BERTINI THEOREM FOR NORMALITY ON LOCAL RINGS IN MIXED
CHARACTERISTIC (APPLICATIONS TO CHARACTERISTIC IDEALS)

TADASHI OCHIAI AND KAZUMA SHIMOMOTO

ABSTRACT. In this article, we prove a strong version of local Bertini theorem for normality
on local rings in mixed characteristic. The main result asserts that a generic hyperplane
section of a normal, Cohen-Macaulay, and complete local domain of dimension at least
3 is normal. Applications include the study of characteristic ideals attached to torsion
modules over normal domains, which is fundamental in the study of Euler system theory

and Iwasawa main conjectures.

1. INTRODUCTION

The classical Bertini theorem says that a generic hyperplane section of a smooth com-
plex projective variety is smooth. A (local) Bertini theorem may be stated for a local ring
(R, m, k) as follows. Let P be a ring-theoretic property (e.g. regular, reduced, normal,
seminormal and so on). Then if R is P and x € m is a non-zero divisor, then is it true that
R/ xR is so for a generic choice of x? A local Bertini theorem (in a slightly weak form)
was first raised by Grothendieck ([6], Exposé XIII, Conjecture 2.6) and was proved by
Flenner [2] and Trivedi [15]. In this article, for an ideal I C R, we denote by D(I) the set
of all primes of R which do not contain I, and by V(I) the complement of D(I) in Spec R.

Before stating our main theorems, let us recall the follow ing result from [2]:

Theorem 1.1 (Flenner-Trivedi). Let (R, m) be a local Noetherian ring and let I C wm be an ideal.
Assume that Q is a finite subset of D(I). Then there exists an element x € I such that:

(1) x ¢ p(z)for allp € D(I);
(2) xépforallp € Q;
for p(”) := p" Ry N R, the n-th symbolic power ideal of p.

We make a remark on the second symbolic power of ideals. Let (R, m) be a local ring,
let x € p be a non-zero divisor and let x ¢ p®? for a prime ideal p C R. Then R, is regular
if and only if R, /xR is regular. Many ring-theoretic properties such as regular, normal,
reduced can be verified at the localization R,, which is the reason why we require x ¢ p(?)
(but not merely x ¢ p?), which is equivalent to the condition: x ¢ p?R, N R. A strong
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version of local Bertini theorem similar to our main theorem below was already proved
for local rings containing a field in [2]. To extend his result to the mixed characteristic
case, we need to introduce some new ideas. Theorem 1.1 does not suffice for our purpose,
since it only assures us that there is an element x € m for which R/xR is normal.

Here is our notation which will be used throughout: We denote by IP"(S) (resp. A"(S))
the projective space (resp. an affine space) for a commutative ring S. In case when S is
a field or a discrete valuation ring, we will consider these spaces as sets of points in the
ring S endowed with some topology (see discussions in § 2). In these cases, every point
a=(ap:---:a,) € P"(S)is normalized so that 4; is a unit for some i. This implies that,
for a complete discrete valuation ring A with residue field k, we have a specialization map
Sp, : P"(A) — P"(k), which is well-defined. Let us now state one of our main theorems
(see Theorem 4.3 together with Theorem 4.2 in § 4).

Main Theorem A (Local Bertini Theorem). Let (R, m, k) be a complete local domain of
mixed characteristic p > 0 and suppose the following conditions:

(1) let A — Rbe a coefficient ring map for a complete discrete valuation ring (A, 774);
(2) let xp, x1,..., x4 be a fixed set of minimal generators of m;
(3) Risnormal, of depth R > 3, and the residue field k is infinite.

Then there exists a Zariski dense open subset U C IP?(k) satisfying the following prop-
erties. Forany a = (ag : --- : a4) € Sp;'(U), the quotient R/x,R is a normal domain of
mixed characteristic p > 0, where we put

d
Xy 1= Z a;iXi.
i=0

We will also discuss a version of the above theorem for the case when the residue field
is finite at the end of § 4. This theorem allows us to find sufficiently many normal local
domains of mixed characteristic as specializations. The above theorem does not tell us
how to find U, but we will show how to find U in Example 4.8. It is worth pointing
out that if dim R = 2, the local Bertini theorem fails due to a simple reason. In fact, if
the quotient R/yR is normal, then it is a discrete valuation ring, so R must be regular.
By Cohen structure theorem, there is a surjection A[[zo, ..., z4]] = R, where d + 1 is the
number of minimal generators of m, so that the minimal generators of m are just the image
of 29,21, ...,z4 under this surjection. Related to our main result, if (R, m) is a local ring
and y € mis a non-zero divisor such that R/yR is normal, then R is normal ([5] 5.12.7).

In § 7, we prove some basic results on characteristic ideals over general normal do-

mains. As an application, we prove another main theorem (see Theorem 8.7 in § 8) in our

paper.
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Main Theorem B (Control Theorem for Characteristic Ideals). Let (R, m, k) be a complete
local domain of mixed characteristic p > 0 satisfying the conditions (1), (2) and (3) of
Main Theorem A. Assume that M and N are finitely generated torsion R-modules. Then,
for certain infinite subsets £ 5w (Mga) and Lz (Ngw) of the projective space lPd(Our)
defined in a natural way (cf. Definition 8.1), the following statements are equivalent:

(1) charg(M) C charg(N), where charg(—) means the characteristic ideal (cf. Defini-

tion 7.1).
(2) For all but finitely many height-one primes:

Our S ‘Cour( Our) m Eour( Our)
there exists a finite étale extension of discrete valuation rings O — O’ such that
we have x, € Ry and
CharR@//quO/ (Mol /XaM(f)/) g charRO,/xaRO, (N@/ /XaNO/)-

(3) For all but finitely many height-one primes:

XLZR@ E ﬁ@ﬁ'( Our) m ﬁOur( Our)

we have

CharR@m. /XHR@Aur (MOur /Xﬂ Our) C CharR@‘lﬁ. /XaR(,)’u\r ( Our /XIJI Our)

Main Theorem B will be crucial in a forthcoming paper [11], where we plan to com-
pare characteristic ideals of certain torsion modules arising from Iwasawa theory as de-
veloped in [10] (for example, those torsion modules arising as the Pontryagin dual of
Selmer groups associated with two-dimensional Galois representations of certain type

with values in a complete local ring with finite residue field).

2. SPECIALIZATION MAP AND THE TOPOLOGY FOR BERTINI-TYPE THEOREMS

Let us discuss the specialization map. Let A be a complete discrete valuation ring and
leta:= (ag:---:a,) € P"(A). Then we may normalize a so thata = (by : --- : b,) €
P"(A) and some b; is a unit of A. So we may think of the projective space as

P*"(A)={(ap:---:a,) € P"(A) | |a;] =1 for some i}
for the normalized valuation |-| : A — Rso. Let k be the residue field of A. Then
reducing a to a pointa = (b : - - - : b,) € P"(k), we have constructed the map:

Sp, : P"(A) — P"(k),

called the specialization map. This map does not depend on the choice of the representative
of a € P"(A) as above. The set P" (k) is endowed with the Zariski topology, while P"(A)
is endowed with the topology induced by the valuation on A. Hence, we simply regard
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P"(A) as a set of points equipped with this topology. For more details, see the remark
below. We refer the reader to [3] for the rigid geometry and the following fact.

Lemma 2.1. The specialization map Sp , : P"(A) — P"(k) is continuous and surjective.

We begin to pin down the suitable topology for formulating Bertini-type theorems in
mixed characteristic. Let (R, m, k) be a local Noetherian ring. Then we say that a reduced
local ring (R, m, k) is of mixed characteristic p > 0, if every component of the total ring of
fractions of R is of characteristic zero and the residue field k is of characteristic p.

Now we assume that (A, 774, k) is a complete discrete valuation ring such that T4 A =
pA and there is an injection A < R of rings, which induces an isomorphism on residue
fields, say k = A/ms A ~ R/m. Such A is called a coefficient ring of R.

Example 2.2. Let R := Z,[[x,y]]/(p — xy). Then R is a finite extension of Z,[[x + y]] by
the Eisenstein equation t* — (x + y)t + p = 0 and Z,, is a coefficient ring of R.

In what follows, a coefficient ring will be considered as a fixed one. We denote by
Loc.alg, 4 the category of local A-algebras that are obtained as quotients of all local rings
having A as their fixed coefficient ring. Note that objects of Loc.alg, 4 also include local
k-algebras.

Definition 2.3. With the notation as above, assume that P is a ring-theoretic property on
Noetherian rings and fix (R, m, k) € Loc.alg,,. We say that the “local Bertini theorem”
holds for P, if a set of minimal generators xo,...,x, of m is given, then there exists a
Zariski dense open subset U C P"(k) such that R/x,R has P for all a = (ap,...,a,) €
Sp,'(U) C P*(A), where we put

n
Xg = Zaixi.
i=0

The “local Bertini theorem” can be formulated in a different way. For example, the

maximal ideal m may be replaced with a smaller ideal. But we adopt the above definition.

Remark 2.4. The naturality of the above formalism is explained as follows. We endow
P (k) with the Zariski topology. Let f € k[xo, ..., x,] be a non-zero homogeneous poly-
nomial, let f € Alx, ..., x,] be any fixed homogeneous lifting of f, and let LIT( C P"(k)
be an open subset defined by f # 0. Then the inverse image of the open subset Uy under
the map Sp, : P"(A) — P" (k) can be described as follows. We have

Spa' (Up) ={a= (a0~ an) €P"(A) | |f(a)] =1}
for the normalized valuation | - | : A — R, which is an admissible open subset of

P"(A). Our objective is to show that this topology is adequate in formulating the local

Bertini theorem in the mixed characteristic case.
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The following proposition is indispensable for the proof of Theorem 4.2 and Theorem
4.3. However, the proposition fails for a finite field.

Proposition 2.5 ([14]; Proposition 3.3). Let U C A" (L) be any non-empty Zariski open subset
for an infinite field L. Then U is dense. Furthermore, if K — L is any field extension such that K
is infinite, the intersection U N A" (K) is also a Zariski dense open subset. The above assertions
hold over the projective space as well.

3. DISCUSSION ON BASIC ELEMENTS

Let (R, m) be a local Noetherian ring and let M be a finitely generated R-module. The
depth of M, denoted by depth, M, is the the maximal length of M-regular sequences. For
p € SpecR, py(M) stands for the number of minimal generators of the R,-module M,,.
The following notion is due to Swan.

Definition 3.1 (Swan). Let M be a module over a ring A and let p be its prime ideal. An
element m € M is called basic at p, if pp,(M) — u,(M/A - m) = 1. More generally, a set
of elements my, ..., m, of M is called k-fold basic at p, if pp, (M) — up(M/ Y11 A-m;) > k;

thatis, N = A-my +--- 4+ A -m, contains at least k minimal generators at p.

Let M) .= M/ Y.i_1A-m;for a set of elements my, ..., m; of M and r satisfying 0 <
r <k —1 and pick a prime ideal p of A. Then

Vp(M(r)) - Vp(M(r)/A M) =1 <= mpq & PM;@

for 0 < r <k —1 by Nakayama’s lemma. In other words, my, ..., m; form partial gener-
ators of the k(p)-vector space M ® 4 k(p).

We shall use (finite) Kdhler differentials. For a complete local ring (R, m) with its co-
efficient ring A, the usual module of Kéhler differentials Qg 4 is not a finite R-module.
Instead, one uses the completed module Oy, 4. This is the m-adic completion of Qg4
and it is a finite R-module. It can be also defined as follows. Let I denote the kernel of the
map p : R&4R — R defined by u(a ® b) = ab. Then Qg4 := I/I2. The connection of
Kéhler differential modules with the symbolic power ideals is expressed by the following
simple fact (see [2], Lemma 2.2 for its proof).

Lemma 3.2. Let M be a module over a ring R, let p be a prime of R, and let d : R — M bea
derivation. If for x € R, dx € M is basic at p, then x ¢ p®).

For a ring A and an open subset U C Spec A, we set
dimy;(R/I) := dim(V(I) N U)

for an ideal I of A. If M is a finite projective R-module, an element m € M is basic at all
primes of R if and only if R-m C M is a direct summand. The property that m € M is
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basic at p € Spec A is stable under taking quotient and localization of A. We denote by
Ming (I) the set of all minimal prime divisors of an ideal I C R. The authors are grateful

to Prof. V. Trivedi for explaining the proof of following lemma ([2], Lemma 1.2).

Lemma 3.3 (Flenner). Suppose that R is a Noetherian ring, M is a finite R-module, U C
Spec R is a Zariski open subset, and {my, ..., my} is a set of elements of M, which generates the
submodule N C M. Suppose that we have t € Z (which can be negative) such that

pp(M) — pp(M/N) > dimy (R/p) — ¢t

for every p € U. Let ¢~1(U) be the inverse image of U under the map ¢ : Spec R[X3, ..., Xn] —
Spec R. Then there exists an ideal (Fy, ..., F,) € R[Xy,..., Xy| such that

dim(¢p Y (U)NV(F,...,F)) <n+t

and the element

n
Zmi®Xi S M®RR[X1,...,Xn]
i=1

is basicon D(Fy, ..., F)N¢~t(U).

Corollary 3.4. Let R be a Noetherian ring and suppose M is a finite R-module. Fix x € M and
define U, as the subset of Spec R such that x € M is basic at every point of Uy. Then Uy is a
(possibly empty) constructible subset of Spec R.

Proof. Recall that for a finite projective R-module N, x € N is basic at p € SpecR if and
only if R, - x spans a direct summand of Nj,, which is an open property. We may assume
that R is reduced, so that there exists f € R for which M[f~!] is a free R[f~']-module.
Hence there exists an open subset V C Spec R[f ~!] such that x € M is basic at p € Spec R
<= p € V. By Noetherian induction applied to V(f), we find a maximal constructible
subset Z C V(f) on which x € M is basic. So Uy := V U Z is the sought one. O

4. MAIN THEOREMS

In this section, we establish main theorems. Let us collect some facts for later use. A
local domain S is catenary, if and only if htp + dim S/p = dim S for all p € SpecS.

Lemma 4.1. Let (A, 14, k) be a discrete valuation ring and let f € Aly, ..., y4] be a non-zero
(possibly constant) polynomial. Then there exists t € Zq such that 70, f € Alys,...,y4) and
the reduction of 70" f modulo 7t is a non-zero (possibly constant) polynomial in k[y1, . .., ya4).

Proof. The proof goes by induction on d. If d = 1, we write f = auy!' + a1yt '+ +
ap with a; € A. Let 0 < h < m be such that the valuation v(ay,) is the smallest in the set
{v(a;) | 0 < i < m} and write 4, = (unit) - 77';,. Dividing f by 7';, we get the desired
polynomial.
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In general, write f = byy" + by_1y} '+ + by for b; € A[y1,...,ya—1]. Applying the
induction hypothesis to every b;, we may find t; € Z> such that ngt" b; has the desired
property. Let t; := min{t; | 0 < i < n}. Then the term 77,*bsy* modulo 7t4 is non-zero
and it is clear that 7" f is contained in A[y, ..., y,]. Hence it suffices to put t := t,. [

Theorem 4.2. Let (R, m, k) be a complete local domain of mixed characteristic p > 0 and suppose
the following conditions:

(1) let A — R be a coefficient ring map for a complete discrete valuation ring (A, 7a);

(2) let xg,x1,...,x4 be a fixed set of minimal generators of m;

(3) the residue field of R is infinite.

Then there exists a Zariski dense open subset V- C P?(k) such that we have
d
Xy = Zaixi % p(2)
i=0
for every primep of Rand a = (ag : - - - : ag) € Sp " (V).

It is noted that xq, x1, ..., x; are not a system of parameters of R unless it is regular.

Proof. It is clear that for a € ATLA),p € SpecRand u € A%,

d d
Yoaixi ¢ p? = u(Y aix;) ¢ p?.
i=0 i=0

This implies that our statement for x, holds on IP%(A). Note that the R-module Og /A 1s
generated by dxy, ...,dx; and Supp Qg 4 = SpecR. We first establish the theorem on
D(m). It follows from ([2], Lemma 2.6, or [15], Lemma 2) that for p € D(m)

#p(Qrya) > dim(R/p) — 1 = dimp ) (R/p).

Under the notation as above and applying Lemma 3.3 for the R-module Qg 4, there is
anideal (Fy, ..., F) C R[Xy,..., X4] such that

dimqu(D(m)) R[X(),. . .,Xd]/(Fl,.. .,Py) S d—|— 1--- (*),

where ¢~1(D(m)) is the inverse image of D(m) under the map ¢ : Spec R[Xy, ..., X4] —

SpecR and
d
Z aAxy @ Xx € Qrya Or R[Xo,..., X4]
k=0

is basic on D(Fy,...,F,) N¢~1(D(m)). Let T denote the localization of R[Xy, ..., X,] at
the prime ideal mR[Xy, ..., X;]. Then we have a flat local map of local rings: (R, m) —
(T, mr) in which all rings are catenary local domains, and dim R = dim T.

In what follows, it suffices to consider the case that (Fj, ..., F.)T is a proper ideal. Let

P C T be any minimal prime divisor of (Fy,...,F,)T. Then combining the dimension
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equality for the catenary local domain T, together with (x) above, it follows that ht P =
dim T — 1. Since T is local, Z := V(Fy, ..., F.) C SpecT is a finite set, and

d

Z dx @ X
k=0

is basic on U := SpecT\Z (the complement of ¢(U) is a finite set of primes). By
Noetherian induction, it suffices to consider the proof on D(g) C SpecT for some
¢ € R such that Og,4 ®g T[g"Y] is a T[g !]-free module. Then there exists a G €
R[Xo, ..., X4)\mR[Xo, ..., X4] such that

d

E ka ® Xk
k=0

is basic on D(g¢ - G) C SpecR[Xy, ..., X;]. Assume that G(a) ¢ m fora = (ag,...,a;) €
A*1(A) (such a point exists, because #k = o). Then

d

E akdxk c QR/A

k=0
is basic on ¢(U) C SpecR in view of ([2], Lemma 1.1). Now we get the following impli-
cation. Take G(a) ¢ m. Then for all p € $(U) = Spec R\{py, ..., p,, m}, it follows from
Lemma 3.2 that
d

Ay Xy ¢ p(z)
k=0

So it remains to deal with the issue on a finite set {py,...,p,, m}. First, if a; € A* for

Xg =

some i, then x, ¢ m? by the minimality of xy, ..., x;. So modifying G, we may assume
henceforth that x, ¢ p? is satisfied for all p € Spec R\ {p1,...,p,}, whenever G(a) & m.

Put Vo := D(G(X)) € A%1(k)\{0} (the origin of A“"!(k) is excluded). Then
define an open subset V; C IP9(k) as the image of V under the geometric quotient:
A1(K)\{0} — P¥(k). To deal with the issue on {py,...,p,}, take the homogeneous
polynomial:

d
F(Xo, e /Xd) = le'Xi S R[X(), .. -/Xd]-
i=0

It suffices to force Z?:o a;x; & pjforall1 < j <r. Then foreach1 < j<r wehave

Xg =

1

d
a;x; ¢ p] < P(Eo,. . .,ﬁd) 7& 0in R/p] e (**),
=0
which is stable under taking multiplication by elements of A*.
Our final goal is to identify the set of points of IP4( A) satisfying the condition (%) and
describe it as the inverse image of an open subset under the map Sp , : P?(A) — P?(k).

It is clear that the ideal of R generated by the set: {F(ao,...,a4) | (ao,...,a;) € P/(A)}
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is the maximal ideal m. Since the union of all primes pj, ..., p, is strictly contained in m,
there exists (ay, . ..,a4) € P4(A) for which F(ay, ...,a4) ¢ p; for all i.

Casel: Assume that 714 € p; for some j. Let R; be the localization of R at p;. Then
A — R; is a flat local map of local rings, say R; is of mixed characteristic. Let m; be the
maximal ideal of R; and let k; := R;/m;. Then we have a mapping:

P4 (k) — P?(k;).

The condition that the reduced polynomial F(ay,...,a) is non-zero on the projective
space IP?(k;) defines an open subset U; C P?(k;). By Proposition 2.5, V; := U; NIP%(k) is
a dense open subset, as the field k is infinite.

Case2: Assume that 714 € p; for some j. In this case, notations being as in (i), we have
a mapping:

P (Frac(A)) — lPd(k]-).

The condition F(,...,a;) # 0 on the projective space P?(k;) defines a Zariski open
subset U; C P?(k;).

Proposition 2.5 implies that U; N IP?(Frac(A)) is a dense open subset which is covered
by basic open subsets. Let Uy be one of those basic open subsets for a homogeneous
polynomial f, where Uy has the usual meaning. We may assume that f € A[Xo, ..., Xy].

Furthermore, by applying Lemma 4.1 to f, it can be normalized into g so that ¢ €
A[Xo, ..., X4] and 0 # g € k[Xo, ..., X4]. Consider the subset:

Upgjr == {a = (a0 : - :az) € P(A) | [g(a)] = 1} C P(A)

for any fixed valuation | - | : A — R>o. Then we see that F(ao,...,a4) & p; for all (ag :

-1 a4) € U= and Uy is non-empty, since |g(a)| = 1 if and only if g(Sp 4(a)) # 0.
Moreover, this implies that Sp ;* (Ug) = Ujg|—1- By taking the union of all affine pieces Uy
coming from a basic open covering of U; N IP?(Frac(A)), we obtain a desired open subset
v C P4 (k), as in Casel.

Combining both Casel and Case2 together, V1 N --- NV, is a non-empty open subset
of P4 (k). Hence V is defined as the intersection Vo N V3 N - - - N V;, where V; is defined by
G(x) as previously. This completes the proof of the theorem. g

The techniques used in the proof of the above theorem will play an important role in
the next main theorem.

Theorem 4.3 (Local Bertini Theorem). Let (R, m, k) be a complete local domain of mixed char-
acteristic p > 0 and suppose the following conditions:

(1) let A — R be a coefficient ring map for a complete discrete valuation ring (A, 7a);

(2) let xo,x1,...,x4 be a fixed set of minimal generators of m;
(8) R is normal, of depth R > 3, and the residue field k is infinite.
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Then there exists a Zariski dense open subset U C P? (k) satisfying the following properties.
Foranya = (ag : -+ : az) € Sp,'(U), the quotient R/x,R is a normal domain of mixed

characteristic p > 0, where we put
d
Xg = Zaixi.
i=0

Proof. The first step of the proof of the theorem has been completed in Theorem 4.2. Tak-
ing V C IP%(k) as given in Theorem 4.2 and denoting by Reg(R) the regular locus of R,
we find that
Reg(R) N V(x;) € Reg(R/x,R)---(1)

foralla = (ag,...,a;) € Sp;l (V). Let us explain some basic ideas. In this proof, after
some preparations, we give a candidate of U C IP?(k) for our theorem as a Zariski open
subset U C V. In Stepl below we prove that U is non-empty. Then in Step2, we will
show that the quotients R /x,R with a € Sp ' (U) satisfy the well-known conditions (R;)
and (S;) and thus are normal. Finally in Step3, we will show that the quotients R/x,R
with a € Sp,' (U) are of mixed characteristic.

Step1: Let X := Spec R — V(m). Then since R is a complete local domain, the singular
locus Sing(X) is a proper closed subset. Hence the set of minimal primes in Sing(X) is
finite, and let

Q1 := {p € X | p is a minimal prime in Sing(X)}.
Note that every prime in Q; has height > 2 (due to the (S;) condition on R). On the other
hand,
Qy :={p € X | depthR, =2 and dim R, > 2}
is also a finite set ([2], Lemma 3.2 and the (S;) condition on R). Now let Q1 U Q, :=
{p1,...,pm} and let F(Xo,..., Xy) = Zfl:o x;X; € R[Xo,...,X,| as previously. Then for
each 1 < j < m, it follows that

d
Xy = Zaixi ¢ p] <~ F(ﬁo,...,ﬁd) #OIHR/]J]
i=0

Then as argued in Casel and Case2 in the proof of Theorem 4.2, we obtain Z, ..., Z,,
which are non-empty open subsets of P4(k). Put Z := Zy N -+ - N Zyy, - - - (2).

Next pick p € X N V(x,) such that htp > 2 and assume that x, = Y% a;x; satisfies (1)
and x, avoids all primes in Q; U Q».

Step2: (i) If htp > 2, then since x, avoids all primes in Q», it follows that dim(R/x,R), >
2 and depth(R/x,R), > 2.

(ii) If htp = 2, then since x, avoids all primes ideal in Q; and the height of every
prime in Q is at least 2, it follows that R, is regular. By (1), one finds that (R/x,R), is
a discrete valuation ring. On the other hand, the hypothesis that depth(R) > 3 implies
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that depth(R/x,R) > 2. Hence R/x,R is a normal domain in view of Serre’s normality
criterion.

Finally, it remains to make the quotient R/x,R into a local ring of mixed characteristic
p > 0.

Step3: Let {q1,...,q,} be a set of all height-one primes of R lying above 714. Then
again, applying the discussion of Casel and Case2 in the proof of Theorem 4.2 to
{q1,...,91}, we find a non-empty open subset W C P?(k)---(3), which avoids the
union qq U - - - U qy.

Combining (1), (2), together with (3), and taking a non-empty open subset U := V N
W N Z C P4(k), it turns out that Sp . (U) C P?(A) has the required property. O

Remark 4.4. In particular, if R is a Cohen-Macaulay normal local domain, then R/x,R is
Cohen-Macaulay and normal. One can continue this process until dim R = 2 is attained.
Note that the module-finite extension of local rings A[[z1, . ..,z,]|] — R is flat if and only
if R is Cohen-Macaulay, by the Auslander-Buchsbaum formula.

Next, let us consider the case when the residue field is finite. Let (R, m,IF) be a com-
plete normal local domain of mixed characteristic p > 0 with finite residue field IF. In
other words, R is a finite extension of W(FF)[[z1, ..., z,]], where W(IF) is the ring of Witt
vectors of F. Let O := W(FF) for simplicity and let O be the completion of the maximal
unramified extension of ©. Then W(F) = O, Put

Rgw == R®pOur (resp. Rpur := strict henselization of R).

Then Rpw is local Noetherian, but not complete. By the main result of [4], R is the
completion of Rpuw and a normal local domain. From algebraic number theory, O is
obtained from O by adjoining all n-th roots of unity for (1, p) = 1. There is a structure

map o — Rzw- We define the multiplicative map (not additive)

as just the Teichmiiller map F — W(TF). In particular, we have g o 05s = ldg, where

q: O — F is the residue field map. There is a set-theoretic mapping:

(0.5z) : PY(F) — P (Ow)

OU['
defined by (05w)(a) := (05w (a0) : -+ : O5w(aq)). Note that (q) = Spsw and (05w is
well-defined, since 6 is multiplicative. Furthermore, since the composite (g) o (65 ) is

an identity map, (8 is injective.

Corollary 4.5 (Finite Residue Field Case). Let the hypothesis be as in Theorem 4.3 for
(R, m,IF), except that the residue field FF is finite. Then there exists a non-empty open subset

U C P4(FF) such that for any fixed a € (65z)(U), there is a finite étale extension O — O’ of
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discrete valuation rings such that x, € Rpr := R @0 O’ and Rpr /x,Rer is a normal domain of
mixed characteristic p > 0.

The proof will be done by constructing a multiplicative map 05 : F — O%, which

extends to the map 65 : F — o,

Proof. We keep the notation as in Theorem 4.3. First, note that (65)(U) C P4 (Ow)
and that xo, x1,...,x; are the minimal generators of the maximal ideal of R Then
the hypotheses of Theorem 4.3 are fulfilled for the complete local domain Rg. First,
let us construct a multiplicative map 055 : F — O% which extends to the map 05z.
The local ring O is constructed as the direct limit of finite unramified extensions of O;
oW = hg)\e A Oa with O, = W(IF,) and we have the Teichmiiller mapping IF, — O,
for the residue field IF) of O). Then we have a commutative diagram:

Fy Teich O/\’

F, Teich O,
which naturally forms a direct system, so the desired map 5@7 is given by its direct limit.
On the other hand, it is easy to see that the map 0 : F — O factors as

F 9%, ow ., Ou,
and thus we have x, = Y%, 2;x; € Rouw for any a € (0w ) (U). Since the map
Rour /XuR(')ur — R(/QE/XEIR@

is local flat, Rpur /X, R 0w is a normal local domain.
By what we have said above, all the coefficients of a linear form x, = Z?:o a;x; are
contained in some finite subextension @ — O’ — OY. In other words, for a finite étale

extension R — R of normal domains, the quotient Ry /x,R¢r is normal. U

Remark 4.6. Let ¢ : (R,m) — (S,n) be a flat local map of local rings. Then one might
think of the relationship between R/xR and S/xS§ for a non-zero divisor x € m. In fact,
in order to use the local Bertini theorem for S in terms of R, for example, assume that R

and all fibers of ¢ are normal. Then for any x such that R/xR is normal, S/ xS is so.
It is important and necessary to answer the following question:

Question 4.7. Resume the hypothesis of Theorem 4.3 and assume that x, = ux, for a unit
u € R*. Then is it true that u € A*?
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This question asks the following: Which subset of IP?(A) does parametrize the set
of height-one primes {x,R}. In other words, does it give mutually distinct height-one
primes of R? In the next section, we will answer the above question. In fact, we need to
restrict to the set of those points which are in the image of the Teichmiiller mapping. This
fact will be important in the proof of the control theorem, which will be discussed later.
We end this section with an example, which applies Theorem 4.3 and its proof for a given

normal domain R.

Example 4.8. This example deals with the finite residue field case, but the result is valid
for any discrete valuation coefficient ring. Suppose that p > 3 and

R:=Zp[[x1,x2, X3]]/(X% + x% + x%),

which is a three-dimensional Cohen-Macaulay normal local domain. By Theorem 4.3,
there exists an open set U C IP?(FF,) which does the job. Now we keep track of the
following steps to find U explicitly.

(i) Need to have dx, € Qg z, basic at every p € SpecR.
(ii) Need to determine two finite sets of primes Q; and Q; in Theorem 4.3.
(iii) Need to avoid Q; and Q; as above.

Then we know
Rdx1 @& Rdx, @ Rdxs

R(x1dx1 + xpdxp + x3dx3)’
the singular locus of R is defined by the ideal (x1, x2,x3), Q1 = {(x1,x2,x3)} and Q2 = &

Or/z, ~

To get a normal ring of mixed characteristic, take x, := aop + Y5, a;x; such that
a=(ap:a1:a:a3) € U:=U(z) N UuZ, ) C P3(F,)

for the homogeneous coordinate (z : 21 : 2 : z3). Then x, ¢ Q1. If we assume 4; is a unit
for simplicity, we see that
~ 1
Or/z, [x:] ~ R[ ]dxl@R[ }dxz
is a free module, in which the image of dx, spans a direct summand. On the other hand,
for R := R/(x3),
Rdxq @ Rdxy & Rdxs
R(x1dx1 + x2dx7)

Or/z,/x3- Qryz, ~

To show that the image of dx, is basic on Qg /z,/X3" Og /z,, keep track of the same steps
as above by inverting and killing first x,, and then x;.

Finally, if one takes R := Z,[[x]], then p & p(? for every prime p of R, since p is a
regular parameter. But dp = 0 and so the notion of basic elements is stronger than that
of non-containment in the second symbolic power of a prime ideal.



14 T.OCHIAI AND K.SHIMOMOTO

5. DISTINCT HYPERPLANE SECTIONS IN LOCAL BERTINI THEOREM

In this section, we give an answer to Question 4.7. Assume that (R, m, k) is a complete
local normal domain with perfect residue field of characteristic p > 0 with its coeffi-
cient ring W(k), the ring of Witt vectors. Then as previously, we have the mapping;:
(Owae) - P4(k) — P4(W(k)). The following proposition asserts that the parameter
set of specializations in the local Bertini theorem may be identified with an open subset
U C P4(k). In the case Ty (k) & m?, we put

d
Xg = 407ty (k) + Zaixi.
i=1

Proposition 5.1. Let the notation and the hypothesis be as above, and let U C % (k) be a non-
empty subset. Moreover, put Xo = Tty (i) in the case Tty ) m2. Suppose that x, = ux, for
a,a" € (Owqo)(U) and u € R*. Then we have u € W(k)*.

Proof. We need to divide the proof, according to the case 7y (i) € m? or Tiw (k) & m2,

Casel: Assume 7y () € m” and denote by a; the image of 4; € W(k) under the
surjection W(k)[[Xo, ..., X4]] = R (X; — x;). Let P be its kernel and let k — W(k) be the
Teichmiiller mapping. Then we prove that

P C ﬂw(k)W(k) HX(), NN ,Xd” + f)ﬁ2,
where M := (Xp,..., Xy). Let f € P be a non-zero element. Assume that
f & mwaoWE)[[Xo, . .., Xq]] + 00

and derive a contradiction. For the proof of the claim, we may reduce W (k)[[Xo, . .., X,]]
by 7ty (k). Then we find that f¢ M in k([[Xo, .., X4]]. The number of minimal generators
of the maximal ideal of R/ 7ty (i) R is equal to

dimy m/ (7w R + m?) = dimy m/m?,

due to Tw(k) € m?. So Xo,...,%; are the minimal generators of the maximal ideal of
R/ 7w R. Then there is a surjection

k[[Xo, e /Xd]] — R/TL'W(R)R

Now choose s such that
f=Y mXiek|[Xo,..., X,
i=0
hi € kX[[Xq,...,Xs-1, Xs41,- .., X4]] foralli > 0, and hy is a unit. Indeed, if /1 is not a unit,
then since f ¢ ﬁz, ho contains a non-zero linear term after presenting it as an (inifinite)
sum of homogeneous polynomials. Then replacing s by a suitable one, we can assume

that /1 is a unit.
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Taking reduction of f = Y2°, h; X by P, we get Y2, h;X. = —hoin R/ T () R, and hy
is a unit of R/ Ty ()R- Thus,

X, - (unit) = —hy.

But this gives a contradiction to the fact that Xy, ..., x; are the minimal generators of
the maximal ideal of R/nw(k)R and that —hy € (X, ..., %s_1,%s11, - - .,%4). Hence, P C
HW(R)W(R)[[X(), o Xl m?2.

In the next place, fix an arbitrary lifting # € W(k)[[Xo, ..., X4]] of u under the map
W(k)[[Xo, .., X4]] = R. We write:

= T (T )X X,

50/+++/54 1=

where (so,...,ss) signifies the multi-index, and all the elements b£50,.--,54)

(0,...,0)

ichmiiller lifts. Since u is a unit, b,
W(k)[[Xo, ..., X4]], we have

are the Te-
# 0. By lifting the relation x, = uxy to

00 d

d
YoaXi= (L (L™ )X X3) (L aiX;)  (mod P).

d
Z(ai . El;b(()o'm’o))xi = ( Z (Z bSSo ,,,,, Sd) ( ) XSO . XSd Za X)

Il
o
©w
g
i
a
<

\
—_

(Y pesdx . x3) (Y alX)  (mod P).
(S0,++-/84) i=0

#(0,...,0)
Then by mapping the above formula to the quotient k[[Xj, ..., X;]], comparing the de-
grees on both sides, and then using the fact P C 7ty 0 W (K)[[Xo, . . ., X4]] + 9?2, we find
that
0)

a; = ajby ") + TTw (k) * Vi

for some v; € W(k). However if v; # 0, this implies that a; is not a Teichmdiller lift, which
is false. So we have v; = 0 for all i and the following relation holds:

) d
T 5 L

+( X By X (L aiXi) € P.
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Since P is a prime ideal, we deduce that

( Z (Zw% ----- Sd)ngv(k))xgo. . Sd+ Z bSo Xso ..X;d)ep

50,84 r=1 )
7é(o,l..,o)
and thus 1 = b(()o’""o) (mod P) and u € W(k). Hence u € W(k)*, as desired.
Case2: Assume 7y (i) € m?. Then taking xg = Ttw(x), we may consider the surjection
W(k)[[Xy,...,X4]] = R (X; — x;) and let P be its kernel. In this case, we claim that

P C M3,

where It .= (nw(k), Xi,...,X4). Indeed, any non-zero element f € P can be presented
in the form:
Z Zﬁ“ a) X3 Xy
Sq r=

Assume that f ¢ 2. Then we have f ¢ T in R and the calculation of f=0inRas
in Case 1 shows that f contains a linear term with respect to either 7y (y), or some X;,
which leads to a contradiction to the minimality of TTW(k), X1, - - -, Xd, @S discussed in Case
1. Assume that x, = ux, for some u € R*. Then by applying the final step of Case 1
together with the fact that P C 92, we conclude that u € W(k)*, as desired. N

Now Proposition 5.1 assures us that there are sufficiently many normal hyperplane

sections for a normal local domain, which is as follows.

Corollary 5.2. In addition to the hypothesis of Proposition 5.1, assume that k is an infinite perfect
field of characteristic p > 0 and U C P?(k) is an infinite subset. Then {x,R | a € (B o)) (U)}
is an infinite set of mutually distinct height-one primes. In particular, we have

[l  xR=0.
a€ Oy ) (U)
Proof. By the above proposition, the subset (0 i)) (U) C P4(W(k)) parametrizes the set
of height-one primes {x,R} and it is infinite, since U is so by assumption. Since R is a
Noetherian domain, every non-zero nonunit element of R has only finitely many prime

divisors (of height one). Therefore, we have the claim. O

The authors believe that Proposition 5.1 holds for any infinite residue field. Via the
proof of the proposition, we obtain the following corollary, which is necessary in dealing

with only the unramified case.

Corollary 5.3. In addition to the notation of Theorem 4.3, assume that 714 is part of minimal
generators of m and xo = 7. Then 14 is part of minimal generators of the maximal ideal of
R/x4R for every a € P4 (A).
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Proof. It is not necessary to assume that k is a perfect field. Let A[[X,...,X4]] - Rbea
surjection with its kernel P, which is so constructed due to the assumption: 74 & m2.
Then P C (HA,Xl,...,Xd)Z, as was seen in the proof of Proposition 5.1. Let X, =
agma + Z‘le a;X; be a lifting of x,. Since every point of PY(A) is normalized, a; €
A is a unit for some 1 < i < d, we have an isomorphism: A[[Xy,..., Xy]]/(X2) =~
Al[Xq, .-, Xi1, Xiy1, - - -, X4]] together with 714 & (74, X1, ..., Xi—1, Xiv1, -+, Xa)*.

But since P C (74, X1,...,Xi_1, Xi11,...,X4)?, where P is the image of P in the quo-
tient A[[X,..., X4]]/(X,), it follows that 774 is part of minimal generators of the maximal
ideal of R/x,R, as required. ]

6. SERRE’S CONDITIONS (R;) AND (S,)

Let us briefly state Bertini theorems for the punctured spectra of local rings in the case
when R satisfies Serre’s conditions. The essence for these cases already appears in the
proof of the Bertini theorem for normal rings. In the following corollary, the quotient
R/x,R may fail to be reduced. As usual, we put X = SpecR — V(m) and

d
X; = Zaixi
i=0
fora = (ag,...,a;) € A1(A).

Corollary 6.1. Suppose that (R, m, k) is a complete local reduced ring of mixed characteristic
p > 0, that conditions (1) and (2) of Theorem 4.3 hold, and that the residue field k is infinite.
If Ry has Serre’s (R,) (resp. (Su)) for all p € X, then there exists a Zariski dense open subset
U C IP4(k) such that for every

a=(ap: - :ag) €Sp,(U),
the quotient Ry, /x,Ry has (Ry,) (resp. (Sn)) forallp € X NV (x,).

Proof. We briefly sketch the proof of the corollary. Since R is complete local and reduced,

the singular locus of R is non-empty. Thus, the set

Q1 := {p € X | p is a minimal prime in Sing(X) }
is finite. Let

Qy :={p € X | depthR, = nand dim R, > n},

which is also finite by ([2], lemma 3.2). The proof is similar to that of Theorem 4.3. So
it suffices to avoid the union of finite set of prime ideals in Q7 U Q>. Namely, for any
a=(a: - :ay) € Sp,'(U), the localization R,/x,R, has (R,) (resp. (S,)) for all
p € XNV(x,) and Reg(R) N V(x,;) C Reg(R/x4R). O
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The above proof also shows that the Bertini theorem holds for mixed Serre’s condi-
tions. That is, if R has (R;) + (S/), then so does R, /xR, foralla = (ag : --- : az) €
Sp,'(U) and all p € X N V(x,). For instance, we obtain the Bertini theorem for reduced
rings, since R is reduced <= R has (Rg) + (S1). To be precise, we have the following
version of Bertini theorem:

Corollary 6.2. Suppose that (R, m, k) is a complete local normal domain of dimension 2 in mixed
characteristic p > 0, that conditions (1) and (2) of Theorem 4.3 hold, and that the residue field k
is infinite. Then there exists a Zariski dense open subset U C P?(k) such that for every

a=(ap:--:ag) €Sp,(U),
the quotient R/x,R is a reduced ring of mixed characteristic p > 0.

Proof. By the previous corollary, R, /x,R; is reduced for all p € X N V(x,). Since R is a
local normal domain of dimension 2, we have depth R = 2. Hence R/x,R is reduced. To
make the quotient R/x,R into a ring of mixed characteristic, it suffices to choose U such
that 774 is not a zero divisor of R/x,R. In fact, we may take x, so that it avoids the union
of finitely many minimal prime divisors of 74 R, since every system of parameters of R
is a regular sequence. So the rest of the proof is similar to that of Theorem 4.3. U

Remark 6.3. In place of the hypothesis of Corollary 6.2, assume that R is only a domain.
Then can one find x, such that R/x;R is a domain as well? In the mixed characteristic
case, the answer to this question is not clear yet. But there is a two-dimensional complete
normal local domain over C without principal prime ideals at all (such an example is due
to Laufer, as mentioned in [2]. However, an explicit example is not given there). In light
of this, both Corollary 6.1 and Corollary 6.2 seem to be the best results.

7. CHARACTERISTIC IDEALS OF TORSION MODULES OVER NORMAL DOMAINS

Throughout this section, we assume that R is a Noetherian normal domain and M is a
finitely generated torsion R-module. Then the localization of R at every height-one prime
is a discrete valuation ring. We introduce an invariant of the module M. For an ideal I
of R, let M[I] denote the maximal submodule of M which is annihilated by I. We follow
the definition of characteristic ideals by Skinner-Urban as in [13]. For more results and
properties on characteristic ideals with its relation to the reflexive closure and the Fitting
ideal, see § 9.

Definition 7.1. Let the notation be as above. Then the characteristic ideal is an ideal of R
defined by

chargr(M) = {x € R | vp(x) > lg,(Mp) for any height-one prime P},
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where vp(—) is the normalized valuation of Rp.

Since M is torsion, /g, (M,) = 0 for all but finitely many height-one primes p of R and
it suffices to take only height-one primes in the support of M in the definition. When M
is not a torsion R-module, we put charg(M) = 0.

Remark 7.2. The formation of characteristic ideals does not commute with base change in
general. For example, let R = Z,[[x, y]] and let M = R/xR. Then M is a torsion module
and charg(M) = xA. However, the R/xR-module M/xM is not torsion. Therefore,

0 = charg/yg(M/xM) C xR = charg(M)R/xR

in this case. In general, even when M /xM is a torsion R/xR-module, it may happen that
charg,yr(M/xM) # charg(M)R/xR, which is caused by the presence of pseudo-null
submodules (see the definition below).

Definition 7.3. A finitely generated module M over a Noetherian normal domain R is
pseudo-null, if M, = 0 for all height-one primes p € SpecR. A homomorphism of R-
modules f : M — N is a pseudo-isomorphism, if both ker(f) and coker(f) are pseudo-null
modules.

The proof of the next lemma is found in ([8], Proposition 5.1.7).

Lemma 7.4 (Structure Theorem). Let M be a finitely generated torsion module over a Noether-
ian normal domain R. Then there exist a finite set of height-one primes {P;};c; (which is not
necessarily a redundant set of height-one primes) and a set of natural numbers {e; };cy such that
there is a homomorphism:
f:M—@R/P!
i€l

that is a pseudo-isomorphism. Moreover, both {P; }ic; and {e;};c| are uniquely determined.

Henceforth, we use the notation M ~ N to indicate that there is a pseudo-isomorphism
between M and N. As mentioned before, the formation of characteristic ideals does not
commute with base change in general, which can produce extra error terms.

Proposition 7.5. Let M be a finitely generated torsion module over a Noetherian normal domain
R. Let x € R be an element which satisfies the following conditions:
(1) R/xR is a normal domain (which implies that xR is a prime ideal);
(2) x is contained in no prime ideal of height one in the support of M (which implies that
M /xM is a torsion R/ xR-module).
Then we have:
charg /g (M/xM) = ( charg/x(M[x]) - T] p(R/2R)" <Mv>)**

htp=1,
peSpecR
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Proof. Recall from Proposition 9.6 in Appendix, thatif 0 - L -+ M — N — 0is a short
exact sequence of torsion R-modules, then charg(M) = (charg(L) - charg(N))**, where
(—)** denotes the reflexive closure. The condition stated in the proposition implies that

all relevant modules are torsion. First off, we claim that

charR/xR< an R/(p+xR)pr<Mn>) :( I1 p(R/xR)pr(Mn)**,

htp=1 htp=1,
pESpec R

For the proof of this equality, let {P;,..., P, } be a set of all height-one primes of R/xR
which contain p(R/xR). Then the localization (R/xR)p, is a discrete valuation ring and

r/xR)p, (R/ (p+2R))p))

y4
p(R/xR)p =P, (R/xR)p,

for all i. Then the above equality immediately follows from this. Thus, it suffices to prove
the following equality:

(charR/xR(M/xM) . charR/xR(M[x])*l) -

= charg/yr ( @ R/(p + XR)KRP(MJJ)),

htp=1,
peSpec R

which is an element in the group of all reflexive fractional ideals of R. By considering
all torsion R-modules such that x € R is contained in no height-one prime ideal in their
support, we show that both sides of the above formula is multiplicative on short exact
sequences. Let

0O—L—-M-—N=—=0

be a short exact sequence of such R-modules. Then since the function ¢(—) is additive,
it follows that the right hand side of the above formula is multiplicative. On the other

hand, there follows the exact sequence:
0 — L[x] - M[x] = N[x] = L/xL - M/xM — N/xN — 0

by the snake lemma. If p is a height-two prime ideal of R containing x € R, we may
localize the above exact sequence at p, so it follows that the left hand side of the above
formula is multiplicative as well.

Hence we are reduced to the case that M = R/q for a prime ideal g by the prime
filtration argument. Assume first that htq = 1. Then we clearly have Supp(M) = {q},
M[x] = 0, and /g (M,) = 1, because M, is a field. Now the formula is obviously true.
Next assume that ht ¢ > 1. Then it is easy to see that both sides of the formula are equal
to a unit ideal, which completes the proof. U
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8. APPLICATIONS TO CHARACTERISTIC IDEALS

Our final goal is to prove Theorem 8.7. The aim of the main theorem is to establish
some techniques, which enables us to study Iwasawa Main Conjecture (see [11]), so we
need to deal with local rings with finite residue field. Let (R, m, F) be a complete normal
local domain of mixed characteristic with finite residue field. In other words, R is the
integral closure of Z,[[z1,...,2,]] in a finite field extension of the field of fractions of
Zy([z1,...,2z4]]. Let us recall the set-up of Corollary 4.5 and prove some preliminary
results.

Recall that RA ‘= R®p Our with its coefficient ring Our, Then if depth R > 3, the com-
plete local ring R fits into the hypothesis of Theorem 4.3. The Teichmiiller mapping
F — O induces (O : IP4(F) — IP4(O) (there is an inclusion P4 (O"r) C P4(Ow)),

To establish the fundamental theorem for characteristic ideals, we need to relate the
w-modules and then descend to R by faithful flatness. The
advantage of working with R is that the residue field is infinite and perfect. We intro-
duce some notation. Denote by Fitt4 (M) the Fitting ideal of the A-module M. We make

free use of results and notation from Appendix.

torsion R-modules to the R~

Definition 8.1. Under the notation as above, fix a set of minimal generators x1, ..., x; of

the unique maximal ideal of R. Then we set

Lo = {xaRgm |a=(a0: - :a4) € (05a)(U)}
for the mapping (05 ) : P4 (FF) — IP4(OU). For a finitely generated torsion Rgw-module

M, we define a subset £ ~ Our( ) C L &w Which consists of all height-one primes x,R 7 €

Our

L~ & such that the following conditions are satisfied:

(A) M/x,M is a torsion Raw /X, Rgm-module.
(B) The following equalities of ideals hold in R@\r / qué;r:

charR R — (M/Xg ) (ChaI'ROAu,r (M)R@/XQR(f)a)**

Our / Xa our

= (Fittg EBR@\r P{)Rgw /XaRaw )™,
i=1

where (—)* = Hompg , /xR 5 (= Rgu/XaRgw) and M ~ @/L; R

our
damental pseudo- 1somorph1sm

o/ P is a fun-

When the base ring R is complete regular, this definition actually coincides with the
format as given in ([10], Definition 3.2.). The way of interpreting the condition (B) is
that one wants to see the characteristic ideals through Fitting ideals as an intermediate

invariant. Note that all of three ideals appearing in (B) may differ in general.
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Lemma 8.2. Let the notation and the hypothesis be as in Corollary 4.5 and let I C Ry be an

Our
ideal and consider the natural injection I — I"** with its cokernel N. Then there exists a finite set
{Qi}1<i<¢ consisting of height-two primes of Rz such that for
x:Rgw € [ Lga(Rga/Qi)
1<i<(

and for all P € Spec R 5 with the property that x, € P and ht P < 2, we have Np = 0.

Our

Proof. By definition, the module N is supported on a closed subset of codimension two in
Spec Rsh. So there are only finitely many height-two prime ideals contained in Supp N.
Hence it is sufficient to choose Qy, ..., Q¢ as height-two prime ideals in Supp N. O

In the following discussion, we examine when equalities occur between various ideals

in the condition (B).

Discussion 8.3. Suppose M is a finitely generated torsion A-module. Then we have
Fitty (M)** = chars (M)

(see Proposition 9.6 in Appendix). Take a fundamental pseudo-isomorphism:

m
M ~ @ R@u\r/Piei
i=1

for a (not necessarily redundant) finite set of height-one primes {P;} of Rzz. Choose
Xs € R
In particular, the multiplication map:

such that R4 /X, R 5 is normal and M/x, M is a torsion Rz /%o R module

/Pe’ L) Our/P€l

Our
is injective. Then since FittB(M ®a B) = FittA(M)B for any Noetherian A-algebra B,

letting B = R/ X R, it follows that

o

m
(charg , (M)Rgw /*aRgm )™ = (Fittg g, (B Raw/P")Raw /xaRzm) "™
i=1

m
@R@Tr/(xﬂR@r +P{1)"

= FlttR(ler /XaR@Tr

as long as
Row € [ Laa(Rgw/Qi),
1<i<t
where {Q; }1<i<¢ is specified as in Lemma 8.2 (of course, we have assumed the normality
of Rgw /XaRaw as well as the torsion property of M/x,M). It also yields that

m
(charg g, (M)Rgiw / XaRgm)"" = charg /xR g (D R/ (xaRge + B7')),
i=1
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which we will use below.

Some preliminary results from [10] may be proved in a similar way over general nor-

mal domains with necessary modifications.

Lemma 8.4. Under the notation and the hypothesis as in Corollary 4.5, assume that M is a

finitely generated torsion R ~x-module. Then the following assertions hold:

Our
(1) The set Lz (M) is identified with the intersection:

{x:Rzw | M/x,M is a torsion Ry / xRgm-module} N Lam (Mpan) N [ Law (Raw/Qi),
1<i<(

where My is the maximal pseudo-null submodule of M and {Q; }1<i<y is a set of height-
two primes as stated in Lemma 8.2.

(2) Assume that N is a finitely generated pseudo-null R zz-module and {Q}}1<i<y is a set of

all associated prime ideals of height two for the module N. Then we have:

Loz(N)= () Lagu(Rga/Q))-
1<i<k
Proof. (1): This is taken from ([10], Lemma 3.4.), but we give its proof, as it requires some
modifications. Let M, be the maximal pseudo-null submodule of M. Then we have the
following commutative diagram with exact rows:

0 —— M/Muyu — D%, Our/Pe’ N > 0

0 —— M/Mpay —— @4 Rgs /P N y 0

for a (not necessarily redundant) set of heigh-one primes {P;}1<;<; of Rsw and N is a
pseudo-null module.

Assume that M/x, M is a torsion R 5 /X, R zm-module for x, R € M1<i<¢ Lgm (R / Qi)
with the notation as in Lemma 8.2. Then the map

Xq

au/ P —— au/ P/

Our Our

is injective. So the snake lemma yields the following exact sequence:

0 — Nx,] = M/ (x;M + Mpa1) — @Rour/ X:Rgw + P{) = N/x;N — 0.
i=1

There is a short exact sequence:

0 —— NJx,] > N N > N/x(N —— 0



24 T.OCHIAI AND K.SHIMOMOTO

of Rgz-modules, whereas both N [x,] and N/x,;N are naturally R / XaR gm-modules.
Localizing this sequence at all height-two primes P of Rz containing x,, a length com-
putation for the sequence localized at P reveals that
charg . /x,R 55 (M/(xaM + Mpan)) = Changar/xaRoAur b Raw/ (xaRgm + P7)).
1<i<m

On the other hand, Discussion 8.3 shows that

(charR@r(M)Réu\r/xaR@;) = CharROAm/xaR@r @ Raw/ (xaRagw + P7)).

1<i<m

Finally, since the multiplication on M/ My by x, is injective, we have an exact sequence:
0— Mnull/xaMnull — M/x;M — M/(XgM + Mnull) — 0.
Taking characteristic ideals to this exact sequence, we find that

Our S Eour( ) <~ x{l (Qur € E(Qur( DHH)’

because of the condition (B). This completes the proof of (1).
(2): This part is done in ([10], Lemma 3.5 together with Lemma 3.1) in the case R i
regular, so we leave the proof with necessary modifications to the reader. U
The next objective is to identify the set Lz (M) for a finitely generated torsion R-
module M. For the proof of the main theorem, we need to make sure that there are
sufficiently many specializations that are normal, and then study characteristic ideals by
combining Proposition 5.1, Lemma 8.2, and Lemma 8.4.

Lemma 8.5. Under the notation and the hypothesis as in Corollary 4.5, assume that M is a

finitely generated torsion R gg-module. Then we have the following assertions:

(1) The subset L5(M) C (05w)(U) may be identified with a non-empty open subset of
P4 (IF) under the mapping (Ogw) IP4(F) — P4(OW). In particular, it is infinite.
(2) There exists an infinite sequence {Xq,Rpw tiew € Lgu (M) such that the union of the
set of all minimal prime divisors:
U MinR@'ﬁ'r(P + xaiR@}r)
ieN

is infinite, where P appears as one of the components in charg (M).

Proof. (1): By Lemma 8.4, it follows that x, € £z (Mpan) if and only if x, € £ avoids
the union of all height-two primes Q/, ..., Q; contained in AssROTlr (Mpun)- Let Qq,...,Qy
be as given in Lemma 8.2. By the assumption that dim R > 3, all those primes together
with the set of height-one primes Pj, ..., P, in Supp M are strictly contained in the max-
imal ideal of Rg. So it remains to determine the non-empty Zariski open subset of
IP*(TF) with the required properties. In other words, it suffices to choose x, such that
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Xa & (Ur<i<m Pi) U (Ur<i<k Qi) U (U1<i<¢ Qi). However, this part may be ca rried out in
the same way as the final step of Theorem 4.2, so we leave the detail to the reader.
(2): We shall be done by completing inductive steps using (1) as follows. Let P be a

fixed divisor of char— (M). Since P is a non-maximal prime ideal of R 5, it corresponds

Rsh Ours
to a non-empty Zariski open subset of IP(FF) and we may find x,, € L 55 (M), which is

not contained in P. Then this initial choice satisfies our requirement.
Choose x,, so that it is not contained in a finite set of prime divisors Ming (P +
anR@;) (which is possible due to dim R > 3). Next, choose x;, so that it is not contained

in the union of the finite set of prime divisors:
1\/ﬁl‘1R@?r (P + X,ZOR@) U MinR@ar (P + XulR(,/);r)

Hence we may keep this process and get a sequence X,,, Xs,, Xa,, - - - satisfying the required
properties. U

Let M be a module over a complete local domain R with O its coefficient ring and
let O — O’ be a torsion-free extension of complete discrete valuation rings. Then we
set My = M®oO', which coincides with our previous notation. Let M be a finitely
generated torsion R-module. Then

charg,, (Mor) = charr(M)Ror,
which may be verified directly from the definition.

Lemma 8.6. Let M, N be finitely generated torsion R-modules. Then we have

charg(M) C charg(N) <= charg , (Mgs) C charg , (Ngw)-

Proof. The implication = is obvious. So let us prove the other implication. Since R —
Row is ind-étale, it suffices to show that

charg,, (M) C charg,, (N) <= charg g (Mgz) C charg g, (Ngw)-

Note that Rpuwr — Raw is faithfully flat, with trivial residue field extension. Then the
claim follows from this. O

Let us prove the following main theorem on the inclusion of characteristic ideals,

which is fundamental for the study of Iwasawa theory and Euler system theory over
general normal domains.

Theorem 8.7 (Control Theorem for Characteristic Ideals). With the notation and the hypoth-
esis as in Corollary 4.5, assume that M and N are finitely generated torsion R-modules. Then the

following statements are equivalent:
(1) charg(M) C charg(N).
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(2) For all but finitely many height-one primes:

Our E ﬁOur( Our) m ﬁOur( Our)
there exists a finite étale extension of discrete valuation rings O — O’ such that we have
X; € Roy and
charg , /x,r,, (Mo /xaMor) C charg , /x,r,, (No'/*%aNor).

(3) For all but finitely many height-one primes:

xaR(ﬁE’ E ﬁ@ﬁ'( Our) m ﬁ(f)ur( Our)

we have

(Mour /Xll (’)ur) C CharRA /XHR/\

charR e/ XaR i

our

(N Our / xll (’)ur)
Note that dim R > 3 holds automatically, due to the hypothesis depth R > 3.

Proof. The implications (1) = (2) = (3) are obvious. So it remains to prove (3) = (1).
By Lemma 8.6, it suffices to show that

CharR@r(MOur) C charg g, (N )-
Take fundamental pseudo-isomorphisms for M and N:

M — @Rour/Pe‘ (resp. N — @Rom/Q{j)

for a (not necessarily redundant) finite set of height-one primes {P;} (resp. {Q;}) of R -
Put Iy := (I[; P")** and Iy := (I]; Q{])** and the condition (B) allows one to assume
that

M= @R@ur/Pel resp. N = @Rour/Q{j).

To simplify the notation, assume that {P;} (resp. {Q]-}) is a redundant set of prime ideals

and all relevant modules are defined over R;;. We make a step-by-step study to com-

Our
plete the proof. Let

{xﬂiR@-}iEN g ﬁ(ﬁ?r( Our) m EOur( Our)

be any infinite sequence of mutually distinct primes of R 5
ou — 0.
Step1: Let us establish Supp,,_; N C Suppy,_; M, where Supp,,_,(—) is the set of

o satisfying the condition (3).

In particular, we have ;e Xo, R 4

height-one primes contained in the support of a module. By assumption, we find that

(Im(Rgw/xaRgw))” S (In(Rgw /%o Rw)) ™
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for all i € IN. Fix a divisor Q. Then for every fixed i € IN, in particular, we have
IMC () a
CLGAI'

where A; is the set of symbolic power ideals associated to all minimal prime ideals of

ASSR6LTr (R@/(Qk + XaiR@?r))-

The image of the natural map
ﬂ a— R@m / Xal-R@Er
acl;
is the reflexive closure of Qk(R@;r / xuiR@). Moreover, we have an injection:
Raw/ () (Vo= ] (Rga/ () a).
i€EIN acA; ieN acN;

Since Qy is a prime ideal and since we could have chosen the set {x,, };cn such that

U Ming ., (Qx + % Rgw) = |J (U Ming , (a)

ieIN ieEN acA;
is infinite in view of Lemma 8.5, it follows that

Q=)=

i€EIN a€A;

and thus, we have Iy C Q. Since Qy is arbitrary, Iy C (T]; Q;)*", or equivalently,
SUPPp—; N € Supppe— M.

Step2: In this step, we deal with multiplicities of divisors in the characteristic ideal
and we complete this step by induction on the number of divisors appearing in Ij;.

First, assume Iy = (P¢)** for e > 1. Then we have Supp,,_; N = @ or {P} because of
Step1l. If Supp,,_; N = &, there is nothing to prove. So assume Supp,,_; N = {P}. Both
M and N are assumed to be fundamental torsion R;-modules, thus M([x,,] and N(x]
are trivial modules and Proposition 7.5 yields that g _ ), (Mp) > £ R g )p (Np).

In the general case, we prove by contradiction and thus, assume that Iy ¢ Iy. Then

this implies that we have e, < fi for some k. Put
Iy = (P - Ipm)™ (resp. Iy == (P % IN)™),
which are both integral reflexive ideals. There is a short exact sequence:
0 — Im/Im = Rgw/In — R /Im — 0 (resp.0 — In/In = Rgw/In = Rgw/In — 0)

and it is clear that

ChaI‘ROAM(TM/IM) = ChaI'R@E,r<TN/IN> = (P]fk)**,
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which induces the following short exact sequences by the snake lemma:
0 — Im/ (I, Xa,Im) = Rgw/ (Im, Xa;) = R/ (Im, Xa;) — 0

and
0 — In/(In,Xa,IN) = R/ (I, Xa;) = Rgw / (In, Xa;) — 0.

Taking characteristic ideals, we get by the assumption (3)

charg . /x, R ( aw/ (Im,xa,)) C CharR@/xuiR@,(R@/(TN, Xq;))-

Since the number of primes divisors in Assg (Rgw/ In) is just one less than that of

components of prime divisors in I, the induction hypothesis on I yields

charg (R@/TM) C charg g, (R@/TN).

However, we deduce from these observations that Iy C Iy, which is a contradiction to
our assumption Iy Z In. Hence, we obtain Ip; C Iy, as desired. ]

Remark 8.8. It is worth pointing out that Theorem 8.7 holds for complete normal local
rings of mixed characteristic with arbitrary infinite perfect residue field as well. More
precisely, it can be proven that charg(M) C charg(N) <= charg,r(M/xM) C
charg,yr(N/xN) for sufficiently many x € R.

In this article, we presented an application of Bertini theorem to characteristic ideals.
However, we believe that the main theorem has more interesting applications such as the

study of the restriction map on divisor class (Chow) groups.

9. APPENDIX

In this appendix, we study the relationship between Fitting ideals and characteristic
ideals. For Fitting ideals, we refer the reader to Northcott’s book [9], but we review the
basic part of the theory. Throughout, we assume that R is a Noetherian ring and M is a

finitely generated R-module.

Definition 9.1 (Fitting ideal). Let the notation be as above and assume that
FF—-F—-M-—0

is a finite free resolution of the R-module M, where the mapping F; — F is defined via
a m x n-matrix X with rank(F;) = n and rank(Fy) = m. Then Fittg(M) is defined as an
ideal of R generated by all m-minors of X.

The Fitting ideal does not depend on the choice of a free resolution and it enjoys the

following properties.
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Proposition 9.2. Let M be a finitely generated module over a Noetherian ring R. Then we have
the following properties.

(1) Let I C R be an ideal. Then Fittg(R/I) = I.
(2) Let S be any Noetherian R-algebra. Then Fitts(M ®g S) = Fittg (M)S.
(3) Let Anng(M) be the annihilator of the R-module M. Then

Fittg (M) C Anng(M).
(4) If0 - L - M — N — 0 is a short exact sequence of R-modules, then
Fittg (L) - Fittg(N) C Fittg(M).
(5) Assume that R is a discrete valuation ring with its uniformizing parameter b and M is a

torsion R-module. Then Fittg (M) = (b)x(M),

Proof. These facts are all well known. For (5), it simply follows from the elementary

divisors of modules over a principal ideal domain. O

For a Noetherian domain R and an R-module M, let M* := Hompg (M, R), the dual of

M. We say that M** is the reflexive closure of M. Then we have the following lemma.

Lemma 9.3. Let R be a Noetherian domain and let I be a fractional ideal of R. Then the reflexive
closure I** is naturally regarded as a fractional ideal of R.

Proof. By assumption, there exists « € Rsuchthat ~ « -1 C R. Let ] := « - I, an ideal of
R. The short exact sequence 0 — | —+ R — R/] — 0 induces a short exact sequence

0 = Homg(R/J,R) - R — Homg(J,R) - N — 0,

with N C Ext}z(R/],R) cokernel of R — Homg (], R). Then applying Homg(—, R), we
get an exact sequence

0 = Homgr(N,R) — J** — R,
because ] - N = 0. This implies that ]** is an ideal of R. Then [** = a~! . J** is a fractional
ideal. O

Note that even when I and | are reflexive, the product I - | need not be reflexive. Any
principal ideal is reflexive. Let I be an ideal of a normal domain R. Then we recall the

following fact:
I** — ﬂ IP,
P

where P ranges over all height-one primes of R. The natural inclusion I — I** is a
pseudo-isomorphism, since Ip — (I**)p = (Ip)** for every height-one prime P C R. The
following lemma explains the naturality of reflexive ideals and gives a way to investigate

the inclusion relation between characteristic ideals.
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Lemma 9.4. Let R be a Noetherian normal domain and let I and | be reflexive ideals. Then I C |
if and only if vp(I) > vp(]) for a valuation v attached to every height-one prime P of R. In

particular, the only reflexive integral ideal containing a prime ideal of R properly is R itself.

If R is only assumed to be Cohen-Macaulay, a similar result holds for invertible mod-
ules ([1], Lemma 5.3). We defined characteristic ideals as reflexive ideals and this is
natural from the viewpoint of Iwasawa theory, because the most interesting arithmetic
information may be captured at height-one primes. For finitely generated torsion R-
modules M, N, it follows from the above lemma that charg (M) C charg(N) if and only
if charg(M)p C charg(N)p for every height-one prime P € Supp(M) U Supp(N).

Example 9.5. Suppose I is reflexive and let a C R be such that R/a is a normal domain.
Then I(R/a) need not be reflexive. For a general ideal I C R, it can happen that

(I(R/a))™* # (I"*(R/a))"™".

Here, I** is the reflexive closure with respect to R and (I(R/a))** is the reflexive closure
with respect to R/a. Let us take a look at the following simple example. Take R =
Zy[[x,y]], I = (x,y),and a = (x). Then (I"*(R/a))** = R/xR, since there is no height-
one prime of R containing I. But (I(R/a))** = y(R/xR).

Proposition 9.6. Let R be a Noetherian normal domain. Then the following hold.
(1) Let M be a finitely generated torsion R-module. Then we have

charg (M) = ( T »'®™))™ = Fittg (M)"".
htp=1

In particular, Fittg (M) C charg(M) and if R is a UFD, then

Fittg (M) C H p(ZRP(M”) = charg(M).
htp=1

(2) Let 0 - L — M — N — 0 be a short exact sequence of finitely generated torsion
R-modules. Then
charg(M) = (charg(L) - charg(N))**.

Proof. (1): Since the characteristic ideal is reflexive, the first equality follows by taking
localization at all height-one primes of R. The second equality follows from the fact

Fittg, (Mp) = (PRp)‘*r(Mr)

for any height-one prime ideal P C R. The second assertion is due to the fact that a
height-one prime in a UFD is principal.
(2): This is clear, since the length is additive with respect to short exact sequences. [J
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Example 9.7. The ordinary power of a height-one prime in a normal domain is not neces-
sarily reflexive. Here is an example. Let R = Z,[[x?, xy,y*]] and let p = (x?, xy). Then
R is a normal domain and ht(p) = 1. Then p?> = (x* %%y, x*y?) and p?> # p®). In fact,
x2 ¢ p?, but p® = (x2).

Now let ¢ = (xy,y?) and M = R/(p N q), which is torsion over R. Then one verifies
that

Fittg(M) =pnq ¢ [] plre(Mp) — g,
htp=1

which tells us that Proposition 9.6 (1) is the most optimal.
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