CONTINUOUS DEFORMATIONS OF
THE RIEMANN ZETA-FUNCTION

gboboboboo

1. 00

oo, oo oooooDDbbbbDD, O
UoopoboDbbO0O0000 cosz 0 sinz 0000, DOOOOOOO0ODODOOOOO,
Riemann 0O 00000 D0OO0DOODODOO.

00 E(s)=exp(s—1/2)00,000 Z(s)O
1 1

Z(s) := cosh (s — 2) =3 (E(s)+ E(1—29)) (1.1)

00000. 000000000000 Z(s)=Z(1-s)00000.0000, Z(s) 0
000000000000000 R(s)=1/20000,00000000000. 00
Riemann 00 0000000,00000000000.00000000000000

E(s)| > |E(1—s)| for §R(s)>% (1.2)

0000. 0000000 Z(s)0 R(s)=1/2000000000000000. 00
(12)00 E(s)0 R(s) >1/20000000, 00 Z(s) = E(s)(1 + E(1 — s)/E(s)) O
0 Z(s)O R(s) > 1/200000000000000. 0000000000 Z(s) 0
R(s)=1/20000000000. Z(s)00000000000000

1

E(s)#0 on R(s)= 5 (1.3)

00 arg E(1/2+4it) 0000, E(s) = E(5) 00

L. 1 L.
2(5+it) = [B(5 +it) | cos (arg B (5 + i)
0000,(1.2)00 arg E(1/2+4) 000000000000 (00, arg B(1/2+it) = t).

00000000, Z(s)0 Riemann 000000000000 (1.1)0 (1.2)0, 00
000000 (1.3)0000. 000000 Riemann 00000000000 LOOOO
0000000000?70000000000000000.

Riemann 00000 ((s)00000000000000000000
E(s) = s(s = 1) -7 */*T(s/2) - {(s)
0000000. 0000 &s)=¢1—-s)000000000. Riemann 000000
00000000 T(s/2)0 s(s—1)0000000000, 000 Riemann 000 &(s)

000000 R(s)=1/200000000000.00 Z(s)000000,00000
oooooo.

Question 1. 000 E(s) O
(E(s)+ EY(s)) (1.4)
ooboooooooobogoogy?
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2 oooo

0oo
E¥(s) = E(1 - 5).
0000000000 00000000. E(s) 000000000, (1.4)0 (1.2) 00

00 &(s) = (E(s)+E(1—5))/2000000000000000. 00 Question 1 O
000 “Yes” 00,00000000000:

Question 2. 00 (14) 0000000 E(s)DO00000O0DOOOOOOOOOOY
1
|E(s)| > |EY(s)| for %(s)>§. (1.5)

000000000000, Z(s) 000000000000 &(s)0 RiemannOOOOO
oo, 0bdbbb0ooo0ob0obobgbo0. bob0b0o000Og, Question 2000
O00,Question 1 000 (14) 0000000000 E(s)D000O0O0ODO,0000
gobooooboboooboboonD. b00bDD0 Riemann ODOO0O0O0D0OO0OO0DOO0O
gboobooboobooboooobg.

2. Riemann OO0 O0O0ooononO
[o.¢]
JacobiOOD OO 6(x) = Y exp(—wn’z) 0000,

n=—oo

o(x) = ddx <$2 d ) =4 Z 27r2 - 37Tn2x2)6_7m2$2

DI:IDI:ID.DDDDDDDDDDD,DDDDﬁ(S)D ¢(x)|] MelinOOQOOQOGQGoOOoOG4d:
b dx
£(s) = M(6, 5) = /0 o(2) "™ (Vs € ).

X

000000000, &s)0 (0,00)000000 00000 Ef(s)0,0000000
0ooooo:

Eg(s) = M(¢f,s) / o(x

000000,00000 0000000, Ef(s) DDDDDDD 00000 (14)0
ooo DDDDDD(15)DDDDDDDDDDDDDD DDDDD,DDDDDDD
DDDDDDDDDD.

Definition 2.1 00 §0 (0,00) 00000000000 f0,000

flx—=0)+ f(x+0
o) - e =0+ e 0
ogoooooooo,oo200doo0ooodooooooooooog:

(1) flz)+ fz7!) =
(2) f(z) = O(z?) as x — oo for some A > 0.

ggoooobobobobbooog,oogooooooo.
Theorem 2.2 (Theorem 1.3 of [10]) O feF 0000, Ef(s) D00 Cp>00000
[Ef(s)] < exp(Cyls|log|s])
0000000000, 00 (140000.

00000 Question 1 0000 “Yes” OO0, 00000 (140 OO0ODOOOOO
O FE(s)D00000000000O0O0. D00 Question 20000,00000 200
sgooooooooog.

Definition 2.3 00 §00000 §* 0, Ey(s) 000 (1.5)0000000 feF0O
000000000. 00,350 Ex(1/24it)#0 (teR) 0000 feg* 00000
000000000,
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00 (1.5) 0000000000000 0O0O0O00000000D0DOoUOOOO, 00
gbobooboobooob,oobboobooboobobooboooboboon.

Proposition 2.4 (Lemma 5 of de Branges [2], see also Lemma 2.2 of Lagarias [6])
000 E(s)000 (1.5 000000,

Als) = %(E(s) +EY(s)

000000000 R(s)=1/20000. 000, E(s)0 R(s)=1/200000000
0000, A(s)00000000000.

0000000, 3 (C§O0000000000,&s)000000 R(s)=1/200
yogooogoob.ouobbo, bbb oooooooooo.
Theorem 2.5 (Theorem 1.5 of [10])

(1) 3*£00, ¢(s)000000 R(s)=1/2000000000.

(2) 32 #00,&(5)000000 R(s)=1/20000, 0000000000000

000000, Riemann 000000000000 0O0O,00300000000
Oo00o0DoOoo. Oboo0ooOoooo,0b000ooooO0oooDooOOOo 00
OoooOoOooooobo.0oo0O00000,00000 fegbhOoOo gz 0000D0O
gboobobooboooo.

Proposition 2.6 (Theorem 1.6 of [10]) O0000 fe 30000000, 0000
E/(s)000000000:

(1) 00 09 <1/20000, Ef(s) 000000000 og<R(s)<1/20000.
(2) T>000000000,

N(T):={peC | Es(p) =0, [3(p)| < T}| < TlogT.
(3) ooooo coooog,oooo

E _
lim 7f(1 7)
o—too Ky (o)

0000 f0 35 000.0000 E;000 (150000, R(s)=1/20000.

=C.

0000000, Riemann 0000000 DOOO0O0OO00O0O0,00 330000000
goboobooboooboon.

Theorem 2.7 (Theorem 1 of Lagarias [7], see also Theorem 1.7 of [10]) Riemann &-0
0 ¢(s)000000 R(s)=1/20000,0000000000000.0000,00
bodboe>00000

falx) =1+ alogx
0 Theorem 2.6 000 (1)~(3)0000. 000 {fala€Rsol 0 g 00000,

Remark. 00000000 Ey, (s) =¢&(s) +all(s).

3. Riemann 0000000000 OOOOOOO

00000000000,00 g;x000000,0000 ;000 3000000
goooCoOoO0OO0O0000oUooooOoobD. oOoooO0,000D §a—380000
oo0o0o0ooooond, Theorem 2700000 1000000 Fp, OO0O0O0O0O00O0O
ooooo, F,0200000000000.

Definition 3.1 00 o> 00000 reCOOD0O,

War(7) := cosh(alogz)™" = <2>r

x® +x—¢
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DDD.DDDDDDDDSDDDEQ(S;T)DDDDDDDMellinDDDDDDD:
o s dx
Eals;r) = d(2) 2° wer(x)—.
0 X
goopoogdg
§a(5:0) = &o(s;7) = &(s)
oooo.00, 0200 reCOOD0O0,0000
W () i= 2 e ()

000000000 §000000000000. 00000 Theorem 2.200 &,(s;7)
gooboo1l1gooooog.
ugboobr=1000,

o s dx
Ea(s) = ga(s + 1) <: /(; ¢($)x Woz,l(x) LL‘> :
DDDD,Q—>O+DDD

Eqo(s) ~ By, (s) =&(s) +a(s) (3.1)
00000. 000 f~¢g0ae—0t00000100000000000. 0000
£(1)000000 1000000 Ea(s) O, Theorem 2.70 1000000 Ey, (s) 0
000o0000000000000.

Theorem 2.70 Riemann 00 00000000000,00 f,00000 §;000
000000000.00,W,, 00000 350000000, RiemannO0O00000
0000000000000000.00000 W,,000 f,00000000000
000,00000000000000000.000,00 W,,000,00000 f,
0000,000000000000000000.

Theorem 3.2 (Theorem A of [9]) 000 r0000000000O:
(1) &(ss;r)D0000O00DOOOO,0000000000

Eals;r) =E&a(1 — s357).
(2) (decent formula) 000000000 «000O0 w0000,
n
n .
fa(s;r):2_"z(,>§a(s—(n—2j)a;r+n).
=0 N
(3) (ascent formula) 000000000 «0O00O0 AODOOO,
1 efico Az Az
- RN IREIE S AP
Salsim) 47T2'a/c_ioo Sals =z =NB(5 4505 7 9,) ¢
000 B(p,q) 000000, e |df<aA0O00ODOO.

Theorem 32000 & (s;r) 0 &(s) 00000000000, 00, E, 000000
gooogoogg. (DDDDD (3.1)DDDDDD,EQDDDDDD EfaDDDDD
DDDDDDDDDDDDDDDDDDD)

00 decent formulad n=10000,0 «>00000

fa(s;r):§(§a(s+a;r+1)+§a(s—a;r+1))

000,00 Riemann 000000,

€(5) = 5 (6als F s 1) a5 — 1)

00000.0000000000,00000 (14)000000. 00, ascent formula
OA=r0000, &(s;0) = g )0O0,0a>00000

Eals;r) = / &(s —iv) (—I—;Zg—%)dw
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0000000000.000+->0000 &(s;r)0 &(s)0000000000000
000000000, &(s;r)0&s)00000000000000

Theorem 3.20 &, (s;r) D00 000000000000 O0O0ODOOOODODO. OO
oood,ooow,, 000000 We,0r00000000,0000000000
O000.000000¢&(s;7) 0000 Riemann 000000000000, 0000
gobooboooooo,bobob-0ob00ob0O0obO0ob0obOoboDbo.

Theorem 3.3 (Theorem D of [9]) 00000 o>00 reROODOO,

Ea(s;r) #0  for R(s) = %—i— a

00000.0000,000000.0000,&(s;r—n)000000 R(s)=1/20
000,00000000.

ooooooooooooooo.ooow,,0r000000o0oo0 f,08000
uboboobooboobbooooon.

Corollary 3.4 00000 n000000 0000 &(s;n) 00000 R(s) >1/24«
Uoooooobboibod, RiemannOOOOOOO0OOO Riemann DO OOQOOQ.

Corollary 3.5 D0U0UD0 o > 10000000 n0O000, &(s;—m) 000000
R(s)=1/20000,00000000. 000 &(s)0 Riemann 00000000, 00
Jdd oo nU0bbobobooogog.

Theorem 3.2 0 decent formula 0 0O &, (s;—n) 0 (s) 0000000000, 00O
28a(s;—1) = &(s + @) +&(s — o),
4&0(s;—2) =&(s+ 2a) +2&(s) + &(s — 2a),
8&a(s;—3) =&(s+3a) +3&(s +a) +3&(s — a) + &(s — 3a)
1680 (s;—4) = &(s+4a) +4E&(s +2a) + 6&(s) + 4&(s — 2a) + &(s — 4a).

Corollary 3.0, > 1000000,0000000000000 R(s)=1/20000,
DDDDDDDDDDDDDDDD.DDD,Theoremi’).SDDDDDDDDDD,

E(si—n) =¢a(s+a;l—n) —&u(s—a;1—n) (n: 0O0O)

00000000 R(s)=1/200000000000000000. 00 &(s;—m)00
goooo,b0bob0boobooobog:

25a(8'—1) {(s+a)—E(s—a),
450(5, —2) =¢(s+2a) — &(s — 2a),

Er(s;—3) =&(s+3a) +3&(s+a) —3&(s —a) — &(s — 3a)
16§a(s, —4) =&(s+4a) +2&(s 4+ 2a) —2&(s — 2a) — &(s — 4a) ete.

4. 000

00000 Riemann 000000 {E;|fe€§}0000020000000000
00000, Riemann 0000000000000 {Ef|feg*}0 {E/|feFs 00
DDDDDDD 000000000000,

1DDDDDDEh@%:ﬂ$+aﬂ@DDDD,

Eﬁ@w—a@<1+a§3>

0000000,0000 (¢/¢)(s) 00000000000000000000000
0.00000,Riemann 000000000 E;, 000 (15)00000000000
000D000,00000 &(s)0 Hadamrd 000000000000 ([7), B, 00O
(15)000000000000,000 Euwer0000 (15)0000,00000000
000000.00000000000000.
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00,2000000 &(s;r)0000,00000000 decent formula, ascent formula
O00000000000000000. 0000000000 &(s;r)DO00OOOODO
((10). 00000 §;00000

T — S
0Jo0ooooooooooodoooooo 20000000000
Ej,(s) ~ Ea(s) (a—07)

googo,0boogobooboboogboooboooobooboooboooobo.oboboobo, o
00 [10)000000,000000000000000000000O0O00O000O0O.

5. O000DbpE BrRanGgEs HiLBERT O O OO OOOOOOOOO

O00000000000000000000 (1.5)0, 00 de Branges Hilbert 0 0 O
00000000000 0.0000000000¢(s)0 ¢ (s;r)DO0DDOO0O0O0DODO
ggodooobob.bbobobbbdoooooouooobooooo.

De Branges Hilbert 000000000 de Branges 0000000 (3] 00000
goooo,ooooooooiddidddduddddud0dudu. uduya
000000 deBranges0 0000000000000 O0O00,000000 Dym [4],
Kaltenback—Woracek [5], Remling [8], Lagarias [7| 00 000000000.

00 (150000000 E(s)00000000, de Branges Hilbert 0000000
0000000 Hilbert 00 B(E)0000. 000 F/EDQ FY/EODODOO R(s) > 1/2

U Hardy OO O OO,
2

dt < 0o

1P| '_/00 F(1/2 +it)
T ) | B(1/2 +it)
0000000000 FOOOOOO,000

oo . :
(F.G) ::/ F(l/é}tlz;;i(;tﬁ;—zt) i@t
—0o0
000000000 HibertOOOODO. OO (150000000 EDO %(E)Dl:ll:ll:l
O (structure function) 00000 .

00 (M,D)0 de Branges Hilbert 0 0 B(E) 00 F(s) —i(1/2—s)F(s) 00000
O0O00O00000. 0000000 D= {F € H(E) | i(1/2 — s)F(s) € H(E)}. OO
000,000 POYB(E)DODDOODOD0OODOOOOOOOO.OOOO M,D)000O0O
0000o00,U(1)~R/Z0000000000000000O0O00COO. 0O0OOO
O0M,D)00000000000O00OO0OO000ODOODOO (OO0)ODODOOOO,000
goo1oooo. oo oooooo,ooobooooooooga

Als) = %(E(s) +EY(s))

000000000000 000 (Ma,D4)000. ODOODOOO0DODOODODOODODOO
A(s) D00 pO0O00OO0DODODODOO,0DD000000
Als)
F = e Bk
P(S) s—p ()7

gbooogo.

Theorem 270000, Ey, (s) = &(s) +a¢'(s) O Rlemann 00000000000
U000, 00 de Branges Hilbert OO OOOOO0O0OO. OO, Theorem 3.30000,
Eor(s)=Ca(s+a;r+1) 0, &(s;r) #0for R(s) >1/2+a 000 (0000000
O0a>1000),00 deBranges Hilbert 0000000000, OOOOOOOOO
0000000 DO B(E) (E=Ey, or E,,) 000000000000000000
(000 Baranov [1|00000000000). 000 A(s)00000000000 &(s),
¢&(s;r) 0000000, 000000 ((0O0O)D0000O0(DDOOOOO0)ODOO
ggooooon.
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000000 RiemannOOODOOO0OO0OD0OOD0OO0O0ODODOO, de Branges Hilbert
oooo0oooooooooooo,00,00000/L00000000ODO00ODO
oooooooooo,boobo0oo0oooooboobooboboooboOo.booo
U0000000000000 de Branges Hilbert U0 O00D0O0OO0O0O0O0OO0OO,00
0000000000000 000000000000. L3R)0D0000000 Fourier
gbobobooboooooobobobuobobOooob. 0b0o0boOon, de Branges
Hilbert 0000000000 L2000000,000000000000 “Fourierd0”
U0000b00000d, deBranges Hilbert 00000000000 “Fourier 007 O
Ub0000O0b00000.0b0b000d deBranges Hilbert 0000000000
Ubo0b0ob0obgn, deBranges Hilbert 0000000000 ODOOOODOO0OOO
ooo,b0boooboobooboooooooooobooboobboOobL. DoboooboooD
oooooobooboooobooooo.
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