using Bloch-Kato’s method or Greenberg’s one and we have certain comparison
between two-definitions. The specialization technique from two-variable to one-variable

5



is discussed in §4.1. Under these preparation, we discuss the one-variable Iwasawa theory
for the deformations (a), (b), (c) and (d) above. For example, by applying Lemma 6.2
to the case (a), we have the following corollary to Theorem 3 (see Corollary 6.4):

Corollary . Under the same assumption as that of Theorem 2 with P, a unit in H%°,
the cyclotomic Twasawa Main conjecture (I.M.C.) by Mazur-Tate-Teitelbaum for one of
arithmetic specializations f3, of F with w(Jg) > 0 is true if and only if the cyclotomic
I.M.C. is true for every specializations f5 of F with J € %arith(Hggd)zo.

Thus we have an infinite p-adic family of modular forms where the cyclotomic I.M.C.
is true. Note that under the assumption with u = 0, a recent preprint [EPW] also proves
such a p-adic family of modular forms where the cyclotomic I.M.C. is true. Though our
corollary does not recover all the results of [EPW], we have an advantage that we do not
need any assumption on p-invariants.

As far as we know, the one-variable Main conjecture in the cases (b), (c) and (d)
are not known nor formulated previously. According to the discussion in the preceding
sections, we formulate these conjecture in §6. We refer the reader to §6 for the detail on
these new conjectures and our results.

Since only few things are known for the two-variable Iwasawa theory, we would like
explicit examples which help us to develop our future perspective. As an attempt, we
will start from the case of Ramanujan’s cuspform A = g [[,~;(1 — ¢")?* € S12(SL2(Z)).
For each prime number p such that p { a,(A), we have a unique A-adic newform F(A)
which contains A at weight 12. For each integer ¢ with 0 < i < p — 2, we have a nearly

ordinary deformation Tf(i()A).

Proposition 1.6. Letp > 11 be a prime number with p { a,(A). Assume that1 <1i <11

and p < 10,000. Let T be Tf(?m.

1. Except for (p,i) = (11,1), (23,1) and (691,1), we have Sely = 0 and L,(T) is a
unit.

2. When p =11 and i = 1, Sely is isomorphic to Z,[[I' x I']]/(v* — k*(¥')Y') and we
have the equality of ideal (v* — k2(')Y') = (L,(T)).

Remark 1.7. Thus, especially the two-variable Main conjecture of A holds for all p <
10,000 and 0 < ¢ < 10 except for (p,7) = (23,1) and (p,i) = (691,1). For (p,i) = (23,1),
it is easy to see that L;fi(’f) is not a unit by the interpolation property in Theorem 5.7
since a,(A) —1 = 0 modulo 23. The image of mod 23 representation for A is dihedral
and thus the condition (ii) in Theorem 2 is not satisfied. It is our future project to
generalize the results in [O4] so that Theorem 2 is true in the case p = 23. For p = 691,
the residual representation is not irreducible any more (the condition (Ir) is not satisfied)
and the choice of lattice 7 is not unique for a given F. We treat the Main conjecture for
residually reducible deformations in a forthcoming paper [O5].

Notations. For an integer r, we denote by u, the group of r-th roots of unity and
denote by Q(u,) the field obtained by adjoining u, to the rational number field Q. We
often denote by Q(pp~) the field obtained by adjoining all p-power roots of unity to the
rational number field Q. For any Galois extension L/Q and a prime number ¢ which is
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unramified in L/Q, we denote by Frob, € Gal(L/Q) (resp. ¢, € Gal(L/Q)) (a conjugate
class of) a geometric (resp. arithmetic) Frobenius element at g.

Acknowledgements. The author would like to thank Ralph Greenberg, Yoshitaka
Hachimori and Kazuo Matsuno for stimulating discussion.

2. LOCAL MONODROMY ON T34

For later use in §3 and §4, we study the action pr of the inertia group I, at v €
¥\ {p, 00} on the Hida deformation T% associated to a A-adic newform F introduced
in §1. We will keep the notations in the previous section. The result of this section is
summarized in Theorem 2.3. The reader who is mainly interested in the Selmer group
or in the p-adic L-function can skip this section by admitting Theorem 2.3.

We prepare the following lemma:

Lemma 2.1. Let G C AutHofrd (Tofrd) be a finite subgroup. For each J € %arith(Hofrd)Zo,
G is mapped into Auto,(Ty,) under the specialization AutH?gd (T%Y) — Auto, (T},).

Proof. By fixing a basis of ’]I‘Ofrd, we have isomorphisms Tofrd = (]Hl‘jrrd)692 and Ty, =

(05)®2. Suppose that there exists an element g € G which is mapped to a trivial
element on Autp,(T},) = GL2(Ojy). Since the order of g is finite, by extending the
coefficients of H‘}d if necessary, we may assume that g is conjugate to a diagonal matrix
(8 3,) € GLy (Hofrd) with v and ' roots of unity. This completes the proof since the
roots of unity in (H¥4)* is disjoint from Ker[(HF4)* — (O05)*]. O

Since v € ¥\ {p, o}, the action of I, on T is non-trivial. By the above lemma, we
consider the following case:

(A) The image pr(I,) in AutHofrd (T%4) is a finite subgroup.

In this case, the action of I, on (T$4)* = Hochj,gd (T%4, H%Y) also factors through a finite

quotient of I,,. Hence there exist a finite flat extension O of Z, contained in H‘}d and a

finite type O-module M with rankp,co)(M ®o Frac(O)) < 1 such that the coinvariant
quotient ((T9#9)*);, is isomorphic to M ®p HREI.
Next, we discuss the following case:

(B) The image px([,) in Aut]H[o]:rd (T%4) is an infinite subgroup.

In this case, it is not difficult to see that there exists an arithmetic point J € %arith(Hofrd)Zo
such that the action of I, on Ty, = T%4/Ker(J)T%4 does not factor through a finite quo-
tient of I,,. Let us fix one such Jj € %arith(Hofrd)Zo for a while. We note that the action
of I, on T, can be infinite only when the local automorphic representation oy (Jo) of
GL2(Q,) associated to fr, is a special representation. Hence the local Galois representa-

tion Gg, — GL2(O5) for f5, is represented by a matrix <)(§ ;,) such that x|7, = X'I1,

and x'x "' = | [¥, where | | is the absolute value character Gg, — G& — Q' — | ..

Since a finite-order character of G, is always the localization of a finite-order character

of G, we have a Dirichlet character 79 with v-primary conductor such that the action

of I, on T fro @10 = Tf30®no is unipotent. Let us now recall the structure on the inertia
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group I,. The group I, has the filtration P C @) C I, such that P is the maximal pro-v
subgroup of I, and I,/Q is isomorphic to Z,. Since /P is isomorphic to H#M)Zl, Q
has no non-trivial p-primary subquotient. This immediately implies the following lemma:

Lemma 2.2. Let v e X\ {p,o0}.
1. The image pr(Q) is a finite subgroup of AutHo}_rd (T‘}fd).
2. For eachJ € %arith(Hofrd)Zo, the group pF(Q) is mapped into Auto, (Ty,) under the
specialization AutH?gd (T%Y) — Auto, (T,).

Proof. For the proof, we note that the prime-to-p part of AutH?:rd (T‘fd) is finite and that
the kernel of AutHofrd (T%4) — Auto, (T},) is a pro-p group. O

Since the action of I,, on T, gy, is unipotent, the subgroup @ acts trivially on Tt ,,. By
Lemma 2.2, @) acts trivially on ’]I‘Ofrd ®ny = ’]I‘Ofr%no, where F ® ng is the A-adic newform
obtained as the twist of F by ng. Let v be a topological generator of I,/Q = Z,. By

assumption, the action of v on Tfﬁo @no 1 Tepresented by a non-trivial unipotent matrix.
Let (T%Y ® 19)*® be the semi-simplification of as an I,-module. Then, the action of v

. . fa O .
on (Tofr%no)ss = (T#4 ® n9)™ is represented by a matrix ( a’> with a,a’ € (HE)*.

0
If a or @’ is not a root of unity, there exists J & %arith(Hofrd)Zo such that the action
of I, on (']I‘(’]_-r(%no)SS/Ker(j)(’]I‘O}-r%nO)SS = (T},)* is of infinite order. It is impossible for a
representation of I, associated to a cuspform. Hence a and a’ are roots of unity. Since a
and a’ are congruent to 1 modulo Ker(Jy), we show that a = o’ = 1 by similar discussion

as Lemma 2.1 for (’IF%_%”O)SS. Thus, the action of v on ’]I?_%no is represented by a unipotent

matrix ((1) Ii) € GLy(H$Y). Recall that the v-order of the tame conductor of frg,, is

constant when J varies in Xapien (HEY) >0 by applying [H1, Corollary 3.7] to F ®ng. Thus
J(b) are not zero for every J € Xapitn (HE?)>0. We conclude that ((T$4)*);, is isomorphic
to HE4 /(1 —u) @HEY/(b,1 — u), where u is a root of unity which generates the group of
the values of 7.

Summarizing the above argument, we have the following theorem.

Theorem 2.3. Let v € ¥\ {p,o0}.

1. If the image of I, on AutHOfrd (T‘}_fd) is finite, there exist a finite flat extension O of Z,,
contained in HEY and a finite type O-module M with rankpy,c(0) (M ®@oFrac(0)) < 1
such that the coinvariant quotient ((TE4)*), is isomorphic to M @0 HE.

2. If the image of I, on AutHo}_rd (T%Y) is infinite, (TEY)*)y, is isomorphic to HE /(1—
u) ® HEY/(b,1 — u) where b is an element in HE such that 3(b) # 0 for every
Je %arith(Hofrd)Zo and w is a certain root of unity in (I[-]I(’]Erd)X (u =1 is possible).

The following remark explains Theorem 2.3 from the theory of admissible representa-

tions and the local Langlands correspondence for G Ls.

Remark 2.4. In the case (A) of this section, the admissible representation m,(J) of

GL2(Qp) corresponding to fy is a supercuspidal representation or a principal series at
8



each J € Xapien(HFEY)>0. Further, if m,(J) is a supercuspidal representation (resp. a
principal series) at one of J € %arith(H(}-Ed)Zoa my(J) are supercuspidal representations
(resp. a principal series) at every J € %arith(HOfrd)Zo. In the case (B), m,(J) is a special
representation at each J € %arith(Hofrd)Zo.

3. SELMER GROUPS FOR (GALOIS DEFORMATIONS

In this section, we review the definition of Selmer groups for a two-variable nearly
ordinary deformation 7 and for its various specializations 7 /AT by ideals 2 C H’3°. We
also give some fundamental properties on these Selmer groups.

Let A be the discrete Galois representation 7 ®pm.c Homg,(H%°, Qp/Z;,). We denote
by Qs the maximal Galois extension of Q which is unramified outside .

3.1. Selmer groups over discrete valuation rings. Let (j,k) be a pair of integers
satisfying 1 < j < k — 1 and let Ag;k) = (7" — Xj(’yps),’y’pt - /ﬁk*Q(ﬁy’pt)) be a height-
two ideal of H+°. We denote by Ag{;k) the Ag;k)—torsion part A[Ag;k)] of A, which is
identified with (7/AY%¥T) @y, Q,/Z,. Note that

1. T/Ag;k)’]' is free of finite rank over Z,.
2. The p-adic representation (7 / Ag{;k)’f) ®z, Qp is isomorphic to B(Vy @ x/w') ®z,
f

Zp[T/TP°)(X), where f runs ordinary eigen cusp forms of weight k for 'y (Np') such

that the residual representation for f are isomorphic to that of 7 ® w™". Here,

Z,[T/TP’](X) is a free Z,['/TP"]-module of rank one on which Gg acts via the
tautological character X : Gg — I'/TP" «— Z,[[/TP"]*.
For any Gal(Qx/Q)-module T which is free of finite rank over Z,, Selmer groups are
defined as a subgroup of H'(Qx/Q, A), where A = T ®z, Qp/Zy. Once we fix a local

condition H}(Q,, A) € H'(Q,, A) at each v € X\ {00}, we define a Selmer group Sel’.
as follows:

H'(Qy, A)
H3(Qu, A)
For v € ¥\ {p, >0}, one of the local conditions is given by the unramified part
Hyy (Qu, A) = Ker[H'(Qu, A) — H' (L, A)],
where [, is the inertia subgroup at v. Let V =T ®z, Q,. We define “the finite part”:
H(Qu, A) = pr(Hy (Qu, V),

where pr : HY(Q,,V) — H!(Q,, A) is the map induced by the projection map V —»
A =V/T of Gg,-modules and H. (Q,,V) = Ker[H}(Q,, V) — H(I,,V)].
We also give local conditions at p.

1. Greenberg’s local condition Hl (Q,, A) C H'(Qy, A) is defined to be

H(Qpe A) = Ker [H'(Q, 4) — H'(I, F~4)].
9
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2. Bloch-Kato defined H} (Qp, A) called “the finite part” to be H}(Qp, A) = pr(H} (Qp, V),
where
H}(Qp, V) = Ker [H(Qp, V) — H'(Qp, V ® Berys)] ,
by using the ring of p-adic periods Beys defined by Fontaine (cf. [Bu]).

Selmer groups Sel2X and Sel$" according to [BK] and [Grl] are defined by the following
condition (cf. equation (1) in this subsection).

SelZR Sel§T
H}(Qy, A) for v e X\ {p,oc} H} HL
H; (Qp, A) Hj(Qp, A) | HE, (@, 4)

Recall that we have the following proposition (cf. [03, §4]):

Proposition 3.1. Let us assume that1 < j < k—1. Then H}(Qp, Ag’k)) is the maximal
divisible subgroup of HL (Q,, Ag;k)) for each pair of integers (s,t) > (0,0).
We have the following corollary of Proposition 3.1:

Corollary 3.2. Let us assume that1 < j < k—1. We denote by Ts(i’k) the representation
T/@gt’k)’f, which is free of finite rank over Z, for each (s,t) > (0,0). Then Selig,k) is a

s,t

subgroup of Selgfj,k) with finite indez.
s,t

Remark 3.3. Let T be a Gg-module which is a quotient 7 /J7 by a height-two ideal
(not necessarily a prime ideal) J C H»°. Assume that there is a pair (j,k) with 1 <

j <k — 1 such that T is dominated by T S(ﬁt’k) for sufficiently large s,t. Since T is free of
finite rank over Z,, we define SelZX as in the previous subsection. We define also Sel$*

by means of the Gg,-stable filtration F*T induced from F*7. Then, the same results
as Proposition 3.1 and Corollary 3.2 hold.

3.2. Selmer groups over one-variable Iwasawa algebras. In this subsection, we
give Selmer groups for specializations 77 = 7 /JT at height-one primes J of H»° in the
cases (a), (b), (c) and (d) in §1. Recall that J is given as follows in each case:

(a) J is I = Ker(J)H%® for J € Xapien(HEY)50.  (b) Jis (v — x(v)) C HE°.  (c) J is
(v —K(y)y) CHE. (d) Jis (2 — k*(v)) C H3°.

In the cases (a), H°/JH%® is isomorphic to O3[[[']]. In the cases (b), (c) and (d),
H°/JH%® is isomorphic to H‘}rd. The Greenberg-type Selmer group SelS;lr for 7 is
defined by:

SelGT = Ker H'(Qx/Q, A[J]) —

HY(Qp, F~ A[J]) H'(Qy, AlJ])
Hcl;r(@paF*A[J])eB N7 H (Qu, AlJ]) |

veX\{p,o0}

In each of the above four cases, let us take a system of height-one ideals (not necessarily
prime ideals) {H, C H%°},>10f H}%° with the following properties:

1. We have H, D Hy for each v > 1 and Q1Hu =0.
u>

10



2. H%°/(J, H,) is finite flat over Z, for each u > 1.
For each u > 1, Selg;(J7Hu)T is defined as in 3.1 by using the filtration F* (7 /(J, H,)T) :=
F+T/(J, H,)F*T. Further, Sel§* is isomorphic to h_n)luzlselg;(JHu)T by definition. On
the other hand, the Bloch-Kato-type Selmer group for 7; is defined via a certain system
of height-one ideals {H, C H%°},>1 in H}° and might depend on the choice apriori.

For a fixed natural number, we will make the following choice of a system {H,},>1 of
height-one ideals:

{{Hs}s>1 = (@0 = (7" ="} in the case (a),
(H}sr = {09 = (7" — F=2(4"")) )51 in the case (b), (c) or (d).

We define the Bloch-Kato type Selmer group as follows:

BK,(j : BK 1
Sel 4 _ lim SSel 10, gj)) in the case (a),

BK,(k : B i b c) or (d
Sel (k) _ lim +Sel I;(J’ ,Ek)) in the case ( ), ( ) r ( ),

(In the case (a), we assume that 1 < j < w(J) + 1)
Let Div(M) be the maximal divisible subgroup for an abelian group M. We have the
following proposition:

Proposition 3.4. We assume the condition (Ir) for T = T](Ei) with 0 < i <p—2. Let
J be a height-one ideal of H:° determined at the beginning of 3.2 according to which of
the cases (a), (b), (c) and (d) we consider. Then,

1. Sel?K’(?) is a Hz°-submodule of Sel?r. The Pontryagin dual (Selg'r)v of Selg'r s a
finitely generated H° /J-module. (Sel§™)Y is torsion over H}:°/J except in the case
(d) (¢f. Remark 3.5).

2. In the case (a) with J = Ker(J)H:°, we have :

SelGr/SelBK»(j) ~ (03)\/ Zf FiA[m]IP 7& 0 and a’p(fj) = 17
S 0 if F= AR =0 or ay(fy) # 1.
3. We have :

Selgr/SeI?K’(k) ~W; in the cases (b) and (c),
Sel?r/SeIEK’(k) — Wy in the cases (d),

, H, (Qp, AL, 0 v
where Wy = lim s — ar(Qp, AL Ty (]k)) o & <<((7}*)IU)GQ“) i > )
Dlv(Hér(Qp,.A[J, v, ])) veX\{p,00} HZ< -tor
Further, the component of Wy at each prime is given as follows:
(i) For each v € ¥\ {p, 00}, we have:
((TEH*) 7, ® X_lw_i)GQ” in the case (b),
ord ) * ~ 1. —i\Go, .
(7)) = ((TED )1, @z, Zp[TN(XTH @ x'w™) 2 in the case (c),
~_1 1 =i\ T .
()1, @0y ZolTNE 3 @ x'w ) " i the case (d).

11



HE, (Qp AL )
Div(HL (Qp, AlJ, 7M)))
isfied or when ay(fy) # 1 are satisfied for every J € %arith(Hggd)zo, we have
i (@, AL 9))
~ Div(H, (Qy, AL, TM))

(ii) We have lim, — H}(Qp, AlJ]). When i # 1 is sat-

fa—

>~ H!.(Q,, F~AlJ]). We have :

H&r((@wF_A[J ) =
{(((H‘}_fd/(’y’ —1))[A,(F) - 1])v in the cases (b) and (d) with F~ A[DN)% # 0,

0 otherwise.

Remark 3.5. 1. In the case (d), (Sel§")Y is not necessarily a torsion H¥%-module.
We refer the reader to the section 6 for more information.
2. Let us note that a,(f;) = 1 happens only when w(J) = 0. In the case (a), the
difference in the second statement is rather known to the experts as “trivial zero”
phenomena at least when f5 is associated to an elliptic curve.

3. The group (((TJ* ) Iv)GQ”>HO .. is shown to be zero if certain conditions are satis-
= -tor
fied in the case (B) of the section 2. In fact, we have an extension as follows in the
case (B):

0 — HE (X2 xwip) — (TE)*)r, — HENXZ)/(0)HE (X24) — 0,

where 1) is a Dirichlet character and b € ]H[‘jé”d is a non-zero element such that the

ideal (b) is prime to every height-one ideals @gk) when k£ > 2 and t > 0 varies.
Hence, we have:

ord/~1 . — —1 ord/~1 — —iy\ Goy :
(HE (X2 x M pw™) /(O)HF (X2 X Tw ™)) 7 in the case (b),

(((Tf)]v)GQ”)Hmd_tor = (H%d(gféX_l¢w_i)/(b)H‘j§d()?7%X_I?/)w_i))GQ” in the case (c),
d (Hofrd(Xflww*i)/(b)Hofrd(Xflww*i))GQ“ in the case (d).

We see that (((’TJ*) IU)GQ“) is trivial when 1) = 1 and (c¢) are satisfied or

H}’_fd -tor

when (d) is satisfied. We expect that (((TJ* ) IU)G@”>H .. Is trivial in other cases.
7 ~tor

However we have not studied it.

Proof. Recall that (Sel§¥)Y is known to be a finitely generated torsion module over O5[[I']]
in the case (a) by results of Kato-Rubin (cf. [R1], [Ka2]). In the cases (b) and (c), it

is not difficult to see that SelT/(J’q,Ek))T
If £ > 3, SelT/(J,\IJi’“))T is finite by Kato-Rubin. Since (Sel?r)v/‘llgk)(SelLC,;r)V is finite,

(Sel§™)VY is torsion over H%°/J = H¥4. This gives the first assertion.
12
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We will show the other assertions in the rest of the proof. Let us consider the following
commutative diagram:

0 SelBK’(?) Hl Q Q7A J ﬁ) hmu
T p— Y Y TH ) oD @, A )

l H [

r 1 H'(Qy, AlJ)) H'(Q,, AlJ))
0 —— Sel§" —— HY(Qs/Q, AlJ)) 1.0, AL @062%%}7[{&(@1}%[”.

As we will see in Theorem 3.10, the map loc5® is surjective in the cases (a), (b) and (c).
By the snake lemma, we have:

Sel?r/SeIEK’(k) = Ker(ys)  in the cases (a), (b) and (c) ,
Seld 580, Ker(a) in the case ().

Let us denote Ker(y;) by W;. By Proposition 3.1,

H&;r((@pv A[J’ H“])
UTN: ©
DlV(Hér(@pv 'A[J7 Hu])) UEZ@?OO}

HY, (Qp AL H))
uDiV(Hér(QpaA[‘L Hu])) v @

Hy (Qu, AlJ, Hu))
“Div(HL(Qy, A[J, Hy)))
(A[Jv HU’:IIU)GQU
Div((A[J, Hy)")eq, )

1

E

Wy

15

I

E

I§

veX\{p,00}

J, Hy )P
The Pontryagin dual thLQuD 5(2{4[{] H]' ]l)G)Qv v) is lim , (((Tj)lv/Hu(Tj)Iv)GQv>

where ( )z,-tor means the torsion-part as a Zy,-module and 7} = HomH}o 10 (Ty, H 2 ).
Recall that

Y
Zp-tor

(Tt,)* @z, Zp[[TNN(X ) in the case (a
(Tord) X lw in the case (b
(TF)" ®Z A Zp(TI () @ x7'w™ - in the case (c
(Tord) @z, Zp[TJ(X2) @ X 'w™"  in the case (d

)

-

)

TJ—

~—

9

~—

9

where ( )* means the Z,-linear dual in the first line and ( )* means the Z,[[I"]]-linear
dual in each of other three cases.
In the case (a) with J = Ker(J)H:°, we have ((ﬁ)fv)(H}O/J)-tor = ((T* )IU)Z,, tor D%y

Zp[[T(X™1). Since ((T}Z) Iv)Zp-tor is a finite abelian group and the image of Gg, on

G v
Aut(Z,/(p™)[T)(X)) s intinite for any n, (((Z7)5,) o sy o) m0SE be zero. By
F
the structure of ((T$4)*)s, studied in §2 the associated primes in HEd = H%°/J of

((T$4)*);, are different from every prime factors of the images of {‘Ilgk)}tzl in H%°/J
13



for (b), (c) and (d). Hence, we have:

tiw (7)1, /9 (T7)1,) %)

Gao,

12

=)

i (((T)0/ 9 (T1) 5, o)
* k * GQU
3 (((TJ )Iv)(]Elr]‘_.‘o/J)-tor/\IJ7E )((T] hv)(lﬂ?}_ﬂ/])-tor)

o (((TJ*)IU) (0 /J)_tor)GQ” o (((TJ* )IU)GQ”>

The proof for the contribution of local terms outside p in the second and the third
assertions is completed.

I

Zp-tor

12

=)

i

I

(FE:© /.J)-tor

H J, H,
Next, we discuss the group lim ,, — Grl(Qp7A[ , Hy])
— "Div(H,(Qp, AlJ, Hu)))

. By definition, we have the
following exact sequence:
0 — Hé(Qpr AL, Hyl) — H(Qp, AL, Hy)) =5 H' (I, F- AL, )%,
where the latter map a,, is decomposed as follows for each wu:
HY(@ps AL, Ha]) 5 QP A, H]) 5 Y (1, F- AL, HJ) o,

Hence we have the following extension:
Ker(al))

(2) hm _— —— [1Iln Hér(Qp7A[J7 Hu])
— “Div(Ker(a},)) — “Div(HL,(Qp, A[J, H,)))

—_

_ Ker(a!’) N Im(al,)
— h—n}uDiv(Ker(ag) N Im(a;))
H'(Qy, FTA[J, Hu))
Div(HY(Qp, F+A[J, H,)))

Ker(al)
Div(Ker(a!,))

The first group is a quotient of , which is iso-

morphic to:
HA(Qp, F T3/ HF Tz e 2 (FY T (1) g, / Hul(FH Ty(-1))gs, )
In the case (a) with J = Ker(J)H:°, we have:

FHT5(—1) 2 O3] (W' 'x7'X) ®0, Os(az),

where O5[[T]](w"'x7'X) is a free O5[[I']]-module of rank one on which Gg, acts via
w=Ix71X and Oz(ay) is a free O3-module of rank one on which G, acts via the un-
ramified character oy : Gg, — O3 given by ay(Frob,) = a,(fs). Since I, acts on

FT7T;(—1)/MFTT;(—1) via w1, we have:
(FH75(=1))gig, /B (F* Ty (1)), = 0 i#1,
(FYT5(~1))gq, /O (FHT3(~1)gq, = Ox/(ap(fs) —1) i=1.

We recall the following lemma:

Lemma 3.6. Let M be a finite H'z°/J-module in the case (a), (b), (c) or (d). Then we
have lim (M /H, M) = 0.

Zp-tor ’

14



By this lemma, we have lim, ((F+:r](—1))G%/Hu(wm(—l))%p) = 0 in the

7 p-tor
_ Ker(al)
case (a). Hence, @um

In the cases (b), (c) and (d), (F*’Z}(—l))GQp is finite when ¢ # 1 is satisfied or
when a,(fy) # 1 are satisfied for every J € Xantn(H¥)>o. This again implies that
, Ker(al))
lim , ————2—
— "Div(Ker(al,))

For the proof of Proposition 3.4, we need to show that

_ Ker(a/)) N Im(al,)
(3) h—H>1“DiV(Ker(a;j) NIm(a))

in the equation (2) is trivial in the case (a).

in (2) is trivial under these assumptions by Lemma 3.6.

= Hye(Qp, FALT]).

We have the following claim:
Claim 3.7. In the cases (a), (b), (c) and (d), Ker(a!) NIm(al,) is finite for every w.
On the other hand, we have also the following claim:

Claim 3.8. For any height-one ideal I C H%°, HY(Q,, A[l]) - HY(Q,,F~A[l]) is
surjective.

We will finish the proof of Proposition 3.4 by using these claims. By Claim 3.7, we
have:

K " N I /
lim ,, — er(au)” m(QU), lim , Ker(ay) N Im(ay,).
Div(Ker(a)) NIm(a},))

By Claim 3.8, we have:

12

lim , Ker(a},) N Im(a,) = lim ,Ker(a]) = H}(Q,, F~A[J]).

This completes the proof of (3). Let us finally calculate the group H}.(Q,, F~A[J]). In
the case (a) with J = Ker(J)H%°, we have

(03)Y if F A" # 0,

F-A[J] =
AL {0 if =AM =0,

on which Frob,, acts via multiplication by a,(f5)~!. In the cases (b) and (d), we have

(HE/ (v = 1) if F- A" #0,

F-A[J)P =
AlJ] {o if F~ A =0,

on which Frob,, acts via multiplication by A,(F)~!. In the case (c), we have

(H)Y i F~ AR’ £ 0,

F™A[J] =
AlJ] {o if = Al = 0,

on which Frob, acts via multiplication by A,(F )~1. This completes the proof of Propo-

sition 3.4 since A,(F) € H% is not a root of unity.
15



In the rest of the proof, we finish the proof of two claims above.
Proof of Claim 3.7:
It suffices to show that:

Im [HI(QI” VJ7H1L) - HI(QI” F_VJ7H1L):| m H&I‘(QP’ F_VJ7H1L) = 0

for every u, where Vg, = (7 ®@me HE°/(J,Hy)) ®z, Qp. In the case (a) with J =
Ker(J)H%°, we have:

The inertia group I, acts on F~V, ® Y/wi via the character /=1~ modulo a finite

character. We have:
o oo NIp 0 if i 3 41 Al i — 0,
((F Vi, @ X0’ @2, Z,I0/T7] (X)) :{ ifj#w@) +Lor (F7AM @ W)

K3(a;') otherwise,

where Ky(ay 1) is a vector space of rank one over Ky = Oy ®z,Qp on which Gg, acts via
a5 This implies that Hy,(Qp F~V,, 1) = (F7V, 40)) g s trivial if a,(f3) # 1.
Suppose that ay(f3) = 1. This happens only when w(J) = 0. Noz‘)ce that w(J) = 0 implies
j=1land Vy, C HL(B; ®0 Q, Qp) for certain abelian variety By over Q. Let Qy, be a
finite extension of Q obtained by adjoining all Fourier coefficients a,(f5) of f3. The field
K7 is naturally identified with a direct-summand of Qf, ®g Q. Since a,(f3) = 1, there
exists an abelian variety B over Q, with the following properties:

1. B is isogenious to a sub abelian variety of By ® Q,, of dimension d = [K73 : Q] over
Qp.

2. BJ has totally multiplicative reduction over Q.

3. H4 (B ®q, Q,,Qp) is isomorphic to Vy, as a Gg,-module.
Recall that Vi, @ xw = V,(BS') = Tp(B5") ®z, Qp, where B is the dual abelian
variety of B} and T),(B5") is the p-Tate module liLnnB’jt (@,)[p"]- Since B5' has totally
multiplicative reduction over Qy, Bgt (Q,) is isomorphic to (@; )/ P as Gg,-module using
the Tate’s uniformization of B} when d = 1 or its generalization by Mumford (cf. [FC,

appendix]) when d > 1, where P is subgroup of (@; )% which is mapped into a free Z-

— rd
module of rank d in Q¥¢ via the composite P — (Q; )4 22 Q®d, Since ay(fy) = 1, azisa
trivial character. Hence P is contained in (Q))? and FTV,( BLY) i= (FTVp, @xw)NV,(B5)
(resp. FV,(B5Y) := V,(B5")/FHV,(B4")) is isomorphic to Q,(xw)®¢ (resp. QF4). By
Shapiro’s lemma on induced Galois representations, we have:

m [HY(Qy, V, y0) — H (@ TV, )| N HL (@ FV, )

= m [ H' Qs Vp(B5') — H Qs FV(B5))| 1 Hi( Qs FV(B5))

where Q, ; is the unique Galois extension of Q, contained in Q,(p,s+1) with Gal(Q,,s/Q,) =
Z/(p®). By the properties of P mentioned above, we have P = ] ¢F C (QF)* with
1<h<d
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ord,(gp) > 0 for each 1 <1i < d. Via the following identification:

H' (Qp,s, Fivp(BS‘t)) (@p,Sv @@d @ Hom(Gq, ., Qp),

1<h<d

the image of H'(Q,.s,V, (Bg.t)) — H! (@pS,F V; (Bj )) is equal to:
P Hom(Gal(F{,/Q,,),Q,) € €D Hom(Gy, ., Qp),

1<h<d 1<h<d

where Fgf )S / Qp s is the Galois extension of Q, s characterized as follows:
1. Gal( / Qp,s) is isomorphic to Z,.
2. When F runs finite extensions of Q, s contained in ng)s, (Normg/q, , (F) coin-
F
cides with 4,1 - g C Q)

Since we have

@ HOHI(G&I(FO(Q’)S/Q]),S)7 Qp) N H&r(vas’ Q;‘?d)

1<h<d

= | €P Hom(Gal(F{",/Qy.),Q,) | NHom(Gal(QS,/Qps), QYY) =0

1<h<d

we complete the proof in the case (a).

Let us denote by x5 : Go — @; the character Gg —» I — (H3E)* Q for each
Je %arith(Hofrd). We have:

D (Vy, @ xxsw') in the case (b),

Vig® = s 1
e B(Vy, ® xx3w') in the cases (c) and (d),
I3

where J runs arithmetic points such that Ker(J) contains the ideal (/¥ — x*=2(5/7 t)) C
H3. The group Im | H'(Q, V, y0) — HY(Qy, F V) N H(Qp FV, 00 s trivial
by the same argument with that of the case (a). This completes the proof of Claim 3.7
in the cases (b), (c) and (d).

Proof of Claim 3.8:

The cokernel of @ is a submodule of H?(Q,, FTA[J]), which is the Pontryagin dual of
(((F+T)*(=1));)%@. Since ((F*T)*(—l))(;@p has support whose codimension is greater
than or equal to two, (((Ft7)*(—1));)%% must be zero for any height-one prime J C
H%°. Consequently, the map a is surjective. This completes the proof of Claim 3.8. [

3.3. Selmer groups over the two-variable Iwasawa algebra. For each j,k with
1 <j<k-—1, we define Selg—r C H'(Qx/Q, A) in the same way as previous ones by

using the filtration FT.4. We define Seng’(j’k) to be Sel?K’(j’k) = li_n)ls’tSeljBﬁ’k) where
s,t
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and Selggyk) are as given in §3.1. A priori, SelQB—K’(j k) might depend on the choice
s,t

of (j, k). However, we have the following proposition :

s,t

Proposition 3.9. Assume the condition (Ir) above. We have the following statements:
(1) Selmer groups Sel$* and SelQB—K"(j’k) are equal as subgroups of H'(Qx/Q,.A). Espe-
ctally, the definition of Seng’(J’k) does not depend on the choice of (j,k) as above.

(2) The Pontryagin dual of (Sel$*)Y is a torsion module over H°.

Proof. The first statement is implicitly proved in the reference [O3]. We recall briefly
how to use the result in [O3]. Recall the following diagram:

H'(Qu, AGY)

0 o] BK () H'(Qx/Q,A) —— P limg, :
— Selr ves\foo} H(Qu, Agik))
HY(Q,, A) HY(Q,, A)
0 GelGr " A D> &) vy
T (QE/@ ) H&}r(@pv A) veX\{p,0} H&r((@m A)

For v € ¥\ {p, o0}, &ns,tH}(QU, Ag;k)) is a subgroup of H. (Q,,.A) by definition. We

have H}.(Q,, A) = HY(Q¥/Q,, A!*) by the Inflation-Restriction sequence. By Shapiro’s

lemma, H(QY/Q,, A) is isomorphic to H'(Q¥/Qyco, (Aly — 1])1*). Here Q0 is

the unique sub-extension of Q,(up=)/Q, such that Gal(Qy0/Qy) = Z,. Note that

Gal(Q¥/Qy.o0) is isomorphic to [[Z; and that (A[y — 1])* is a p-torsion group. Hence
l#p

we have h_r)nsth}(QU,Ag;k)) = H! (Q,,A) =0 for any v € ¥\ {p,00}. On the other

hand, li_n)ls’tH}(Qp,Ag;k)) = HL (Qp, A) by [03, Corollary 4.13]. This completes the
proof of (1). O

Remark on the Notation . By Proposition 3.9 (1), Sel$" and Sel3¥ coincide to each
other for a two-variable nearly ordinary deformation 7. Hence we denote the Selmer
group for T by Selr from now on. For various specializations Ty of T, we mainly study
Sel?r rather than Sel?K because of the simplicity of the definition of Sel?r. We denote
SelS;lr by Sely for short if there causes no confusion (note that SelS;lr and Sel];K are different
in general).

3.4. Surjectivity of localization maps. In this subsection, we give surjectivity of
localization maps from semi-global Galois cohomologies to certain Galois cohomologies
at decomposition groups (Theorem 3.10 and Corollary 3.12). The result on this section
was used in previous subsections in §3 and will be used in §§4, 6 and 7.

Let R be a “deformation ring” and let M be a rank two Galois representation over R.
In this subsection, we will treat one of the following situations:

1. R=H%"and M =T.

2. R = O5[[I']] and M = T; where I = Ker(J)H%® for J € Xaith(HF)>0 (the one-

variable deformation (a) introduced in §1).
18



3. R=H34 and M =T, ) ot M =T,y ((b) or (c) introduced in §1).

The following theorem is obtained from a variant of the Global duality theorem in our
situation.

Theorem 3.10. Let R and M be one of the above. Then the localization map:

HY(Qy, M @z RY)
H! M erRY) — lim
(@x/Q, M 8 RY) — Ueg\?oo}%m@v, M e RYTH))

1s surjective, where H runs height-two ideals A for s,t > 0 with fized j, k in the case
1 above, H runs height-one ideals @gj) C O4] ]] for s > 0 in the case 2, and H runs
\Il,gk) C HE for t > 0 in the case 3.

Proof. By the global duality theorem, we have the following exact sequence:

0 — Selypy — H'(Qs/Q, M ®r RY[H]) —

@ Hl(@vaM(g)R Rv) \

: BK
1(Q,, M @ RV[H]) - (%ﬂseleu)[H,pn}) )

vex\{oo} Hj

where Sel%}g(l)[ Hopr] is defined to be:

H1 . VlH,n
o (Qu, M*(1)[H, p"])

Sl T(Q,, MV()|H. )

) = Ker | H'(Qx/Q, MY (1)[H,p"]) —

veX\{oo} Hy

Note that the local condition H(Q,, MY (1)[H,p"]) C H'(Q,, MY (1)[H,p"]) for a fi-
nite Galois module MY (1)[H,p"] is defined to be the pull-back of H;(Q,, M"(1)[H]) C
HY(Q,, MV(1)[H]) via the natural map H*(Q,, MV(1)[H,p"]) — H(Q,, MV (1)[H)).
Since we assume the condition (Ir) given in §1, R is an Gorenstein algebra in each
case 1, 2 or 3. Hence we have an involution ¢+ : R — R which coincides with the
canonical involution g — ¢! of Z,[[[' x I']] C R (resp. Zy[[I']] C R, Zy[[I']] C R)
for g € T xTI' (resp. g € T, g € T”) in the case 1 (resp. 2, 3). Let us denote by
M"* a free R-module of rank two limM"(1)[H, p"]. By (Ir), the natural restriction map
H,n
Selg{v(l)m’pn] — SelBE[H, p"] is injective, where Sel}k = h_r)nHSel?}f/HML. Thus, it
suffices to show that @Sel%ﬁ [H,p"] is zero in order to have the desired surjectivity. We
Hn
refer to [O3, §5] for the above facts and the following lemma:

Lemma 3.11. As the following R-linear isomorphism:

Seliyy: [H, p"] = Homp(srpm) ((Selyfs)¥ /(H,p")(Selyr:) ", R/ (H, p"))*
where ()" means the twist of an R-module structure via the involution t.

IBK

Since Se is a torsion R-module, the proof is completed. O

19



Corollary 3.12. Let R and M be one of the pair given in this subsection. Then the
localization map:

HY(Q,, M ®z RY) D H'(Qy, M ®r RY)

1 \%
H(Qe/QM &= RY) — 0 3 on RY) H3x(Qu, M @ RY)

veX\{p,00}

18 surjective.

Proof. The corollary is a consequence of Theorem 3.10 because lim H }(QU, M @r RY[H])
H
is contained in H} (Qp, M @ RY) (resp. HL.(Qu, M @ RY)) when v = p (resp. v €

2\ {p, oo}). O

4. CONTROL THEOREM FOR GREENBERG’S SELMER GROUPS

For a Galois representation M = R? of Gg and a prime ideal J of R, we have

the natural restriction map between Selmer groups Sely; i CA —> Selpr[J] (if they are
defined). What we call the control theorem is the type of problems (or theorems)
where we study the kernel and the cokernel of res; (or equivalently its Pontryagin dual
(Selar)Y/J(Selns)Y — (Selpsygar)Y). For a family M over a one-variable algebra R
and its specialization to a zero-variable algebra (i.e. a discrete valuation ring) R/J, the
control theorem was already studied in [O2].

In this section, we study the control theorem for a nearly ordinary deformation 7 or
quotient representations of 7. Throughout the section, we denote by N; the quotient
N/JN for an Hz°-module N and an ideal J of H}:° for short. We will always assume
(Ir) throughout the section. The assertions on Coker(res;) holds without (Ir). However,
the assertion on Ker(res;) might be modified if we replace (Ir) by a weaker condition.
Though it is not difficult, we decide not to do it in order to avoid unnecessarily complicate
description. We refer [O2] for the idea of such argument in the case without (Ir).

4.1. From two-variable to one-variable. First, we discuss the specialization of the
two-variable Selz to some of important one-variable deformations.

Proposition 4.1. Assume the condition (Ir) for T = T](Ei). Let J be a height-one prime
ideal of H':° and let res; be the restriction map Sel; — Selr[J], where Sel; = Sely ;7.
Then the map resy is injective. Coker(resy) is a sub-quotient of the following group Lj:

(F- A —s()Y]0) @ @ ((A))%e if F AR £0,
Ly = veX\{p,00}
S ((A)) if F~ A =0,
veX\{p,00}
where Mj means M/JM for an Hx°-module M. If we have further the surjectivity of
the localization map:

1 e, (@ ALY)) (@, A1)
M@/ ATD ™ (g © D @Ay

then, the cokernel of resy is isomorphic to L.
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Proof. Let us recall a diagram as follows:

0 —— Sely —— HYQg/Q,AlJ]) —— Y(J)

locy
rele la‘l lﬁ]
0 —— Selr[J] —— HY(Qx/Q, A[J] —— Y[J],
where

v = @A) gy (@A)

Hér(@p’ [‘]D UGZ\{p,oo} &r(@ih A[‘]])
H'(Qy, A) H'(Qy, A)
= o © =t
H&}r(@p’ 'A) UGZ@, ur(Qm A)

By the condition (Ir), the map « is injective. Consequently, res; is injective. By the
snake lemma and by the injectivity of oy, Coker(resy) is isomorphic to a submodule of
Ker(3y). Further, we have Coker(resy) = Ker(5y) if loc; is surjective. Hence we have
only to show that Ker(3;) is isomorphic to £;. By the Inflation-Restriction sequence, it
HY(Q,, AlJ HY(Q,, A

T (@, ALJ) — o (@, A) is ((Av) ;)% at each
Hur(@v7“4[‘]]) Hur(@v7“4)
v € X\ {p,o0}. In the rest of the proof, we will concentrate on the map (3 restricted to
p-part. Let us consider the exact sequence:

0 — Hy(Qp, AJ]) — H' (Qp, ALJ]) — H' (L, F~ A[J]) .

Note that the second map H(Q,, A[J]) — H'(I,,F~A[J])“% decomposes as:

is easy to see that the kernel of

HY(Q,, AlJ]) - HY(Q,, F~A[J]) - HY(I,,F~A[J])%.
The map a is surjective as is shown in Claim 3.8 and the map b is surjective since the coho-

I : : H'(Qp, A[J]) G
mological dimension of Gq, /I, is one. Thus, we have ————""——> =~ ([, F~ A[J]) .
i H(Qp, ALJ]) P
Hl(@p7 A

) L7 e G o
— L =~ HY([,,F~ A)"%. This gives
HL@A) A B

H(Qp AT H'(TQyA)
HE(Q, AL HE,(@,, A)

— _ INAS : — 1,
We complete the proof since (F~.A)% = {g Aly = ()] E E_:ﬂg% i 8’

By a similar argument, we have

Ker } = ((F~ A ) J(F~ A)lr)Cer,

We will apply Proposition 4.1:

Proposition 4.2. Assume the condition (Ir) for T = T}i). Let us consider height-one
primes J C H%° as follows in the following four cases:
(a) J is I = Ker(J)HE® for J € Xanitn(HEY>0.  (b) J is (v — x(7)) C HE.  (c) J is

(v = r(Y)) CHE. (d) Jis (v2 = £2(v)y) € HE®.
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Then, the restriction map resy : Sel; — Selr[J] are injective in every four cases and
we have:

Coker(resy) = (Uy)" in the case (a) with J = Ker(7J),
Coker(resy) = (HEY)V[A,(F) — 1] in the case (c) with F~ A[I]% £ 0,
Coker(resy) =0 otherwise,
where Uy = @ ((T$9)*)1, [Ker(3)] @z, Z,[T)|(X 1) @ w i),
veX\{p,0}

Remark 4.3. For each v € ¥\ {p, 00}, ((TE4)*), [Ker(J)] is always finite and is trivial
except certain special cases (cf. Theorem 2.3).

Proof. By Proposition 4.1, res; is injective and we have:

(FAly — 6(y)¥])% & E? }((»AIU)J)GQ” if F~ A" # 0,
D ((Al),)% | if F~ A% = 0.

veX\{p,00}

Coker(resy) =

Except in the case (c), F~A[y — k(7/)7], is zero. In the case (¢), F~ Ay — k(v)v']; =
F~A[y — k(v')7] is a cofree H¥9-module of rank one with unramified Gg,-action on
which Frob,, acts via the multiplication of A,(F) (see §1 for A,(F)). Hence we have
(P~ Ay — k(y)]) 50 = (H9)Y [4,(F) 1] in this case.

Next, we discuss local terms at v € ¥ \ {p,00}. Recall that

A= (T3482,Z,[[T)(X) © w') @mye Homz, (HF, Qp/Zp)
(see the beginning of §1 for T¥Y). Since I, acts trivially on Z,[[I']](Y) ® w', we have:
(((A))%) " = (1) )82, 2R @ w ™) )

In the cases (b), (c) and (d), (((T$4)*)s,®2,Z,[[T]](X ') ® w™?) [J] is clearly zero. In
the case (a) for J = Ker(J)H:° with certain J € %arith(Hofrd)Zo, we have:

GQU

(((T"frd)*)u®szp[[FH(>T1) ®w_i) [J] = ((T$)")1, [Ker(D)]&z, Zo[TNX ) @ ™.

This completes the proof. ]

4.2. From one-variable to discrete valuation case. In [02], we studied control theo-
rems of the Selmer groups for one-variable Galois deformations when they are specialized
into various representations over discrete valuation rings. In this subsection, we restrict
ourselves to one-variable deformations inside Hida deformations in order to have more
precise and complete result. By applying the fundamental diagram and the snake lemma
as in 4.1, we prove also the Control theorem in this case.

Proposition 4.4. Assume the condition (Ir) for T = Tf(i). Let J and J' be two different

height-one prime ideals of H:° and let resy be the restriction map Selr ;.1 —
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Sels[J], where Sel; = Selr, 7. Then the map resy: is injective. The cokernel of resy is
a sub-quotient of the following group L;:

((F= A7) 7)o @ & }((A[J]fw%v if P~ AR £ 0,
I @ (A ter if B Al = 0,

veX\{p,00}

By calculating the term L in each case, we have the following proposition:

Proposition 4.5. Assume the condition (Ir) for T = T]g). We consider the four cases
(a), (b), (c) and (d) with the same J’s as Proposition 4.2. We consider another height-
one ideal J' :

7 (v =X (7)) for a certain j with 1 < j <w(3)+1 in the case (a),
N Ker(J)H:° for certain J € %arith(Hofrd)Zo in the cases (b), (c) and (d).

The kernels and the cokernels of resyr : Selr )7 — Sels[J'] are given as follows:

1. The restriction map resy is injective in each of (a), (b), (c) and (d).
2. In the cases (a), (b), (c) and (d) with F~ A[M]» = 0, Coker(resy) is a sub-quotient
of a finite group Z which is given as follows:

@ ((TEH*),, [Ker(j)])v in the cases (b), (c) and (d),
Z =  veX\{p,c0}
0 in the case (a).

In the cases (a), (b), (c) and (d) with F~ A[MN]» # 0, Coker(res ) is a sub-quotient
of the following group:

{(oj)vu —ap(f5)]® Z in the cases (a), (b) and (d),
Z in the case (c)

Remark 4.6. 1. Note that 7/(J,J")7 is equal to Ty, ® xw’ (resp. Ty, @ xw', Tf, @

Ot Ty @ x5 1wl in the case (a) (resp. (b), (), (d)).

2. The control theorem in the case (a) was studied in various references (e.g [Gr4])
when f5 is associated to an elliptic curve E. Note that there has been contribution
of the local Tamagawa number of E at every v € X\ {p, o0} to Coker(resys) in the
above mentioned references (e.g [Grd]). Whereas, there are no such contribution in
our result. This is because Sele3 @yw 1s isomorphic to the classical Selmer group for
FE only after divided by a finite abelian group whose order is related to the local
Tamagawa number of E at v.

5. TWO-VARIABLE p-ADIC L-FUNCTION

In this section, we discuss the two-variable p-adic L-function for a nearly ordinary de-
formation 7 through Beilinson-Kato elements. The construction will be done by using the
two-variable Coleman map (Theorem 5.3) which translates a norm compatible elements
to a measure. The key of the section is an optimization of two-variable Beilinson-Kato
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element given in Theorem 5.10. The results of this section make clear the relation be-
tween Kitagawa’s two-variable p-adic L-function [Ki] and our Euler system construction,
modifying previous constructions [O3] and [FC] which was not well-optimized in general.

5.1. Review on the work on [O3]. In order to introduce Beilinson-Kato elements,

we need to prepare notations. For a normalized eigen cusp form f = > a,(f)¢" of
n>0
weight k& > 2, we denote by Q a finite extension of Q obtained by adjoining all Fourier

coefficients of f to Q. We denote by f = > a,(f)?¢" the dual modular form of f where
n>0

o is a complex conjugation. The dual modular form f is known to be a Hecke eigen cusp
form of weight k with Neben character dual of that of f. The field Q; is equal to @?.
We associate the de Rham realization Vgr(f) to f. The de Rham realization Vyr(f) has
the following properties:
1. Var(f) is a two dimensional vector space over Q7 and is equipped with a de Rham
filtration Fil'Vgr(f) C Var(f), which is a decreasing filtration of Q f-vector spaces.
2. We have FilVig(f) = Var(f) and Fil*Vyg(f) = {0}. For each j such that 1 <
j <k —1, FiVVgg(f) is naturally identified with one-dimensional Q f-vector space
Qs - f.
3. Le{t jfbe an arithmetic point of weight w(J) > 0. For each j such that 1 < j < k—1,
Fil* Vg (f5) ®qy, K3 is naturally identified with FilODdR(VJ;; ® ! Iw!~7), where
K7 is the p-adic coAmpletion of Qy, with respect to the fixed embedding Q, C Q—
@p, Vi, is Tty ®z, Qp and ()* means the Qp-linear dual here.

For each 1 < j < w(J)+1, we denote by SgR the Qy,-basis of Fil*@)+279V5 (F5) sent to f
under the natural identification Fil*(?)+2-J Var(f5) = Q I -f5. Let D be an ]H[‘fd—module
(Hofrd(a)@%igr)%p and let dg, (1) be the inverse image of 1 € @, via the isomorphism
Dar(Qp(1)) — Q, determined by a fixed norm compatible system {(yn},>1 of p"-th
roots of unity. We recall the following properties (see [03, §3] for the proof):

Lemma 5.1. (1) D is a free HE%-module of rank one.
(2) D/Ker(J)D is the canonical lattice of Dar(FTVy,) = Derys(FTVy,) for each J €

%arith (H%d ) >0-
(3) For each (j,3) such that 1 < j < w(J) + 1, we have the canonical isomorphism
DdR(FJerB X ijz) = DdR(Vf3 X ijl)/FﬂODdR(ij X ijl)
(4) The fized norm compatible system {(pn tn>1 induces the following isomorphism:
Dar (F"Vf,) ——— Dar(F'Vy, ® x/w’) = Dar (F"Vy, ® X'w'),
D0g,01)

where 0 <4 < p—2
Definition 5.2. Fix an H‘]’é”d—basis d of D. For each J € f{arith(H(}?d)zo, we define a de
Rham p-adic period C 5.4 € @p to be

—dR ]
(4) Cpaa= (05 1 dy ® 0] ;)
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where j is an integer satisfying 1 < j < w(J) + 1, (, ) is the pairing :

(5) (, ): Fil’Dar(Vf, ® x' 7w'™") x Dar(FTVy, @ x/w’) — Dar(Qp(1)) ® Ky = K
induced by the identification of Lemma 5.1 (3) and the de Rham paring:

Fil’Dag (Vf, ® x' 7w' ™) x Dar (Vy, ® x’w")/Fil’Dar (V, ® x’w') — Dar(Qp(1)) ® K3.
and dy € Dgr(F"Vy,) is the specialization modulo Ker(J) of d € D (cf. Lemma 5.1 (2)).

The p-adic period C), 5 ¢4 does not depend on j and depends only on d and a fixed norm
compatible system {(yn },>1 of p™-th roots of unity.

Theorem 5.3. [O3, Theorem 3.14] Let i be an integer such that 0 < i < p—2. We
assume the condition (Ir) for a nearly ordinary deformation T = T](f). Assume further
that H=° is z'Antegmlly closed in its fraction field Frac(H°). Fiz an Hofrd—basis dof D=
(Hofrd(&)(@ZpZ;r)G% (Lemma 5.1 (1)). Then we have a map Zg4 : H/lf((@p,’]'*(l)) —
H%° which has the following properties:

(1) The map Zq is an Hz°-linear pseudo-isomorphism.

(2) Let C € H/lf((@p,’f*(l)). For each (3,7) such that 1 < j < w(J) + 1 and for each

finite order character n of T, (x?n0J3)(Z4(C)) is equal to:

(1 ey ()

ap(f3) P

il q(é,j.m) o .
X | —— G(w™'n) (exp™((x’n 0 J)(C)),d),
(L) G e (o).
where (x/ 0 J)(C) € H/lf(@p,T}kj(l) ® w™ix77) is the specialization of C via x7 o7,
q(i, j,n) is the p-order of the conductor of Wi~ and G(wi~'n) is the Gauss sum
for w™n.

5.2. p-adic periods at weight two. In this subsection, we study the p-adic periods
Cp.3,4 in the special cases where w(J) = 0. We fix an Hofrd—basis d of D throughout §5.2.
The main result of §5.2 is as follows:

Proposition 5.4. Let T = T](Ei) be a nearly ordinary deformation. Then Cpy4 is a
p-adic unit for any J € :{arith(H(}Ed)ZO-

Proof. For an arithmetic point J € %arith(Hofrd) with w(J) = 0, let By be the abelian
variety associated to the normalized weight two eigen cuspform f5. By is an abelian
variety of dimension g = [Qy, : Q] over Q and we have an injection Qy, — Endg(By)®Q.
Since fy is ordinary at p, there exists an abelian variety B} over @, with the following
properties (see [Wil, §2.2]):

1. B is isogenious to a subabelian variety of By ® Q, with d = dim(Bj) = [K3 : Q)]

over Q.
2. B has totally multiplicative reduction or good ordinary reduction over Q.
3. HY (B ®q, Q,,Qp) is isomorphic to Vy, as a Gg,-module.
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Let B&t be the dual abelian variety of Bj. We denote by B the p-divisible group over Q,
associated to Bgt with its connected part B°. We see that

Fil’Dar (V7, ® x' “w!™") 2 Fil’Dag (HY (B ©q, T, Qy))
>~ Fil' Hjg (B5") = D(B°),

where Hl;(B5') means the de Rham cohomology of B5' and D(B°) is the Dieudonee

module for BY. By the second statement of “Basic property of nearly ordinary Hida

deformations T}O)” stated in §1, we see that

Fil’Dar (V7, ® x' 7w'™) 2 Dar (F~V}, @ x' w'™)
= Dyp(K(a).
By Definition 5.2, Cp 54 is a p-adic unit if and only if the K5-basis of D(B°) induced by
ggR gives an integral basis of Dar(K3(a™1)) = (K3(a™1) ®q, @;r)GQP with respect to the
lattice (O5(a™!) ®z, 21‘;1”)(;@?. This is clear since B° is of multiplicative type. O

5.3. Beilinson-Kato element. Let H}(Y;(M)c, Sym*~2(R'p,A)) be a Betti cohomol-
ogy and let Hllg,c(Yl(M)(c,Symk_Q(Rlp*A)) be a compact support Betti cohomology,
where p : € — Yi(M) is the universal elliptic curve over the affine modular curve
Y1(M) and A is a submodule of C. To each normalized eigen newform f € Si(T'1(M))
of weight k£ > 2, we associate the Betti realization Vg(f). Vg(f) is defined to be
HY(Y3 (M)e, Symt2(R'p, Q) [y] (resp. HY (Vi(M)c, Symt2(R1p,Qy))[rs]), where
[7¢] means a direct summand cut out by the kernels of 7; — a;(f) with Hecke operators
T; € Endg, (Sk(I'1(M); Qy)) for all prime [. The Betti realization Vz(f) has the following
properties:

1. VB(f) is a two-dimensional vector space over Q¢ and is equipped with a natural

action of complex conjugate o, whose +-eigen space V(f)* is one-dimensional over
Qy.

2. We have a period map Per® : Fil/ Vyg (f) ®q, C — VB(f)* ®q, C for each 1 < j <
k—1.

Let us denote by H the local system on Yj(M)c whose fiber Hy is Hq(Es,Z) at s €
Yi(M)c. Let ¢ : § — Yi(M)c be the uniformization map. The stalk of H at
(yi) is identified with Z + Zyi for any y € R-y. We denote by ( be the element of
['((0,i00), = (H)) which corresponds to 1 € Z.

Definition 5.5. 1. Let ;™" be the element of HP(Y;(M)c; {cusps}, Sym®™ (H)) which

represents a path (0,00) and 5. By abuse of notation, we also denote by 5(])3 " the
image via the map :

HP(Y1(M)c; {cusps}, Sym™ (Hg, )) — Hp (Y1(M)c, Sym” (R'p.Qy)) — Vi(f).

(

2. Let VB(f) x VB(f) SR Qy be the pairing induced from the Poincare duality :

Hg(Y1(M)c, Sym" (R'p.Qy)) x Hp (Y1(M)c, Sym® (R'p.Qy)) — Hj (Yi(M)c, Q) = Q.
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Let (, )oo be the extension of (, )p as follows :

Va(f) ®g, € x Va(f) ®g, € 1=

C.

Recall that <Per+(fj),6(])3’w>oo is equal to / f(V—=1y)dy = L(f,1).

In [Ki], Kitagawa constructed modules o(% A-adic modular symbols B*, which has the
following properties:

1. B* is a finitely generated Hofrd—modules whose generical ranks are one.

2. For each J € Xpien (HEY) >0, B /Ker(J)BE is a lattice of Vi(f5) ®0y, @fg.

Definition 5.6. Let J € %arith(Hoj_-rd)Zo. Then f5 is a newform in Sy, 3y42(I'1(M)) for a
certain multiple M of N. Let Oy, be the ring of integers of Qf,. Choose an Oy, -basis

85 of the natural Oy,-lattice H (Y1 (M), Sym®(R'p.Oy,)) N Vi(f2)* of Vis(f7)*.

1. We define a complex period C;—LOJ € C to be Céco’j = (Per* (64R), 53B’i>oo,
2. Let (, )p be the extension of (, )p as follows :

Vi(f3) ®q,, Qp x Vi(f3) ®q,, Qp Lo, Q,.

We define a p-adic period C;fj,b € Q, to be C’;flb = (b:jj[, 6§’i>p.

Theorem 5.7. [Ki, Theorem 1.1] Let us fix an Hofrd-basis b of BEY' . Then we have a
two-variable p-adic L-function L;fi(’f) € H%° with the following interpolation properties:

(10 3)(Lyp(T))/Cp s

gy (1 @@ (PN L', g)
= oo (- ) () e NPT

where q(i, j,n) is the p-order of the conductor of wI=in~t and G(w~n~t) is the Gauss
sum for wi~in~L.

Proposition 5.8. [Ka2] Assume the condition (Ir). Let us fir an HE-basis b of B
and an Hofrd—basis d of D. Fix an arithmetic point J € %arith(Hofrd) with w(J) = 0.
Then we have an Euler system {Z5(r) € HY (Q(u)s/Q(ur), T*(1)1)} whose first layer
Z5 = Z5(1) satisfies the following properties:
1. For each finite order charactern of I', (exp*oloc,f)(n(Z5)) is contained in Fil'Var (f53®
Wiyt C Fil’Dar (Vi @ w! i), »
Cpg‘?b L(p)(fjawz_ m, 1) —=dR
C (-1)f 03
p,3.d Cis

2. Further, (exp* oloc,¢)(n(Z5)) is equal to

(We denote by Q(pr)s: the mazimal Galois extension of Q(u,) unramified outside primes
over %)

Remark 5.9. By taking the projective limit of the elements in Galois cohomology groups
obtained via Chern character from Beilinson-Kato elements in Ks-group of Y7 (Np) ®

Q(rps), we have an Euler system {Z;5(r) € H'(Q(ur)n/Q(pr), 7*(1)5)} where r runs
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square-free natural numbers prime to p. The above Euler system Z5(r) is optimally
normalized at J and is obtained as a summation ZS 052370(7“)5 multiplied by C},54/Chp 3.4,

where Z50(r)® is the twist of Zy0(r) by £ € SL2(Z) and ¢ are rational integers. For
such optimal normalization for a fixed f5, we refer to [Ka2, § 12].

We will give the following optimization of the two-variable Beilinson-Kato element.

Theorem 5.10. Let us fiz an ]H[‘}fd—basis b of BV and an ]H[‘}fd—basis d of D. Then we
have an Euler system {Z(r) € H (Q(ur)s/Q(ur), T*(1))} and the specialization of the
first layer Z = Z(1) at each arithmetic point J € %arith(Hofrd) with w(J) = 0 and at each
finite order character n of I' satisfies the following properties:

1. (exp* oloc;f)((noJ)(Z2)) is contained in Fil'Var(f3 ® w'=in~1) C FilODdR(Vf7 ®

wl—zn—l)' A

Cp,ﬁ,b L(p)(fﬁa w’_lﬁa 1)
Cpid C’é;?z
L(p)(fg,wi_ln, s) is the w'~'n-twist of the Hecke L-function for fy whose p-factor
s removed.

—dR
- 05 , where

2. Further, (exp® oloc/¢)((no3J)(Z)) is equal to

Remark 5.11. 1. The construction of Z(r) will be done by “gluing” of the elements
Z5(r) given in Proposition 5.8 for various J € Xptn (HE?) with w(J) = 0 by using
Lemma 5.12 below.

2. Though the interpolation property is given only for J € %arith(H‘]’gd) with w(J) =0,
(exp* oloc/¢)((noJ)(Z)) is related to an optimal L-value even when w(3J) > 0.

Proof of Theorem 5.10. Let & = {I = Ker(J)H%|J € Xuien(HEY), w(J) = 0}. We
denote by 2l a subset of the set of height one ideals of H’z° as follows:

ﬂ:{J:ﬂlesl‘ SCG,ﬁS<oo}.

Note that J N J' € 2 for any J,J" € 2 and that the intersection () J for infinitely many
J € A is zero.

Lemma 5.12. For each natural number v and for each J,J € A, we have the ezact
sequence:

0 — HYT*(V)jny) — HY(T*(1))) @ H(T*(1) ) — HYT*(1)15.0),
where HY(M) is H'(Q(ur)s/Q(pr), M) in the above sequence.

In the following, we only construct Z = Z(1) € H'(Qx/Q,7*(1)) with two desired
properties stated in Theorem 5.10. The construction for general r is done basically in
the same way using Lemma 5.12. We need the following Claim for the proof.

Claim 5.13. Let J € 2. Then there exists an element Z; such that (exp* oloc,)((n o
J)(Z;)) satisfy two properties stated in Theorem 5.10 for all arithmetic points J €
Xarith (HEY) with Ker(J)H%° D J and for all finite order characters n of I'.

In fact, Z is obtained as limZ; € H'(Qx/Q,7*(1)) when J runs a directed subset
JeA
A C 2 such that ;.4 J = 0. Hence we will prove the above claim in the rest of
28



the proof. The proof proceeds by induction with respect to the numbers of arithmetic
points J € Xuien(HEY) with Ker(J)H%:° > J. By Proposition 5.8 the claim holds when
J = Ker(J)H%° for an arithmetic point J € Xuien(HEY). Now we take arbitrary ideal
J € A at which Claim 5.13 is true. We will prove Claim 5.13 for J N I where I =
Ker(J)H%® for an arithmetic point J € Xy (HE?) such that w(J3) = 0 and J ¢ I. Let
us denote 7 /(J,Ker(n))7* by T, and let us denote the continuous Galois cohomology
HY(Qx/Q, M) by H*(M) for short. Then, we have the following diagram for each finite
order character n of I':
0 —— HYT*(\)ynr) —— HY(T*(1)s) & HN(T*(1)1) —— H(T*(1)s11)

ar.g b[”]

'] d K

HYTje,,(1) —— HNT;, (1) © HN (T}, (1) —— HYT} 4, (1)7),

)
where ay j sends z € HY(T*(1)n) to x5 @ 21 € HI(T*(l) ) ® HYT*(1);) and by s
sends @y € HY(T*(1) )@ HY(T*(1);) to xjs1—yjer € HY(T*(1)47). Let us consider
the following morphism:

oc H' va* droexp*
(6) H'(Q5/Q, T}, 0,(1)) 4 Eg i@"ﬁ ;; @) (10 3)(HE°)
Py~ f3@n

The element (noJ)(Zy) € Hl(QE/Q,Tf ,on(1)) (resp. n(Z2p) € Hl(Qg/Q,T};@n(l)))
Coary Ly (frr57,
is mapped to vy , := pyb L) :7 D when J C Ker(J)H%° (resp. 3 = J’). The
’ Cp.d C( 2

o0,
following lemma is obtained by Euler system argument using the Beilinson-Kato element
and by a Rohlich’s result (cf. [Ka2]):
Lemma 5.14. Under the condition (Ir), the map in (6) is injective when the conductor
of n is sufficiently large.

In fact, since Hl(QE/Q,Tf7®n(1)) has no non-zero torsion by (Ir), the kernel of (6)
is non-zero if and only if SelT* (D) is an infinite abelian group. This happens only for

finitely many n by Kato-Rubln and Rohlich.

Since values vy , and vy~ , are congruent to each other modulo (Ker(J")+Ker(3"”), Ker(n)),
nobr j(Z;® Zr) is zero for each finite order character n of I' with sufficiently large con-
ductor.

Lemma 5.15. Let I be a height one ideal of H':° generated by a height one ideal of Hofrd.
Then the intersection (\Ker(n) C HY(Qx/Q,7*(1);) is trivial when n runs infinitely

n
many finite order characters of I.

Since Z; @ Z7 is mapped to zero via br ; by Lemma 5.14 and Lemma 5.15, we have an
element Z;n; € H'(Qx/Q,T*(1) 1) such that ar,j(Zjnr) = 25 ® Z1. By construction,
Z jn1 satisfies desired properties for Claim 5.13. This completes the proof. U

Corollary 5.16. Let us fix an H(]’gd—basis b of BEY' and an ]H[‘}fd—basis d of D. Then

we have an Euler system {Zyq(r) € H (Q(ur)s/Q(ur), T*(1))} such that L,(T) :=

Eq(2p,4(1)) € H: is equal to the two-variable p-adic L-function LE})(T) by Kitagawa.
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6. IWASAWA MAIN CONJECTURES FOR VARIOUS SPECIALIZATIONS OF 7

In this section, we formulate and discuss the Iwasawa Main Conjecture for various
one-variable specializations 7y of 7. Especially, we will discuss how to obtain a result on
the one-variable Iwasawa theory on 7 from the two-variable Iwasawa theory on 7 and
vice versa. Recall the following definition:

Definition 6.1. Let R be a Noetherian local domain such that R is integrally closed in
the fraction field Frac(R) of R. A finitely generated torsion R-module M is called pseudo-
null if lengthp (M) = 0 for every height-one prime [ in R or equivalently Suppgz (M) has
codimension greater than one in Spec(R).

To study a relation between the two-variable Iwasawa main conjecture for 7 and
the one-variable Iwasawa main conjecture for each 7;, the following lemma plays an
important role:

Lemma 6.2. Assume the conditions (Ir) and (Nor) for T = T}i). Let us consider a
height-one prime J C H:° as follows in the following three cases:
(a) J is I = Ker(J)HE® for J € Xanitn(HEY>0.  (b) J is (v — x(7)) C HE.  (c) J is
(v — &(¥)y) C HE.

Then, (Selr) /I (Selr) )y is pseudo-null H¥°/J-module.

nul

Proof. Let us consider the following diagram:

0 —— Sely —— HYQx/Q,A) 2% v 0
le lx] lx]
0 —— Sely —— HY(Qy/Q,A4) —> v 0,
HY(Qp, A) HY(Qy, A)

where Y =

H(l}r(QP7A) veE\e{ap,oo} H&r(QvaA)

is a subgroup of H?*(Qg/Q, A[J]), which is zero since Sely,;7 is a cotorsion O[[I']-
module. By the snake lemma, (Sely)/J(Selr) is isomorphic to the cokernel of the map

HY(Qx/Q, A)J] o], Y[J]. We compare Coker(loc[.J]) with the cokernel of

. The cokernel of the middle vertical map

H'(Qx/Q, A[J]) =5 V()

where Y(J) — w o) @ Hl(@mA[‘]])

= ——————=~. We consider another diagram:
Hér(@pﬂ A[‘]D veX\{p,00} H&r(@va A[‘]])

0 —— Im(locy) —— Y (J) —— Coker(loc;) —— 0

" I

0 —— Im(loc]J]) —— Y][J] —— Coker(loc[J]) —— 0.
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By Corollary 3.12, Coker(loc) is zero in the above commutative diagram. Let us consider
another diagram as follows:

1 ) H'Y(Qy, A[J])
0 —— HL(Q,, AlJ)) —— H (@p,A[J])@UGZ@OO}%(@U,A[J]) q

| i L
H'(Qy, A)
0 —— H} A —— HY AT @ v J Y|J
ar(Qps A)J] (Qp, A)[J] Uez\%m}H&r(@mA)[ l— /]
Note that the upper horizontal map q is surjective by definition. The cokernel of the
lower horizontal map ¢’ is a subgroup of H}.(Q,,.A)/JHL (Q,, A) by the snake lemma.
Since the Pontryagin dual of H, (Q,,.A) is a torsion-free H'x°-module by [02, Corollary
4.13], the map ¢’ has to be surjective. Hence, the surjectivity of the middle vertical map
w of the diagram (7) follows since t is easily seen to be surjective. We have shown that
(Sely)/J(Selr) is zero, or equivalently, we have shown that (Sely)Y[J] is zero by taking
the Pontryagin dual. By a simple argument(cf. [O4, Lemma 3.1]), (Selz )Y/ 7 (Sel7)),

null

is pseudo-null H%°/J-module since (Selr)! ,[J] is a pseudo-null H'°/J-module. This

null

completes the proof. O

Y(J) ——

(a) Iwasawa Main conjecture for 77.

Let I = Ker(J)H%° with J € %arith(Hofrd)Zo. The specialization of 7 at I is the cyclotomic
deformation of f5 as we saw in §1. By Mazur-Tate-Teitelbaum, we have L}\,/ITT(T]) €
H'%° /I which has the following interpolation property for each finite order character n of
' and for each integer 1 < j < w(J) + 1:

WP (PN e
i ) am) e

where C’Oio 5 is a complex period given by Definition 5.6. Note that the ideal (LY (77))
is well-defined since Coio,j is unique up to multiplication by a unit in O,. Recall that
Self is a cotorsion H%:°/I-module (cf. §3.2).

(YT (1)) = (1 -

Conjecture 6.3. Let | = Ker(J)H}° with J € %arith(Hj’Trd)Zo. We have the following
equality:

lengthgm.o 1), (Sely )¢ = ordi(L," *(71)),
for each height-one prime [ of H%°/I.
As a corollary of Theorem 3 in §1, we have the following result:
Corollary 6.4. Let I = Ker(J)H%® with J € Xantn(HEY)>0. For every prime v €
¥\ {p, 0}, we assume that ((T%Y)*);, [Ker(3)] is trivial. Then,

1. The two-variable main conjecture (Conjecture 1.3) implies Conjecture 6.3 for f5.
2. Assume further the conditions listed in Theorem 2 of §1 with P, a unit in H:°.
Then Conjecture 6.3 for fy implies the two-variable main conjecture (Conjecture

1.3).
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Remark 6.5. 1. Concerning our condition on the triviality of ((T%9)*);, [Ker(J)], we
refer to Theorem 2.3 for detailed information on when it is trivial. We expect that
the conclusion of Corollary 6.4 is true without any assumption. However we do not
prove it at the moment (cf. Remark 3.5).

2. Let F be a A-adic eigen form satisfying the conditions listed in Theorem 2 of §1. If
the conjecture 6.3 is true for a classical specialization f5, in F with w(Jy) > 0, the
conjecture 6.3 is true for every specializations f3 of F with w(J) > 0. Thus we have
an infinite family of modular forms { fj}jexarith(Ho}_rd)ZO where the conjecture 6.3 is

true. A recent paper [EPW] also proves a similar result on the conjecture 6.3 for

infinite family { fj}jexarith(]}ﬂofrd)zo with further deep interpretation of A-invariants
under the assumption p = 0 for the p-invariant of fy,. The advantage of our result

above is that we do not have to assume p = 0.

Proof. The restriction map Sel; — Sels[I] is an isomorphism by Proposition 4.2 and
by the assumption of Corollary 6.4. By Lemma 6.2, the image of charm.o (Selr)Y in

H%°/1 is equal to chargmo/;(Sel7[I])¥. The image of LXY(T) € Hy® in H}°/I is equal
to L;\)ATT(TI) up to multiplication of a unit in H%°/I since the p-adic period C} 5y is a
p-adic unit. Thus we obtain the first assertion. For the second assertion, note that we
have the following inequality:

lengthyp.o (Selz);" < ordmys (L(T))

for each height-one prime [ of H%° by Theorem 3 in §1. If Conjecture 6.3 is true for fy,
we have the following equality:

lengthm.o /p), ((Selz)”/I(Selr)"), = ord (e, N (LyN(T))

for each height-one prime [ of H'x°/I by the same argument as in the proof of the first
assertion. Thus we complete the proof of the second assertion. O

(b) Iwasawa Main conjecture for 7(,_(~))-
Sel(, () is a cotorsion HE4-module (cf. §3.2). On the other hand, we define Ly(Ty—x(+)))

to be the image of L3(7) in H}°/(y — x(7)) = H%4. The one-variable Iwasawa main
conjecture is formulated as follows:

Conjecture 6.6. We have the following equality:
length(HoFrd)[(SelV )[ = OI‘d[(Lp('T(,y,X(,Y)))),

(v=x(7)

for each height-one prime [ of Hofrd.
We have the following corollary of Theorem 3 in §1:

Corollary 6.7. 1. The two-variable main conjecture (Congecture 1.3) implies Conjec-
ture 6.6.
2. Assume further the conditions listed in Theorem 2 of §1 with P, a unit in Hz°.
Then Conjecture 6.6 implies the two-variable main conjecture (Conjecture 1.3).

The proof is done in the same manner as the case (a) above by using Lemma 6.2.
(c) Iwasawa Main conjecture for 7(,_, (7)1
32



Sel(,_ (/). is a cotorsion HE9-module (cf. §3.2). On the other hand, we define Ly(7
to be the image of Ly (T) in H}/((y — k(v')y')) = HEY.

v—n(v’)v’))

Conjecture 6.8. Let 7 = T}i). We have the following equality:
length(H?gd)[(Selz/%ﬁ(v/)vl))[ +e = Ord[(Lp(T(v_RW)W/))),
for each height-one prime [ of H®4, where

~ Jordi(1— Ay(F)) if FT AP £ 0,
““o it P~ A% = 0.

A corollary of Theorem 3 in §1 is given as follows:

Corollary 6.9. 1. The two-variable main conjecture (Congecture 1.3) implies Conjec-
ture 6.8.
2. Assume further the conditions listed in Theorem 2 of §1 with P, a unit in Hz°.
Then Conjecture 6.8 implies the two-variable main conjecture (Conjecture 1.3).

The proof is done in the same manner as the case (a) and (b) by using Lemma 6.2.
(d) Iwasawa Main conjecture for 7(y2_,2(,7)47)- The Selmer group for the diagonal

specialization 7(y2_,2( is not a cotorsion ]H[‘fd—module in general.

)

Conjecture 6.10. 1. Let 7 = T](Ei). The group (Sel 2_,2.,,,)" has rank one or zero
as an H¥9-module.

2. Assume that Th ® w' is isomorphic to its Kummer dual (Th ® w" )*(1) with certain

0 <i' <p—2, where Ty := T(y2_2(y)y) /(7 = D)7 (2_2(y1)y)- In this case, we have

1 if e(l) = —1 for every [ > 0,

k or S 1 INA v ==
ran HJ—'d( elo2w2/)) {0 if €(1) =1 for every | > 0,

where €({) is the sign of the functional equation of L-function for a specialization of
F @ w’ " explained in Remark 6.11 below.

Remark 6.11. 1. Suppose that T ® w® is isomorphic to the Kummer dual of itself.
For each [, we put P, = v — k¥ (/) for each integer [ > 0 with a(l) := 2(i' — i) +
2l(p—1). For each I > 0, T /(P,)T is isomorphic to the Tate-twist 7', (@ +1) of the
Deligne’s Galois representation T, for an eigen cuspform f; of weight 2 + a(l). The
sign €(l) = £1 is the sign of the functional equation A(f,s) = e(1)A(f;,2+a(l) —s)
where A(f;, s) is the Hecke L-function for f; with its I'-factor.

2. The phenomena for the generic rank on the line (y2 — x2(y')y/) was first studied
and conjectured at least under the condition as in 1 (see [NP, §0] for example). We
believe that such phenomena is always true even in the case without the functional
equation.

Suppose that (Sel_2_,2/ . )" is a torsion H4-module. We define Ly(T(y2i2(y)yr)) €
H%? to be the specialization of the two-variable p-adic L-function LE(T) € HE® via
HZ° — H%0/(v? — k2(v')y) = HEY, in this case.
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Conjecture 6.12. Suppose that (Sel_2_,2./.)" is a torsion H%4-module. Then, we
have the following equality:

1ength(Ho}_rd)[ (Sel?{ygan('y’)»y’))[ — OI'd[(Lp(IZ—((,y,X(,Y)))),
for each height-one prime [ of H‘]’Ed.

Corollary 6.13. Suppose that (Sel.2_ 2. .1)" is a torsion HF4-module.

1. The two-variable main conjecture (Conjecture 1.3) implies Conjecture 6.12.
2. Assume further the conditions listed in Theorem 2 of §1 with P, a unit in Hz°.
Then Conjecture 6.12 implies the two-variable main conjecture (Conjecture 1.3).

Finally, in a general case where (Sel_2_,2..,)" is not necessarily a torsion Hgrd-
module, we propose the following Iwasawa Main Conjecture:

Conjecture . Suppose that (Sel(,y27’{2(,yl),yl))v is an ]H[‘}_fd—module with gemeric rank r =
dimFrac(ch’,_lrd)(Sel(WQ—ng(w’)w’))v Dz Frac(H$Y). Let X be the H3-torsion part of the HE4-
module (Sel2_,2.,.n)". Then the following statements hold:

(v =~
L. The order ord(y2_,2(y)y) (Lp(T)) is equal to 1.
2. For every height-one prime | of H(]’gd, we have:

length(Hofrd ) (%)[ = OI‘d[(Lp(']ﬂ(,yzf,{Q(,},/),},/))),

where Ly(T(y2_p2(y)y)) is defined to be the image of Ly(T)/(v* — k*(¥)y)" via
H® — H3O/(% — k2(v')) = Hpd,

7. PSEUDO-NULL SUBMODULE

In this section, we give a sufficient condition (Proposition 7.1) for (Selr)" to have no
non-trivial pseudo-null submodule. Our proof relies on the method in Greenberg’s paper
[Grl] (see also Remark 7.2). The result in this section is used in §8 in order to study
examples where we can determine the structure of the Selmer group. In this section,
we do not assume necessarily the condition (Ir). In stead of (Ir), we will assume the
following condition:

(Fr) T% (resp. Tf(’)) is free of rank two over HE (resp. HZ°).

As remarked in §1, (Ir) implies (Fr). Since we find no reference for the pseudo-null
submodule of the Selmer group for a Galois deformation, we decide to assume only a
weaker condition (Fr) in this section for our later use. Our main proposition here is as
follows:

Proposition 7.1. Let7 = T](Ei) be a nearly ordinary deformation satisfying the condition
(Fr) and let X be the set of ramified places for T (see §1 for the notation). Assume the
following conditions:

1. H%° is a regular local Ting.
2. 3 consists only of {p,o0}.

Then (Selr)Y has no non-trivial pseudo-null H%°-submodule.
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Remark 7.2. Under similar assumptions, Greenberg [Grl, Proposition 5] has proved
that the Pontryagin dual of the Selmer group for the cyclotomic deformation of an or-
dinary p-adic representation 7" = Zg has no pseudo-null Z,[[I']]-submodule when T is
unramified outside {p,c0}. Our proof follows the idea of [Grl, Proposition 5]. Since we
treat two-variable case, there causes technical difficulties in order to imitate his argument
over the cyclotomic (one-variable) Iwasawa algebra.

Before giving the proof, we prepare several lemmas. Though our main proposition
stated above treats only the case where ¥ consists only of {p, 0o}, we allow ¥ to contain
primes other than p in the most part of this section unless we state it.

First, we prove the following lemma known as the weak Leopoldt conjecture for 7.

Lemma 7.3. H?(Qx/Q, A) = 0.

Proof. Note that H*(Qx/Q, A) is equal to the inductive limit lim , , H*(Qx/Q, Ag{;k)) for
any pair (j,k) with 1 < j < k — 1, where Ag;k) is the module defined in §3.1. From
now on we assume further that 2j # k. It suffices to show that H?(Qg/Q, Ag{;k)) =0
for every s, t under this condition. Since the Galois group Gal(Qx/Q) has cohomological

dimension two, H?(Qx/Q, Ag,;k)[p]) is zero. By the natural exact sequence:

H*(Qx/Q, AYP[p]) — H2(Qx/Q, A%Y) 22 H2(Q5/Q, AYY)
— H3(Qx/Q, AV [p]) — -,

HQ(QE/Q,Agt’k)) must be a p-divisible abelian group. On the other hand, by a Kato’s
result [Ka2, §14], H%(Qx/Q, Ag{;k)) is finite for each s,t under the above assumption on
(7, k). Hence HQ(QZ/Q,Agt’k)) must be zero. O

Lemma 7.4. Assume that H%° is regular and that H%° satisfies the condition (Fr).
HY(Qx/Q,A)Y has no nontrivial pseudo-null H-submodule.

Proof. Let N be the largest pseudo-null submodule of H'(Qx/Q, A)Y. Let h be an
arbitrary irreducible element of H%%°. By taking the short exact sequence:

0— AB] — A A — 0,
and by using Lemma 7.3, we have

(8) H'(Qs/Q,A)/(h)H (Qs/Q, A) = H*(Qs/Q, Alh]).

By a similar argument as that used in the proof of Lemma 7.3 depending on the Galois
cohomological dimension of Gal(Qx/Q), H*(Qs/Q, A[h])V is shown to be torsion-free
over the local domain H%°/(h). Consequently, H'(Qyx/Q,.A)"[h] must be a torsion-free
H’%°/(h)-module by taking the Pontryagin dual of the equation (8). N[h] is also a torsion-
free H%°/(h)-module since N[h] is a sub H%°/(h)-module of H'(Qx/Q,.A)"[h]. On the
other hand, the torsion part N[h] of N for the height one prime (h) is a torsion H'»°/(h)-
module because N is a pseudo-null H':°-module. Thus N[h] is zero for any irreducible
element h € H%°. This completes the proof for N = 0. O
35



A finitely generated H%:°-module V is called reflexive if the canonical homomorphism
I/ — V™ := Hompp.o (Hompp.o (V, H%°), H%°) is an isomorphism. We have the following
emma:

Lemma 7.5. Assume that H'z° is a reqular local ring. Then, Hl(@p, F~A)V is a reflex-
we H'z°-module.

Proof. First, we show that H'(Q,, F~A)Y is torsion-free over H%:°. By taking the Pon-
tryagin dual, it is equivalent to the statement that H'(Q,,F~.A) is a divisible H%:-
module. Consider the long exact sequence of the Gg,-cohomology of

0— F AR —F AL FA—0,

for an irreducible element h € H%°, H'(Q,, F~A)/(h)H' (Q), F~A) is a H}:-submodule
of H*(Q,,F~A[h]). By the local Tate duality theorem, H?(Q,, F~.A[h]) is the Pontrya-
gin dual of H(Q,, (F~A(-1))V/(h)(F~A(-1))¥). This group must be zero, because
((F‘A(—l))v)GQp has support whose codimension is equal or greater than two. Hence

HY(Q,,F~A) is a divisible H'x°-module. Since the Pontryagin dual H*(Q,, F~A)" has
no non-trivial H%°-torsion submodule, the structure theorem of finitely generated H'%:°-
modules (cf. Proposition (5.17) and Proposition (5.1.8) in [NSW]) gives us an exact
sequence:

0 — H' (Q,,F A)Y —V — Z—0,
where V' is a reflexive H}°-module and Z is a pseudo-null H}°-module. Let h’ € H}°

be an arbitrary non zero irreducible element and let us consider the snake lemma to the
following commutative diagram:

0 —— HYQ,,F~A)Y 1% Z 0
xh’l lxh’ lxh/
0 —— HYQ,,F~A)Y 1% Z 0.

By applying the snake lemma to the above diagram, we have an injection

Z[W] = (HY(Qp, F~ AR )emeo s ()-tor-
Since H'(Q,, F~A)[W]Y is naturally an H%°/(h’)-submodule of H*(Q,, F~A[R'])", this
also gives us an injection

Z[1) — Hl((@p,F*A[h/])]\ﬁl}o/(h,)_wr.

By a similar argument as above, we show that H'(Q,, F~A[l'])" is a torsion free H}°/(h)-
module by the condition 2 of the lemma. Hence Z must be zero. This completes the
proof. O

Lemma 7.6. Assume three conditions stated in Proposition 7.1. Then, we have the
following exact sequence:

0 — Sely — Hl(@{p7oo}/Q7A) 8, Hl(vaFiA) — 0.
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Proof. By Corollary 3.12, we have the following exact sequence:

loc Hl(@ 7~A)
0 — Sely — HY(Q QA = —— P .
(@ipoy /@A) HEL (@), A)
Since the restriction map H'(Q,, F~A) — H'(I,, F*A)GQP is an isomorphism, we have
an exact sequence:

H'(Qy, A)
0 — —=2"" . HYQ,,F~A) — H%*(Q,,FtA).
L, (0 A A A
Note that H 2(Qp,FJF.A) is zero by the same argument as the proof of Claim 3.8. This
completes the proof of the lemma. O

Lemma 7.7. Let R be a Noetherian complete regular local ring and let M be an R-module
which has the following presentation

0—W —U—M—0,

where U is a finitely generated R-module which has no non-trivial pseudo-null R-submodule
and W 1is a reflexive R-module. Then M has no nontrivial pseudo-null R-submodule.

Proof. Suppose that the largest pseudo-null R-submodule M, of M is non-trivial. We
denote by Uy C U the inverse image of M, via the natural projection U — M. Since
U has no non-trivial pseudo-null R-submodule, Uy also has no non-trivial pseudo-null
R-submodule. By the structure theorem of finitely generated R-modules (Proposition
?7?), we have the following exact sequence:

0—Uy—EeW —Z—0,

where F is an elementary torsion R-module, W' is a reflexive R-module and Z is a
pseudo-null R-module. Thus, we have also the following exact sequence:

0—W —EeoW —Z —0,

where Z’ is an extension of Z by M. Especially, Z’ is a non trivial pseudo-null R-
module. Since W is reflexive and Z’ is pseudo-null, £ must be trivial. Thus we have
an injection W — W' whose cokernel is a non trivial pseudo-null R-module. Note that
Exth(W'/W, R) is zero since W'/W is pseudo-null (see [OV, Proposition 3.4] for exam-
ple). The injection W — W' induces an isomorphism Hompg(W’, R) — Hompg(W, R).
Hence W < W' must be an isomorphism since W and W’ are reflexive R-modules. This
contradicts to the assumption that My, is non-trivial. The proof is done. O

Finally we give the proof of Proposition 7.1.
Proof of Proposition 7.1. By Lemma 7.6, we have the following exact sequence:
0 — HY(Qp,F~A)Y — H'(Qqp00}/QF~A)Y — (Selr)” — 0.

The module H'(Q,,F~A)Y is reflexive over Hx° by Lemma 7.5. The H%:°-module

H'(Qqp001/Q,F~A)Y has no non-trivial pseudo-null H%-°-submodule by Lemma 7.4.

Thus we complete the proof by applying Lemma 7.7. ]
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8. EXAMPLES

In this section, we study examples of two-variable nearly ordinary deformations where
we can determine the structure of the Selmer group or we prove the equality in addition
to the inequality result proved by using Beilinson-Kato elements.

First, we prepare some preliminary results.

Proposition 8.1. [Grl, Theorem 2| Let T be a Gal(Qx/Q)-module which is free of finite
rank over Z,. Suppose that T is ordinary and critical at p. Then we have:

lengthg, 0y, (Selqez, iy )t = lengthy, iy, (Selfe 1) gz, iry)

for every height-one primes | in Z,[[I']]; where ¢ is the canonical involution of Zy[[I']]
induced by g — g~ ' for g € T.

We recall the following lemma:

Lemma 8.2. Let R be a Noetherian complete reqular local ring of Krull dimensionn > 2
and let N be a pseudo-null R-module. Let I be a height one prime of R such that R/I
s a reqular local ring of Krull dimension n — 1. Then, we have the following equality for
every height-one prime ideals in R/I:

length /), (N[I]1) = length g, (N/IN)L.

Especially, N[I] is a pseudo-null R/I-module if and only if N/IN is a pseudo-null R/I-
module.

Though this lemma might be known to the experts, we refer the reader to [O4, Lemma
3.1] for the proof if necessary.

Lemma 8.3. Let R be a Noetherian complete regular local ring of Krull dimension > 2.
Let M (resp. N) be a torsion R-module R/(f) (resp. R/(g)) with f € R (resp. g €
R). Suppose that we have a family {J;}1<i<00 Of non-zero elements of R satisfying the
properties:

1. We have an injection M — [] M/J, M.

1<i<o

2. For each i, R/J; is a reqular local ring.

3. The modules M/ J;M and N/J;N are torsion over R/J;.

4. We have charg,;, (M/J;M) O charg,;,(N/JiN) for each I > 1.

Then, we have charr(M) D charp(N).

Proof. 1t suffices to show that the image of g via R — M is zero. By the conditions 3
an 4, the image of g via R — M /J;M is zero for any [. This completes the proof by the
condition 1. O

8.1. Iwasawa Main conjecture for Ramanujan’s cusp form. Let A € S15(SL2(Z))
be the unique eigen cusp form of level 1 and weight 12, whose g-expansion is equal to
g J] (1—¢™)?. Only known non-ordinary primes for A is p = 2,3,5,7,2411 at the
1<n<oo
moment. For all other primes p, we have the ordinary A-adic newform F(A) € Z,[[I']][[q]]
such that the specialization of F under Z,[[I"]][lq]] — Z,l[q]], v — £'°(7') coincides
with the g-expansion of the p-stabilization A®) of A (we omit the prime p in the notation
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F(A) unless there is a possibility of confusion). See [H3, §7.6] for the explanation on the
Hida family for A. The condition (Nor) is always satisfied. The two-variable Iwasawa

theory for 7 =T ﬂ(fi()A) at p is of our interest.

Question 8.4. For which ordinary prime p of A and for which integer i with 0 <7 <
o )V or the ideal (L,(T)

p — 2, the characteristic ideal chargp.o (Sel )) is non-trivial?

Tf((A) F(A)
L(A,j 23.34.5.7
Recall that the value ( "7)(71)]._1 isequalto —————— 24.3 2.7, 52, 32 22.
(2mv—-1)J"1C & 691
L(A,j
5 when j = 1,---,6. By the functional equation, we have %) =

(2ry—1)ite Y

L(A 12— L(A,j
— (2, 7) . Especially, the value C)

(@ry/—Ty1CCT (2ry/ D100
every j with 1 Sj < 11 and for p > 11 with p # 691. 7

Let p be an ordinary prime of A where the condition (Ir) is satisfied (Especially,
p # 691). For 1 < ¢ <11, we have:

is a p-adic unit for

, i—1 (p)

: ; p L(AP) )

(X o kO L,(TY, ) = (1 - > -
e ap(AP) ) (27 y=T)i-1C TR

)

-(-5) (- 5) e

For i # 1, this is a p-adic unit, hence we have L,(7, ®

F(4)
Lp(T(?A)) is a unit if and only if a,(A) 1 1 modulo p. As for the structure of the Selmer

f
group, we have the following result.

) € Zp[[T x I"]]*. Fori = 1,

Lemma 8.5. (Sel7)V has no non-trivial pseudo-null A -submodule for T = T](EZ‘()A).

Proof. It suffices to see that our nearly ordinary deformation 7 associated to A satisfies
two conditions in Proposition 7.1. The condition 1 is deduced by observing the dimension
of the space of weight 12 cusp forms (cf. [H3, §7.6]). The condition 2 is clear since A has
level one. This completes the proof. ]

We summarize our argument above in the following proposition:

Proposition 8.6. Let p be an ordinary prime of A where (Ir) is satisfied.

1. When 2 <i<11, Ly(T" —0.

F(A)) is trivial and Sel

@)
Tr(n)

2. Wheni=1, Ly(T.)

]_.(A)) is non-trivial if and only if ap(A) =1 modulo p.

Remark 8.7. 1. For ¢ =0 or for 12 < ¢ < p — 2, we do not have a precise conjecture
about when or how often L,(7, ](EZ()A)) is non-trivial.
39



2. The primes where a,(A) = 1 modulo p is called anomalous primes for A. Among
smaller primes, p = 11 and p = 23 are known to be anomalous. We do not know
how much other anomalous primes for A exist.

According to the above remark, we will investigate the case p = 11 in the next sub-
section.

8.2. Ramanujan’s cusp form at p = 11. In this subsection, we discuss the two-

~

variable Iwasawa theory for F(A) at p = 11, where we have a Hida family 7 = T}I()A) =
Zp[[T x I"]]¥2 such that

1. The specialization 7 /®12)T is isomorphic to the p-Tate module of X(11).
2. T/®UI2)T is a lattice of the representation Tha(j) ® w' ™7, where Ta = Z9? is the
p-adic Galois representation associated to A by Deligne.
From now on, we shall denote Z,[[T" x T']] by A for short. Our results on the Twasawa
theory for 7 in this section is as follows:

Results on the Iwasawa theory for 7 . Let T = T with p=11.

F(A)
(1) We have lengthAgz)(Se%)[ = ord((L,(T)) for every height-one primes [ in A?2).

(2) We have (SelT)v & A(Q)/(pYQ _ H2(7/)7/)-

We will show the statement (2) at first and the equality in (1) will be proved later. Let
us take an infinite family of elements {P € A®} < given by P, = 4/ — s2P=D(v)).
Then we have the following claim:

Claim 8.8. Let us denote by 7; the representation associated to the ordinary eigen cusp
form fy9y(,—1) of weight 2 + 2[(p — 1) in the Hida family for A.
(1) T/(P,)T is the cyclotomic deformation of T} ® w.
(2) The natural restriction map (Selr)" /(P)(Selr)" — Sely/(p)7 is an isomorphism.
(3) We have the isomorphism Selyp)r = Z,[[T]]/(v — x'H®~Y (7))

Proof of Claim 8.8. (1) is nothing but the definition of 7. We have H°(Q, A) = 0 by [Se2,
5.5.2] and by argument using Nakayama’s lemma (cf. the proof of Claim 8.11), where
A=T )2 HomZp(A(Q),@p/Zp). By definition, the set of ramified primes X for 7 is
{p,00}. Hence, Claim 8.8 (2) is a corollary of Proposition 4.2. Let us show the statement
(3) in the rest. Sely,(p, pyr is isomorphic to Selr/(p, 7 for any I > 0 by congruence
property. On the other hand, 7 /(Fy,p)7 is the cyclotomic deformation X¢(11)[11] ®z,
Zp|[T]](X) of the group of 11-torsion elements Xo(11)[11] of the modular elliptic curve
Xo(11). Hence, by [Gr2], Selz/(p, py7 is isomorphic to Z,[[T']]/(v — 1,p) = Z/pZ. By the
control theorem for modulo-(p) reduction which can be proved in the same manner as
those in §4, we have an isomorphism (Selz/p)7)"/(p)(Selrpyr)" = (Selr/(p py7)" =
Z/pZ. Since (Selr;pyr)" has no finite Z,[[I']]-submodule (cf. [Gr3, Proposition 10]),
(Selr( pl)T)v must be a free Z,-module of rank one for any [ > 0. Finally, let us denote
the action of I' on (Selz(p)7)". Recall that (T} ®w) ® ' 7P~1 is Kummer-dual to itself

>~

via Weil pairing. By Proposition 8.1 and Claim 8.8 (1), (Sely(py7)" ® x 1711

v
(Sel(T/(PZ)T)®X1+l(p_1>> is a free rank-one Z,-module with trivial I'-action. Hence we
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have (Selz/(p)7)Y = Z,(x}TP~Y) for every | > 1, where Z,(x'*P~Y) is a free rank one
Zp-module on which I' acts via ' tP=1) This completes the proof of Claim 8.8 (3). [

Let us prove the following claim:

Claim 8.9. We have length , (2) (Sel¥) < ord((v% — k2(/)y') for every height-one primes
[
[in A,

Proof. Let g be an element of A such that (g) = char, 2 (Selz)Y. Since (Selz)Y has no
non-trivial pseudo-null A?)-submodule, we have an injection (Sely)Y — A®)/(g) with
a pseudo-null cokernel. We may replace (Sel7)Y by A /(g) to prove the claim. Let
us apply Lemma 8.3 for R = A®), M = A® /(42 — k2(5')y) and N = A®)/(g). Let
P =+ — k2P=D(y) € A® as above. Note that each P is contained in Z,[[I']]. Since
P;’s are relatively prime to each other, we have an injection:

(9) Z([T'] = 1 Zlr/(R).
1<i<o
On the other hand, M is finite flat of degree two over Z,[[I"']]. Hence by applying the

base extension ®z, (M to (9), we have an injection M — [] M/(P)M. Thus we
1<l<o0
have shown the condition 1 of Lemma 8.3. The condition 2 is satisfied since P,’s are

polynomials of degree one. U

Claim 8.10. We have length , (2) (Sel¥); = ord((y% —k2(y)y’) for every height-one primes
[
[in A,

Proof. Let us consider the specialization at k = 2. The image of the two ideals (72 —
K2(v)y') € A® and (g) € A® in A® /(' —1) = Z,[[[]] are both equal to (y —1). O

Hence (Sel7)Y is a torsion A®-module whose characteristic ideal is (72 — x2(7')y'). By
Greenberg, (Sel7)"/(Fo)(Selr)" = (Selr, gz, (x)" is isomorphic to Z,. Especially,
(Selr)Y/(Py)(Selr)Y is a cyclic module over Z,[[T']] = Z, ([T’ x I'"]]/(Fp). By Nakayama’s
lemma, (Selr)" has to be a cyclic module over Z,[[I' x I"]]. Consequently, we have
(Selr)¥ = AP/ (3% — K (v')7).

Next, we shall study Iwasawa Main Conjecture for this 7. Theorem 1 and Theorem 2
given in §1 implies the following claim:

Claim 8.11. We have lengthA@)(Sel%)[ < ord((L,(7)) for every height-one primes [ in
[
A2,

Proof of Claim 8.11. We shall check the conditions (i) and (ii) in Theorem 2 for 7. By
the nearly ordinary condition of 7, the image of G@;r(upoo) is contained in the group

{(1 *) € GLQ(A(Z))}. Let us consider also the action of Ggu

0 1 )On T/gﬁTgFgﬂ

(;Lpoo

1

01

sentation 7 /97 is isomorphic to the group of 11-torsion points of Xy(11) by properties
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of 7 introduced at the beginning of §8.2. Since X(11) has split multiplicative reduction
at 11, we have a G, -equivariant isomorphism Xo(ll)(@p) = @; /q” with q € pZ, by the
uniformization theory by Tate. Hence we have:

0— pp — T/ MT — qZ/q%Z — 0.

We find 7 € GQgr(upoo)

such that the image ((1) pf) of 7 in Aut(7 /MT) = GLy(F,)

satisfies p, # 0 because ¢ = 115 with u € Z7,. Thus 7 is presented as <(1) 1:1)T> under

certain choice of basis Aut(7) = GLy(A?)), where P; is a unit of A,

For the condition (ii), Go — Aut(7 /97T ) contains an element _01 _01) by the
surjectivity of the representation of G on the group of 11-torsion points of X(11) shown
in [Se2, 5.5.2]. This completes the proof by Theorem 2. O

Since we already have an inequality as in Claim 8.11, it suffices to see that char 2 (Sel7)"
modulo (7' —1) is equal to the ideal of Z,,[[I']] generated by L,(7) modulo 4'—1. By Claim
8.10, the ideal char, ) (Sely)¥ modulo (7' — 1) of Z,[[I']] is equal to (72 — 1) = (y — 1)
(note that v + 1 is a unit in Zp[[I']]). On the other hand, by the interpolation property
given in Theorem 1, L,(7) modulo 7' — 1 is equal to Cpa x LYTT(fy) € Zy[[T]], where
LYT(fo) € Zp[[I]] is the p-adic L-function by Mazur-Tate-Teitelbaum [MTT]. Since
Cp2 is a p-adic unit by Proposition 5.4, it suffices to prove the following claim to have
the equality of the Iwasawa Main conjecture for 7:

Claim 8.12. We have the equality (L)' (f2)) = (v — x(7)) in Z,[[I]].

Proof. We denote by g € Zy|[I']] to be the quotient Ly (f2)/(y — x(7)). We would like
to show that ¢ is a unit in Z,[[I']]. For any element h € Z,[[I']], we regard h to be the
function on Z, by setting h(s) = x*(h) for s € Z,. The trivial zero conjecture [MTT]
which was already proved by Greenberg-Stevens [GS] gives us an equality as follows:

L(f2,1)

+ )
Coo,2

(10) Ly M (f2)(8) =1 = x(7)1ogy (X (7)) % 9(8)[s=1 = £; X

where £, € Q) is the L-invariant defined to be log,(q)/ord,(q) by using the Tate period
q for the Tate curve Xo(11),g,. By numerical calculation, we have ord,(L,) = 1 =
ord, (x(7)log,(x(7))) for Xo(11) (cf. [MTT, §13]). Consequently, g(s)|s=1 € Zj is a unit.
By Weierstrass preparation theorem, g € Z,[[I']] must be a unit. This completes the
proof of Claim 8.12. U
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