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Abstract. We give sufficient conditions for the Selmer group of a p-adic deformation
of a motive over a number field to be controlled. Then we apply this result to the
Selmer groups of various Galois representations. For example, we treat the cyclotomic
deformations and the Hida deformations of the representations associated to modular
forms.

1. Introduction

In [M], Mazur discussed a generalization of classical Iwasawa theory for the class group
of a number field to the Selmer group of an elliptic curve over a number field. Let F∞/F
be the cyclotomic Zp-extension of an algebraic number field F . We denote the n-th layer
of F∞/F by Fn. For the p-primary Selmer group Sel(E/Fn){p} of an elliptic curve E
over F , we have the following exact sequence:

0 −→ E(Fn)⊗
Z
Qp/Zp −→ Sel(E/Fn){p} −→ III(E/Fn){p} −→ 0,

where E(Fn) is the Fn-valued points of E and III(E/Fn){p} is the p-primary subgroup
of the Tate-Shafarevich group of E/Fn. Mazur proved the following theorem.

Mazur’s Control Theorem ([M]). Let E be an elliptic curve over a number field F .
Assume that E has good ordinary reduction at all places of F dividing p. Let F∞/F be
the cyclotomic Zp-extension and let Γn be Gal(F∞/Fn). Then the kernel and the cokernel
of the restriction map:

Sel(E/Fn){p}
rn−→ Sel(E/F∞){p}Γn ,

are finite groups whose orders are bounded independently of n.

We are interested in the behavior of the Selmer group Sel(E/Fn){p} in the cyclo-
tomic Zp-extension because Sel(E/Fn){p} contains important arithmetic informations
of E/Fn such as the Mordell-Weil rank of E(Fn). By Mazur’s control theorem stated
above, knowing the behavior of Sel(E/Fn){p} is equivalent to knowing the behavior of
Sel(E/F∞){p}Γn . We denote by Λ the power series ring Zp[[X]]. Then Sel(E/F∞){p}
is naturally regarded as a Λ-module via an isomorphism Zp[[X]] ∼= Zp[[Γ]]. It is conjec-

tured that the Pontrjagin dual ̂Sel(E/F∞){p} of Sel(E/F∞){p} is a finitely generated
torsion Λ-module and that the Fitting ideal is equal to the ideal generated by the p-adic
L-function of E (Main Conjecture proposed by Mazur). Assuming the main conjecture,
the behavior of Sel(E/F∞){p}Γn when n varies is related to some invariants of the p-adic
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L-function, which are computable compared to those of the Selmer group. Hence we will
be able to know the behavior of Sel(E/Fn){p}.

In the paper [Gr2], Greenberg proposed a vast generalization of the above framework
for elliptic curves into a theory called Iwasawa theory of Galois deformation. This theory
treats very general situations not necessarily coming from the cyclotomic Zp-extension.
In this paper, we discuss a generalization of Mazur’s control theorem stated above to
these situations.

Let O be a complete discrete valuation ring which is finite flat over Zp and let R be a
integral domain which is finite flat over ΛO = O[[X]]. We denote the set of all primes of
F above p by Σp. We define Σ to be a finite set of finite primes of F which contains Σp.

Let us take a finite free R-module T̃ with a continuous GF -action which is unramified
outside Σ. For each prime v of F over p, we fix a filtration 0 ⊂ F+

v T̃ ⊂ T̃ as a Dv-module.

We define Ã by T̃ ⊗
R
Homcont(R,Qp/Zp). The Selmer group Sel(F, Ã) (resp. the strict

Selmer group Selstr(F, Ã)) for Ã is defined as follows (cf. [Gr1], [Gr2]):

Sel(F, Ã) = Ker[H1(F, Ã) −→
∏
v ̸∈Σp

H1(Iv, Ã)×
∏
v∈Σp

H1(Iv, Ã/F
+
v Ã)]

(resp. Selstr(F, Ã) = Ker[H1(F, Ã) −→
∏
v ̸∈Σp

H1(Iv, Ã)×
∏
v∈Σp

H1(Dv, Ã/F
+
v Ã)]).

Assuming certain conditions of criticalness and the non-vanishing of the p-adic L-function,

Greenberg conjectures that Sel(F, Ã) is a cotorsion R-module and that the divisor asso-

ciated to the Pontrjagin dual
̂

Sel(F, Ã) of Sel(F, Ã) is related to the divisor associated to

the p-adic L-function (Iwasawa main conjecture for the Galois deformation T̃ ). Thus it
is important to control the behavior of this Selmer group under restriction maps.

From now on through this introduction, we assume that R is equal to ΛO. Let I =
{(Pi)}i∈I be a set of principal ideals of ΛO such that ΛO/(Pi) is a free Zp-module of

finite rank. For the discrete ΛO-module Ã, we define Ã[Pi] to be the submodule of (Pi)-

torsion elements in Ã. Since Ã[Pi] has the filtration F+
v Ã[Pi] = Ã[Pi]∩ F+

v Ã at each v|p,
Sel(F, Ã[Pi]) (resp. Selstr(F, Ã[Pi])) is defined in the same way as above. We consider
the natural restriction map:

Sel(F, Ã[Pi])
ri−→ Sel(F, Ã)[Pi]

(resp. Selstr(F, Ã[Pi])
rstri−→ Selstr(F, Ã)[Pi]).

Then we have the following:

Theorem A (Theorem 2.2). Let T̃ , Ã be as above and let (Pi) ∈ I. For each v ∈ Σ, we
define torsion ΛO-modules Cv, C

str
v in §2).

(1) Assume that H0(F, (T̃ /PiT̃ ) ⊗
O
K) = 0. Then the kernel of ri (resp. r

str
i ) is a finite

group whose order is bounded by the order of the largest finite submodule of the coinvariant

quotient HomΛO(T̃ ,ΛO)GF
.

(2) Assume that the group ⊕
v∈Σ

Cv/PiCv (resp. ⊕
v∈Σ

Cstr
v /PiC

str
v ) is finite. Then the cokernel
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of ri (resp. r
str
i ) is a finite group whose order is bounded by an integer which does not

depend on i ∈ I.

We give some applications of Theorem A. First, we treat the deformation arising from
the cyclotomic Zp-extension. Let V be an ordinary representation (see Definition 3.1
for the definition of ordinary deformation) of GF and let T be a GF -stable lattice of V .
We denote the discrete Galois module T ⊗

Zp

Qp/Zp by A. Let F∞/F be the cyclotomic

Zp-extension of a number field F . Then the strict Selmer group Selstr(Fn, A) is defined
by using the filtration coming from the assumption of ordinarity (see the beginning of

§3). For T as above, we have the deformation T̃ of T which is rank 2 over Λ called the

cyclotomic deformation of T (see Definition 3.4). The cyclotomic deformation T̃ is the

deformation such that Selstr(F, Ã) = Selstr(F∞, A) and that (see Proposition 3.3):

Selstr(F, Ã[ωn]) = Selstr(Fn, A),

Selstr(F∞, Ã)[ωn] = Selstr(F∞, A)
Γn ,

for the set of ideals I = {(ωn)}n∈Z≥0
, where ωn = (1+X)p

n−1. By using this translation
into the language of Galois deformations, we apply our Theorem A to the situation
coming from the cyclotomic Zp-extension. We have the following theorem as a corollary
of Theorem A.

Theorem B (Theorem 3.5). Let V be an ordinary p-adic representation of GF and let
T be a GF -stable lattice of V . We denote T ⊗Qp/Zp by A. Let F∞/F be the cyclotomic
Zp-extension of F . Then the following statements hold:

(1) If H0(Fn, V ) = 0, the kernel of the restriction map:

Selstr(Fn, A)
rn−→ Selstr(F∞, A)

Γn ,

is a finite group whose order is bounded by an integer which is independent of n.
(2) Assume that the eigenvalues of the action of Frobv on (FilivV/Fil

i+1
v V )⊗Qp(−i)

are not roots of unity for all v|p and each i ≤ 0. Then the cokernel of the
restriction map rn is a finite group whose order is bounded independently of n.

This theorem is applied especially to the representation associated to an ordinary
modular form or an odd power symmetric product of the Tate module of an elliptic
curve (see Proposition 3.8, Proposition 3.9).

Next, we discuss a deformation of a Galois representation which does not come from
a Galois extension. Hida constructed a p-adic interpolation of representations associated
to modular forms when their weights vary. We consider the set of principal ideals I =
{(Pk)}k∈Z≥2

where Pk = (1 + T ) − (1 + p)k. He constructed a rank 2 free ΛO-module

T̃ with continuous GQ-action such that T̃ mod Pk is equivalent to the representation
associated to a weight k cusp form for each k ≥ 2. We apply Theorem A also to the
Selmer group for this Λ-adic representation.

Theorem C (Theorem 5.1). The restriction map Sel(Q, Ã[Pk])
rk−→Sel(Q, Ã)[Pk], has

finite kernel and cokernel whose orders are bounded independently of k.
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In general, Hida’s deformation T̃ of the representation of of a modular form is not

necessarily defined over ΛO. Hida’s Galois deformation T̃ is sometimes defined over a
certain larger ring R which is finite flat over ΛO. By using results from Hida theory, we
obtain a result similar to Theorem C for general base R (see §5 for the precise statements).
Finally, we state a corollary of Theorem C, which is a partial result to the Iwasawa main
conjecture for Hida’s Galois deformation. By using a Kato’s result on Selmer groups of
a modular forms, we obtain the following corollary:

Corollary D (Corollary 5.7, Remark 5.8). Let T̃ be a Hida’s Galois deformation as

stated above. Then the Selmer group Sel(Q, Ã) is a cotorsion R-module.

Plan. The plan of this paper is as follows. In §2, we shall give a sufficient condition
for Greenberg’s Selmer group to be controlled in general situations. We show some
applications of our theorem in §3 -§5. In §3, we consider the behavior of the Selmer group
for a modular form or the symmetric power of an elliptic curve in the cyclotomic Zp-
extension. In §4, we recall known results concerning Λ-adic forms and associated Galois
deformations developed by Hida. After these preparations, we state some applications
to the Hida deformation of the p-adic representation of a modular form in §5.

Notation. For a field K, we denote Gal(K/K) by GK where K is the separable
closure of K. For a number field F and a prime v of F , we denote by Dv (resp. Iv) the
decomposition subgroup (resp. the inertia subgroup) of GF at v. Throughout the paper,
the Frobenius Frobv at v denotes the arithmetic Frobenius at v.

For a commutative ring R, we denote by R× the group of invertible elements in R. If
M is a finitely generated free Zp-module (resp. Qp-module, Λ-module), we denote the
linear dual HomZp(M,Zp) (resp. HomQp(M,Qp), HomΛ(M,Λ)) by M∗. When we are

given a character κ̃ : GF −→ Λ×, we define Λ(κ̃) as the free Λ-module of rank 1 on
which GF acts by κ̃. For a commutative ring R, an R-module M and an ideal p of R,
we denote by M [p] the set of elements of M annihilated by any element of p. If (P ) is a
principal ideal of R, we writeM [P ] instead ofM [(P )] for simplicity. Similarly, we denote
the quotient module M/(P )M by M/PM . For a finite set S, we denote the cardinality
of S by ♯S. Throughout this paper, we assume that the fixed prime number p is odd.

Acknowledgment. The author is grateful to Prof. Takeshi Saito for reading the
manuscript carefully and pointing out mathematical mistakes. He also thanks Kazuo
Matsuno for valuable discussion. Thanks are also due to Prof. Haruzo Hida for reading
the manuscript, giving him useful comments and correcting several historical and mathe-
matical mistakes. He expresses his sincere gratitude to Prof. Ralph Greenberg for giving
him useful advise concerning Hida deformations and warm encouragement.

2. Control Theorem for Greenberg’s Selmer Group

In this section, we give a sufficient condition for Greenberg’s Selmer group to be
controlled (Theorem 2.2). Let Σp be the finite set of the primes of F dividing p and Σ

a finite set of finite primes in F containing Σp. Let T̃ be a ΛO-adic representation of

GF which is unramified outside Σ. That is, T̃ is a free ΛO-module of finite rank with

continuous GF -action unramified outside Σ. We define Ã by T̃ ⊗
ΛO

Homcont(ΛO,Qp/Zp).
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For each v ∈ Σp, we fix a filtration 0 ⊂ F+
v T̃ ⊂ T̃ by a Dv-module such that F+

v T̃ is a

ΛO-module direct summand of T̃ . Then the filtration F+
v T̃ on T̃ induces the filtration

0 ⊂ F+
v Ã ⊂ Ã. Following Greenberg [Gr2], we define Selmer groups as follows:

Definition 2.1. Let the notations be as above. The Selmer group (resp. the strict

Selmer group) Sel(F, Ã) (resp. Selstr(F, Ã)) is defined as follows:

Sel(F, Ã) := Ker
[
H1(F, Ã) −→

∏
v ̸∈Σp

H1(Iv, Ã)×
∏
v∈Σp

H1(Iv, Ã/F
+
v Ã)

]
,

(resp. Selstr(F, Ã) := Ker
[
H1(F, Ã) −→

∏
v ̸∈Σp

H1(Iv, Ã)×
∏
v∈Σp

H1(Fv, Ã/F
+
v Ã)

]
).

Let (P ) ⊂ ΛO be an ideal of ΛO such that ΛO/(P ) is finite flat over O. Then the O-
module Ã[P ] is cofree and of cofinite type over O and has the filtration F+

v Ã[P ] ⊂ Ã[P ]
as Dv-module for each v ∈ Σp induced by that of Ã. We also define Selmer groups for

Ã[P ] as follows:

Sel(F, Ã[P ]) := Ker
[
H1(F, Ã[P ]) −→

∏
v ̸∈Σp

H1(Iv, Ã[P ])×
∏
v∈Σp

H1(Iv, Ã[P ]/F
+
v Ã[P ])

]
,

(resp. Selstr(F, Ã[P ]) := Ker
[
H1(F, Ã[P ])

−→
∏
v ̸∈Σp

H1(Iv, Ã[P ])×
∏
v∈Σp

H1(Fv, Ã[P ]/F
+
v Ã[P ])

]
).

We fix a set of ideals I = {(Pi)}i∈I of ΛO such that ΛO/(Pi) is finite flat over O. For
each i ∈ I, there exists a natural restriction map:

Sel(F, Ã[Pi])
ri−→ Sel(F, Ã)[Pi],

(resp. Selstr(F, Ã[Pi])
rstri−→ Selstr(F, Ã)[Pi]).

For each v ∈ Σ, the ΛO-module Cv is defined as follows:

Cv =

{
ΛO-torsion part of the module ((T̃ /F+

v T̃ )
∗)Iv for v ∈ Σp,

ΛO-torsion part of the module ((T̃ )∗)Iv for v ∈ Σ \ Σp,

where ( )Iv means the maximal Iv-coinvariant quotient and ( )∗ denotes the ΛO-linear
dual here. Similarly, Cstr

v is defined as follows:

Cstr
v =

{
ΛO-torsion part of the module ((T̃ /F+

v T̃ )
∗)Dv for v ∈ Σp,

ΛO-torsion part of the module ((T̃ )∗)Iv for v ∈ Σ \ Σp,

We have the following theorem:

Theorem 2.2. Let T̃ , Ã be as above and let (Pi) ∈ I.
(1) Assume that H0(F, (T̃ /PiT̃ ) ⊗

O
K) = 0. Then the kernel of the restriction map

ri (resp. r
str
i ) is a finite group whose order is bounded by the order of the largest

finite submodule of (T̃ ∗)GF
.
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(2) Assume that the group ( ⊕
v∈Σ

Cv/PiCv) (resp. ( ⊕
v∈Σ

Cstr
v /PiC

str
v ) is finite. Then

the cokernel of the restriction map ri (resp. rstri ) is a finite group whose or-
der is bounded by ♯( ⊕

v∈Σ
Cv[Pi]) (resp. ♯( ⊕

v∈Σ
Cv

str[Pi])), where Cv (resp. Cv
str)is

the largest finite ΛO-submodule of Cv (resp. Cstr
v ). Especially, the order of the

cokernel of ri (resp. rstri ) is less than or equal to the integer ♯( ⊕
v∈Σ

Cv) (resp.

♯( ⊕
v∈Σ

Cv
str)), which is independent of i.

Proof of Theorem 2.2. We prove the assertion only for the usual Greenberg’s Selmer

group Sel(F, Ã). The proof for the strict Selmer group is done exactly in the same
way.

Let us prove the assertion for the kernel. We have the following commutative diagram:

Sel(F, Ã[Pi])
ri−→ Sel(F, Ã)[Pi]∩ ∩

H0(F, Ã)/PiH
0(F, Ã) ↪→ H1(F, Ã[Pi]) −→ H1(F, Ã)[Pi].

Hence, we have only to show that H0(F, Ã)/PiH
0(F, Ã) is a finite group whose order is

bounded by the order of the largest finite submodule of (T̃ ∗)GF
. We have the following

lemma:

Lemma 2.3. Let Q be a finitely generated ΛO-module. Assume that Q/PiQ is finite.
Then the (Pi)-torsion part Q[Pi] of Q is isomorphic to a finite group Q[Pi], where Q is
the maximal finite submodule of Q.

Proof. By the classification theorem of finitely generated Λ-modules due to Iwasawa and
Serre, we have the following exact sequence of ΛO-modules:

0 −→ Q −→ Q −→ Q̃ := ΛO
⊕r ⊕

⊕
i

ΛO/(π
µi

O )⊕
⊕
j

ΛO/(f
λj

j ) −→ Q −→ 0,

where Q is finite, µi, λj are integers, πO is a prime element of O and fj are distinguished
irreducible polynomials (see [Wa] Thm. 13.12, for example). By the assumption that

Q/PiQ is finite, the map Q̃
Pi−→ Q̃ is injective. This implies that Q[Pi] = Q[Pi]. �

We see that H0(F, Ã[Pi]) = H0(F, Ã)[Pi] is the Pontrjagin dual of (T̃ ∗)GF
/Pi(T̃

∗)GF

and that H0(F, Ã)/PiH
0(F, Ã) is the Pontrjagin dual of (T̃ ∗)GF

[Pi]. By the assumption

of Theorem 2.2 (1), (T̃ ∗)GF
/Pi(T̃

∗)GF
is finite. Thus H0(F, Ã)/PiH

0(F, Ã) is a finite

group whose order is bounded by the order of the largest finite ΛO-submodule of (T̃ ∗)GF

by applying Lemma 2.3 to the ΛO-module (T̃ ∗)GF
. This completes the proof of Theorem

2.2 (1).
Next, we prove the assertion for the cokernel. Let us recall the following well-known

lemma:

Lemma 2.4. Let A be a discrete GF -module and let Σ be a finite set of primes of F
which contains all primes above p. Assume that A is unramified outside Σ. Then we
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have:

H1(FΣ/F,A) = Ker
[
H1(F,A)−→

∏
v ̸∈Σ

H1(Iv, A)
]
,

as a submodule of H1(F,A), where FΣ is the maximal extension of F which is unramified
outside Σ and H1(FΣ/F,A) is defined to be H1(Gal(FΣ/F ), A).

Thus we have the following commutative diagram due to Lemma 2.4:

0 → Sel
(
F, Ã[Pi]

)
→ H1

(
FΣ/F, Ã[Pi]

) γ→
∏

v∈Σp

H1
(
Iv, (Ã/F

+
v Ã)[Pi]

)
×

∏
v∈Σ\Σp

H1(Iv, Ã[Pi])

ri↓ si↓ ti↓

0 → Sel(F, Ã)[Pi] → H1
(
FΣ/F, Ã

)
[Pi] →

∏
v∈Σp

H1(Iv, Ã/F
+
v Ã)[Pi]

×
∏

v∈Σ\Σp

H1(Iv, Ã)[Pi].

Since the map si is surjective by the exactness of the sequence:

H1
(
FΣ/F, Ã[Pi]

)
−→ H1

(
FΣ/F, Ã

) Pi−→ H1
(
FΣ/F, Ã

)
,

The cokernel of the map ri is a sub-quotient of the kernel of ti by the snake lemma. From
this, it suffices to bound the kernel of ti. The module Ker(ti) is isomorphic to:

Coker

 ∏
v∈Σ\Σp

H0(Iv, Ã)×
∏
v∈Σp

H0(Iv, Ã/F
+
v Ã)

Pi−→
∏

v∈Σ\Σp

H0(Iv, Ã)×
∏
v∈Σp

H0(Iv, Ã/F
+
v Ã)

 .
It is the Pontrjagin dual of

Ker

 ∏
v∈Σ\Σp

(T̃ ∗)Iv ×
∏
v∈Σp

(
(T̃ /F+

v T̃ )
∗)

Iv

Pi−→
∏

v∈Σ\Σp

(T̃ ∗)Iv ×
∏
v∈Σp

(
(T̃ /F+

v T̃ )
∗)

Iv

 .
Hence the module Ker(ti) is the Pontrjagin dual of the module ⊕

v∈Σ
Cv[Pi] by the definition

of Cv. On the other hand, ⊕
v∈Σ

Cv/PiCv is finite by the assumption of Theorem 2.2 (2).

Then we complete the proof of Theorem 2.2 (2) by applying Lemma 2.3 to the module
⊕
v∈Σ

Cv. �

3. Galois Theoretic Deformation for Greenberg’s Selmer group

In this section, we apply Theorem 2.2 to the strict Selmer groups of ordinary Ga-
lois representations in the cyclotomic deformation case. As applications, we treat the
representation associated to a modular form and the representation associated to the
symmetric power of an elliptic curve.

Let V be a p-adic representation of GF , that is V is a finite dimensional vector space
over a finite extension K of Qp equipped with continuous GF -action. Let us fix a GF -
stable lattice T of V . We denote the discrete GF -module T ⊗

O
K/O by A. Let Σp be

the set of primes of F dividing p and let us fix a finite set Σ of finite primes of F which
7



contains Σp. We assume that the representation V of GF is unramified outside Σ. We
fix a filtration 0 ⊂ F+

v T ⊂ T by a Dv-module for all v ∈ Σp. The definition of the strict
Selmer group is as follows:

Selstr(F,A) := Ker
[
H1(F,A) −→

∏
v ̸∈Σp

H1(Iv, A)×
∏
v∈Σp

H1(Dv, A/F
+
v A)].

As an important class of p-adic representations, we have ordinary representations. The
definition is as follows:

Definition 3.1. A p-adic representation V of GF is called ordinary (resp. quasi ordinary)
if the following conditions are satisfied:

(1) For each prime v of F over p, we have a decreasing filtration as a Dv-module:

· · ·FilivV ⊃ Fili+1
v V ⊃ · · · ,

such that FilivV = V for i≪ 0 and FilivV = 0 for i≫ 0.
(2) For each v and each i, Iv acts on FilivV/Fil

i+1
v V via the character χi where χ is

the cyclotomic character (resp. there exists an open subgroup of Iv which acts
on FilivV/Fil

i+1
v V via the character χi).

For a quasi ordinary representation V , we define the filtration F+
v V to be Fil1vV . Hence

we attach the strict Selmer group Selstr(F,A) to a GF -stable lattice T ⊂ V by Definition
2.1.

Let F̃ be an abelian extension of F which is contained in FΣ. Here, we do not nec-

essarily assume F̃ /F to be a finite extension. We denote the Galois group Gal(F̃ /F )
simply by G. The Galois group G is written as the projective limit:

G = lim←−
α

Gα,

where Gα runs through all finite quotients of G, which corresponds to finite Galois ex-

tensions F ⊂ Fα(⊂ F̃ ). In case F̃ is not finite over Q, the Selmer group Selstr(F̃ , A) is
defined by the inductive limit:

Selstr(F̃ , A) = lim−→
α

Selstr(Fα, A).

By Shapiro’s lemma, we have:

Lemma 3.2. For each α, we have an isomorphism:

H i(Fα, A) ∼= H i
(
F,Homcont(O[Gα], A)

)
.
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By taking the inductive limit of the equation given in the above lemma, we have:

H i(F̃ , A) = lim−→
α

H i(Fα, A)

= lim−→
α

H i
(
F,Homcont(O[Gα], A)

)
= H i

(
F, lim−→

α

Homcont(O[Gα], A)
)

= H i
(
F,Homcont(lim←−

α

O[Gα], A)
)

= H i
(
F,Homcont(O[[G]], A)

)
.

The following proposition is essentially proved in Greenberg’s paper ([Gr2] Proposition
3.2). But for our purpose we need the following precise form:

Proposition 3.3. For each α, we have:

Selstr(Fα, A) = Selstr
(
F,Homcont(O[Gα], A)

)
.

By taking the inductive limit of this equality, we have:

Selstr(F̃ , A) = Selstr
(
F,Homcont(O[[G]], A)

)
.

Proof. We have the following commutative diagram:

0 →Selstr(FΣ/Fα, A)→ H1(Fα, A)
γ→

∏
w-p,w∈Σα

H1(Iα,w, A)×
∏
w|p
H1(Dα,w, A/F

+
v A)

rα↓ sα↓ tα↓

0 → Selstr(F,Dα(A))→H1(FΣ/F,Dα(A))→
∏

v-p,v∈Σ

H1(Iv, Dα(A))×
∏
v|p
H1(Dv, Dα(A/F

+
v A)),

where the moduleDα(A) (resp. Dα(A/F
+
v A)) is the discreteGF -module HomO(O[Gα], A)

(resp. HomO(O[Gα], A/F+
v A)), Σα is the set of primes of Fα which are over Σ and Dα,w

(resp. Iα,w) is the decomposition (resp. inertia) subgroup of GFα at w. In the above
diagram, the map tα on the right is defined as follows. Let Dα,v (resp. Iα,v) be the
decomposition (resp. inertia) subgroup of Gα at v. The map tα restricted to the first
factor is induced by the map:∏

w|v

H1(Iα,w, A) −→ H1(Iv, Dα(A)) = H1(Iv,HomO(O[Iα,v], A))⊕[Dα:Iα,v]

=
(∏
w|v

H1(Iα,w, A)
⊕[Dα,v :Iα,v ]

)
,

{ew}w|v 7−→ {ew}w|v × {ew}w|v × · · · × {ew}w|v ( [Dα,v : Iα,v] times ).

From this description, the map tα|∏
w-p

H1(Iα,w,A) is injective. The map tα|∏
w|p

H1(Kα,w,A/F+
v A)

is described similarly and is checked to be an isomorphism. Thus tα is injective. By
Lemma 3.2, the map sα is an isomorphism. Hence the map rα must be an isomorphism.

�
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We consider the cyclotomic Zp-extension F∞/F of F . Let Γ = Gal(F∞/F ). We denote
by Fn the unique sub-extension of F∞/F which corresponds to the unique subgroup
Γn ⊂ Γ with index pn. Let κ̃ : Γ −→ O[[Γ]]× be the inclusion map Γ ↪→ O[[Γ]]. Let us
fix a topological generator γ of Γ and fix an isomorphism O[[Γ]] ∼= ΛO so that γ maps to
the element 1 +X of ΛO. We denote by ΛO(κ̃) the free ΛO-module of rank 1 on which
GQ acts by κ̃.

Definition 3.4 (Greenberg [Gr2]). We define T̃ (resp. T̃ /F+
p T̃ ) to be T⊗

O
ΛO(κ̃

−1) (resp.

(T/F+
p T )⊗

O
ΛO(κ̃

−1)). This T̃ is called the cyclotomic deformation of T .

Then we have the following commutative diagram due to Proposition 3.3:

Selstr(Fn, A) ∼= Selstr(F, Ã[ωn])
↓ ↓

Selstr(F∞, A)
Γn ∼= Selstr(F, Ã)[ωn],

where Ã is T̃ ⊗
ΛO

Homcont(ΛO,Qp/Zp) and ωn = (1 +X)p
n − 1. Thus we translated the

problem into the language of deformation theory. Applying Theorem 2.2 to this situation,
we obtain the following result:

Theorem 3.5. Let V be an ordinary (resp. a quasi ordinary) p-adic representation of
GF and let T be a GF -stable lattice of V . We denote T ⊗Qp/Zp by A. Let F∞/F be the
cyclotomic Zp-extension of F . Then the following statements hold:

(1) If H0(Fn, V ) = 0, the kernel of the restriction map:

Selstr(Fn, A)
rn−→ Selstr(F∞, A)

Γn ,

is a finite group. Further, if H0(Fn, V ) = 0 for all n ≥ 0, the order of the kernel
of rn is bounded independently of n.

(2) Assume that the eigenvalues of the action of Frobv (resp. the eigenvalues of the
action of a lift of Frobv to Dv) on (FilivV/Fil

i+1
v V ) ⊗ Qp(χ

−i) are not roots of
unity for all v|p and all i ≤ 0. Then the cokernel of the restriction map rn is a
finite group whose order is bounded independently of n.

Before proving the theorem, We give a remark on the relation between the above
theorem and Mazur’s control theorem stated in §1. Let E be an elliptic curve over
Q which has good ordinary reduction at p. Then V = Tp(E) ⊗ Qp is an ordinary
representation of GQ. Hence we attach Selstr(Q, A) to the discrete GQ-module A =
E[p∞] = Tp(E) ⊗ Qp/Zp. It is easy to see that the above representation A of GQ
satisfies the assumptions of Theorem 3.5 (1) and (2). Hence the kernel and the cokernel

of the restriction map Selstr(Qn, A)
rn−→ Selstr(Q∞, A)

Γn are bounded independently of
n. As for the relation between this strict Selmer group and the classical Selmer group
Sel(E/Qn){p} for the elliptic curve E, the following result is known:

Proposition 3.6 (Greenberg, [Gr1], [CG]). Let E be an elliptic curve over Q which has
good ordinary reduction at p. Let us denote E[p∞] by A. For each n, we have a natural

injection Sel(E/Qn){p}
in
↪→ Selstr(Qn, A). The order of the cokernel of the map in is a

finite group whose order is bounded independently of n.
10



Hence we recover the result of Mazur (Mazur’s control theorem) in this case.
Let us return to the proof.

Proof of Theorem 3.5. By the assumption, H0(F, (T̃ /ωnT̃ ) ⊗
Zp

Qp) = 0. Thus (1) follows

by applying Theorem 2.2 (1).
Let us prove the assertion for the cokernel. We have only to check that the group
⊕
v∈Σ

Cstr
v which is defined in §2 satisfies the condition of Theorem 2.2 (2).

First, we investigate the support of Cstr
v for v - p. For a prime v - p of F , the action of

Iv on ΛO(κ̃) is trivial since primes not dividing p are unramified for any Zp-extension of

a number field. From this we see that (T̃ ∗)Iv is equal to (T ∗)Iv ⊗
O
ΛO(κ̃) and that Cstr

v is

equal to the ΛO-torsion part of ((T̃ ∗)Iv) = ((T ∗)Iv)O−tor⊗
O
ΛO(κ̃), where ((T ∗)Iv)O−tor is

the O-torsion part of (T ∗)Iv . The module Cstr
v /ωnC

str
v is finite for each n since the ideal

(ωn) of ΛO is relatively prime to the ideal (πO). Thus the assumption of Theorem 2.2
(2) is satisfied.

Next, we consider the case v|p. By definition, the filtration F+
v T (resp. F+

v T̃ ) is Fil
1
vT

(resp. Fil1vT ⊗
O

ΛO(κ̃
−1)). As for the cokernel part, it suffices to show that the Dv-

coinvariant quotient of (T̃ /Fil1vT̃ )
∗ is a ΛO-module of finite length. In fact, the module

⊕
v∈Σ

Cstr
v is finite and the condition of Theorem 2.2 (2) is satisfied. Let i ≤ 0 be an integer.

By the definition of T̃ , we see that:

(FilivT̃ /Fil
i+1
v T̃ )∗ = (FilivT/Fil

i+1
v T )∗ ⊗

O
Λ(κ̃)

= ((FilivT/Fil
i+1
v T )⊗

O
O(χ−i))∗ ⊗

O
(O(χ−i)⊗

O
Λ(κ̃)).

By the assumption that V is quasi ordinary, there exists a non empty open subgroup Jv
of Iv such that Jv acts non trivially on

(
(FilivT/Fil

i+1
v T ) ⊗

O
O(χ−i)

)∗
. For this Jv, the

Jv-coinvariant quotient of (Fil
i
vT̃ /Fil

i+1
v T̃ )∗ is given by:(

(FilivT̃ /Fil
i+1
v T̃ )∗

)
Jv

=
(
(FilivT/Fil

i+1
v T )⊗

O
O(χ−i)

)∗ ⊗
O

(
(O(χ−i)⊗

O
ΛO(κ̃)

)
Jv
.

The eigenvalues of the action of a lift F̃robv ∈ Dv/Jv of the Frobenius element Frobv ∈
Dv/Iv on the second factor

(
(O(χ−i)⊗

O
ΛO(κ̃)

)
Jv

are roots of unity. On the other hand,

the eigenvalues of F̃robv on the first factor
(
(FilivT̃ /Fil

i+1
v T̃ )∗

)
Jv

=
(
(FilivT/Fil

i+1
v T ) ⊗

O
O(χ−i)

)∗
are not roots of unity. The Dv-coinvariant

(
(FilivT̃ /Fil

i+1
v T̃ )∗

)
Dv

is finite for

any i ≤ 0 and so is the Dv-coinvariant ((T̃ /Fil
1
vT̃ )

∗)Dv . Thus this completes the proof of
(2) by the preceding remark. �

As an attempt to generalize classical Iwasawa theory to Iwasawa theory for motives,
explicit examples, primarily being the representations associated to modular forms or the
symmetric powers of elliptic curves, are actively studied. We apply our Theorem 3.5 to
these representations.

11



Let f =
∑∞

n=1 anq
n ∈ Sk(Γ0(N), ψ) be a normalized newform of weight k ≥ 2 and of

level N prime to p where ψ is a Dirichlet character mod N . Deligne attached a p-adic
representation ρf : GQ −→ GL2(Qf,p) to f where Qf is the number field generated by
{an}n over Q and p is a prime of Qf over p. We denote this 2-dimensional Qf,p-vector
space by Vf . We assume further that ap is a p-adic unit. Let us recall the following
result, which was originally proved by Deligne in his letter to Serre. Later, Mazur and
Wiles gave another proof by using Hida theoretic method. Since the original proof by
Deligne is unpublished, we refer to [Wi] Theorem 2.1.4 and [Gro].

Proposition 3.7 (Deligne, Mazur-Wiles). Let f =
∑∞

n=1 anq
n be a normalized newform

of weight k ≥ 2 for Γ1(N). Assume that ap is a p-unit. Then the representation

ρf : GQ −→ GL(Vf ) = GL2(Qf,p),

restricted to the decomposition group Dp of p is equivalent to the representation of the
form: (

ϵ1 ∗
0 ϵ2

)
,

Here, ϵ2 is the unramified character such that ϵ2(Frobp) = α where α is the p-adic unit

root of x2 − apx+ ψ(p)pk−1, ψ is the Nebentypus character for f , and Frobp is the p-th
power arithmetic Frobenius.

From the Iwasawa theoretic view point, important ones among Tate twists Vf (r) of
Vf are those such that Vf (r) are critical (we do not give the definition of critical rep-
resentations here, but see [De2] for example). It is known that Vf (r) is critical when
2 − k ≤ r ≤ 0. Let V be Vf (r) with 2 − k ≤ r ≤ 0. Let us fix a GQ-stable lattice T
of V . By Proposition 3.7, Vf (r) is a quasi ordinary representation of GQ. So Vf (r) is
quasi ordinary as a representation of GQn for each n ≥ 0. Therefore we associate a strict
Selmer group Selstr(Qn, A) to A = T ⊗ Qp/Zp for each n ≥ 0. By taking the inductive
limit with respect to n, we define Selstr(Q∞, A) = lim−→

n

Selstr(Qn, A).

Proposition 3.8. Let Q∞/Q be the cyclotomic Zp-extension of Q. We denote Vf (r)
with 2− k ≤ r ≤ 0 by V . Let T be a GQ-stable lattice of V . We denote T ⊗Qp/Zp by A.
Then the kernel and the cokernel of the restriction map

Selstr(Qn, A)
rn−→ Selstr(Q∞, A)

Γn ,

are finite groups whose orders are bounded independently of n.

Proof of Proposition 3.8. We have only to check the conditions of Theorem 3.5 for these
representations.

In order to prove the assertion for the kernel of rn, we have only to show that
H0(Qn, V ) = 0 for each n according to Theorem 3.5 (1).

First, consider the case where the weight of the Galois representation Vf (r) is not
zero, that is, we consider the case where 1 − k − 2r is not zero. Then we see that
H0(Qn, Vf (r)) = 0 by considering the action of the Frobenius Frobl for l ̸ |Np.

Next, consider the case where f is not of CM -type (We do not give the definition for
a cusp form f to be of CM -type, but we refer [R1] for the definition). If f is not of

12



CM -type, the image of GQ in Aut(Vf (r)) is an open subgroup of Aut(Vf (r)) (cf. [R1],
[R2]). Since GQn is open in GQ, the image of GQn is also an open subgroup of Aut(Vf (r)).
Hence, even in the case where the Galois representation Vf (r) has weight zero, we see
that H0(Qn, Vf (r)) = 0.

Now the case left for us is Vf (r) such that f is of CM -type and 1 − k − 2r = 0. In
this case, there exists a quadratic imaginary extension K of Q with the property that
for any open subgroup H of GQ, the action of H on Vf (r) is irreducible if and only if
H ̸⊂ GK (cf. [R1] Proposition 4.4). Now since we are assuming that p is odd, GQn is
not contained in GK for any n. This completes the proof of the assertion for ker(rn).

The graded quotient FilipV/Fil
i+1
p V for i ≤ 0 is non zero only when i = r. The

Frobenius element Frobp acts on (FilrpV/Fil
r+1
p V )⊗Qp(χ

−r) via the character ϵ2. Recall

that α = ϵ2(Frobp) is the p-adic unit root of the equation x2 − apx+ ψ(p)pk−1. Since α

has complex absolute value p(k−1)/2, α is not a root of unity. �
We also treat the symmetric power of the representation associated to an elliptic curve.

Let E be an elliptic curve over Q which has good ordinary reduction at p. We denote
the p-unit root of x2 − apx + p by αE . Then Vd := SymdVp(E) is also an ordinary

representation and we have FilipV/Fil
i+1
p V = Qp(χ

i · ϵ2i−1), where ϵ is the unramified
character of Dp such that ϵ(Frobp) = αE . As in the previous case, we concentrate on
critical Tate twists of Vd(r). It is known that the only critical Tate twist Vd(r) of Vd
is Vd(

d+1
2 ) when d is odd (cf. [Da]). So we treat only the case r = d+1

2 . We have the
following theorem as a corollary of Theorem 2.2:

Proposition 3.9. Let V be Vd(
−d+1

2 ) where d is an odd positive integer. Then the
restriction map

Selstr(Qn, A)
rn−→ Selstr(Q∞, A)

Γn ,

has finite kernel and cokernel which are bounded independently of n.

Proof. The module H0(Qn, V ) is zero for all n since Vd(
−d+1

2 ) has weight −1. Thus the
assertion for the kernel follows from Theorem 3.5 (1).

Let us prove the finiteness and boundedness of the cokernel. The eigenvalues of the
action of the arithmetic Frobenius Frobp on (FilipV/Fil

i+1
p V ) ⊗

Qp

Qp(χ
−i) ∼= Qp(ϵ

2i−1)

are not roots of unity since αE has complex absolute value p
1
2 . Thus the condition of

Theorem 3.5 (2) is satisfied. �
Remark 3.10. Our method can not treat the d-th symmetric power for an even d. In

fact,
(
(T̃ /Fil1pT̃ )

∗)
Dp

may not be finite for an even d. In the case d = 2, there is an inter-

esting work by Hida, which describes the behavior of Greenberg’s Selmer groups for the
adjoint representations associated to ordinary modular forms assuming the irreducibility
of the mod p representations (see [H3] for the precise statement of the result).

4. Λ-adic Forms and Associated Galois Representations

In this section, we recall some fundamental results on Λ-adic form and its Galois
representation which is necessary in the next section for applications of our theorem to
Hida deformations. For more detail on this theory, the reader can refer to Chap.7 of [H4].

13



We fix a prime number p ≥ 5, a positive integer N which is prime to p and an integer
r ≥ 0. Throughout the section, we fix a complex embedding Q ↪→ C and a p-adic
embedding Q ↪→ Qp. Let O be the ring of integers of a finite extension of Qp and
let ψ be a Dirichlet character modulo Npr. We denote by Mk(Γ1(Np

r), ψ;O) (resp.
Sk(Γ1(Np

r), ψ;O)) the space of p-adic modular (resp. cusp) forms defined by Serre and
Katz. Consider a formal q-expansion:

F =
∑

0≤n<∞
A(n,F)qn,

where each A(n,F) is an element of a fixed algebraic closure 0f Frac(Zp[[X]]). We assume
that the ring RF generated by all A(n,F)′s over Zp[[X]] is finite flat over Zp[[X]]. For
an ideal p of RF , we denote by F/p the formal q-expansion

∑
0≤n<∞

A(n,F)/pqn, where

A(n,F)/p is the image of A(n,F) under the map RF −→ RF/p.

Definition 4.1. Let the notations be as above. Assume that r ≥ 1. We call F a Λ-adic
form of level Npr with Dirichlet character ψ if for all k ≥ 2 and for all prime ideal p of
RF which is over the prime ideal (Pk) = (X + 1− (1 + p)k−2) of Λ, the power series F/p

is the q-expansion of a modular form in Mk(Γ1(Np
r), ψω2−k;RF/p).

Definition 4.2. Assume that r ≥ 1. Then a p-adic cusp form f ∈ Sk(Γ1(Np
r), ψ;O) is

called a p-stabilized newform of tame conductor N with Dirichlet character ψ if

(1) f is an eigenform of Sk(Γ1(Np
r), ψ;O) for all Hecke operators Tl(l - Np) and

Ul′(l
′|Np) which belong to End(Sk(Γ1(Np

r), ψ;O)).
(2) The newform associated to f has level Npr0 for for some r0, 0 ≤ r0 ≤ r.
(3) The eigenvalue ap of f for Up ∈ End(Sk(Γ1(Np

r), ψ;O)) is a p-adic unit.

Let f be a newform in Sk(Γ1(N), ψ;O). Assume that the eigenvalue ap of f for the
Hecke operator Tp is a p-adic unit. We define f∗ by f∗ = f(z)− βf(pz), where β is the

unique root of x2 − apx + ψ(p)pk−1 with |β| < 1. Then f∗ is the p-stabilized newform
and the n-th Fourier coefficient of f equals to the n-th Fourier coefficient of f∗ if p does
not divides n. We call this f∗ the p-stabilized newform associated to f .

Definition 4.3. A normalized Λ-adic eigenform F is a Λ-adic newform of tame conductor
N if for all k ≥ 2 and all height one ideals p ⊂ RF over the ideal (Pk) = ((1 +X)− (1 +
p)k−2) of ΛO, the modular form F/p is a p-stabilized newform of tame conductor N .

Theorem 4.4 (Hida [H1] Corollary 3.2, Corollary 3.7). Let f ∈ Sk(Γ0(Np
r), ψ;O) be

a p-stabilized newform of tame conductor N . Then there exists a Λ-adic newform F of
tame conductor N with Dirichlet character ψωk such that F/p equals to f for some ideal

p of RF which is over the ideal ((1 +X)− (1 + p)k−2) of ΛO.

Definition 4.5. Let KF be the field of fraction of RF . The representation ρ : GQ −→
GL2(KF ) is continuous if there exists a finitely generated RF -module L ⊂ K⊕2

F which is
stable under GQ-action such that ρ : GQ −→ Aut(L) is continuous with respect to the

topology of L defined by the maximal ideal of RF and that L ⊗
RF
KF ∼= K⊕2

F .
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Theorem 4.6 (Hida [H2]). Let F be a Λ-adic newform. Then, there exists a continuous
irreducible representation ρF : GQ −→ GL2(KF ) satisfying the following properties:

(1) ρF is unramified outside Np.
(2) For l - Np, we have:

Trace
(
ρF (Frobl)

)
= A(l,F),

det
(
ρF (Frobl)

)
= ψ(l)κ(⟨l⟩)l−1,

where ψ is the Dirichlet character of F , d −→ ⟨d⟩ is the projection Z×
p
∼=

(Z/pZ)× × (1 + pZp) −→ (1 + pZp) and κ is the character 1 + pZp −→ Λ×
O,

(1 + p)s 7→ (1 +X)s.

We have the following proposition due to Mazur and Wiles:

Proposition 4.7 ([Wi] Theorem 2.2.2). Let the assumptions be as in Theorem 4.6.
Then the restriction ρF |Dp to the decomposition group Dp of ρF is equivalent to the
representation of the form: (

ϵ̃1 ∗
0 ϵ̃2

)
,

where ϵ̃2 is the unramified character such that ϵ̃2(Frobp) = A(p,F).

In order to study the Iwasawa theory for Hida deformations, we will always assume
the following condition:

(Int) The representation ρF : GQ −→ GL2(KF ) has a GQ-stable lattice T̃ which is

isomorphic to R⊕2
F .

The condition (Int) is satisfied in fairly general situations. Before stating some suffi-
cient conditions for (Int) to be satisfied (Proposition 4.9), we introduce some necessary
notations.

Definition 4.8. Let kF be the residue field of RF modulo the maximal ideal mF of RF .
A semi-simple representation ρ : GQ −→ GL2(kF ) is called the residual representation
associated to F if ρ is unramified outside Np and the characteristic polynomial of the
arithmetic Frobenius Frobl for each prime l ̸ |Np is congruent to

X2 −A(l;F)X − ψ(l)κ(⟨l⟩)l−1 modulo mF .

Such residual representation is always known to exist and it is unique up to isomor-
phism.

Proposition 4.9 (Mazur-Wiles, Tilouine, Mazur-Tilouine). Let the notations be as
above. Then the condition (Int) holds if one of the following conditions is satisfied:

(1) The tame conductor N of F is equal to 1 and the ring RF is Gorenstein (Mazur-
Wiles [MW] §9).

(2) Let a be a number such that ψ|(Z/pZ)× = ωa where ω is Teichmuller character.
Then a ̸≡ 0,−1 modulo p − 1 and the ring RF is Gorenstein (Tilouine [Ti]
Theorem 4.4).

(3) The residual representation is irreducible (Mazur-Tilouine [MT] §2, Corollary 6).
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5. Control Theorem for Hida Deformation

In this section, we apply Theorem 2.2 to the Selmer group for the Λ-adic representation

T̃ associated to a Λ-adic form F . We continue to use the notations of the previous section.

Throughout this section, we assume the condition (Int). By Proposition 4.7, T̃ has the

decreasing filtration 0 ⊂ F+
p T̃ = RF (ϵ̃1) ⊂ T̃ as RF [Dp]-module, where RF (ϵ̃1) is a rank

1 RF -module on which Dp acts via the character ϵ̃1. By using this filtration F+
p T̃ , the

Selmer group Sel(Q, Ã) is defined (see Definition 2.1). Let us define the set of ideals I
of RF as follows:

I = {p ∈ Spec(RF ) | ∃k ≥ 2 such that p divides the ideal ((1 +X)− (1 + p)k)}.

We control the Selmer group Sel(Q, Ã) under the specialization at the ideals in I by
applying Theorem 2.2. The result is as follows:

Theorem 5.1. Let T̃ be the Λ-adic representation associated to a Λ-adic newform F of
tame conductor N and Dirichlet character ψ. Then the kernel and the cokernel of the
restriction map:

Sel(Q, Ã[p])
rp−→ Sel(Q, Ã)[p],

are finite groups for each p ∈ I.
Further, let us assume that RF is equal to ΛO. Then the order of the kernel of rp

is bounded by the order of the largest finite submodule of (T̃ ∗)GQ and the order of the
cokernel of rp are bounded by the order of the finite group ⊕

l|N
Cl, where Cl is the largest

finite submodule of the ΛO-torsion part Cl of (T̃
∗)Il for each l|N .

Remark 5.2. Let F be the Λ-adic newform which extends a p-stabilized newform f ∈
Sk(Γ1(Np

r);ψ). Then RF is equal to ΛO if there is no other p-stabilized newform f ′ ∈
Sk(Γ1(Np

r);ψ) which is congruent to f modulo (πO). Especially, RF is equal to ΛO if
the dimension of the ordinary part of Sk(Γ1(Np

r);ψ) is one.

Proof of Theorem 5.1. The ΛO-module T̃ is free of rank 2d over ΛO where d = rankΛORF .

Let (Pk) be the principal ideal ((1 +X) − (1 + p)k) of ΛO. Ã[Pk] is cofree of corank 2

over RF/(Pk). Hence Ã[Pk] is cofree of corank 2d over O.
First, we show that the kernel (resp. cokernel) of the restriction map:

Sel(Q, Ã[Pk])
rk−→ Sel(Q, Ã)[Pk],

is a finite group whose order is bounded by the order of the largest finite subgroup of

(T̃ ∗)GQ (resp. the order of of the finite group ⊕
l|N
Cl).

Let us prove the assertion for the kernel of rk. By Theorem 2.2 (1), we have only to

show that H0(Q, (T̃ /PkT̃ ) ⊗
O
K) is zero for each k ≥ 2. The following lemma is easily

seen from [H1] Corollary 3.7:

Lemma 5.3. Let F be a Λ-adic newform of tame conductor N . Then the following
statements hold:
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(1) For each k ≥ 2, there exists exactly d primes dividing (Pk) and the kernel and
cokernel of the natural map

RF/(Pk) −→ ⊕
p|(Pk)

RF/p

are finite groups.
(2) For each k ≥ 2 and each p|(Pk), the tame conductor of the cusp form F/p is N .

By the above lemma, the representation (T̃ /PkT̃ )⊗
O
K is isomorphic to the represen-

tation ⊕
p|(Pk)

(
(T̃ /pT̃ ) ⊗

O
K
)
. Since the action of GQ on (T̃ /pT̃ ) ⊗

O
K is irreducible by a

work of Ribet [R1], H0(Q, (T̃ /pT̃ ) ⊗
O
K) is zero for each prime p|(Pk). Hence the group

H0(Q, (T̃ /PkT̃ )⊗
O
K) is also zero.

Next, let us prove the assertion for the cokernel of the restriction map rk. By Theorem
2.1 (2), we have only to show that ⊕

v|Np
Cv/PkCv is a finite group for each k ≥ 2. Let us

recall the following result on Fourier coefficients of newforms due to Ogg:

Proposition 5.4 (Ogg [Og]). Let M ≥ 1 be an integer. Let f =
∑
anq

n ∈ Sk(Γ1(M);ψ)
be a weight k newform of conductor M with Dirichlet character ψ and let l be a prime
number dividing M . We denote by f(ψ) the conductor of Dirichlet character ψ.

(1) Assume that l divides M but l2 does not divide M . Then al is not zero. If ψ
comes from a Dirichlet character defined modulo M/l, then a2l = ψ(l)lk−2 or

a2l = lk−2. If ψ does not come from a Dirichlet character defined modulo M/l,

then al has the complex absolute value l
k−1
2 .

(2) Assume that l2 divides M . Then al is not zero if and only if ψ does not come
from a Dirichlet character defined modulo M/l. Further, in this case, the complex

absolute value of al is l
k−1
2 .

A theorem of Carayol([Ca]) guarantees the equality of the automorphic L-function of
a modular form and the L-function of the l-adic representation associated to the modular
form. On the other hand, Proposition 5.4 gives the description of l-th Fourier coefficients
of a modular form f only in terms of the conductor and the Dirichlet character of f .
Combining these results with Lemma 5.3 (2), we obtain the following:

rankO((T̃
∗)Il/p(T̃

∗)Il) = rankO(T̃
∗/pT̃ ∗)Il =

{
1 if ordl(N) = ordl(f(ψ)) or ordl(N) = 1

0 otherwise.

On the other hand, the kernel and the cokernel of the natural map

T̃ ∗/PkT̃
∗ −→ ⊕

p|(Pk)
(T̃ ∗/pT̃ ∗),

are finite groups by Lemma 5.3 (1). Hence, we have:

rankO
(
(T̃ ∗)Il/Pk(T̃

∗)Il
)
=

{
d if ordl(N) = ordl(f(ψ)) or ordl(N) = 1

0 otherwise,

for each k ≥ 2. Thus we have the following lemma:
17



Lemma 5.5. We see that

rankΛO(T̃
∗)Il =

{
d if ordl(N) = ordl(f(ψ)) or ordl(N) = 1

0 otherwise.

Further, the module Cl/PkCl is finite for each k ≥ 2 and each l|N , where Cl is the

ΛO-torsion part of the ΛO-module (T̃ ∗)Il.

Let us denote by Cp the ΛO-torsion part of the Ip coinvariant quotient
(
(T̃ /F+

p T̃ )
∗)

Ip
.

Ip acts trivially on (T̃ /F+
p T̃ ) due to Proposition 4.7. Thus we have

(
(T̃ /F+

p T̃ )
∗)

Ip
=

(T̃ /F+
p T̃ )

∗. This implies that Cp is zero. Thus we conclude that the cokernel of the
restriction map:

Sel(Q, Ã[Pk])
rk−→ Sel(Q, Ã)[Pk],

is a finite group whose order is bounded by the order of the finite group ⊕
l|N
Cl.

In the case where RF is equal to ΛO, this completes the proof of the theorem.
In case RF is not equal to ΛO, we need more argument. We have the following

commutative diagram:

Sel(Q, Ã[Pk])
rk−−−−→ Sel(Q, Ã)[Pk]

v1

x xv2

⊕
p|(Pk)

Sel(Q, Ã[p])
⊕

p|(Pk)
rp

−−−−−→ ⊕
p|(Pk)

Sel(Q, Ã)[p]

The following lemma is well-known:

Lemma 5.6. Let V be a p-adic representation of GQ unramified outside a finite set Σ
of primes of Q. Let us fix a filtration F+V ⊂ V as Dp-module. We take two GQ-stable
lattices T ⊂ T ′ of V . Then the natural map Sel(Q, A) −→ Sel(Q, A′) induced from the
map T −→ T ′ has a finite kernel and a finite cokernel.

Hence the kernel and the cokernel of the map v1 are finite groups. On the other hand,
the kernel and the cokernel of the map v2 are finite groups since SuppRF (RF/(Pk)) =
∪

p|(Pk)
SuppRF (RF/p)). Consequently, the kernel and the cokernel of the restriction map

Sel(Q, Ã[p])
rp−→ Sel(Q, Ã)[p] are finite groups. This completes the proof of Theorem

5.1. �

From the above theorem, we deduce the following corollary:

Corollary 5.7. Let the notations be as in Theorem 5.1. Then the following three condi-
tions are equivalent:

(1) The Selmer group Sel(Q, Ã[p]) is finite for some p ∈ mcI.
(2) The Selmer groups Sel(Q, Ã[p]) are finite for all but finitely many p ∈ I.
(3) The Selmer group Sel(Q, Ã) is a cotorsion RF -module.

18



Remark 5.8. The condition (3) is a part of Iwasawa Main Conjecture for Hida defor-
mations proposed by Greenberg (cf. [Gr2] Conjecture 2.2). By Kato’s deep result([K1]

and [K2]), Selmer groups Sel(Q, Ã[p]) are finite for each k ≥ 3. Hence, by Corollary 5.7,

Selmer groups Sel(Q, Ã) are cotorsion RF -modules assuming Kato’s result.

In some special cases, we know more about the restriction map. For example, we have
the following corollary:

Corollary 5.9. Let the notations be as in Theorem 5.1. Let Zur
l be the integer ring of

the maximal unramified extention Qur
l of Ql. Let E be a modular elliptic curve over Q

which has good ordinary reduction or multiplicative reduction at p. Let FE be the Λ-
adic newform which extends the p-stabilized newform f∗E associated to the newform fE
corresponding to E (see Definition 4.2 and Theorem 4.4). Assume that RF is equal to
ΛO. Then the following statements hold.

(1) If the elliptic curve E has no non-zero p-torsion points over Q, the restriction
map rk is injective for all k.

(2) Assume that the number ñE,l of the components of the special fiber of the Neron
model El of E over Zur

l is not divisible by p for all prime l which divide N exactly.
Then the restriction map rk is surjective for all k ≥ 2.

Proof. As for the statement (1), we have only to show that (T̃ ∗)GQ = 0 by using Theorem

5.1. Now (T̃ ∗)GQ/P2(T̃
∗)GQ = (T̃ ∗/P2T̃

∗)GQ = (TpE
∗)GQ . But the group (TpE

∗)GQ is

zero by the assumption of (1). Hence (T̃ ∗)GQ is zero.
Let us show the statement (2). For l|N , let the module Cl be as in Theorem 5.1. We

have only to show that Cl is zero for all l|N .

First, consider the case where l exactly divides N . In this case, (T̃ ∗)Il has Λ-rank

1. For the Λ-torsion part Cl of (T̃
∗)Il , the quotient Cl/P2Cl is isomorphic to the Zp-

torsion part of (TpE
∗)Il . By the theory of Tate curves, the Zp-torsion part of (TpE

∗)Il is
isomorphic to Zp/ñE,lZp. Since ñE,l is a p-unit by the assumption, Cl/P2Cl is zero and
so are the modules Cl and Cl.

Next, we consider the case where l2 divides N . In this case, (T̃ ∗)Il is a torsion Λ-

module. By definition, Cl is (T̃ ∗)Il . The module Cl/P2Cl is (TpE
∗)Il . Since E has

additive reduction at l and p ≥ 5, (TpE
∗)Il is zero. So the modules Cl and Cl are also

zero. �

In some cases, the control theorem (Theorem 5.1) and its corollary (Corollary 5.9) are

useful to calculate the Selmer group Sel(Q, Ã) of a Hida deformation T̃ . Let us give an
example. Consider Ramanujan’s cusp form:

∆ = q
∏

1≤m≤∞
(1− qm)24 =

∑
1≤n≤∞

τ(n)qn,

which has weight 12 and level 1. The p-th coeficient τ(p) is a p-unit except p =
2, 3, 5, 7, 2411 for primes ≤ 10, 000. Let us consider the first ordinary prime p = 11.
Let us denote by ∆∗ the p-stabilized newform of level p associated to ∆ and let F be the
Λ-adic newform which extends ∆∗. In this case, we have RF = ΛO since the dimension
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of the ordinary part of S12(Γ0(11)) is one (see Remark 5.2). Let T̃ be the Galois defor-

mation associated to F . This T̃ is the Hida deformation which specializes at weight 2
to the p-Tate module TpE of the modular elliptic curve E = X0(11). We will show that

Sel(Q, Ã) is zero.
It is easy to check that E = X0(11) satisfies the assumption of Corollary 5.9. Hence,

by using Nakayama’s lemma, we see that

Sel(Q, A) = 0⇐⇒ Sel(Q, Ã) = 0,

where A = E[p∞]. Let us recall the following result:

Proposition 5.10 (Greenberg, [Gr3] p20). Let E be an elliptic curve over Q with split
multiplicative reduction at p. We denote the discrete GQ-module E[p∞] by A. Then the
classical Selmer group Sel(E/Q){p} and the strict Selmer group Selstr(Q, A) are isomor-
phic to each other.

By using Kolyvagin’s Euler system method, the 11-primary part Sel(X0(11)/Q){11}
of the classical Selmer group for E = X0(11) is known to be zero. Hence the strict Selmer
group Selstr(Q, A) is also zero by Proposition 5.10. Next, we compare Selstr(Q, A) and
Sel(Q, A). Let us consider the following diagram:

0 −−−−→ Selstr(Q, A) −−−−→ H1(QΣ/Q, A) −−−−→
H1(Dp, A)

Im(H1(Dp,F+A))

v

y ∥∥∥ yv′

0 −−−−→ Sel(Q, A) −−−−→ H1(QΣ/Q, A) −−−−→
H1(Ip, A)

Im(H1(Ip,F+A))
,

where Im(H1(Dp,F
+A)) (resp. Im(H1(Ip,F

+A))) is the image of H1(Dp,F
+A) (resp.

H1(Ip,F
+A)) under the long exact sequence:

· · · −→ H1(Dp,F
+A) −→ H1(Dp, A) −→ H1(Dp, A/F

+A) −→ · · ·(
resp. · · · −→ H1(Ip,F

+A) −→ H1(Ip, A) −→ H1(Ip, A/F
+A) −→ · · ·

)
.

In the above diagram, the cokernel of the map v is a sub-quotient of the kernel of the
map v′. We have the following diagram:

0 −−−−→ Im(H1(Dp,F
+A)) −−−−→ H1(Dp, A) −−−−→

H1(Dp, A)

Im(H1(Dp,F+A))
−−−−→ 0y yv′′

yv′

0 −−−−→ Im(H1(Ip,F
+A)) −−−−→ H1(Ip, A) −−−−→

H1(Ip, A)

Im(H1(Dp,F+A))
−−−−→ 0y y y

0 0 0

The module Ker(v′′) is isomorphic to H1(Dp/Ip, A
Ip) ∼= Zp/nE,pZp, where nE,p is the

number of the components of the special fiber of the Neron model Ep of E over Zp. This
module Ker(v′′) is zero since nE,p is a p-adic unit for E = X0(11) and p = 11. Hence

Ker(v′′) and Coker(v) are zero. In conclusion, the Selmer group Sel(Q, Ã) is zero.
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Thus we calculated the Selmer group for a Hida deformation in purely algebraic way.
In a forthcoming paper, we will present a number of algebraic properties of the Selmer
groups of the Hida deformation and give more examples.
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