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⎧⎨⎩Hida · · · deformations of modular forms

Mazur · · · deformations of Galois rep’s

+

Iwasawa theory of cyclotomic deformation

of motives(Mazur, Greenberg, etc)

=⇒ Iwasawa theory for general Galois defor-

mations (Greenberg)

Related articles by Greenberg

[1] “p-adic L-functions and p-adic periods of

modular forms” (with Stevens),(1993)

[2] “ Iwasawa theory and p-adic deformations

of motives ”(1994)

[3] “Elliptic curves and p-adic deformations ”

(1994)
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p : prime number fixed,
Q ↪→ C, Q ↪→ Qp, fixed

R : finite flat over Zp[[X1, · · · , Xg]]
T ∼= R⊕d �ρ GQ = Gal(Q/Q)

nearly ordinary filtration F+T ⊂ T

analytic p-adic L

Lanal
p (T )

algebraic p-adic L

Lalg
p (T )
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General open problems

� Construction of analytic p-adic L-function

Lanal
p (T ) ∈ R for various T

� Iwasawa Main conjecture

(Lanal
p (T )) = (Lalg

p (T )) for various T
� Zero and pole of Lanal

p (T ) in Spec(R)

• Trivial zero of LMTT
p (E, s) for the cyclo-

tomic deformation of an elliptic curve split

multiplicative at p (Greenberg-Stevens[1])

• Order of the two-variable p-adic L-function

Lp(fk, j) along diagonal divisor j = k
2 in the

case of nearly ordinary Hida deformation (Con-

jecture by Greenberg).

� Iwasawa theory non nearly ordinary Galois

deformations

• Iwasawa theory for Coleman family for mod-

ular forms with positive slope?

etc.
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Hida’s deformation

•Γ′: the group of diamond operators on

{Y1(p
t)}t≥1

•χ′ : Γ′ ∼−→ 1 + pZp ⊂ (Zp)×

•F =
∑
n≥1

Anqn: ordinary Λ-adic newform of

tame conductor N

•H = Zp[[Γ′]]
[
{An}n≥1

]
: finite extension of

Zp[[Γ′]]

Interpolation property of F
H

κ−→ Qp: arithmetic character of weight k ≥
2 (i.e. ∃U ⊂

open
Γ′, ∃k ∈ Z such that κ|U = χ′k)

⇒ fκ =
∑
n≥1

an(fκ)q
n ∈ Sk(Γ1(Np∗)) (an(fκ) =

κ(An))
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•MH: the maximal ideal of H, F = H/MH

•ρ : GQ → GL2(F) semi-simple with

Trace(ρ(Frl)) ≡ Al modulo MH for almost all

l (“residual representation” ρ always exists)

Assume the following conditions:

(Ir) ρ is irreducible.

(Fr) ∃T ∼= H⊕2 & ρ : GQ−→GL(T)

Trace(ρ(Frl)) = Al for almost all l

We study the two-variable representation:

T =
(
T⊗̂Zp[[Γ]](χ̃)

)
⊗ ωi

(i is a fixed integer with 0 ≤ i ≤ p − 2)

R = H⊗̂Zp
Zp[[Γ]] = H[[Γ]]

where

Γ := Gal(Q∞/Q)
∼−→
χ

1 + pZp ⊂(Zp)×

χ̃ : GQ � Γ ↪→ Zp[[Γ]]×
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Algebraic p-adic L-function Lalg
p (T )

A = T ⊗R HomZp
(R, Q/Zp) � GQ

SelT := Ker
[
H1(Q,A)

→
∏
l �=p

H1(Il,A) × H1(Ip,A/F+A)
]

(Definition given by Greenberg in [2])

Lalg
p (T ) := charR(SelT )∨

Analytic p-adic L function Lanal
p (T )

We want Lanal
p (T ) ∈ R with the interpolation:

(χj−1 ◦ κ)(Lp(T ))/Cp,κ =

(−1)j−1(j − 1)!

(
1 − pj−1

ap(fκ)

)

× L(fκ, j)

(2π
√
−1)j−1C∞,κ

for each arithmetic point κ ∈ HomZp
(H, Qp) of

weight k ≥ 2 and for each 1 ≤ j ≤ k − 1

(i ≡ j modulo p − 1)

Cp,κ, C∞,κ: p-adic and archimedian period

for fκ
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Known results for Lanal
p (T )

• Construction via Modular symbol:

Mazur, Kitagawa, Greenberg-Stevens, etc

• Construction via Rankin-Selberg integral:

Panchishkin, Ochiai, Fukaya, etc

Remark

1. The relation between different construc-

tions are not clear. (In each construction,

the definitions of Cp,κ is slightly different)

2. Kitagawa’s LKi
p (T ) is globally defined over

Spec(R).

3. In Kitagawa’s LKi
p (T ), the p-adic period

Cp,κ is a p-adic unit at each κ.

⇓
Two-variable Iwasawa Main Conjecture

Under the condition (Ir), (Lalg
p (T )) = (LKi

p (T ))
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Under the conditions (Ir) and (Fr), we have

the following result:

Theorem. (Ochiai) Assume

(H) R ∼= O[[Y1, Y2]]

(G) ∃τ ∈ GQ which is conjugate to

(
1 Pτ

0 1

)
in

GL(T ) ∼= GL2(R) where Pτ ∈ R×. ∃τ ′ ∈ GQ

acting on T /MT via the multiplication by −1.

Then we have:
(Lalg

p (T )) ⊃ (LKi
p (T )).

Strategy of the proof

Theorem A (Ochiai, [2003] + preprint)

The condition (Ir) =⇒ an ideal of Euler sys-

tem (ES) ⊂ R obtained by modifying (twist-

ing) Beilinson-Kato elements

Further, we have (ES) = (LKi
p (T ))

Theorem B (Ochiai, [2005])

Assume the condition (H) and (G). Then we

have the following inequality:

(Lalg
p (T )) ⊃ (ES)
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Further progress

1. Study of SelT /JT −→ SelT [J] (preprint)

Proposition

For each height-one prime J ⊂ R,

(One-variable) Iwasawa Main Conjecture for

T /JT ⇐⇒ (Two-variable) Iwasawa Main Con-

jecture for T

J = (γ − χ′(γ′)γ′) (interpolating L(fk, k − 1))

• Sel(T /JT ) defined by Greenberg’s method

• Lanal
p (T /JT ) defined by LKi

p (T ) modulo J

• Iwasawa Main Conjecture for T /JT
(Lanal

p (T /JT )) = E · (Lalg
p (T /JT ))

where E = (1−Ap(F)) or (1) (extra factor).

J = (γ′ − κ(γ′)) (cyclo. deformation of fκ)

Corollary of Proposition

Cyclo. I.M.C. for fκ ⇐⇒ Cyclo. I.M.C. for fκ′

(for every arithmetic specilizations fκ, fκ′ of F)

(without assuming µ = 0)
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2. Residually reducible cases (in prepara-
tion)
When (Ir) or (Fr) is false,
• T ∼ T ′ isogenious −→ SelT /SelT ′ is stud-
ied. (generalization of Perrin-Riou’s result
for variation of µ-invariant under isogeny in
the cyclotomic deformation case)
• Iwasawa Main conjecture in the case with-
out (Ir).

3. Examples (preprint + in preparation)
∆ = q

∏
n≥1

(1 − qn)24 ∈ S12(SL2(Z))

p :ordinary prime for ∆ (p ≥ 11, p �= 2411, · · · )
R =Zp[[Γ × Γ′]].
T = T⊗̂Zp[[Γ]](χ̃) ⊗ ωi (0 ≤ i ≤ 10)
such that T/(γ′ − χ′(γ′)12) ⊗Zp

Qp
∼= V∆.

Lemma
Except for (p,1) with anomalous primes p of
∆, we have SelT = 0 and LKi

p (T ) is a unit.
p = 11,23,691, · · · are anomalous primes. (p, i) =
(11,1) ⇒
(SelT )∨ ∼= Zp[[Γ × Γ′]]/(γ2 − γ′−1)
(Lalg

p (T )) = (LKi
p (T )) = (γ2 − γ′−1) (I.M.C.

is true).
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(p, i) = (691,1) ⇒
Lattices T are not unique. There is a minimal

lattice T0 so that (Lalg
p (T0)) = (LKi

p (T0)) = R.

For other lattices T ∼ T0, Lalg
p (T )/Lalg

p (T0)

and Lanal
p (T )/Lanal

p (T0) are compared.

(p, i) = (23,1) ⇒
The condition (G) is not satisfied.

(The residual representation is dihedral)

At the end, we will propose several problems

related to results mentioned above...

Problem 1 Weaken the condition (H) in The-

orem B.

Greenberg-Stevens[1] =⇒ Example of the cases

where Hecke algebra might have singularity.
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Problem 2 Weaken the condition (G) in The-

orem B. (Euler system should work for every

“non-CM” deformations!)

Related to Problem 2, we are led to the fol-

lowing conjecture:

Conjecture

Let T ∼= Zp[[X1, · · · , Xg]]⊕d and let G ⊂ GL(T )

be an analytic subgroup. Assume that

∃φ ∈ Hom(Zp[[X1, · · · , Xg]], Qp)

such that Gφ ⊂ GLd(Qp) is a reductive p-adic

Lie group.

Then, Hi(G,A)∨ is a finitely generated tor-

sion Zp[[X1, · · · , Xg]]-module for every i.

Remark

1. Conjecture in the case g = 0 is Lazard’s

result in his paper in 1965.

2. Example of G for g > 0 is nearly ordinary

Hida deformation T and G = Image[GQ →
GL(T )].

3. Condition (G) implies H1(G,A) = 0 in the

case of Hida deformation.
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