CONTROL THEOREM FOR BLOCH-KATO’S SELMER GROUPS OF
p-ADIC REPRESENTATIONS

TADASHI OCHIAI

ABSTRACT. We give a sufficient condition for the Selmer group of the p-adic represen-
tation associated to a motive over a number field to be controlled in the cyclotomic
Zp-extension. Then we apply this result to the Selmer group of various Galois represen-
tations. For example, we treat the representation of a modular form or the symmetric
power of an elliptic curve.

1. INTRODUCTION

In [14], Mazur discussed a generalization of classical Iwasawa theory for the class group
of a number field to the Selmer group of an elliptic curve over a number field. Let Fi, /F
be the cyclotomic Zj-extension of an algebraic number field. We denote the n-th layer of
F./F by F,. For the p-primary Selmer group Sel(E/F,){p} of an elliptic curve E over
F', we have the following exact sequence:

0 — E(F,)®zQp/Z, — Sel(E/F,){p} — Sh(E/F,){p} — 0,

where E(F,) is the F,-valued points of E and Sh(E/F,){p} is the p-primary subgroup
of the Tate-Shafarevich group of E/F,,. Mazur proved the following theorem.

Mazur’s Control Theorem ([14]). Let E be an elliptic curve over a number field F.
Assume that E has good ordinary reduction at all places of F' dividing p. Let Foo/F be
the cyclotomic Zy-extension and let 'y, be Gal(Fuo /F},). Then the kernel and the cokernel
of the restriction map:

Sel(E/Fy){p} L Sel(B/Foc) {p}"
are finite groups whose orders are bounded independently of n.

We are interested in the behavior of the Selmer group Sel(E/F,){p} in the cyclo-
tomic Zy,-extension because Sel(E/F),){p} contains important arithmetic information of
E/F, such as the Mordell-Weil rank of E(F,). By Mazur’s control theorem stated
above, knowing the behavior of Sel(E/F,){p} is equivalent to knowing the behavior of
Sel(E/Fx){p}'™. We denote by A the power series ring Z,[[X]]. By fixing a topologi-
cal generator v of the group I' = Gal(F./F), we have an isomorphism A — Z,[[']],
14+ X +—— . Then Sel(E/F ){p} is naturally endowed with a A-module structure via the

above isomorphism A = Z,[[I']]. It is conjectured that the Pontrjagin dual Sel(E/Fx){p}

of Sel(E/Fx){p} is a finitely generated torsion A-module and that the Fitting ideal is

equal to the ideal generated by the p-adic L-function of F (Main Conjecture proposed by

Mazur). Assuming the main conjecture, the behavior of Sel(E/F.){p}'" when n varies
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is related to some invariants of the p-adic L-function, which are computable compared to
those of the Selmer group. Hence we will be able to know the behavior of Sel(E/F,){p}.
In this paper, we discuss a generalization of Mazur’s theorem stated above to more
general p-adic representations.
To a motive M over a number field F', we associate a free Z,-module T" with continuous
action of Gp = Gal(F/F) and the discrete Gp-module A = T®yz,Q,/Z,. For example,
we associate T = Hét(Z%F, Zy(r))/(torsion part) to the motive H(Z,Z(r)), where Z is

a proper smooth variety over F. For the discrete Galois module A = T®z,Q,/Zj, Bloch
and Kato [1] defined the Selmer group Sel®®(F, A). Let F.,/F be the cyclotomic Z,-
extension of a number field. We want to control these Selmer groups since Sel®X(F,, A)
is expected to have fruitful arithmetic information related to M. Under the assumption
that V is ordinary, crystalline and critical in the sense of [4], it is conjectured that the
Selmer group SelPK (Fso, A) is A-cotorsion and that its Fitting ideal is related to the ideal
generated by the p-adic L-function for M (This is the Main Conjecture for motives, which
is a generalization of Mazur’s conjecture stated above). By this philosophy of the Main
Conjecture for motives, it is important to control the difference between SelBK(Fn,A)
and Sel®¥(F,, A)'" in order to study various arithmetic properties of Sel®¥(F,, A).

We say that a Selmer group is controlled in the cyclotomic Zy-extension F,/F if the
kernel and the cokernel of the restriction map

SelBK (F,, A) 17 SelBK (., A)Tn

are finite groups whose orders are bounded independently of n. We shall give a sufficient
condition for this Selmer group to be controlled. The result is as follows:

Theorem A (Theorem 2.4). Let V be a p-adic representation of Gg for an odd prime
number p and let X be a finite set of primes containing all primes of F dividing p. We
assume that V is unramified outside 3. Let T be a Gg-stable lattice of V. We denote
the representation V/T by A. Let Fo/F be a Zy-extension of F.

(1) Assume that H°(F,,V) =0 for all n. Then the kernel of the restriction map:

SelBK(F,, A) T2 SelBK (1, A)0n,

s finite and bounded independently of n.
(2) Assume that Fs/F is the cyclotomic Zy-extension. Assume further the following
conditions at each place v of Fyy over p.
(i) The p-adic representation V is ordinary at the prime of F lying under v.
(il) We have Derysn(V/FiliV)?=! = Derys n(FilbV)*(1)) /(9—1) Derys i (FilLV)*(1)) =
0 for each n, where Derys () means ( ®@chrys)GF"»v.
(iit) The groups H(Fuo ., (FILT) ®Q,/Zy(1)) and H*(Fu, (T/FillT)®Q,/Z,) are
finite, where Fy, o, is the direct limit L>J0Fn7v.
n>

Then the cokernel of the restriction map f, is a finite group whose order is bounded
independently of n.

As an attempt to generalize classical Iwasawa theory to Iwasawa theory for motives,
explicit examples primarily being the representations associated to modular forms or the
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symmetric powers of elliptic curves are actively studied. We apply our Theorem A to
these representations. More concretely, we treat the following representations.

Let f € Sp(I't1(N)) be a newform of even weight £ > 2 and of level N prime to p
such that p-th Fourier coefficient a,(f) is a p-adic unit. We denote by V; the p-adic
representation of Gg of weight 1 — k associated to f. Then Vy(r) is a critical twist of
Vi if and only if 2 — k < r < 0. Let E be an elliptic curve over QQ such that E has
good ordinary reduction at p. Let T),(E) be the p-Tate module of E and let V,(E) be
T,(E)®z,Qp. For an odd positive integer d, we denote by Vy the d-th symmetric power

Sym?V,(E). The representation V; has the only one critical twist Vd®Qpr(#). We
take V; or Vy®q,Qp(=%t) as V. Let T be a Gg-stable lattice of Vand A the discrete
Go-module A = T®z,Q,/Z,. We denote by Sel®¥(Q,,, A) Bloch-Kato’s Selmer group

for A (see §2 for the definition of Sel®®(Q,,, A)). As a corollary of Theorem A, we obtain
the following theorem.
Theorem B (Proposition 3.1, Proposition 3.4). Let V be Vy(=%) or Vi(r) with2—k <

r < 0. Then the restriction map SelBK(Qn, A) — SelBK(QOO, A has finite kernel and
cokernel which are bounded independently of n.

Plan. The plan of this paper is as follows. In §2, we give a sufficient condition for
Bloch-Kato’s Selmer groups to be controlled in the cyclotomic Z,-extension. In §3, we
control the Selmer group for a modular form or the symmetric power of an elliptic curve
as corollaries of the result of §2. In §4, we compare Bloch-Kato’s Selmer groups with
another important Selmer groups defined by Greenberg.

Notation. For a field K, we denote Gal(K/K) by G where K is the separable
closure of K. When k is a local field, we denote the inertia subgroup of Gy by I. For
any commutative ring R, we denote by R* the group of invertible elements in R. If
M is a finitely generated free Z,-module (resp. Q,-module), we denote the linear dual
Homg, (M, Zy) (resp. Homg,(M,Q,)) by M*. For a Z,-extension F,,/F and a place v
of Fx, we denote by Fj, , the completion of F}, at the place of F;, which is under v and
denote by I, , the inertia subgroup of G, ,. For a finite set ¥ of primes of F', we denote
by 3, the set of primes of F;, over the primes in ¥. We denote the direct limit ngoF"’” by

F . Note that Fi, does not mean the completion of Fi, at the prime v. Th?oughout
the paper, we assume that the fixed prime number p is odd.

Acknowledgement. The author is grateful to Prof. Takeshi Saito for reading the
manuscript carefully and pointing out mathematical mistakes. He also thanks Kazuo
Matsuno and Yoshitaka Hachimori for valuable discussion. Thanks are also due to
Prof. Haruzo Hida for reading the manuscript, giving him useful comments and cor-
recting several historical and mathematical mistakes.

2. CONTROL THEOREM FOR BLOCH-KATO’S SELMER GROUPS

In this section, we give a sufficient condition for a p-primary Bloch-Kato’s Selmer
group to be controlled in a Z,-extension F,/F.

Let us fix the notations. If V (resp. T') is a p-adic representation(resp. Zy-adic repre-
sentation) of G or G,, then we denote Homg, (V,Q,) (resp. Homgz, (T, Z,;)) by V*(resp.
T*). For a p-adic field k, Fontaine (see [8]) defines important rings called rings of p-adic
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periods Berys = Berys ks BaR = Bar,k, etc. The ring Berys is a @;r—algebra equipped
Y\\’ith a continuous Gg-action, a Gp-stable filtration and a Frobenius operator ¢ where
Q)" is the completion of the maximal unramified extension of Q). The ring Bgg is a
@p—algebra equipped with a continuous Gp-action and a Gg-stable filtration and is a
discrete valuation field. Using rings of p-adic periods, Fontaine also defines the filtered
module Derys(V) (resp. Dar(V)) by (V®q, Berys)* (resp. (V®g,Bar)®*). The module
Derys(V) is a finite dimensional kg-vector space with dimpg,Derys(V) < dimg,V and is
equipped with Frobenius operator ¢, where kg is the maximal unramified subfield of k.
The module Dgr(V') is a finite dimensional k-vector space with dim;Dqr(V) < dimg,V’
and is equipped with a decreasing filtration:

.- D Fil'Dgr(V) D Fil'™Dggr(V) D - - -,
such that

Fil'Dgr(V) =0 for i > 0.

A p-adic representation V' is called crystalline (resp. de Rham) if dimy Derys(V) =
dimg, V' (resp. dim;Dgr(V) = dimg,V’). We recall the local conditions for the Selmer
group introduced by Bloch and Kato [1].

{FﬂiDdR(V) = Dar(V) fori< 0,

Definition 2.1. Let T' be a Zy,-adic representation of Gp,, and let V' (resp. A) be a
continuous G'r,-module T®z,Q, (resp. T®z,Qp/Zy).

(1) Assume v {p. Then H}(Fv, V') is defined by:
Hi(F,,V)=Ker[H'(F,,V) — H'(I,,V)].
2) Assume v|p. Then H}(F,, V) is defined by:
f
H{(F,,V) =Ker[H'(F,,V) — H'(F,,V®q, Beys)]-
Similarly we define:
H(F,,V)=Ker[H'(F,,V) — H'(F,,V®q,B&3.)],
H,(F,,V)=Ker[H'(F,,V) — H'(F,,V®q,Bar)]
(We have the relation H}(F,,V) C H}(Fv, V) C H,(F,,V).)
(3) At a prime v of F, we define:
HNF,,T) =i 'H(F,,V),
H!(F,, A) = prH}(F,,V),
where * is e, f, g, and 7, pr are the following maps:
HY(F,,T) - HY(F,,V) 2 H\(F,, A).

For a Z,-adic representation 1" of G, Bloch-Kato’s Selmer group SelBK (F, A) is defined
as follows:

HY\(F,, A
SelPX(F, A) := Ker [Hl(F, A) — HH}EFA%] .
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For a Zy-extension Fi/F of F', we define the Selmer group over Fi, to be:

Sel” (Fog, A) := limSel®™ (Fy,, A).

Definition 2.2. Let V' be a p-adic representation of GGi. Then V satisfies Panchishkin
condition if:

(i) V is a de Rham representation.
(ii) There exists an exact sequence of p-adic representations of G:

0—V —V —=V"—0,
such that V' ®Cp, & & Cp(i)%% and V" ®C, & @ C,(i)®* as Gg-modules where
>0

i<0
ki S Zzo.
Remark 2.3. (1) Ordinary representations in the sense of [9] satisfy the Panchishkin
condition.

(2) Let V be a de Rham representation. Then for n > 0, V(n) and V(—n) satisfy
the Panchishkin condition.

(3) We call the exact sequence which appeared in (ii) of Definition 2.2, the Pan-
chishkin filtration for V. We see Fil’Dggr (V") = Dgr(V") and Fil°Dggr (V') = 0.
If V satisfies the Panchishkin condition, then V*(1) also satisfies the Panchishkin
condition. The Panchishkin filtration for V*(1) is given by:

0— V"™(1) — V*(1) — V'*(1) — 0.
We have the following theorem:

Theorem 2.4. Let V' be a p-adic representation of Gg for an odd prime number p and
let X be a finite set of primes containing the set X, of all primes of F' dividing p. We
assume that V is unramified outside 3. Let T be a Gp-stable lattice of V.. We denote
the representation V/T by A. Let Fso /F be a Zy-extension.

(1) Assume that HY(F,,V) =0 for all n. Then the kernel of the restriction map:

SelBK(F,, A) I SelBK (1, A)0n,

s finite and bounded independently of n.
(2) Assume that Fso/F is the cyclotomic Zy-extension. We further assume the following
conditions at each place v of Fyy over p.

(i) The p-adic representation V satisfies the Panchishkin condition at the prime of
F under v.
(ii) For each n, we have

DcryS,n(V//)@:1 = DcryS,n(V/*(l))/(‘P - 1)DcryS,n(V/*(1)) =0,
where 0 — V' — V. — V" — 0 is the Panchishkin filtration of V as a
GFr,-module and Derys () means ( ®QchryS)GFn,v.
(ii) Let0 — T" — T — T" — 0 be the exact sequence defined by the Panchishkin
filtration. Then H°(Fuo, T" ® Qp/Zy) and HO(Fsop, T"" @ Qp/Zy(1)) are finite
groups, where F, ., is the direct limit L>J0Fn,v.
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Then the cokernel of the restriction map f, is a finite group whose order is bounded
independently of n.

Remark 2.5. Assume that V is the p-adic realization of a pure motive M over F. If the
motive M does not have the component with weight 0, then the assumption of Theorem
2.4 (1) is satisfied. If the motive M has no component with weight —2 nor weight 0
and M arises from a variety which has a good reduction at all primes above p, then the
condition (ii) of Theorem 2.4 (2) is satisfied due to [13] and the crystalline conjecture
proved by Faltings, Tsuji and Niziol (see [5], [20] and [15]).

Remark 2.6. Let T' := T),(E) be the p-Tate module of an elliptic curve E over a number
field F' which has good ordinary reduction at all places of F over p, and let F.,/F be the
cyclotomic Zy-extension of F'. Then Theorem 2.4 recovers Mazur’s result mentioned in
61, since SelBK(Fn7 A) coincides with the classical p-primary Selmer group for the elliptic
curve E over F), by [1, Example 3.11].

Before proving the theorem, we prepare some lemmas.

Lemma 2.7. Let A be a discrete Gp-module and let 3 a finite set of primes of F which
contains all primes above p. Assume that A is unramified outside X. Let F,, be the n-th
layer of Fso/F. Then we have:

H'(Fy/F,, A) = Ker[H'(F,,, A) 2 T[] H' (In0, A
V¥

as a submodule of H'(F,, A), where F, is the maximal extension of F which is unramified
outside X, the set Xy, is the primes of I, above the primes in X of F' and I, , is the inertia
subgroup of Gp,

Proof. Consider the following commutative diagram:

respy,

0 —— HYFy/F,,A) ——  H\(F,, A) HY(Fx, A)

anl l%

[T H'(Inw, A) —2 ] H'(Ig,,, A),
ngn ﬁgi

where ¥ is the primes of Fy above the primes in ¥ of F. The map 3, is easily seen
to be injective since Fy/F is unramified outside X. Since Gal(F'/Fx) acts trivially on
A, we see that H'(F/Fs, A) = Hom(Gal(F/Fs),A). By the same reason, we have
Hl([FEj7 A) = Hom(Ip, ;, A). Thus v, must be injective by the maximality of Fx. We
see that H'(Fy/F,, A) = Ker(ay,) by easy diagram chasing. O

Lemma 2.8. Let v be a place of Foy which does not divide p. Then the kernel of the
HY(F,., A) HY(Fs, A)

—
HN(Fpo, A)  HNFoou, A)

independently of n, where H} (Foo, A) is the direct limit liﬂH}(Fmﬂ,,A).
m

restriction map: 18 a finite group whose order is bounded
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Proof. Let us denote by HL.(F, ., A) the module Ker[H'(F},,, A) — H(I,,, A)]. The
HY(F,,, A) N HY(Fy., A)
Hy(Fnp, A) Hy(Foow, A)
Let us consider the following commutative diagram:

map is injective since Fu /Fr, is unramified for v 1 p.

H}(Fn,’v, V) __Il“__> H&I(Fn,va A)div

| |

0 —— HY(F,,,T)/tor —— HYFn,,V) —2— HYFpy, A)giy — 0

| ! |

0 —— HYI,,,,T)/tor —— H'(I,.,V) —— H'(Iny, A)ay — 0.
Since v does not divide p, the group H!(I,,,T)/(tor) is finitely generated over Z,.
Therefore the group H} (Fp.0, A) coincides with the maximal divisible part HL.(F}, ., A)giv
of HL.(F,», A). Thus we have the following commutative diagram:

0
0 H (Fy A) H' (o0, A) H(Fy . A) .
H&r(FnﬂH A)div H} (Fn,v’ A) H&r(Fn,IM A)
0 Hyy (Foc,0, A) HY(Foo,, A) H (Foo, A) 0
H&r(Fooma A)div H}f (Foo,v’ A) H&r(FOO,Uv A) .

Thus it suffices to bound the cotorsion part of HY.(Fpy, A) = H(F3,/Fy,, Af"v) in-
dependently of n. We note that A+ does not depend on n since primes outside p are
unramified for any Z,-extension of a number field. Thus we denote Alnw by A. We have
the exact sequence:

0 — Agiyy — A — Ag, — 0,
where Agiy (resp. Zﬁn) is the maximal divisible subgroup (resp. the largest cotorsion
quotient) of A. By taking cohomology of this exact sequence, we have:

HY (3, Fows Aai) — HY(FY/ Faw, A) — HY(FY, [ Fow, Agin).

The image of H(F,/Fy ., Adiv) is a cofree Zy-module. Hence the order of the cotorsion

part of H} (F,,, A) = HY(F™ /F,,,A) is bounded by the order of Ag, because the

U .
cotorsion part is a subgroup of the Gal(F}",/F, )-coinvariant of Agy. O

Lemma 2.9. Let V be a p-adic representation of Gg which satisfies Panchishkin con-
dition. Let T be a Gp-stable lattice of V.. We denote the Panchishkin filtration of T
by

0—T —T—T"—0.
Assume that H*(F, ,,V*(1)) = 0 for each n > 0 and each v € ¥,,,. Then the following

statements hold for each v € ¥}, ,,:
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(a) We have an exact sequence:
0 — Hi(Fnw, T"" (1)) — H(Fp0, T*(1)) — H(Fp, T (1)).
(b) Assume that Derysn(V'™(1))/(¢ — 1)Derys (V" (1)) is zero. Then, we have:
Hj(Fp, T (1)) = HO(Fop, T @ Qp/Zp(1)).
Proof. First, we note that
Hi(Fny,T) = Ker[H' (Fp0, T) — H'(Fp 0, V&g, Berys)]

for any torsion free Z,-adic representation T" of G, ,. By the assumption of the lemma,
we have:

HY(F,,, T (1)) = H*(F,,, V" (1)) =0
for each n. Then we have the following diagram:

0 — Hl(Fn,U,T”*(l)) — Hl(Fn,U,T*(l)) — Hl(Fnyv,T’*(l))
! ! ! !
(V’*(1)®Bcrys)GFn«u — Hl(V”*(l)@Bcrys) — Hl(V*(1)®Bcrys) — Hl(V’*(l)®Bcrys)7

where H1( ) is defined to be H!(F, ,, ). Since V*(1) is a de Rham representation, the
map (V"*(1)® Berys) v — H'(V"*(1)@Berys) in the bottom row is a zero map. Hence
(a) follows from the above diagram.

Next, we shall prove (b). We take the long exact sequence of continuous Galois coho-
mology of the short exact sequence:

0—T"(1) — V™(1) — T"®Q,/Z,(1) — 0.
Then we have the following exact sequence:

* n * * on *
HO(Fp, V(1)) 2% H(Fop, T ®Qp/Zy(1)) — Hp(Frw, T (1)) 2 Hf(Fopw, V'™ (1)).
Note that the cokernel of -, is isomorphic to H(F}, ,, T"*(1))tor by [19, Proposition 2.3]
and that the kernel of d,, is isomorphic to H*(F}, ,, T"*(1))tor since H}(Fn,v, T'"(1)) is the

pull-back of H}(Fy,., V(1)) via the natural map H}(Fp, T (1)) — Hp(F,p, V(1))
Since we have HO(F, ,, V'*(1)) = 0 by the assumption of the lemma, we have only to
show that H} (Fow, V(1)) = 0. Since V'*(1) is a de Rham representation, we have:

Hj(Fo, V" (1) /He (Fow, V™ (1)) = Derysn (V7 (1)) /(9 = 1)Darysn (V" (1))
due to [1, Corollary 3.8.4]. As for the right hand side term, we have

Dcrys,n(vl*(1)>/(90 - 1)Dcrys7n(vl*(1)) =0

by the assumption of the lemma. Hence, by [1, Corollary 3.8.4], we have the following
equality:

H}f (Fn,va V,*(l)) = Hel (Fn,va V,*(l)) = DdR(V/*(1))/F110DdR(V/*(1))

The right hand side of this equality is 0 by Remark 2.3 (3). So we have H}(Fm,7 V(1))
0. Thus (b) follows.

o
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Lemma 2.10. Let v € X,,, be a prime of F,, dividing p. Let V" be a de Rham p-adic
representation of G, , such that V" @ C, = @ Cp(i)®% as G, ,-module and let T" be
, i<0 :

a GF, ,-stable lattice of V". Assume that Dcrysyn(V”)‘P:1 =0 for each n > 0. Then we
have H} (Fy 0, T"* (1)) = H' (Fy 0, T"*(1)) for each n > 0.
Proof. Since V"*(1) is a de Rham representation, we have:
dimg, Hy (Fn, V" (1)) — dimg, H} (Fp0, V" (1)) = dimg, Derys,n (V")
We have Depysn (V' ")¢=1 = 0 by assumption. Thus
Hy(Fn, V"™ (1)) = Hp(Fop, V" (1)),
dimg, H" (Fp,s, V" (1)) — dimg, H, (Fpv, V" (1)) = dimg, H} (Fp,,, V")
= dimg, (Dar (V") /Fil’Dar (V")) = 0.
O
Let us return to the proof of Theorem 2.4.

Proof of Theorem 2.4. Let us prove (1). We have the following commutative diagram:

SelBK(F,, A) Im  SelBK(F, A)n
N N
HY(F,,A) — H'(Fx, A
In order to bound Ker(f,), it suffices to bound the group:
(A%F ), = Ker[H'(F,, A) — H'(Fso, A)'].
Since A%Fe is of cofinite type over Z,,, we have the following exact sequence:
0— D — A%~ — E —0,

where D is the maximal divisible subgroup of A®F~ and E is the largest finite quotient
of A%F=. Then it suffices to bound Dr, and Er,. For each n, Er, is a finite group
whose order is bounded by the order of E. Especially, the order of Er, is bounded

independently of n. Assume that D % D is not surjective. Then Dp, = Coker(1 —y,)
is infinite since D is divisible. Especially, corankz, Dr, = (:orankZpDFn is not zero. Since
D is contained in A%Fn, this implies that A®F is infinite and that HO(F,,V) # 0.
However, H(F,,V) is zero by the assumption. This is contradiction and hence Dr,
must be zero. Thus the proof of (1) is completed.

Next, let us prove (2). By Lemma 2.7, we have the following commutative diagram:

1
0 —— S(B4) —— H(Fy/Fpd) [ el
LIS f( n,vs )

‘| .| N

I'n
1
0 SelBK(FOO,A)F" HI(FE/FOO,A)F” H Hl(Foo,’uaA) ,
veso Hj(Foow, A)
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where H}(FOO,U,A) = hﬂH}(Fn,U,A). By the Hochschild-Serre spectral sequence, the
n

cokernel of g, is contained in H?(Fs/F}, AGFoo). Since the p-cohomological dimension
of Gal(Fx/F,) is 1, g, must be surjective. Consequently, the module Coker(f,) is a
sub-quotient of Ker(h,) by the snake lemma. Thus we have only to bound the kernel of
hy. We bound the kernel of the map

I'n
o e ) H (Foow, A)
M H(Fuw, A) H}(Fou, A)
for each v € X,,.

As for v 1 p, the kernel of the map hy, , is bounded by Lemma 2.8.

Let us consider the case v € ¥, . By Proposition 3.8 of [1], the kernel of h,, is
Pontrjagin dual to the cokernel of the corestriction map:

[T QimB }(F, T5(1))) 22 [ HF(Fo, T (1))

vex m vEX
Hence it suffices to bound the cokernel of the above corestriction map. Let us consider
the following commutative diagram:
0 —— WmH}(Fap, 7" (1) —— WmH}(Fp, T*(1)) —— UmHj(Fp,, T7(1))
m m

m

0 ——  H}(Fop,T"(1) —— H}(Foo, T*1)) —— H}(Fno, T7(1)).

Since we have Hj(Fpu, T (1)) = H°(Fnu, T" © Qp/Zy(1)) by Lemma 2.9 (b), the
cokernel of ¢, is a finite group whose order is bounded by the assumption (iii). Hence
it suffices to bound the cokernel of a,. By Lemma 2.10 and the assumption (ii) of the
Theorem 2.4, we have:

Coker(a,) = Coker [imH " (Fyn 0, T" (1)) — H' (Fp0, T""(1))].

m

This is Pontrjagin dual to
Ker [H' (Fp0, T" @ Qp/Zp) — HmH " (Fpo, T" © Qp/Zp)]
m

=Ker[H' (Fp, T" ® Qp/Zp) — H' (Fo, T" © Qp/Zy)]
=H'(Tn, H (Foo, T" ® Qp/Zy)).

But the last group is finite and bounded independently of n by the assumption (iii) of
the theorem. O

3. APPLICATIONS OF THEOREM 2.4

In the last section, we obtained a sufficient condition (Theorem 2.4) for Bloch-Kato’s
Selmer groups to be controlled in the cyclotomic Z,-extension. In this section, we apply
Theorem 2.4 to the Selmer group associated to a modular form or the symmetric power
of an elliptic curve. Let f € Sip(I'1(N)) be a newform of weight £ > 2 and of level N
prime to p such that p-th Fourier coefficient a,(f) is a p-adic unit for a fixed prime
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of Qf = Q({an(f)}) over p. We denote by Vy the p-adic representation of Gg of weight
1 — k associated to f. Note that this is the linear dual of the original representation
constructed by Deligne [3]. For a motive M over Q, the gamma factor I'j;(s) is defined

as follows:
) k—1

AR K(=DF (=1
ISVIOESY || INCEE [ INC O L [ INET Sl :
k

1<j k

. . 1)k
where h*7 is defined to be C-dimension of the Hodge realization H*7 (M) and prok (=Y

kg (-DET . - 1V k=1
(resp. h ) is the dimension of (—1)"-eigenspace (resp. (—1)""'-eigenspace) for

the complex conjugate on H**(M). A motive M over Q is called critical if both I"pz(s)
and I'p7«(1)(s) do not have a pole at s = 0, where the motive M*(1) is the Kummer dual
of M. The p-adic realization V(M) of M is called critical if M is critical. For Iwasawa
theory of p-adic representations, it is important to consider the critical Tate twist (see
[9] and [10]). It is known that Vy(r) is critical if and only if 2 — k& < < 0 for the above
V. We have the following theorem by applying Theorem 2.4.

Proposition 3.1. Let T' be a lattice of the representation Vy(r) with 2 —k < r < 0.

Let A be T®z,Q,/Z,. Then the restriction map Sel®*(Q,, A) n, SelB¥(Quo, A)™ has
finite kernel and cokernel whose orders are bounded independently of n.

In order to prove Proposition 3.1, we need the following proposition, which was origi-
nally proved by Deligne in his letter to Serre. Later, Mazur and Wiles gave another proof
by using Hida theoretic method. Since the original proof by Deligne is unpublished, we
refer to [22, Theorem 2.1.4] and [11].

Proposition 3.2 (Deligne, Mazur-Wiles). Let f = 7 | anq"™ be a normalized newform
of weight k > 2 for T'\(N). Let 1 is the Nebentypus character for f. Assume that a, is
a p-unit. Then the representation

Py - GQ — GL(Vf) = GLQ(QJ{@)

restricted to the decomposition group D, at p is equivalent to the representation of the

form:
€1 *
0 €9 ’

where €z is the unramified character such that ea(Frob,) = o where « is the p-unit root
of x% — apT + Y(p)pF~t and Frob,, is the p-th power arithmetic Frobenius.

Proof of Proposition3.1. In order to prove the assertion for the kernel of f,,, we have only
to show that H°(Q,, V¢(r)) = 0 for each n according to Theorem 2.4 (1).

First, consider the case where the weight of the Galois representation V¢(r) is not
zero, that is, we consider the case where 1 — k — 27 is not zero. Then we see that
H%(Qy, V¢(r)) = 0 by considering the action of the Frobenius Frob; for [ /Np.

Next, consider the case where f is not of CM-type (We do not give the definition for
a cusp form f to be of CM-type, but we refer [16] for the definition). If f is not of
CM-type, the image of Gg in Aut(Vy(r)) is an open subgroup of Aut(V¢(r)) (cf. [16],
[17]). Since G, is open in Gg, the image of G, is also an open subgroup of Aut(Vy(r)).
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Hence, even in the case where the Galois representation Vy(r) has weight zero, we see
that H°(Q,, V¢(r)) = 0.

Now the case left for us is Vy(r) such that f is of CM-type and 1 —k —2r = 0. In
this case, there exists a quadratic imaginary extension K of Q with the property that
for any open subgroup H of Gg, the action of H on Vy(r) is irreducible if and only if
H ¢ Gk (cf. [16, Proposition 4.4]). Now since we are assuming that p is odd, Gg, is
not contained in Gk for any n. This completes the proof of the assertion for Ker(f,).

In order to prove the boundedness of the cokernel, it suffices to check the conditions
(1)-(iii) of Theorem 2.4 (2). The condition (i) is a consequence of Proposition 3.2 for all
k > 2. We have

det( — ¢~ Darys(Vy)) = 2” — apz + Y (p)p" ™"
due to [13] and [18]. By the assumption that a, is a p-adic unit, we can not have = (yn -
p=1/2 for a root of the equation 22 — ayz +1(p)p*~!. Hence we have Depys (V)= =

Derysn(V*(1)) /(¢ — 1)Derysn (V*(1)) = 0. This completes the proof of (ii). Since V is
ordinary at p, V has a filtration:

- DFILV O FiHV ...
as a G@p—module. Hence we have the Panchishkin filtration:
0—T —T —T"—0

by putting 7" = Fil})V NT. HO(QOO,T”@ZPQP/ZP) (resp. HO(QOO,T’*@)ZPQP/ZP(I))) is
contained in H(Qp((pe), T"®z,Qp/Zp) (resp. HO(Qp(Cpe), T ®7,Qp/Zy(1))). We see
that G, (¢,0)/ 10, (¢ ) acts non trivially on T"®z, Qp/Zy (resp. T" ©z,Qp/Zy(1)) due to

Proposition 3.2. Hence HY(Qp(Cpee ), T"®7, Qp/Zyp) (resp. HO(Qp((pe ), T @7,Qp/Zy(1)))
is finite. Thus (iii) follows. O

Besides the representation associated to a modular form, the symmetric power of the
representation of an ordinary elliptic curve has been also studied actively as an attempt
to generalize Iwasawa theory. We can also apply Theorem 2.4 to the symmetric product
of the representation of a good ordinary elliptic curve. Let E be an elliptic curve over Q
such that E has good ordinary reduction at p. Let T,,(E) be the p-Tate module of E. We
define V), (E) (resp. Ap(E)) by V,(E) :=T,(E)®z,Qp (resp. Ap(E) = Tp(E)®z,Qp/Zy).
For d > 1, we denote the d-th symmetric power of V,,(E) by V. In the case of symmetric
power of an elliptic curve, the critical twists are as follows:

Lemma 3.3 ([2|, Lemma 2.1.1). Let E be an elliptic curve over Q. Then

(1) If d is an odd positive integer, then Vd(#) is the only critical twist of Vy.

(2) If d is an even positive integer such that ¢ is odd, then Vy(=2) and Vy(52 + 1)
are the only critical twists of Vy.

(3) If d is an even positive integer such that % s even, then Vg has no critical twist.

In the case 1 of Lemma 3.3, we have the following result by applying Theorem 2.4 (We
can not apply Theorem 2.4 to the case 2. see Remark 3.5).
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Proposition 3.4. Let E be an elliptic curve over Q which has good ordinary reduction
at p. We denote by V the d-th symmetric power Sydep(E)(_ 2+1) where d is an odd
positive integer. Then the restriction map

SelBK(Q,, A) 1% SelPK(Qu, )1
has finite kernel and cokernel which are bounded independently of n.

Proof of Proposition 3.4. We have H°(Q,,V) is zero for all n since V has weight —1.
Thus the boundedness of the kernels follows from Theorem 2.4 (1).

Let us prove the boundedness of the cokernel. Let o be the p-unit root of the equation
2% — apx + p, where a, is p+ 1 — §E(F,). The filtration on Vd(%d +1) as a Gg,-module
is given as follows:

a1 sdil d—1

(Fil, WUEQTWU®QA——7

where Q,(a’) is a one dimensional Q,-vector space with Gg,-action on which Gg, is
unramified and the arithmetic Frobenius Frob, € Gg,/Ig, has the eigenvalue ald. We
check the conditions (i)-(iii) of Theorem 2.4 (2). T,(FE) is a crystalline representation
since F has good reduction at p. Since V is an ordinary representation, V satisfies the
Panchishkin condition. Hence the condition (i) is satisfied. By [13], we see that the roots
of det(x — ™5 Derys.n (V) have the complex absolute value p'/2. We see that V = V*(1)
by the Weil pairing for E. Thus the condition (ii) is satisfied. The Panchishkin filtration
for T":

0—T —T—T"—0

is given by 7" = Filzl)T, =T/ Filzl,T. Then we can check the condition (iii) by the same
argument as the proof of Proposition 3.1 U

Remark 3.5. Our method can not treat the case where d is even positive number.
Recent results of Hida [12] treats these cases by a complete different method from ours.

4. COMPARISON OF SELMER GROUPS

In this section, we compare Bloch-Kato’s Selmer group and Greenberg’s Selmer group.
The comparison of these two Selmer groups over a finite number field F' is already done
by Flach ([6] and [7]). Our subject here is the comparison of these two Selmer groups
over a n-th layer F), of a Zy-extension Fy,/F, when n varies.

Let V be a p-adic representation of G which satisfies the Panchishkin condition at
each prime v of F' over p. We fix a Gp-stable lattice T' of V' and we denote V/T by A.
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Greenberg’s Selmer group is simply defined as follows:

Sel% (F,, A) = Ker[H' (Fy/F,, A) —  [[ H'(Inw, A/FFA [ H'(Inw, A)],
veEp,n UEEn\Ep,n

where Ff A C Ais a filtration as a G, ,-module which is defined by Panchishkin filtration
(see Remark 2.3) and ¥, (resp. X, ,) is the primes of F;, above ¥ (resp. X,). The
following result is shown by Flach in his papers [6] and [7].

Proposition 4.1 (Flach). Let V' be a p-adic representation of G which is unramified
outside X.. Assume that V' satisfies Panchishkin condition at each prime v of F over p.
Let T be a Gp-stable lattice of V. Then we have the following:

(1) There exists a natural injection
SelBR(F,, A) < Sel®*(F),, A).

for eachn > 0. Further, the Z,-corank of the cokernel of the above map is bounded
by
> [dimg, H)(Fn, V) — dimg, H} (Fy, V).
vEXp.n
Especially the cokernel of the above restriction map is finite when H}(FU,V)
coincides with H;(Fv, V') for each prime v € ¥, ,, of F,.
(2) Let Foo/F be the cyclotomic Zy-extension. Then the Zy,-corank of the cokernel of

SelPK(F,, A) < Sel® (F,, A)
1s bounded.

His proof is written only for ordinary representations and he does not treat general
p-adic representations with Panchishkin condition. But, the same proof works for repre-
sentations satisfying the Panchishkin condition. The statement 1 is proved in [7, Theorem
3]. The statement 2 is proved in [6, Lemma 2.9].

In order to control the Selmer group, we need to bound the finite error terms. Our
result is as follows:

Proposition 4.2. Let V be a p-adic representation of Gg which is unramified outside
Y. Assume that V satisfies Panchishkin condition at each prime v of F' over p. Let T be
a Gp-stable lattice of V. Let Foo /F be the cyclotomic Zy,-extension. Assume further the
following conditions:

(a) For each n > 0 and each prime v € ¥, , of Fy, H}(Fnyv, V') is equal to Hgl(Fnyv, V).
(b) For each v € poo, H(Foow, FIT)* ®z, Qp/Zy(1)), H(Faop, T*®2,Qp/Zy(1))
and H°(Foo v, AJFFA) are finite, where 0 — FfT — T — T/FFT — 0 is the
Panchishkin filtration of T as a Gf,-module.

Then the order of the cokernel of the injection Sel®X(F,, A) «— Sel®*(F,, A) is finite
and bounded independently of n. FEspecially, SelBK(FOO,A) s a finite index subgroup of
Sel®T(Fl, A).
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Proof. For the proof, we have only to compare the local condition at each prime v € 3,
of F,, which appears in the definition of these two Selmer groups.

First, we consider the case v { p. For a prime v € ¥, \ ¥, ,, of F,, the local condition of
Greenberg’s Selmer group at v is given by the module HL (F}, ,, A) defined in the proof of
Lemma 2.8. The group H }(Fn,v, A) is the maximal divisible subgroup of H}, (F},», A) and
the cotorsion part of H} (F, ,, A) is a finite group whose order is bounded independently
of n as shown in the proof of Lemma 2.8.

Next, we consider the case v € ¥, ,,. In this case, it is shown by Flach that Hgl(Fnyv, V)
coincides with Ker[H(F,, ., V) — H(I,., V/FV)]. We consider the following dia-
gram:

0 0
+ +
HY(F,o,V) ™ HE(Faw, A)
+ dn
m — H'(Fo0, V) — HY(F, 0, A) = H*(Foy, T)tor
anl bud end

( HY(I,,.,,T/FFT)

Gn,v
< HY(Ip,, V/FIV)Gro 5 HY(I,,, A/F+A)Gno,
Hl([n,v,T/FgT)m) (L. V/FEV) (L. AJES 4)

where Gy, := GF, ,,/Iny and the module H(l;r(an, A) is defined to be the kernel of the
map c¢,. The map b, is decomposed as:

HY(Fpp, V) 2 HY(Epy, V/FTV) 25 HY (L, V/EFV) G0,

The cokernel of b, is the dual of HO(F, ., (FV)*®q,Qy(1)) which is zero by the as-
sumption (b) of the proposition. Since the group G, = GF, ,/Iny has cohomological
dimension one, the map b/ is surjective by the inflation-restriction sequence. Hence b,, is
surjective. Now, we have the following exact sequence by the snake lemma:

0 — Coker(a,) — Coker(py ) — H*(Fp.p, T )tor-

The last term H?(F, 4, T)tor is finite and bounded by the local Tate duality and by
the assumption (b). Thus, we have only to bound the group Coker(a,) to bound the
difference of the local conditions of Greenberg’s Selmer group and Bloch-Kato’s Selmer
group at the primes above p.

Let us consider the following commutative diagram:

H (o, T)
[ T A U, 1) 0
(Frnw, Dtor = (Fi, T) - HY(Fw, T)tor —>
! apd ant

tor

H' (I, T/F}T) )G

H' (Lo, T/FFT)n" s HY (I, T/FST)™
(Ino, T/F+T) (Inw, T/FST) H'(Fpy, T/FT)tor
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The group Coker(e,) is a submodule of Hl(Gn,v, HY (L4, T/FFT)tor). Hence we have
the exact sequence:

Coker(a,,) — Coker(a,) — Hl(Gnyv, Hl(In,U, T/FjT)tor).

The group H(I,», T/FT)tor is the largest cotorsion quotient of H(I,, ., A/FA). We
denote by Dy, the maximal divisible subgroup of H%(I,, ., A/F; A). Consider the fol-
lowing commutative diagram:

0 —— Dpy — H(Lyp, AJFfA) —— HY (10, T/F{T)tr — 0

1_gn,vl ll_gn,v ll_gn,v

0 —— Dpy — H(Lyy, AJFJA) —— HY (1,0, T/F T)tr — 0,

where g, , is a topological generator of the cyclic group Gy, . The cokernel of the right
vertical map is H*(Gpny, H (I, T/FT)tor). The kernel of the middle vertical map is
HOY(F,., A/F} A), which is finite and bounded by the assumption (b) of the proposition.
Hence the cokernel of the middle vertical map is finite and bounded. Consequently,
H 1(Gm,, H I(In,v’ T/FFT)or) is a finite group whose order is bounded independently of
n. As for the map a,,, it is decomposed as

HY(Fp, T) = HY(F,,, T/FIT) =2 H (I, T/FFT)Cme.

The map a] is surjective by the same argument as that for the surjectivity of b/.
Hence, we have only to bound Coker(a),) independently of n. Coker(al,) is a sub-
module of H?(F, ,,FT). Since the group H?(F, ,,FiT) is the Pontrjagin dual of
HO(F, (FiT)*®2,Qp/%y(1)), it is finite and bounded independently of n by the as-
sumption (b). Consequently, Coker(a,,) is finite and bounded inedependently of n. This
completes the proof of the proposition. O

We obtain the following corollary by applying Proposition 4.2 to the representations
considered in §3.
Corollary 4.3. Let V be Vi(r) with 2 —k <7 <0 or Vy(=%L) defined in §3. We take
a Go-stable lattice T of V and a discrete Galois module A = T®z,Qp/Z,. Then the
natural inclusion map:

SelPX(Q,,, 4) 22 Sel“'(Q,,, A)

has finite cokernel which is bounded independently of n. FEspecially, SelBK(QOO,A) s a
finite index subgroup of SelGr(Qoo, A).
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