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Situation

p : prime number,

R : finite over Zp[[X1, · · · , Xg]]

T ∼= R⊕d x GQ = Gal(Q/Q)

How much such big rep’s T ?

• Example from Hida defor-

mation (since early 80’s)

• “Deformation theory” by

Mazur (since late 80’s)
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Study of Arithmetic for (R, T )?

Fg = 0 case (over C.D.V.R) ⇒
(Tamagawa Number Conjecture)

Fcyclotomic deformation

Γ := Gal(Q∞/Q)
∼−→
χ

1 + pZp ⊂(Zp)×

χ̃ : GQ � Γ ↪→ O[[Γ]]×

T ∼= O⊕d x GQ

T = T ⊗O[[Γ]](χ̃), R = O[[Γ]]

(Mazur, Greenberg, · · · ,Perrin-

Riou, Kato, · · · )
F“R = T Theorem” by Wiles etc

⇓ (Greenberg)

Study of arithmetic for other T ?

(Iwasawa theory for T ?)
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Hida’s deformation

•Γ′: the group of diamond op-

erators on {Y1(p
t)}t≥1

•χ′ : Γ′ ∼−→ 1 + pZp ⊂ (Zp)×

•F =
∑

n≥1
Anqn: ordinary Λ-adic

newform of tame conductor N

•H = Zp[[Γ′]]
[
{An}n≥1

]
: finite

extension of Zp[[Γ′]]
Interpolation property of F
H

κ−→ Qp: arithmetic character

of weight k ≥ 2 (i.e. ∃U ⊂
open

Γ′,

∃k ∈ Z such that κ|U = χ′k) ⇒
fκ =

∑

n≥1
an(κ)qn ∈ Sk(Γ1(Np∗))

(an(κ) = κ(An))
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•MH: the maximal ideal of H

•F = H/MH

•ρ : GQ→ GL2(F) semi-simple

with Trace(ρ(Frl)) ≡ Al mod-

ulo MH for almost all l (such ρ

always exists)

Assume the following condition:

(Ir) ρ is irreducible.

Then we have

∃T ∼= H⊕2 & ρ : GQ−→GL(T)

Trace(ρ(Frl)) = Al for almost all l
lim←−

t
H1

ét(X1(Npt)Q, Zp)ord �
fin. degree

T
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T =
(
T⊗̂Zp[[Γ]](χ̃)

)
⊗ ωi

R = H⊗̂Zp
Zp[[Γ]] = H[[Γ]]

Our questions on T ?

F p-adic L-function for T
F Selmer group for T
F Iwasawa Main Conj. for T
F Similar studies as above on

T /IT for various ideals I ⊂ R
 X(R) := {characters on R}

X(R) −→
finite cover

D(0; 1) ⊂ Q⊕2
p

T is a family of Galois

representations over X(R)

V (I) ⊂ X(R) closed subspace
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Two-variable p-adic L function

Lp(T ) ∈ R with the interpola-

tion property:

(χj−1 ◦ κ)(Lp(T ))/Cp,κ =

(−1)j−1(j−1)!


1− ωi−j(p)pj−1

ap(fκ)




×



pj−1

ap(fκ)




q(i,j)

G(ωj−i)

× L(fκ, ωi−j, j)

(2π
√
−1)j−1C∞,κ

for 1 ≤ j ≤ k − 1 (k =weight of κ)

q(i, j) = ordp(Cond(ωi−j))

G(ωj−i): Gauss sum for ωj−i

Cp,κ, C∞,κ: p-adic and archi-

median period for fκ
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(Mazur, Kitagawa, Greenberg-

Stevens, Ohta, · · · , Panchishkin,

Fukaya, Delbourgo, · · · )
Two-variable Selmer groups

A = T ⊗R HomZp
(R, Q/Zp) x GQ

SelT ⊂ H1(QΣ/Q,A)

unramified condition at l - p

condition at p by GQp
-filtration:

0 −→ F+A −→ A −→ F−A −→ 0

The Pontrjagin dual (SelT )∨

is a finitely generated torsion

R-module (Rubin-Kato + con-

trol theorem).

Conjecture(Two-variable I.M.C)

charR(SelT )∨ = (Lp(T ))
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Theorem A ([1]) We have

Ξ : H1(Qp,F−T ∗(1)) −→ R
with the following properties:

• Ξ is an R-linear pseudo-isom.

• χj ◦ κ(Ξ(C)) is equal to

1− ωi−j(p)pj−1

ap(fκ)







pj−1

ap(fκ)




q(i,j)

×

1− ωi−j(p)ap(fκ)

pj




−1

exp∗(c(j,κ))

for each C ∈ H1(Qp,F−T ∗(1))

and for each (j, κ) with 1 ≤ j ≤
k − 1 (k =weight of κ).

(
c(j,κ) ∈ H1(Qp,F−T ∗fκ

(1− j)⊗ ωj−i)

means χj ◦ κ(C)
)
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Theorem A is true for more gen-

eral nearly ordinary deformations

(modularity condition is not nec-

essary!).

Idea of the construction of Ξ

Classical Coleman theory on

Qur
p (µp∞)/Qur

p + nearly ordinary

=⇒ the interpolation property

for exp∗(c(j,κ))

weight-monodromy condition on

the “Frobenius” action on Dpst

of κ(T)

=⇒ Ξ is a pseudo-isom.
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we have a Beilinson-Kato ele-

ment Z ∈ H1(QΣp/Q,T ∗(1))

Z ∈ H1(QΣp/Q, T ∗(1))

↓ localization to p

Z ∈ H1(Qp,F−T ∗(1))

↓ χj ◦ κ

z(j,κ) ∈ H1(Qp,F−T ∗fκ
(1− j)⊗ ωj−i)

↓ exp∗

exp∗(z(j,κ)) ∈ Qp

exp∗(z(j,κ)) = Cp,κ·
L(p)(fκ, ωi−j, j)

(2π
√
−1)j−1C∞,κ

(L(p)(fκ, ωi−j, s) is the Hecke L-

function with removed p-factor)
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Corollary A

charR(H1(Qp,F−T ∗(1))/ZR)

= (Lp(T ))

Theorem B ([2]) Assume

(H) R ∼= O[[X1, X2]]

(G) ∃τ ∈ GQ which is conjugate

to



1 Pτ

0 1


 in GL(T ) ∼= GL2(R)

where Pτ ∈ R×. ∃τ ′ ∈ GQ act-

ing on T /MT via the multipli-

cation by −1.

Then we have:

charR(SelT )
∨ ⊃

charR(H1(Qp,F
−T ∗(1))

/
ZR).
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For “general” η : R→ Qp

]III(η(T ∗(1))) ≤
]H1(QΣp/Q, η(T ∗(1)))/η(Z)

(by (G) + E.S theory over D.V.R)

⇓ (H) + “specialization

method”

charR(III(T ∗(1))) ⊃
charR(H1(QΣp/Q, T ∗(1))/ZR))

⇓
Theorem B follows from:

H1(QΣp/Q,T ∗(1))→H1(Qp,F−T ∗(1))

→ (SelT )∨→ III(T ∗(1))
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Corollary B Assume the con-

ditions (H) and (G). Then we

have the inequality:

charR(SelT )
∨ ⊃ (Lp(T )).

Corollary B

⇒ applications to “Iwasawa the-

ory” on (T /JT ,R/J) for height

one ideals J ⊂ R (reference [3])

Example when J = (Ker(κ))

•T /JT = Tfκ ⊗O[[Γ]](χ̃)⊗ ωi

•R/J = O[[Γ]]
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•(SelTfκ⊗O[[Γ]](χ̃)⊗ωi)∨ is a tor-

sion R/J-module (Kato-Rubin)

•∃LMTT
p (fκ ⊗ ωi) ∈ O[[Γ]]

with the interpolation property:

χη(LMTT
p (fκ ⊗ ωi)) =


1− ωi−1η(p)

ap(fκ)







1

ap(fκ)




q(i,1,η)

G(ω1−iη−1)

× L(fκ, ωi−1η,1)

C∞,κ

for finite order characters η of Γ.

Conjecture (cyclotomic I.M.C)

charO[[Γ]](SelTfκ⊗O[[Γ]](χ̃)⊗ωi)∨

= (LMTT
p (fκ⊗ωi))
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Proposition. (i) Assume (G)

and (H). Then the cyclotomic

I.M.C for one of fκ⊗ ωi implies

the two-variable I.M.C for T .

(ii) The I.M.C for T implies the

cyclotomic I.M.C of fκ ⊗ ωi for

every fκ in the Hida family F.

 an example of the equality of

I.M.C for infinite family {fκ}

No assumption on µ-invariant.

(cf. Emerton-Pollack-Weston)
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p-adic L-function side

•(κ(Lp(L))) = (LMTT
p (fκ))

Selmer group side

•(SelT )∨/Ker(κ)(SelT )∨

→ (SelTfκ⊗O[[Γ]](χ̃)⊗ωi)∨

is pseudo-isom as O[[Γ]]-module.

•(SelT )∨p-null/Ker(κ)(SelT )∨p-null is

a pseudo-null O[[Γ]]-module for

every arithmetic specialization

κ of weight ≥ 2.
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Example (reference [3])

∆ = q
∏

n≥1
(1−qn)24 ∈ S12(SL2(Z))

R = Zp[[Γ× Γ′]]. 0 ≤ i ≤ 10.

p ≤ 10,000: ordinary prime for ∆

(p ≥ 11, p 6= 2411),

T = T⊗̂Zp[[Γ]](χ̃)⊗ ωi.

Proposition.

(i) Except for (p, i) = (11,1),

(23,1) and (691,1), we have

SelT = 0 and Lp(T ) is a unit.

(ii) (p, i) = (11,1) ⇒
(SelT)∨ ∼= Zp[[Γ× Γ′]]/(γ2 − γ′−1)

(γ2 − γ′−1
) = (Lp(T )) (I.M.C.)

((23,1), (691,1): work in prepa-

ration)
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