CONTROL THEOREM FOR GREENBERG’S SELMER GROUPS OF
GALOIS DEFORMATIONS

TADASHI OCHIAI

ABSTRACT. We give sufficient conditions for the Selmer group of a p-adic deformation
of a motive over a number field to be controlled. Then we apply this result to the
Selmer groups of various Galois representations. For example, we treat the cyclotomic
deformations and the Hida deformations of the representations associated to modular
forms.

1. INTRODUCTION

In [M], Mazur discussed a generalization of classical Iwasawa theory for the class group
of a number field to the Selmer group of an elliptic curve over a number field. Let Fi,/F
be the cyclotomic Zj,-extension of an algebraic number field F'. We denote the n-th layer
of Fow/F by F,. For the p-primary Selmer group Sel(E/F,){p} of an elliptic curve FE
over F'; we have the following exact sequence:

0 — B(Fa) © Qp/Zy — Sel(E/Fu){p} — ITI(E/F){p} — 0,

where E(F},) is the F,,-valued points of E and I1I(E/F,){p} is the p-primary subgroup
of the Tate-Shafarevich group of E/F,,. Mazur proved the following theorem.

Mazur’s Control Theorem ([M]). Let E be an elliptic curve over a number field F.
Assume that E has good ordinary reduction at all places of F' dividing p. Let Foo/F be
the cyclotomic Zy-extension and let 'y, be Gal(Foo /F},). Then the kernel and the cokernel
of the restriction map:

Sel(E/Fn){p} — Sel(E/Fx){p}'",
are finite groups whose orders are bounded independently of n.

We are interested in the behavior of the Selmer group Sel(E/F,){p} in the cyclo-
tomic Zp-extension because Sel(E/F,){p} contains important arithmetic informations
of E/F, such as the Mordell-Weil rank of E(F,). By Mazur’s control theorem stated
above, knowing the behavior of Sel(E/F,){p} is equivalent to knowing the behavior of
Sel(E/Fx){p}'™. We denote by A the power series ring Z,[[X]]. Then Sel(E/F){p}

~

is naturally regarded as a A-module via an isomorphism Z,[[X]] = Z,[[I']]. It is conjec-

tured that the Pontrjagin dual Sel(E/F){p} of Sel(E/Fx){p} is a finitely generated

torsion A-module and that the Fitting ideal is equal to the ideal generated by the p-adic

L-function of E (Main Conjecture proposed by Mazur). Assuming the main conjecture,

the behavior of Sel(E/Fu){p}'™ when n varies is related to some invariants of the p-adic
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L-function, which are computable compared to those of the Selmer group. Hence we will
be able to know the behavior of Sel(E/F,){p}.

In the paper [Gr2], Greenberg proposed a vast generalization of the above framework
for elliptic curves into a theory called Iwasawa theory of Galois deformation. This theory
treats very general situations not necessarily coming from the cyclotomic Z,-extension.
In this paper, we discuss a generalization of Mazur’s control theorem stated above to
these situations.

Let O be a complete discrete valuation ring which is finite flat over Z, and let R be a
integral domain which is finite flat over Ap = O[[X]]. We denote the set of all primes of
F above p by X,. We define ¥ to be a finite set of finite primes of F' which contains >,.
Let us take a finite free R-module T with a continuous G F-action which is unramified
outside 3. For each prime v of F over p, we fix a filtration 0 C FT C T as a D,-module.
We define A by T % Homeont (R, Qp/Zy). The Selmer group Sel(F, A) (resp. the strict

Selmer group Sel*(F, A)) for A is defined as follows (cf. [Grl], [Gr2]):

Sel(F, A) = Ker[H'(F, A) — [ H'(1,,A) x [[ H'(1,, A/F} A)]
vEYy vEL)

(resp. Sel(F,A) = Ker[H'(F,A) — [[ H'(1,, ) x [] H"(Dy, A/F]A))).
vy vEDp
Assuming certain conditions of criticalness and the non-vanishing of the p-adic L-function,
Greenberg conjectures that Sel(F,/g) is a cotorsion R-module and that the divisor asso-

ciated to the Pontrjagin dual Sel(F, A) of Sel(F, A) is related to the divisor associated to
the p-adic L-function (Iwasawa main conjecture for the Galois deformation T ). Thus it
is important to control the behavior of this Selmer group under restriction maps.

From now on through this introduction, we assume that R is equal to Ap. Let Z =
{(P;) }ier be a set of principal ideals of A@ such that Ap/(P;) is a free Zy,-module of

finite rank. For the discrete Ap-module A, we define A[ ;] to be the submodule of (F)-
torsion elements in A. Since A[P;] has the filtration F;F A[P;] = A[P] NF;F A at each vp,

Sel(F, A[P,]) (resp. Sel*¥'(F, A[P}])) is defined in the same way as above. We consider
the natural restriction map:

Sel(F, A[P]) - Sel(F, A)[P)]

~ rstr ~
(resp. Sel*™(F, A[P;]) —— Sel*™"(F, A)[P}]).
Then we have the following;:

Theorem A (Theorem 2.2). Let T, A be as above and let (P;) € Z. For each v € %, we
define torsion Ao-modules Cv, CS' in §2).

(1) Assume that H(F, (T /PT) ® K) = 0. Then the kernel of r; (resp. r¥%) is a finite

group whose order is bounded by the order of the largest finite submodule of the coinvariant

quotient Homp, (T, Ao)a -

(2) Assume that the group & C,/P;C, (resp. @& C5/P,C5™ ) is finite. Then the cokernel
vEX vED
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of m; (resp. 1) is a finite group whose order is bounded by an integer which does not
depend on i € I.

We give some applications of Theorem A. First, we treat the deformation arising from
the cyclotomic Z,-extension. Let V be an ordinary representation (see Definition 3.1
for the definition of ordinary deformation) of G and let T be a G p-stable lattice of V.
We denote the discrete Galois module T' 2@ Qp/Zy by A. Let F/F be the cyclotomic

P

Zy-extension of a number field F. Then the strict Selmer group Sel®(F},, A) is defined
by using the filtration coming from the assumption of ordinarity (see the beginning of
§3). For T as above, we have the deformation T of T which is rank 2 over A called the
cyclotomic deformation of T’ (see Definition 3.4). The cyclotomic deformation T is the
deformation such that Sel*¥(F, A) = Sel*¥"(Fl, A) and that (see Proposition 3.3):

Sel’™ (F, Alw,]) = Sel* (F,,, A),
Sel™™ (Fl, A)[wn] = Sel*™ (Fio, A)'7,

for the set of ideals Z = {(wn) }nez,, Where w, = (1 +X)P" —1. By using this translation
into the language of Galois deformations, we apply our Theorem A to the situation

coming from the cyclotomic Zy-extension. We have the following theorem as a corollary
of Theorem A.

Theorem B (Theorem 3.5). Let V' be an ordinary p-adic representation of G and let
T be a Gp-stable lattice of V. We denote T ® Qp/Z, by A. Let Foo /F be the cyclotomic
Zy-extension of F'. Then the following statements hold:

(1) If H(F,,,V) = 0, the kernel of the restriction map:
Sel’ (F,,, A) =2 Sel*™ (Fiy, A)l™,

is a finite group whose order is bounded by an integer which is independent of n.
(2) Assume that the eigenvalues of the action of Frob, on (Fil'V/Fil;™V) @ Q,(—i)

are not roots of unity for all vlp and each i < 0. Then the cokernel of the

restriction map ry s a finite group whose order is bounded independently of n.

This theorem is applied especially to the representation associated to an ordinary
modular form or an odd power symmetric product of the Tate module of an elliptic
curve (see Proposition 3.8, Proposition 3.9).

Next, we discuss a deformation of a Galois representation which does not come from
a Galois extension. Hida constructed a p-adic interpolation of representations associated
to modular forms when their weights vary. We consider the set of principal ideals Z =
{(P¢)}Ykez-, where Py = (1 +T) — (1 + p)*. He constructed a rank 2 free Ap-module

T with continuous Gg-action such that T mod P, is equivalent to the representation
associated to a weight k cusp form for each & > 2. We apply Theorem A also to the
Selmer group for this A-adic representation.

Theorem C (Theorem 5.1). The restriction map Sel(Q, A[Py]) —Sel(Q, A)[Py], has
finite kernel and cokernel whose orders are bounded independently of k.
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In general, Hida’s deformation T of the representation of of a modular form is not
necessarily defined over Ap. Hida’s Galois deformation 7' is sometimes defined over a
certain larger ring R which is finite flat over Ap. By using results from Hida theory, we
obtain a result similar to Theorem C for general base R (see §5 for the precise statements).
Finally, we state a corollary of Theorem C, which is a partial result to the Iwasawa main
conjecture for Hida’s Galois deformation. By using a Kato’s result on Selmer groups of
a modular forms, we obtain the following corollary:

Corollary D (Corollary 5.7, Remark 5.8). Let T be a Hida’s Galois deformation as
stated above. Then the Selmer group Sel(Q, A) is a cotorsion R-module.

Plan. The plan of this paper is as follows. In §2, we shall give a sufficient condition
for Greenberg’s Selmer group to be controlled in general situations. We show some
applications of our theorem in §3 -§5. In §3, we consider the behavior of the Selmer group
for a modular form or the symmetric power of an elliptic curve in the cyclotomic Z,-
extension. In §4, we recall known results concerning A-adic forms and associated Galois
deformations developed by Hida. After these preparations, we state some applications
to the Hida deformation of the p-adic representation of a modular form in §5.

Notation. For a field K, we denote Gal(K/K) by G where K is the separable
closure of K. For a number field F' and a prime v of F', we denote by D, (resp. I,) the
decomposition subgroup (resp. the inertia subgroup) of Gg at v. Throughout the paper,
the Frobenius Frob, at v denotes the arithmetic Frobenius at v.

For a commutative ring R, we denote by R* the group of invertible elements in R. If
M is a finitely generated free Z,-module (resp. Q,-module, A-module), we denote the
linear dual Homg, (M, Z,) (resp. Homg,(M,Q,), Homy (M, A)) by M*. When we are
given a character kK : Gp — A*, we define A(K) as the free A-module of rank 1 on
which G acts by k. For a commutative ring R, an R-module M and an ideal p of R,
we denote by M [p] the set of elements of M annihilated by any element of p. If (P) is a
principal ideal of R, we write M [P] instead of M|[(P)] for simplicity. Similarly, we denote
the quotient module M/(P)M by M/PM. For a finite set S, we denote the cardinality
of S by #5. Throughout this paper, we assume that the fixed prime number p is odd.

Acknowledgment. The author is grateful to Prof. Takeshi Saito for reading the
manuscript carefully and pointing out mathematical mistakes. He also thanks Kazuo
Matsuno for valuable discussion. Thanks are also due to Prof. Haruzo Hida for reading
the manuscript, giving him useful comments and correcting several historical and mathe-
matical mistakes. He expresses his sincere gratitude to Prof. Ralph Greenberg for giving
him useful advise concerning Hida deformations and warm encouragement.

2. CONTROL THEOREM FOR GREENBERG’S SELMER GROUP
In this section, we give a sufficient condition for Greenberg’s Selmer group to be
controlled (Theorem 2.2). Let ¥, be the finite set of the primes of F' dividing p and
a finite set of finite primes in F' containing ¥,. Let T be a Ap-adic representation of
GF which is unramified outside . That is, T is a free Ap-module of finite rank with
continuous G p-action unramified outside . We define A by T /(? Homeont (Ao, Qp/Zp).
(@)
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For each v € %, we fix a filtration 0 C F; T C T by a D,-module such that F}T is
Ap-module direct summand of T. Then the filtration F+T on T induces the ﬁltratlon
0 C F A c A. Following Greenberg [Gr2], we define Selmer groups as follows:

Definition 2.1. Let the notations be as above. The Selmer group (resp. the strict
Selmer group) Sel(F, A) (resp. Sel®™(F, A)) is defined as follows:

Sel(F, A) := Ker[H'(F, A) — [[ H'(I,,A) x [[ H' (1, A/F] A)],

AN vED,
(resp. Sel"(F, A) := Ker[H'(F,A) — [[ H'(1,, A) x [[ H'(F,, A/F]A)]).
vEE)p veEX)
Let (P) C Ap be an ideal of Ap such that Ap/(P) is finite flat over O. Then the O-
module A[P] is cofree and of cofinite type over @ and has the filtration F} A[P] C A[P]
as D,-module for each v € X, induced by that of A. We also define Selmer groups for
A[P] as follows:

Sel(F, A[P]) := Ker[H'(F, A[P]) — [[ H'(L. A[P]) x [ H'(L, A[P]/F}A[P))],
vEYp vedp

(resp. Sel*™(F, E[P]) = Ker[Hl(F g[ PJ)
— [ #' (1. AlP) x ] B (R, A[P/FEA[P))).
vgSp IS

We fix a set of ideals Z = {(P;)}ier of Ao such that Ap/(P;) is finite flat over O. For
each ¢ € I, there exists a natural restriction map:

Sel(F, A[P}]) < Sel(F, A)[Py],

~ pstr ~
(resp. Sel*(F, A[P;]) — Sel**(F, A)[P)]).
For each v € X, the Ap-module C, is defined as follows:
o Ap-torsion part of the module ((T:/F:ff)*)]v for v € 3,
! Ap-torsion part of the module ((7°)*)z, forve X\ X,
where ()7, means the maximal [,-coinvariant quotient and ( )* denotes the Ap-linear
dual here. Similarly, C5% is defined as follows:
ostr Ao-torsion part of the module ((T/ij)*)pv for v € ¥,
Ap-torsion part of the module ((T')*)y, forve X\ X,

We have the following theorem:

Theorem 2.2. Let T, A be as above and let (P;) € T.
(1) Assume that HO(F,(T/P,T) ® K) = 0. Then the kernel of the restriction map
@

i (resp. 75 is a finite group whose order is bounded by the order of the largest

finite submodule of (f*)GF
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(2) Assume that the group ( & C,/P,Cy) (resp. (& C/P,CS™) is finite. Then
vEX vEX
the cokernel of the restriction map r; (resp. 5%) is a finite group whose or-

der is bounded by #( @2CU[B]) (resp. #( @EC’”S”[PZ-D), where C, (resp. C,°%)is
vex vEX - -

the largest finite Ao-submodule of C, (resp. C%). Especially, the order of the

cokernel of r; (resp. 15%) is less than or equal to the integer §( & Cy) (resp.
veEX T

8 @ C,5M)), which is independent of .
veENT

Proof of Theorem 2.2. We prove the assertion only for the usual Greenberg’s Selmer
group Sel(F, A). The proof for the strict Selmer group is done exactly in the same
way.

Let us prove the assertion for the kernel. We have the following commutative diagram:

Sel(F, A[P)]) 5 Sel(F, A)[P]
N N
HO(F,A)/P,H(F,A) — HYF,A[PR]) — H(F A)|P]

Hence, we have only to show that HO(F, A)/P,H°(F, A) is a finite group whose order is
bounded by the order of the largest finite submodule of (T*)q,.. We have the following
lemma:

Lemma 2.3. Let Q be a finitely generated Ap-module. Assume that Q/P;Q is finite.
Then the (P;)-torsion part Q[P;] of Q is isomorphic to a finite group Q[P;], where Q is
the mazimal finite submodule of Q.

Proof. By the classification theorem of finitely generated A-modules due to Iwasawa and
Serre, we have the following exact sequence of Ap-modules:

0—Q—Q— Q=20 & Pho/() ® Pho/(f}¥) — Q@ — 0,
i J

where @ is finite, u;, \; are integers, mo is a prime element of O and f; are distinguished
irreducible polynomials (see [Wa] Thm. 13.12, for example). By the assumption that

Q/P;Q is finite, the map @ iR @ is injective. This implies that Q[F;] = Q[F;]. O

We see that HO(F, A[P}]) = H°(F, A)[Pj] is the Pontrjagin dual of (T*)a,/Pi(T*)g,
and that HO(F, A)/P;H(F, A) is the Pontrjagin dual of (f*)GF [P;]. By the assumption
of Theorem 2.2 (1), (T*)q,/Pi(T*)g, is finite. Thus HO(F, A)/P;HO(F, A) is a finite
group whose order is bounded by the order of the largest finite Ap-submodule of (T*)GF
by applying Lemma 2.3 to the Ap-module (T *)a- This completes the proof of Theorem
2.2 (1).

N(e>zt, we prove the assertion for the cokernel. Let us recall the following well-known
lemma:

Lemma 2.4. Let A be a discrete Grp-module and let X2 be a finite set of primes of F
which contains all primes above p. Assume that A is unramified outside . Then we
6



have:
HY(Fg/F, A) = Ker[H'(F, A)— [ [ H'(L,, 4)],
vgE
as a submodule of H'(F, A), where Fs, is the mazimal extension of F which is unramified
outside & and H'(Fs/F, A) is defined to be H'(Gal(Fg/F), A).
Thus we have the following commutative diagram due to Lemma 2.4:

0 — Sel(FA[R]) — HY(Fg/F.AP)) > [ H'(L,(A/F}A)P])
vEX,
x [ H(I,A[P)
veEX\X,

Ti\l/ Si\l/ ti\l,

0 — Sel(F,A)P] — H'(Fs/FA)P] — T[] H',, A/FfA)P)
vEZp
x [1 HI,,A[PR).
veEX\X,

Since the map s; is surjective by the exactness of the sequence:
H'(Fy/F,A[P)) — H'(Fy/F,A) 25 H' (Fy/F, A),

The cokernel of the map r; is a sub-quotient of the kernel of ¢; by the snake lemma. From
this, it suffices to bound the kernel of ;. The module Ker(¢;) is isomorphic to:

Coker[ [T #°, A x [ B, A/FFA) 25 T] HO(, A) x HHO(LJ,E/F;*A)].

veEX\X, vEX), veEX\X, vE,

It is the Pontrjagin dual of

Ker

[T @< I] (@/ey), = 1 @)= 1 ((’TV/F;*T)*)L,]-
veEX\X, vEL, veEX\X, Ve,

Hence the module Ker(¢;) is the Pontrjagin dual of the module & C,[P;] by the definition
veEX

of Cy. On the other hand, @ C,/P;C, is finite by the assumption of Theorem 2.2 (2).
VEXD

Then we complete the proof of Theorem 2.2 (2) by applying Lemma 2.3 to the module

@ Cy. O
vEY

3. GALOIS THEORETIC DEFORMATION FOR GREENBERG’S SELMER GROUP

In this section, we apply Theorem 2.2 to the strict Selmer groups of ordinary Ga-
lois representations in the cyclotomic deformation case. As applications, we treat the
representation associated to a modular form and the representation associated to the
symmetric power of an elliptic curve.

Let V be a p-adic representation of G, that is V' is a finite dimensional vector space
over a finite extension K of @, equipped with continuous G'r-action. Let us fix a Gp-
stable lattice T' of V. We denote the discrete Gp-module T ((%) K/O by A. Let ¥, be

the set of primes of F' dividing p and let us fix a finite set X of finite primes of F' which
7



contains ¥,. We assume that the representation V' of G is unramified outside ¥. We
fix a filtration 0 C FfT C T by a D,-module for all v € ¥,,. The definition of the strict
Selmer group is as follows:

SGIStr(F,A) — KGI‘[HI(F,A) — H Hl(Iv,A) X H Hl(DmA/FjA)]
VY, IS

As an important class of p-adic representations, we have ordinary representations. The
definition is as follows:

Definition 3.1. A p-adic representation V of G is called ordinary (resp. quasi ordinary)
if the following conditions are satisfied:

(1) For each prime v of F' over p, we have a decreasing filtration as a D,-module:
-FiLV ORIV o -

such that Fil'V =V for i < 0 and Fil'V = 0 for i >> 0.

(2) For each v and each i, I, acts on Fil} V/Fil;™'V via the character x* where y is
the cyclotomic character (resp. there exists an open subgroup of I, which acts
on Fil! V/Fil;™V via the character x*).

For a quasi ordinary representation V', we define the filtration F;"V to be FiliV. Hence
we attach the strict Selmer group Sel®™ (F, A) to a G p-stable lattice T C V' by Definition
2.1.

Let F' be an abelian extension of F' which is contained in Fy. Here, we do not nec-
essarily assume F'/F to be a finite extension. We denote the Galois group Gal(F'/F')
simply by G. The Galois group G is written as the projective limit:

g:@gou

where G, runs through all finite ~quotients of G, which corresponds to finite GaLois ex-
tensions F' C F,(C F). In case F is not finite over Q, the Selmer group Sel*"(F, A) is
defined by the inductive limit:

Sel™ (F, A) = limSel* (F,, A).

By Shapiro’s lemma, we have:

Lemma 3.2. For each o, we have an isomorphism:

H'(F,, A) = H'(F, Homeont (0[Ga), 4)).
8



By taking the inductive limit of the equation given in the above lemma, we have:

H'(F, A) = imH* (F,, A)
= h%}lZ (F, Homcont(o[ga]’ A))
= f[Z (F, @Homcont(o[ga]’ A))
— H? (F, Homeont (l.&no[ga]’ A))

= H'(F,Homeon (O[[G]], A)).

The following proposition is essentially proved in Greenberg’s paper ([Gr2| Proposition
3.2). But for our purpose we need the following precise form:

Proposition 3.3. For each o, we have:

Sel*"™(F,,, A) = Sel*" (F, Homeont (O[Gal, A)) .
By taking the inductive limit of this equality, we have:

Sel*t™(F, A) = Sel*™ ( F, Homcon (O[[G]], A)).
Proof. We have the following commutative diagram:

0 —Sel(Fy/F,,A)—  HYF,,A) > [1 H'InwA) x [[H (Dgw, A/FFA)

w’(p,weza w ‘p
TOt\lf sa\l/ ta\l/

0 — Sel*(F, Do(A)) = H (Fs/F, Da(A) = [ H'(Iy, Da(A)) x [[H'(Dy, Da(A/FFA)),
vip,vED v|p

where the module D, (A) (resp. D, (A/F}A))is the discrete G p-module Homp (O[G,], A)
(resp. Homp(O[G,], A/F A)), ¥, is the set of primes of F, which are over ¥ and D 4,
(resp. Ina) is the decomposition (resp. inertia) subgroup of G, at w. In the above
diagram, the map t, on the right is defined as follows. Let Dy, (resp. Z,,) be the
decomposition (resp. inertia) subgroup of G, at v. The map t, restricted to the first
factor is induced by the map:

[[H' (Iow, A) — H'(I,, Do(A)) = H' (I, Homp(O[Z,], A))®PeTer]

wlv

— (HHl (T ap, A2 Tasl)

wlv

{ew}w\v — {ew}w|v X {ew}wh} Koo X {ew}w\v ( [Da,v :Ioéﬂ)] times )
From this description, the map ta| [ #r1(z, ,,,4) is injective. The map 2, [1 H (Kaw, A/FF A)

wip wlp
is described similarly and is checked to be an isomorphism. Thus ¢, is injective. By

Lemma 3.2, the map s, is an isomorphism. Hence the map r, must be an isomorphism.

g
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We consider the cyclotomic Zy,-extension Fo, /F of F'. Let I' = Gal(Fuo /F'). We denote
by F,, the unique sub-extension of F.,/F which corresponds to the unique subgroup
I', C I’ with index p". Let k : I' — O[[I']]* be the inclusion map I' — OJ[I']]. Let us
fix a topological generator «y of I" and fix an isomorphism O[[I']] = Ap so that v maps to
the element 1 + X of Ap. We denote by Ap(K) the free Ap-module of rank 1 on which
Gg acts by k.

Definition 3.4 (Greenberg [Gr2]). We define T (resp. T/F;rf) to be T%)A@ (x1) (resp.
(T/FfT)® Ao(7™1)). This T is called the cyclotomic deformation of T
@]

Then we have the following commutative diagram due to Proposition 3.3:
Sel(F,,A) = Sel’™(F, Alw,])
{

J
SelStr(FOO7A)Fn &~ SelStr(F,A)[WnL

where A is T ® Homeont (Ao, Qp/Zy) and wy, = (14 X)P" — 1. Thus we translated the
Ao

problem into the language of deformation theory. Applying Theorem 2.2 to this situation,
we obtain the following result:

Theorem 3.5. Let V' be an ordinary (resp. a quasi ordinary) p-adic representation of
GF and let T be a Gp-stable lattice of V. We denote T ® Q,/Z, by A. Let Fs /F' be the
cyclotomic Zy-extension of F'. Then the following statements hold:

(1) If H(F,,V) = 0, the kernel of the restriction map:
Sel* (F,, A) ™ Sel*™ (Fl, A)'™,

is a finite group. Further, if HY(F,, V) =0 for all n > 0, the order of the kernel
of rn, is bounded independently of n.

(2) Assume that the eigenvalues of the action of Frob, (resp. the eigenvalues of the
action of a lift of Frob, to D,) on (Fil'V/Fil;T'V) @ Q,(x ™) are not roots of
unity for all v|p and all i < 0. Then the cokernel of the restriction map ry, is a
finite group whose order is bounded independently of n.

Before proving the theorem, We give a remark on the relation between the above
theorem and Mazur’s control theorem stated in §1. Let E be an elliptic curve over
Q which has good ordinary reduction at p. Then V = T,(F) ® Q, is an ordinary
representation of Gg. Hence we attach Sel®(Q, A) to the discrete Gg-module A =
Ep>®] = T,(E) ® Qu/Zy,. 1t is easy to see that the above representation A of Gg
satisfies the assumptions of Theorem 3.5 (1) and (2). Hence the kernel and the cokernel
of the restriction map Sel*™(Q,, A) - Sel*"(Quo, A)'" are bounded independently of
n. As for the relation between this strict Selmer group and the classical Selmer group
Sel(E/Qy){p} for the elliptic curve E, the following result is known:

Proposition 3.6 (Greenberg, [Grl], [CG]). Let E be an elliptic curve over Q which has
good ordinary reduction at p. Let us denote E[p™] by A. For each n, we have a natural

injection Sel(E/Qp){p} & Sel*™ (Q,, A). The order of the cokernel of the map iy, is a
finite group whose order is bounded independently of n.
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Hence we recover the result of Mazur (Mazur’s control theorem) in this case.
Let us return to the proof.

Proof of Theorem 3.5. By the assumption, HO(F, (T /w,T) ® Qp) = 0. Thus (1) follows
Zp

by applying Theorem 2.2 (1).
Let us prove the assertion for the cokernel. We have only to check that the group

@ C5™ which is defined in §2 satisfies the condition of Theorem 2.2 (2).
veED

First, we investigate the support of C5% for v { p. For a prime v { p of F, the action of
I, on Ap(R) is trivial since primes not dividing p are unramified for any Z,-extension of

a number field. From this we see that (7%), is equal to (T%);, @ Ap(%) and that CS is
@

equal to the Ap-torsion part of (T%)1,) = (T*)1,)0—tor %) Ao(R), where ((T™)1,)o0—tor 1S

the O-torsion part of (T%)7,. The module C5% /w,, CS™ is finite for each n since the ideal
(wy) of Ap is relatively prime to the ideal (mp). Thus the assumption of Theorem 2.2
(2) is satisfied.

Next, we consider the case v|p. By definition, the filtration F;/ T (resp. F; T) is FillT
(resp. FillT ((89) Ao(R71)). As for the cokernel part, it suffices to show that the D,-

coinvariant quotient of (T/FillT)* is a Ap-module of finite length. In fact, the module

& C5% is finite and the condition of Theorem 2.2 (2) is satisfied. Let i < 0 be an integer.
veEX

By the definition of T, we see that:
(Fil! T /FilsHT)* = (FilL T/FilH T)* 2 A(F)
= (FILT/FILT) @ O & (00 ) @ AR))

By the assumption that V' is quasi ordinary, there exists a non empty open subgroup J,
of I,, such that J, acts non trivially on ((Filf}T/Filf]HT) ® O(X_Z))*. For this J,, the
o

J,-coinvariant quotient of (FiliT /Fili'T)* is given by:
((FIT/FTY), = (FIT/RLT) © O0) @ (06 & Ao(R)
The eigenvalues of the action of a l'}ft F/‘r\oT)U € D,/J, of the Frobenius element Frob, €
D, /1, on the second factor ((O(x™") ® AO(E))J are roots of unity. On the other hand,
O v
the eigenvalues of Frob, on the first factor ((FiliT/Fil5™T)*) ;= ((FLT/FIHT)
v @]

O(x™%)" are not roots of unity. The D,-coinvariant ((FllZTv /Filf}“f)*) p, 1s finite for

any i < 0 and so is the Dy-coinvariant ((7/Fil}T)*)p,. Thus this completes the proof of
(2) by the preceding remark. O

As an attempt to generalize classical Iwasawa theory to Iwasawa theory for motives,
explicit examples, primarily being the representations associated to modular forms or the
symmetric powers of elliptic curves, are actively studied. We apply our Theorem 3.5 to

these representations.
11



Let f =37 ang™ € S(To(N),%) be a normalized newform of weight k¥ > 2 and of
level N prime to p where 1 is a Dirichlet character mod N. Deligne attached a p-adic
representation py : Gg — GL2(Qyyp) to f where Qy is the number field generated by
{an}n over Q and p is a prime of Q¢ over p. We denote this 2-dimensional Qy ,-vector
space by Vy. We assume further that a, is a p-adic unit. Let us recall the following
result, which was originally proved by Deligne in his letter to Serre. Later, Mazur and
Wiles gave another proof by using Hida theoretic method. Since the original proof by
Deligne is unpublished, we refer to [Wi] Theorem 2.1.4 and [Gro].

Proposition 3.7 (Deligne, Mazur-Wiles). Let f = 7 | anq"™ be a normalized newform
of weight k > 2 for I't1(N). Assume that a, is a p-unit. Then the representation

py - GQ — GL(Vf) = GLQ(Qf’p),

restricted to the decomposition group D, of p is equivalent to the representation of the

form:
€1 *
0 €)’

Here, €y is the unramified character such that ea(Frob,) = a where o is the p-adic unit
root of x* — apT + Y(p)p*~1, ¢ is the Nebentypus character for f, and Frob,, is the p-th
power arithmetic Frobenius.

From the Iwasawa theoretic view point, important ones among Tate twists Vy(r) of
V; are those such that Vy(r) are critical (we do not give the definition of critical rep-
resentations here, but see [De2| for example). It is known that Vy(r) is critical when
2—k <r<0. Let Vbe Vp(r) with 2 — &k < r < 0. Let us fix a Gg-stable lattice T'
of V. By Proposition 3.7, Vy(r) is a quasi ordinary representation of Gg. So Vy(r) is
quasi ordinary as a representation of G, for each n > 0. Therefore we associate a strict
Selmer group Sel*(Q,, A) to A =T ® Q,/Z,, for each n > 0. By taking the inductive
limit with respect to n, we define Sel*" (Quo, A) = hg Sel*™ (Qy,, A).

n

Proposition 3.8. Let Qu/Q be the cyclotomic Zy-extension of Q. We denote Vi(r)
with2—k <r <0byV. Let T be a Gg-stable lattice of V. We denote T ® Q,/Z, by A.
Then the kernel and the cokernel of the restriction map

Sel™™ (Qp, A) % Sel*™ (Qoo, A)'™,
are finite groups whose orders are bounded independently of n.

Proof of Proposition 3.8. We have only to check the conditions of Theorem 3.5 for these
representations.

In order to prove the assertion for the kernel of r,, we have only to show that
H°(Q,,V) = 0 for each n according to Theorem 3.5 (1).

First, consider the case where the weight of the Galois representation V¢(r) is not
zero, that is, we consider the case where 1 — k — 27 is not zero. Then we see that
H%(Qy, V¢(r)) = 0 by considering the action of the Frobenius Frob; for [ /Np.

Next, consider the case where f is not of CM-type (We do not give the definition for
a cusp form f to be of CM-type, but we refer [R1] for the definition). If f is not of

12



CM-type, the image of Gg in Aut(V(r)) is an open subgroup of Aut(Vy(r)) (cf. [R1],
[R2]). Since G, is open in Gg, the image of G, is also an open subgroup of Aut(Vy(r)).
Hence, even in the case where the Galois representation Vy(r) has weight zero, we see
that H°(Qy,, V¢(r)) = 0.

Now the case left for us is Vy(r) such that f is of CM-type and 1 —k —2r = 0. In
this case, there exists a quadratic imaginary extension K of Q with the property that
for any open subgroup H of Gg, the action of H on Vy(r) is irreducible if and only if
H ¢ Gk (cf. [R1] Proposition 4.4). Now since we are assuming that p is odd, Gq, is
not contained in Gk for any n. This completes the proof of the assertion for ker(r,).

The graded quotient Fil;V/Filﬁ,HV for ¢ < 0 is non zero only when ¢ = r. The
Frobenius element Frob, acts on (FilV/ Fil;“V) ®Qp(x™") via the character e3. Recall
that a = ez(Frob,) is the p-adic unit root of the equation 2 — a,z + v(p)p*~1. Since «

has complex absolute value p*=1/2_ ¢ is not a root of unity. O

We also treat the symmetric power of the representation associated to an elliptic curve.
Let E be an elliptic curve over Q which has good ordinary reduction at p. We denote
the p-unit root of z? — apr + p by ag. Then Vy := Syde;,(E) is also an ordinary
representation and we have Fil;V/ Fil;HV = Qp(x* - €%71), where € is the unramified
character of D, such that e¢(Frob,) = ap. As in the previous case, we concentrate on
critical Tate twists of Vy(r). It is known that the only critical Tate twist Vy(r) of Vg
is Vy(44t) when d is odd (cf. [Da]). So we treat only the case r = <. We have the
following theorem as a corollary of Theorem 2.2:

Proposition 3.9. Let V be Vd(#) where d s an odd positive integer. Then the
restriction map
Sel* (Qy, A) = Sel™™ (Quo, A)"™,

has finite kernel and cokernel which are bounded independently of n.

Proof. The module H%(Qy, V) is zero for all n since V;(=%2) has weight —1. Thus the
assertion for the kernel follows from Theorem 3.5 (1).
Let us prove the finiteness and boundedness of the cokernel. The eigenvalues of the
action of the arithmetic Frobenius Frob, on (Fil;V/Fil;“V) g) Qu(x7) = Qp(e¥ )
P

are not roots of unity since ap has complex absolute value p%. Thus the condition of
Theorem 3.5 (2) is satisfied. O

Remark 3.10. Our method can not treat the d-th symmetric power for an even d. In
fact, ((T/Filzl,T)*)D may not be finite for an even d. In the case d = 2, there is an inter-
P

esting work by Hida, which describes the behavior of Greenberg’s Selmer groups for the
adjoint representations associated to ordinary modular forms assuming the irreducibility
of the mod p representations (see [H3] for the precise statement of the result).

4. A-ADIC FORMS AND ASSOCIATED GALOIS REPRESENTATIONS

In this section, we recall some fundamental results on A-adic form and its Galois
representation which is necessary in the next section for applications of our theorem to
Hida deformations. For more detail on this theory, the reader can refer to Chap.7 of [H4].

13



We fix a prime number p > 5, a positive integer N which is prime to p and an integer
r > 0. Throughout the section, we fix a complex embedding Q < C and a p-adic
embedding Q — @p. Let O be the ring of integers of a finite extension of @, and
let ¢ be a Dirichlet character modulo Np". We denote by My (I'1(Np"),1;O) (resp.
Sp(T1(Np"),; O)) the space of p-adic modular (resp. cusp) forms defined by Serre and
Katz. Consider a formal g-expansion:

F= > AlnF)",

0<n<oo

where each A(n, F) is an element of a fixed algebraic closure 0f Frac(Z,[[X]]). We assume
that the ring Ry generated by all A(n,F)’s over Z,[[X]] is finite flat over Z,[[X]]. For

an ideal p of Rr, we denote by F, the formal g-expansion > A(n,F) /pq", Where
0<n<o0

A(n, F)p is the image of A(n,F) under the map Rx — Rz/p.

Definition 4.1. Let the notations be as above. Assume that r > 1. We call F a A-adic
form of level Np™ with Dirichlet character v if for all £ > 2 and for all prime ideal p of
Ry which is over the prime ideal (P;) = (X + 1 — (1+ p)*2) of A, the power series F,
is the g-expansion of a modular form in My (I'1(Np"), vw?~%; Rx/p).

Definition 4.2. Assume that » > 1. Then a p-adic cusp form f € Sx(I'1(Np"),;O) is
called a p-stabilized newform of tame conductor N with Dirichlet character 1 if

(1) f is an eigenform of Si(I'1(Np"),v; O) for all Hecke operators T;(l { Np) and
Uy (I'| Np) which belong to End(Sg(I'1(Np"), ; O)).

(2) The newform associated to f has level Np™ for for some 19, 0 < ro < 7.

(3) The eigenvalue ay of f for U, € End(Si(I'1(Np"),; O)) is a p-adic unit.

Let f be a newform in Si(I'{(IV),4; O). Assume that the eigenvalue a, of f for the
Hecke operator T, is a p-adic unit. We define f* by f* = f(z) — 8f(pz), where (3 is the
unique root of 22 — a,z + ¥(p)p*~! with |8] < 1. Then f* is the p-stabilized newform
and the n-th Fourier coefficient of f equals to the n-th Fourier coefficient of f* if p does
not divides n. We call this f* the p-stabilized newform associated to f.

Definition 4.3. A normalized A-adic eigenform F is a A-adic newform of tame conductor
N if for all k£ > 2 and all height one ideals p C Rx over the ideal (P;) = ((1+X) — (1+
p)*=2) of Ap, the modular form F /p is a p-stabilized newform of tame conductor N.

Theorem 4.4 (Hida [H1] Corollary 3.2, Corollary 3.7). Let f € Si(I'o(Np"),v; O) be
a p-stabilized newform of tame conductor N. Then there exists a A-adic newform F of
tame conductor N with Dirichlet character Yw® such that Fp equals to f for some ideal

p of Rr which is over the ideal ((1+ X) — (14 p)¥2) of Ao.

Definition 4.5. Let Kr be the field of fraction of Rr. The representation p : Go —
GL2(KF) is continuous if there exists a finitely generated Rr-module L C K?—%z which is
stable under Gig-action such that p : Gg — Aut(L) is continuous with respect to the
topology of L defined by the maximal ideal of Rx and that L I;L@) Kr= IC%?

F

14



Theorem 4.6 (Hida [H2]). Let F be a A-adic newform. Then, there exists a continuous
irreducible representation pr : Go — GLao(Kx) satisfying the following properties:

(1) pr is unramified outside Np.
(2) Forlt Np, we have:

Trace(pr(Froby)) = A(l, F),
det (pz(Froby)) = w(U)r({1)1~",

where 1 is the Dirichlet character of F, d — (d) is the projection Z; =
(Z/pZ)* x (1 + pZp) — (1 + pZy) and k is the character 1 + pZ, — A},
(I+p)f— (1+X)5.

We have the following proposition due to Mazur and Wiles:

Proposition 4.7 ([Wi] Theorem 2.2.2). Let the assumptions be as in Theorem 4.6.
Then the restriction pr|p, to the decomposition group D, of pr is equivalent to the

representation of the form:
€1 *
0 e)’

where € is the unramified character such that €;(Frob,) = A(p, F).

In order to study the Iwasawa theory for Hida deformations, we will always assume
the following condition: N
(Int) The representation pr : Gg — GL2(Kr) has a Gg-stable lattice 7" which is
isomorphic to R??.

The condition (Int) is satisfied in fairly general situations. Before stating some suffi-
cient conditions for (Int) to be satisfied (Proposition 4.9), we introduce some necessary
notations.

Definition 4.8. Let kr be the residue field of R modulo the maximal ideal mr of Rr.
A semi-simple representation 5 : Gg — GLa(kr) is called the residual representation
associated to F if p is unramified outside Np and the characteristic polynomial of the
arithmetic Frobenius Frob; for each prime [ fNp is congruent to

X2 — AL, F)X —(O)s(()I™ modulo mgz.

Such residual representation is always known to exist and it is unique up to isomor-
phism.

Proposition 4.9 (Mazur-Wiles, Tilouine, Mazur-Tilouine). Let the notations be as
above. Then the condition (Int) holds if one of the following conditions is satisfied:

(1) The tame conductor N of F is equal to 1 and the ring Rr is Gorenstein (Mazur-
Wiles [MW] §9).

(2) Let a be a number such that |z /pz)x = w® where w is Teichmuller character.
Then a # 0,—1 modulo p — 1 and the ring Ry is Gorenstein (Tilouine [Ti]
Theorem 4.4).

(3) The residual representation is irreducible (Mazur-Tilowine [MT] §2, Corollary 6).

15



5. CONTROL THEOREM FOR HIDA DEFORMATION

In this section, we apply Theorem 2.2 to the Selmer group for the A-adic representation
T associated to a A-adic form F. We continue to use the notations of the previous section.
Throughout this section, we assume the condition (Int). By Proposition 4.7, T has the
decreasing filtration 0 C F;T =Ry(e) CT as Rr[Dp]-module, where Rz (€;) is a rank
1 Rr-module on which D, acts via the character €;. By using this filtration F;)' f, the

Selmer group Sel(Q, A) is defined (see Definition 2.1). Let us define the set of ideals T
of Rr as follows:

T = {p € Spec(Rx) | Ik > 2 such that p divides the ideal ((1+ X) — (1+p)*)}.

We control the Selmer group Sel(@,g) under the specialization at the ideals in Z by
applying Theorem 2.2. The result is as follows:

Theorem 5.1. Let T be the A-adic representation associated to a A-adic newform F of
tame conductor N and Dirichlet character 1. Then the kernel and the cokernel of the
restriction map:

Sel(Q, Afp]) — Sel(Q, 4)[p),
are finite groups for each p € L.
Further, let us assume that R is equal to Ao. Then the order of the kernel of 1y

is bounded by the order of the largest finite submodule of (T*)GQ and the order of the
cokernel of ry are bounded by the order of the finite group @ Cj, where Cy is the largest
IN— —

finite submodule of the Ap-torsion part C; of (f*)[l for each l|N.

Remark 5.2. Let F be the A-adic newform which extends a p-stabilized newform f €
Sp(T1(Np");4). Then Rr is equal to Ap if there is no other p-stabilized newform f’ €
Sk(T1(Np"); ) which is congruent to f modulo (7p). Especially, Rr is equal to Ao if
the dimension of the ordinary part of Si(I'1(Np"); ) is one.

Proof of Theorem 5.1. The Ap-module T is free of rank 2d over Ao where d = ranky, Rr.
Let (Py) be the principal ideal ((1+ X) — (1 + p)¥) of Ap. A[P] is cofree of corank 2
over Rr/(P;). Hence A[Py] is cofree of corank 2d over O.

First, we show that the kernel (resp. cokernel) of the restriction map:

Sel(Q, A[Py]) —%5 Sel(Q, A)[ Py,

is a finite group whose order is bounded by the order of the largest finite subgroup of
(T*)Gg (resp. the order of of the finite group @ Cp).
IN—

Let us prove the assertion for the kernel of ri. By Theorem 2.2 (1), we have only to
show that H°(Q, (T/P,T) ® K) is zero for each k > 2. The following lemma is easily
O

seen from [H1] Corollary 3.7:

Lemma 5.3. Let F be a A-adic newform of tame conductor N. Then the following
statements hold:
16



(1) For each k > 2, there exists exactly d primes dividing (Py) and the kernel and
cokernel of the natural map

Rr/(Py) — @ Rgr/p
p|(Px)

are finite groups.
(2) For each k > 2 and each p|(Py), the tame conductor of the cusp form F, is N.

By the above lemma, the representation (f / Pkf) ® K is isomorphic to the represen-
@)
tation @ ((T/pT) ® K). Since the action of Gg on (T/pT) ® K is irreducible by a
pl(Pr) o o
work of Ribet [R1], H*(Q, (T/pT) ® K) is zero for each prime p|(P;). Hence the group
@

HY(Q,(T/P,T) %) K) is also zero.

Next, let us prove the assertion for the cokernel of the restriction map 7. By Theorem

2.1 (2), we have only to show that & C,/PyC, is a finite group for each k£ > 2. Let us
v|Np

recall the following result on Fourier coefficients of newforms due to Ogg:

Proposition 5.4 (Ogg [Og]). Let M > 1 be an integer. Let f = anq™ € Sp(I'1(M);))

be a weight k newform of conductor M with Dirichlet character v and let | be a prime
number dividing M. We denote by §(1)) the conductor of Dirichlet character 1.

(1) Assume that | divides M but I*> does not divide M. Then a; is not zero. If 1

comes from a Dirichlet character defined modulo M/l, then a} = y(1)I*=2 or

al2 = (k=2 If ¢ does not come from a Dirichlet character defined modulo M/I,

then a; has the complex absolute value =
(2) Assume that 1> divides M. Then a; is not zero if and only if b does not come

from a Dirichlet character defined modulo M /1. Further, in this case, the complex

k—1
2

absolute value of a; is |

A theorem of Carayol([Ca]) guarantees the equality of the automorphic L-function of
a modular form and the L-function of the [-adic representation associated to the modular
form. On the other hand, Proposition 5.4 gives the description of I-th Fourier coefficients
of a modular form f only in terms of the conductor and the Dirichlet character of f.
Combining these results with Lemma 5.3 (2), we obtain the following:

ranko ((T*) 1, /p(T)1,) = ranko (T /pT*);, = {(1) gtﬁz(jéif:e) = ordifl¥)) or ord(N) =1

On the other hand, the kernel and the cokernel of the natural map
T*/PT* — @ (T*/pT"),
p|(Pr)
are finite groups by Lemma 5.3 (1). Hence, we have:

d if ord;(IN) = ord;(f(¢))) or ord;(N) =1
0 otherwise,

ranko (T)1,/Pe(T")1,) = {

for each £ > 2. Thus we have the following lemma:
17



Lemma 5.5. We see that
d if ord;(N) = ord;(f(¢)) or ordy(IN) =1

0 otherwise.

rankp (T*)[l = {

Further, the module C;/P,Cy is ﬁnite for each k > 2 and each l|N, where Cy is the
Ao-torsion part of the Ao-module (T%);,.

Let us denote by C), the Ap-torsion part of the I, coinvariant quotient ((T/ Fr T)*) -

P

I, acts trivially on (T/F}T) due to Proposition 4.7. Thus we have ((T'/F}T)*), =
p

(f/F;rT )*. This implies that C), is zero. Thus we conclude that the cokernel of the
restriction map:
Sel(Q, A[Py]) ~* Sel(Q, A)[Fy],
is a finite group whose order is bounded by the order of the finite group & Cj.
UN—

In the case where Rr is equal to Ap, this completes the proof of the theorem.

In case Rr is not equal to Ap, we need more argument. We have the following
commutative diagram:

T

Sel(@, A[R])  —*—  Sel(Q, A)[Py]

UIT Tm

D rp
@ Sel(Q, Alp]) s @ Sel(Q, A)fp]
p|(Px) pl(Pr)

The following lemma is well-known:

Lemma 5.6. Let V' be a p-adic representation of Gg unramified outside a finite set X
of primes of Q. Let us fix a filtration FTV C V as Dy-module. We take two Gg-stable
lattices T C T of V.. Then the natural map Sel(Q, A) — Sel(Q, A”) induced from the
map T — T’ has a finite kernel and a finite cokernel.

Hence the kernel and the cokernel of the map v; are finite groups. On the other hand,
the kernel and the cokernel of the map vy are finite groups since Suppg,. (Rx/(Pk)) =

|(L1Ja )Supp ry(R7/p)). Consequently, the kernel and the cokernel of the restriction map
PIFk

Sel(Q,Z[p]) L Sel(@,g) [p] are finite groups. This completes the proof of Theorem
5.1. [l

From the above theorem, we deduce the following corollary:

Corollary 5.7. Let the notations be as in Theorem 5.1. Then the following three condi-
tions are equivalent:

(1) The Selmer group Sel(@,ﬁip]) is finite for some p € mcl.
(2) The Selmer groups Sel(@,fi[p]) are finite for all but finitely many p € Z.
(3) The Selmer group Sel(Q, A) is a cotorsion Rxr-module.

18



Remark 5.8. The condition (3) is a part of Iwasawa Main Conjecture for Hida defor-
mations proposed by Greenberg (cf. [Gr2] Conjecture 2.2). By Kato’s deep result([K1]
and [K2]), Selmer groups Sel(Q, A[p]) are finite for each & > 3. Hence, by Corollary 5.7,

Selmer groups Sel(Q, ﬁ) are cotorsion Rr-modules assuming Kato’s result.

In some special cases, we know more about the restriction map. For example, we have
the following corollary:

Corollary 5.9. Let the notations be as in Theorem 5.1. Let Zj" be the integer ring of
the maximal unramified extention Qi of Q;. Let E be a modular elliptic curve over Q
which has good ordinary reduction or multiplicative reduction at p. Let Fp be the A-
adic newform which extends the p-stabilized newform fr, associated to the newform fg
corresponding to E (see Definition 4.2 and Theorem 4.4). Assume that Rr is equal to
Ao. Then the following statements hold.

(1) If the elliptic curve E has no non-zero p-torsion points over Q, the restriction
map T s injective for all k.

(2) Assume that the number ng,; of the components of the special fiber of the Neron
model & of E over Z"* is not divisible by p for all prime | which divide N exactly.
Then the restriction map ri is surjective for all k > 2.

Proof. As for the statement (1), we have only to show that (T *)Gg = 0 by using Theorem
51. Now (T%)go/Pe(T*)cy = (T*/PT*)cy = (IpE*)g,- But the group (T,E£%)g, is
zero by the assumption of (1). Hence (f*)GQ is zero.

Let us show the statement (2). For I|N, let the module Cj be as in Theorem 5.1. We
have only to show that Cj is zero for all I|N.

First, consider the case where [ exactly divides N. In this case, (T*) 1, has A-rank
1. For the A-torsion part Cj of (T*) 1,, the quotient C;/P,C) is isomorphic to the Z,-
torsion part of (T, E*)r,. By the theory of Tate curves, the Z,-torsion part of (T,E*)y, is
isomorphic to Z,/ng Z,. Since ng; is a p-unit by the assumption, C;/P>C] is zero and
so are the modules C; and Cj.

Next, we consider the case where [? divides N. In this case, (Tv*) 1, is a torsion A-
module. By definition, Cj is (f*)h. The module C;/PCy is (I,E*)y,. Since E has
additive reduction at [ and p > 5, (T, E*)y, is zero. So the modules C; and C; are also
Zero. |

In some cases, the control theorem (Theorem 5.1) and its corollary (Corollary 5.9) are
useful to calculate the Selmer group Sel(Q, ) of a Hida deformation 7. Let us give an
example. Consider Ramanujan’s cusp form:

A=q [ @=gm*= > r(n)q",

1<m<oo 1<n<oo

which has weight 12 and level 1. The p-th coeficient 7(p) is a p-unit except p =

2,3,5,7,2411 for primes < 10,000. Let us consider the first ordinary prime p = 11.

Let us denote by A* the p-stabilized newform of level p associated to A and let F be the

A-adic newform which extends A*. In this case, we have Rr = Ao since the dimension
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of the ordinary part of S15(I'g(11)) is one (see Remark 5.2). Let T be the Galois defor-

mation associated to F. This T is the Hida deformation which specializes at weight 2
to the p-Tate module T,,E of the modular elliptic curve E = X((11). We will show that

Sel(@,g) is zero.
It is easy to check that F = X(11) satisfies the assumption of Corollary 5.9. Hence,
by using Nakayama’s lemma, we see that
Sel(Q, A) = 0 <= Sel(Q, A) =0,
where A = E[p*°]. Let us recall the following result:

Proposition 5.10 (Greenberg, [Gr3| p20). Let E be an elliptic curve over Q with split
multiplicative reduction at p. We denote the discrete Gg-module E[p™] by A. Then the
classical Selmer group Sel(E/Q){p} and the strict Selmer group Sel*™(Q, A) are isomor-
phic to each other.

By using Kolyvagin’s Euler system method, the 11-primary part Sel(Xo(11)/Q){11}
of the classical Selmer group for £ = X(11) is known to be zero. Hence the strict Selmer
group Sel*(Q, A) is also zero by Proposition 5.10. Next, we compare Sel*"(Q, A) and
Sel(Q, A). Let us consider the following diagram:

str N Hl(D ’A)
0 —— Sel™(Q,4) —— H'(Qx/Q.4) (1D, £ )

g | &

HY I, A
0 —— Sel(@4) —— H'(Qs/Q A4) Im(Hl((Iz FlA))’

where Im(H'(D,,F*A)) (resp. Im(H'(I,,F*A))) is the image of H'(D,,FTA) (resp.
HY(I,,FTA)) under the long exact sequence:
- — HYD,,F*A) — HY(D,, A) — H*(D,, AJFTA) — ...
(vesp. -+ — H'(I,,FTA) — H'(I,, A) — H'(I,, A/FTA) — ---).

In the above diagram, the cokernel of the map v is a sub-quotient of the kernel of the
map v’. We have the following diagram:

0 —— Im(H'(D,,F+A)) —— H(D,,A) Im(gl((gi”?lm) 0
0 —— Im(H'(I,,F+A)) —— H (I, A) I 1y, 4) 0

Im(H (D, FT A))

l l |

0 0 0
The module Ker(v") is isomorphic to H'(D,/I,, A™) = 7, /ng ,Z,, where ng, is the
number of the components of the special fiber of the Neron model &, of E over Z,. This
module Ker(v”) is zero since ng, is a p-adic unit for E = X(11) and p = 11. Hence

Ker(v") and Coker(v) are zero. In conclusion, the Selmer group Sel(Q, A) is zero.
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Thus we calculated the Selmer group for a Hida deformation in purely algebraic way.
In a forthcoming paper, we will present a number of algebraic properties of the Selmer
groups of the Hida deformation and give more examples.

[Cal
[Ca]
[Da]
[Del]

[De2]

[Grl]
[Gr2]

[Gr3]
[Gro]

[H1]
[H2]

[H3]

[H4]
[K1]

[K2]
[M]

[MT]
[MW]

[Og]
[R1]

[R2]
[Ti]
[Wa

[Wi]
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