On the Riemann Hypothesis for Weng’s non-abelian zeta of
rank 2

nooo,
( Jeffrey C. Lagarias 00 00000 )

1. 00

OO0 Lin WengOODOOQOOUO4oooOoooboooobooobooobooo
goobbboobbbbodddoog. bdddoouoooooobobboobobn
gbobobuoogobobbuooo,buogouobbboogoobooon.

2.000000b00b0000o0bon

cooobo F,000000O0CO0,000000000,CO0CcO000D0O0, K=
F,(C)bcOOooO0,0.,0CcO000000.TI(C,0¢)=F,0000000.

21.00,000.
CoO0OODOODOO abelOd

Div(C) := ®pec, Z[P]

00 D=Ypnp[Pl,npez 0CO000000.D>000,np>0,YPO000
0.D>0000000 effective00000000. 00 DOOOO

deg(D) == S nrls(P) :

0000000. 000 &(P):=0cp/mp=(PO00000O0O). feKkK 00000

000
(f) =D _ordp(f)[P]

000000. 0000000000000 D,,D,00000 (D, ~D,)000.0
00 K*> fw(f)€Div(C)0000 COO00OO0O00D,CH(C)00D. (C=P4
00000,000C00000000000C P, 0000)deg((f))=000
000 deg00000000000Odeg: Cl(C) — Z.

c000000,c00001000000(000)000000. 00 DpO000,
CO0000C=ul;0000 Dy, =(s;) (3s; € F(U;)) 000000,000 OpO0
Oply, = Oes;'00000D. s;/s;, € HU;NU;,0%) 0000000000000
000.00,000 00000000000 D=p,0000,00000000
0000000000000000.00000000CYC)0,000000000
00 Pic(C) = HY(C,05) 000000000

CI(C) = Pic(C) = HY(C,0%).

gboobbooogn

Cly(C) := ker(deg : Div(C) — Z)
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O00aabelDO0OOO0O0OOOOOO0O. OO0 K-O00O Qgpe,0100000,000 w
obooowooog QCDDDDD.g::diquHo(C,Qc)D cooooog.

2.2. zetallO.
oo00F,00000,0000000cCO00000O0AO

Cols) = > g desD) (s € C, Re(s) > 1), (2.1)

D>0
D0000000. 00 DOOO
h°(D) := dimg, H*(C, Oc (D)) (2.2)

oooot

¢°'P —1

qg—1

deg(D), R°(D)00000000000000 [D]OOO,deg([D]) := deg(D), hO(|D]) :=
p(D)O OO0

D' > 0| D' ~ D} = (2.3)

hO([D]) _ 1
q —S ae;
CC(S) _ E : q deg([D]) (2‘4)

plerecy 471

Riemann-RochO0 00000 ((s) 00000000000, 0000000000R0.
00 ((s)D000000000O0ODOO0.

Pic(C)0 CO0O00000000000000. 0000000 (24)0000 Pic(C)
0CO000-0000000000000000000000000000000
000000 zta000002 00 CO0O00-,0000000000000000
00000000000000.000000 Mumford0000000000000
00000000000,000000000000000000000000000
000,000000000000000000000.

3. 00b00booog

KOnOOOOOOOO,0xk0 KOOOO, ugO KOO 1OOOOODOO, wg =
tpup000. X :=Spec(Ok), XoO XOOO (DOODOOOD)O00, Xoo i =40: F—
C}H/(0000)000.ceXO0,0: K—-ROOD0D0O0O0,0:K—>CO000O0O
O0,0000,000000000,K,:=RO00C,e,=1000=2000.0
000~ 0,0000 (mod 0000)0 000000 m =7 +2rs. X := XU X
0 compact DO OOOOOO"OOO.

'H'(C,00(D)) = HO(D) = {f € Fo(C)* | D+ (f) > 0} U {0}
2p:00000, hO(E) := dim H(C, E), deg(E) := deg(det F)



3.1. Arakelov [, metrized 0 OO .

00 abel O
Div(X) = P Z[P]e P R[]
PeXo 7€Xo0
0 XO0 ArakelovD 00000, 0000 XOO ArakelovD 0000 . 000 Div(X)
O000,Z000, RO EwclidO0 O O0OO00OO0ODOO0ODODOO0OODOOODOOOO.
Arakelov 00 D = Y pex, np[P] + Yoex, rolo] 0000

deg(D) := Z n,3(Ok/P) + Z Te (3.1)
PEX, oEX o0
ooooo. 00" fekK*000,000000
(f):= > ordp(f)[P] = > eorologlo(f)|[o] (3.2)
PEX, o€ X oo

00000.00 fOx =[P 000000000000000000O00. OO0
OK*> f—(f)eDiv(X)0DOOO X0O ArakelovO0 0D OO0DO0O,C(X)000. O
0000 compact abel 00O 0O O :

0 — pxg — K* — Div(X) — CI(X) — 0 (exact).

O00000Odeg((f))=0000,deg00O0DODODO det:Div(X) -ROODODO.
XOOO0O0OO0O,00,000 000 (0 KOOODODOO)LODoe X, 000
0 Ly:=L®x K, 00 HermiteO O |-, 00 L= (L,(]|s)oex,,) O X OO metrized
DDDDDD.ZDf:(L’,(]-];))DDDDD,(’)K—DDDDD W:L— L0000,
0oe X000 isometry ¢, : L, - L, 0000000, metrized 00000000

000 Pie(X)O0O. Pie(X) O
e
(L] [L] =L @og Lo (| |0 - - [5)]
OO000D0DbO0O0OO0O abelOODOO.
Arakelov O 0 D = Y pey, [Pl + Ypex., Tolo] 000, metrized 0 O O

Ox(D) := (Ox(D1), (| - lo)oex.) (3.3)

U
Ox(Dy): =[P "r, (3.4)
1o - = exp(=rs/5), (3.5)

OO0O0000. 00, metrized000000 ArakelovO OO OOODOOOO0OOODO,
HRN

C1(X) ~ Pic(X) (3.6)
O0000. pO0 000000000,

deg(D) = deg(L) :=log4(L/sOk) — > e,logls|, (s € L : section)
0€Xo (37)

00000 (sboooooooo).



00 Ox-00 Qo,z0 Ox0 10 w0 D000, 00 annibilator 0 K/Q 0000
0 DIIp P : Qo z = Oxw ~ Ox/D. (w)0D000000000000 metrized
0000 XO00000 Q00,0000 Arakelovd O W = X pdp[P] + X, 0[0] O
oooooooo.

00000000 A%D) =dimH(D)000000000000000. metrized
000ZLZ=(L(],)0seL000

IsEi= > elsli= Y e 5 a(s)]?, (3.8)
c€X o 0€X o
h%(L) : = log (Z exp(—7r|s|i)> (3.9)
seL

00000.000A(L)0Pie(X)00000000000000. 0000 Arakelov
00 DpOO0O000 |s|p, A%(D)0O000O0O0DOOO0,

3.2. zetal O.
ArakelovO0 O D 0O00D000 KOODO zetaOODOODODDOODODOO zetadODO
000000000000 000. ArakelovO O D =Y pey, np[Pl + Ysex. rolo] O

00,D>00np>0,YPOOOO0000000. du(P)0000 Div(X) OO Haar
oooo®

dpter(D) = expl(—7[1[3)dju( D) (3.10)
ogdgo.ooog

Gels)= | o g &P (D) (3.11)

goboboo.t,=e0000000

Gl= ¥ N~

0£ICOx 0

= (2r7*"D(s/2))" ((2m)°T(s))* >° N(I)~*

0#£ICOgK

aylltg)@q)<_” Sot2—2r }:ta>11‘?”

o:real 0:CpX o g

= 2"1{k(s)

00O0. 000 Cxk(s)000000 Dedekind zetaO O . (x(s) 0 Re(s) > 100000
0,0000000000

— 01T, —sdee(T —
Gels) = wil [ (@D e EDa( ) (3.12)

gbbobooodgobobodad.

3Z[P)0 00 counting 00 dup, Rlo] 000 Lebesgue 00 due 000 dy = [Ipdup <1, dpe O
god.



4. 00000000 (COOoUOUUUoOoDoOO)ooDooOoOo

O000000zetadDODO,000 ArakelovODOODODOO0ODODOOOOOOOOO
gbooodobbuogbboooobbodobba. gobboobobooogbbodgb. b
D000 QUbOoboooooooobo.

4.1. metrized 0 O 0 Arakelov O OO0 OO,

00 70O torsion free Z-00 AC Q"0 R"=A®qR 00 HermiteO O |- | 00O
A= (A,] |) O0SpecZ 00 Ometrized 00000 Arakelov 000000000, O
peGL(R)ODOR 0000 ||,0zl,:=|p" 20000000000 |-|0R O
O000000000). D0 R0O0HermiteJOO0O0O0ODOOOOOO0OODODO.

00 r0O metrized 00 &y = (Ay, | |,,) O As = (As, | -|,,) 00000 200000
b1 A — Ay 00000 isometry s : (R |- |,) = (R", |- |,,) 0000000, 00O
0¢0GLR)D0DD0D0D

ppy € SO.(R)
000000.00 70 metrized 000000000 Mq,000.00AO0D0000

00 [AjoO0O.
A=(A]-],)000 rO0 metrized00000. Z0000 A CcADOO, 000
Lebesgue 00000 p'(A) CRP 000000000 vol,(A)000. 0000 AD

00000,000Z0000ANcCcAO0OO
V01p<A)rank(A’) < Volp(A/)rank(A)

0000000.0000000000000000000000, metrized0000
00 [Aj00000000000AOO0O000O00000000. 000000 r0
metrized 000000000 Mg, 000

0000000000, metrized00 A= (A,]-|,) 000 deg(X), h°(A) O

deg(A) : = —log(vol,(A)) (4.1)

1) = tog S exvl-7lsi) ) =lox (Temn(-alo ™)) G2

SEN sEA

D0000. 000 deg(A), i°(A)0 Mg, 00000000000000.

4.2. zetal O.
O00 metrized 00000000 M, 00000000000 dquDO0D0O000O0O0O
OO00oOo0oopoOo. ogbobouogopooggoog zetabO0gooO.

Ean(s) = /[A] o (1) s Wg(R)), Re(s) > (43)
S Q,r

0000000000 metrized 00000000000000000000. 000
000000000000000000000. »=1000 ég4(s) 000 Riemann
00000 {(s):=a*2T(s/2)¢(s)00000. 00 &q.(s) 00000000000
0000,0000 égu(s)=¢éq(1—s)000,s=0,10000000000000
oooo ).



fr-(s)0 Riemann 0000000000000 0O000O0O0O0O0O0BCOOCOOOO
O0000.00¢e(s)00000noooooooooon.

O00. &oo(s)0000000000 Re(s)=1/20000.

0000000000000000000000. £qa(s)0 Riemann 000 O O
00000000000000000,00000000000000000000
00000000000, 000+ >20000 ¢q,(s)000000000 Euler O
00000, 000 r =20000 £qe(s) 00000000 Euler 0000000
000. 00 éqe(s) 0000000 (const) x 7 *I(s) 0000000000000,
7T (s)L€qa(s) 0000 Dirichlet 0000000000000, 00000000
q2(s)0 Riemamm 0000000000000 0000000000. 000 éga(s)
0 Riemann 0 00 000000000000000.00000000000000
oooooo.

5. 0D odg

00 ¢qe(s) 0000000000 0. 000000000000 &qa(s)O Eisenstein
000 SL,(Z)D000000000000000oooOoO0ooo0,0oooooo
Riemann 0O O0OO0OO0O0OO0O. OO0OOO0ODOOOOOODOOODOOOODOODO
gboobooao.

5.1. £qa(s)00D.
000000000 D0D000O0o0.
O00.r=2000,¢.(s)00000000.

_&(2s) —€(25 1)
&w@>_2q%—ixl—$'

o~

000 &(s) = s(1—s)(s).

A=Aq0QDO00D000DO0DO. ze AX00O0 ArakelovO O div(z) := >, ordy(z))-
p] = log |ze| - [c0] 0D DODOOOOD, 000

GL1(Q)\GLy(A)/{£1} x Z* ~ Cl(SpecZ) (5.1)
00000, 00 ArakelovOd O D =32, srime 7p[P] + 7[00] O 0 O, metrized 0 0 O
OssalD) = (12 7~ | 652
p

gooooooooon
Cl(Spec Z) ~ Pic(Spec Z)
guoodooo,gouooooobbbn
GL1(Q)\GL(A)/{£1} x Z* ~ Pic(SpecZ) (5.3)
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O0D0O00. O00000 SpecZOUO metrized U0 O O00OO000OD0OOO0OOOODO
compact 000 GL;(A) D0 0000000. 00000 20 metrizedd00000
0000000 Mg 0 GL,(A)DOOOODOOO0OO0O0O0O00O00000000.

(000000000000 |
g=1(g,)y € GLy(A)D DO Z-00 A, O

Ay ={aeQ’lg 'aeZ, Vp}

e 0 g € GL(R)OD DO OO R*0O0 Hermite O O 0000 metrized O
7:( ’ ’goo)DDDDD gl,ggeGLg(ALDDD ggz”ygl,”yEGLg(Q)DDD
Ag, Ag2DDDDDDDDDDDDgHAgDDD

GLy(QN\GL2(A) —  Maqp

0 well-defined 0000 . 0000000000000000. 000 A,00000
0 K;:=11,GLy(Z,) 0000

MQQ = GLQ(Q)\GLQ(A)/SOQ(R) Kf — MQQ
O00oo0oo.00oooooooo

deg(A,) = log(|det(g)|a)-

Mq>,0 MY, 00000000 M3, 000. 00 kg) = h([R,)), deg(g) :=
log(N(det(g))) DO OO

gon
O A
HRN

£qals) = /Mo (") — 1) Wy (g) (5.4)
_/ Z o~ mlgxtal? s log(|det(g)[a) du(g) (5.5)
Q 2 0#£a€cy

000 [det(g)|la = t000 MgoOresp.My,000 000 Mqa(t)O resp. M ()0
0000 M,(t) =viMy,(1) 00000
—rtlgzlal 54
far) = [ [, W du(g) (5.6)
Doooood
GLo(Q\GLy(A)/ K¢ =~ SLy(Z)\GLao(R)*
Z(A) GLy(Q)\GLy(A)/K; ~ Z(R)TSLy(Z)\GLy(R) " ~ SLy(Z)\SLy(R)
00000 Mqa(1) O SLy(Z)\SL(R)/SO,(R) 0000000000, My,(1)0
SLy(Z)Ooooo
D:={zeh||z|>1, -1/2<2<1/2,}

goodoo
D, :={z€ D|Im(z) <1}
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OO0O0D00OD0. 00000 metrized0OO00O0O

(Z2a| | y—1/2 xy_1/2 *1) < T:I+2y€ b
(i v

gbooobod. ogn

00 1 __Iminr? dt
€Q72(5) :/ / _ Z e Tt 1;:(7—) dlu(T) tsf (57)
0 ID12 (0 L imm)ez t
1 oo |mtnr|?2  dt
A r [eEee o
Dy 2 0y smmyeze 0 t
_ 1 Im(7)?
=7 °T(s) | = ————du(T). (5.9)
Dy 2 (070)7&%”)622 |m + nrl|?s
000 EisensteinO OO OO
~ 1 I S
E(r,s)=7"T(s); > “Egzlzg
(0,0)#(m,n)eZ? [m +n7|
ooooono
Eqals) = /D E(r, s)dpu(r). (5.10)
AE(r,s)=s(1 —s)E(r,s) 000 Green D 00000000
~ 0 -~
1— / E(r, s)du(r) = / L B(r, s)ds.
s=s) [ Blrs)dur) = [ S E(rs)ds

E\'(’}/T,S)ZE(T,S),V’YGSLQ(Z)DD oD,00000y=100000000000.
=100000 Eisenstein O O O Fourier O O
E(r,s) =C(2s)y" +{(2s — 1)y "+ -+
Ooodooooooon,

s(1 —s)/D E(r, s)du(r) = —sC(25) + (1 — 5)C(2s — 1).
DDDDDDDDDDDSQQ(S)DDDDDDDD. O

5.2. 0000O0O0O.

O00. c0000,F(x)00000010000000000000O,000000
gbobobooooboboo.gobbbdod:

() F(z)00000 F(2) =wF(—2)000.000 |w| = 1.
(ii) |Im(2)] > OO F(z) # 0.

0000 F(z+ic)+F(z—ic)0000000000000.
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00000. 00 F(:)0000000000000 F(z)=F(;)00000000
00.0000000 F(:)000000000.

F(z) =Cz1e ] <1 _ Z) oo

P P

=(C7%e** H <1 - Z) /P

p:real P (511)
% H (1 — Z) e*lP (1 + Z) e #/P (1 — f) e*/P <1 + f) e #/P
Im(p)>0, Re(p)>0 P P P p

000 COa0000,¢q000000,Y|p/?0000000.000000000
gbooboooobooo:

z 22 22
F(z)=Cz% J] (1-=)e x 11 1-=)(1-5
p:real P Im(p)>0,Re(p)>0 p p
—: Fy(2)Fy(2). (5.12)
00 zp=x0+iyod F(z+ic) £ F(z—ic) 0000000

|F' (20 +ic)| = |F(z0 — ic)].

ggd
NP N
1 — Fi(z0 +ic)|" | Fy(z0 + ic) (5.13)
| Fi(z0 —ic)| | Fy(zp — ic) '
FO0OOO,
Fi(zo +ic) [ _ {xé + (%o +c)2}q (zo — p)* + (3o + ¢)?
Fi(z —ic) zg+ (yo — ¢)? prreal (o —p) + (yo — c)*

goboobD,00y>0000000000 >1,00,00yp<000000n00Oo0
O <1 00

Fi(20 + ic)
Fi(zo —ic)

(5.14)

>1 ifyy >0,
<1 lfy0<0
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KLO0OD0O,

Fy(z +ic)|* I { (1o — )2+ (B — €)% + 1 + 2yo(c — B)
Fy(zg —ic)| st TS (o — )2+ (B — )2+ 42 — 2yo(c — B)
(w0 + )2+ (B — )+ y2 + 2yo(c — B)
(xo+ )2+ (B — )2+ y3 — 2yo(c — B)
y (zg — a)* + (B+¢)* + y2 + 2yo(c + )
(o — )2+ (B+ )2+ y3 — 2yo(c+ B)
L (@0t )+ (B+0)° + 45 + 20(c + B) }
(ro+ )2+ (B+c)2+y2 —2yo(c+B) |

O00000,00 )00 |fl<c0000000000,00y>00000000
b >1,00,00y<0000000000 <1.00

_{>1 if yo > 0,

<1 ifyy<0. '

FQ(ZO — ZC)

00000y £00000 (5.14)0 (5.15)00 yo > 00 00 |F(z0+ic)/F(z0—ic)| > 1,
Yo <0000 |F(z+ic)/F(z —ic) <1000 (5.13)00000. 000 y=0. O

53.00000. &(s) =s(1—s)((s) D00. éqa(s) 000D
£(2s) —€(2s — 1)
5Qﬂ$:24%—4x1—ﬁ'

(s)000100000,0000¢s)=¢&1-s)000,000 Re(s)=1/2000
D0000. 00 ¢(s)0000 Riemann zeta ((s)0000000000000000
0000,&s)00<Re(s)<10000000000.00000 F(2)0

F(z) = —¢ (; + 2iz> (5.16)

00000000, F(z)0¢=1/400000000000000.00 F(z+1i/4)—
F(z—i/400000000.

F(z+1i/4) — F(z —i/4) = £(1 4 2iz) — £(2i2)
=&(1+2iz) — &(1 —2iz) (by the functional equation)

co(he)) <o)
=iz(1+42%) &g (; +z’z> :

000 éqq(3+i2)00000000000000000. 0
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Remark. For any algebraic field F, non-abelian zetas £p,.(s) are also defin ed in [5].
It is expected that the non-abelian zeta of rank 2 has the form

Erals) = cr <5F(25)  Gp(2s— 1)) |

s—1 S

where ¢, r(s) is the completed Dedekind zeta function and cp is the constant depending
only on F' ([1]). If the above is true, we can prove that the Riemann hypothesis for
Er2(s) is true by almost same arguments in this paper.

83. The modified non-abelian zeta
In [6], the modified non-abelian zeta £ ,.(s) of rank 2 for Q is defined by

€& o(s) == /Mg;loﬂ (@Y 1) . emsdMap(A), Re(s) > 2,
Q,2

1
where MéElOgT is the moduli space of lattices A of rank 2 with volume 1 over Q whose

sublattices A’ of rank 1 have degrees < —% log T'. Note that Ma)Q = Mqpo.

From our proof of Lemma, we find that if 7" is larger than 1, all zeros of fg,r(s) are
on the crtical line Re(s) = 1/2. In fact, as explained in [6], the modified non-abelian
zeta £, (s) can be expressed as

T 28T —E(2s —1)T
f2l8) = T Ay

Therefore, £ ,(s) = 0 implies [£(2s)/£(2 — 25)| T2~ = 1.

Hence, if £§4(s) = 0 for Re(s) > 1/2 and T' > 1, [£(25)/£(25 — 1)| < 1. However
£(25)/€(25 — 1) > 1 for Re(s) > 1/2, because our proof of Lemma. Hence £ ,(s) has
no zeros in Re(s) > 1/2. From the functional equation £§ 5(s) = £§5(1—5), £§.5(s) # 0
for any Re(s) # 1/2.

Althought, a pri-ori, £ ,(s) is defined only for T > 1, we can define £§,(s) for
0 < T < 1 by using (5.17). However, for sufficiently small 77 > 0, the Riemann
hypothesis of 5672(5) is fails. That reasons are in the following clearly asymptotic
formula:

(5.17)

oy &§@2s—1)
fa2(8) = 305 15 - 1)
as T — +0 for Re(s) > 1/2. From (5.18), for sufficiently small T', £§ ,(s) may have

zeros near the line Re(s) = 3/4. In fact, for small 7', we can find such zeros by
numerical experiment.

T=% 4 o(T~Re®)) (5.18)
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