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§ Anti - Self - Dual ( ASD ) metrics and Twist or Spaces

- ( 144
, g) oriented Riem . 4 - mtd

win 12 = At A A
-

SD ASD At 'D End E

- A connection 0 on E ¥'

M is ASD :# RH= o

These attain The absolute infimum of  The Yang - Mills functional
.

- of is ASD :# Wt = 0 1 cont .
inv

.
condition )

Rm G) E MOM = lot x ¥ (soDnpayt+otlceonn
.)A

W+ : traceless part of A+DA+ component

These attain The absolute infimum of  the Weyl functional

[ 8 ] - fm IWP dvg
.
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lp CZ C At unit sphere bdle ( rkr , =3 )

2

up ) at
'

p E M
split = Imyy

- lp : the space  of orthogonal cocstr .

. s on TPM

that are compatible with the orientation

-> 2 has a Natural almost ac Str
. J

Thm ( Penrose
, Atiyah - Hitchin - Singer )

J : integrate ⇐ f : ASD

The complex  manifold 2 is called the TWIST or Space of

an ASD mfd 1144
, [ g) )
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Basieproperties of  twist or spaces

g-
:

lp = Ellp ) is a ck submfd of 2
,

j lp = QP '

twesctner
.

satisfying Ne•/z = Ochoa ( 1 ) ¥,

1

- to : 2 - 2 anti - hoe
.

involution \ /
'

-
'

-f- .

,

real st "it
. Mep ~ antipodal map

' →Conversely , these structures define

An ASD conformal structure on M
. ↳ "

••p

{ ASD Str
.

on M } { Twist or spaces

/
9 over M }

Penrose corresp .
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More basic properties of  twlstor spaces

- Kzlea at 4) - it By adjunction , Ke = kzle A det ,N,e12 ,,

a - 2) UH

- So KIZ ) = - on it 2 : Cpt
.

-  - Kale = 014 )

-  - Kz admits a natural square root F as a hot
.

line bdle

- F : fundamental time bdle
.

This satisfies

Flex 0121
,

HE  = I FQF  = Ks '
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§ Two basic theorems on cpt twist or spaces

Thm ( Hitchin ' 81 ) 2 : Cpt twist or space ,

F Kohler metric on 2

2 = ¢P3 or IF  = { ( x
, l ) I x El C ¢P2 }

t t
54 Fps

Outline of a proof . First notice that K
' '

> 0 from Koihlerity
.

So 2 is Farro
. Then investigate I FI by using Riem

.

Roch
, and

Kodama vanishing ,
with effective Use of T and l

. /,
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Thm ( Campana
' 91 ) If 2 is Moishezon ( or of Fujiki Class c )

then The base sp . M is
'

homeo
.

To NEP
,

where OFF = 54

- X : Moishezon : X ; binational to a proj . alg
. variety ⇐ > a (2) =3

( alg . dim . )
- X : C X ; binational to a Cpt Kaihtermfd

.

Outline of a proof .
Consider the Chow scheme of 2

, parameter izing

twist or lines through a point .

These lines cover 2 from compactness of

Chow scheme
.

This means simply connectedness of 2
,

and SO is M
.

Then a topological argument Using Riem
.

Roch means BIIM ) = 0
,

Which implies 14 = nets by Freedman & Donaldson
.

11
( homeo )
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Basic properties of a twister space 2 on nFP2

- A

!2
) = k ( 2,1=1 ( =ktl2 ) ) ( Poon , Lebrun )

- So 2 : Moishezoh ri 't ) =3 ( i.e. K
' '

: big )

- 1=3--214 - N ) N< 4 N=4 n >4

12.12
. + O -

- XCMF ) 12 ( 4- n )M3+ OC my

µ 3

holmflt
h4M¥by Hitchin vanishing thm if Scala ) >o

So KYZ ) =3 if N< 4 and Seal (f) >0
.

If n 24
,

ACZ ) <3 in general .

But there are many Z on

NEB ,n24
,

which satisfy an =3
.

These satisfy 1=350 & Fi big
.
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Classification of  twist or spaces on 25ps

Thm ( Poon ' 86 ) If G is an ASD metric on 252

Satisfying seal (g) >o
,

its twist or space 2 has the

following structure : h°lFI= 6
,

BSIFI =P
,

IFI
$ : 2 ¢p5

binax
.

U ( 2,2 )

X

The moduli space is 1- dim
,

connected
.
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The first

examples
of Moishezontwistor spaces on NEP

,
n : arbitrary

Thm ( Lebrun ' 91 ) There

exists
a family of ASD Metrics on

net ' 1 explicitly constructible )
,

whose twist or spaces have the

following structure : LYFI = 4
,

BSIFI = C w I
C it on > 2) Sl 11

IF 1 GP
'

EP
'

2 ... ¢p3

blagqpuoa
" jV K )discriminantLocus %€÷p

,

~
I ) In 1 H , U - . . . U Hn )

2 . -

) hyper planes moduli

comic bdle

These metrics admit an

S
'

- action
,

and the map . It can

be regarded as a quotient map of  the E*' action
.
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These twistor spaces are generalized to much more general 5
'

- actions :

Thm IH
.

2009,2010 ) For
"

many
"

S
'

- action on NIP
,

We can

construct a family of Moishezon twister spaces having

the following structure :

z
lmtt

ep
" %*?€n*

.£ U discriminant locus

T ) T n ( Hiv . . . u Her )
.

I fgunincie hyper planes moduli

§ can be regarded as a quotient map of  the E*- action

hyper planes mo
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Remarks on the theorem

- These twistor spaces are obtained as an S
'

- equi variant

deformations of  the twist or Spaces of  

Joyce metrics ( 1995 )
,

for suitable subgroupss
' C T2 ( nu ( NCTP

, Joyce ) )

- The

quotient
surface T corresponds to Einstein - Weyl structure

on 3- dim
. space ,

and are ( new ) examples of mini twisters
.

T itself has a moduli
.
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Classification of  twist or spaces on 3Ep

Thm ( Poon
, Kreupler - Kurke ' 92 ) If 2 is a twist or space of an

ASD metric on 3 EP '
with seal > 0

,
the twist or space satisfies

h°fF ) = 4
.

(1) If BSIFI

to
,

Z is a Lebrun twist or space .

(2) If BSIFI =$
,

2 has the following structure :

IF I

2 ¢p3
( §?ns ) U branch div

. ) "

double covering

B : ( singular ) quartile
TYPE

"

Note : A substantial part of  their analysis is to determine an explicit

form of defining equation of B
.
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Classification of Moishezon twist or spaces on 4EP

Thm ( H
.

2014 ) If 2 is A Moishezon twist or space on 45102 , the

KFI
anti - canonical map § : 2 ... EPN satisfies One Of  the following :

c

fl
) $ is binational over the image .

1 N = 6 or 8 )
p

scroll of planes
1 % "

"
A ) $ is 2 :L over  the image .

N =4
.

Z .
¥ FYA ) C CIP "

2 : I
fp : projection

The branch divisor is of  the form
n ( ¢p2

conic

P
' '

( h ) n B
,

where B is a quarto hyper surface
.

(3) dim Esr ) = 2 ( N = 4,5 or 8 )
,

and 2 Is binational to a

U conic bundle over $12 )
.

( Lebrun
. generalized Lebrun }
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Remarks on the theorem

- Defining eq . of  812 ) can be given in a concrete form for any case
.

For example
,

in ( l ) ( = bi rational type )
,

if N =(h°fKz) - 1=) 6
,

$ (2) = 12.2
. 2) of some special kind

.

-  The case 12 ) can be regarded as a generalization of

the similar one on 3 CTP to 4 CTP?

( Both

have
a double covering Str

,
branch is determined by a qnartk )

- A substantial part is devoted to determine an equation of B.

- $ always has indeterminacy locus
,

and a concrete elimination can

be given .
I ⇒

"

binational geometry of  twist or spaces
' '

)
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Molshezon twist or spaces on NTCF
,

n > 4

- No complete classification is Obtained yet .

- If h°lF ) 24
,

2 = Lebrun

-
 If h°lF ) =3

,
2 = Campana - Kreupler ( 1998 )

T

having conic bdlestr by IFI

- If fill ) = 2 , Known examples are :

- generalized Lebrun ( H
.

2010 )
. having e*- action

-  double covering type nextslide

- No example is Known satisfying h°Ca El
.
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↳ £

Them 1 H
.

2008 , 2015 ) For any N > 4
,

there exist families of

twist or spaces having The following structure :

Itn . IF I p
2 . . . epn epn -2

$ lin
. proj .

u u

2 il p
' '

( A ) . A = QP
'

Scroll of planes rat . norm
.

curve

branch divisor of  B = f
' ( A ) n B

,
B : quart 'k

hyper surface

- These are characterized by presence of a member of IFI whose

plum - anti - canonical systemenjoies a double covering property .
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On a proof of  The theorem

- One difficulty is To show that the double covering Map from

the member extends to 2 ( to give B : 2;p F
' H ) )

.

- Another difficulty is to derive a Constraint for The branch

divisor
.

( Defining equation of  the quartile hyper surface 13
.

)

- In these analysis , interesting binational geometry arise:
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Further directions

- To extend the last theorem in full generality .

( It has turned out
,

there exist a large number of

families of Z of double covering type ,
which contain

the above two families as Very Special cases
. )

- To show that

generalized Lebrun & double covering type

exhaustZ satisfying h°CF ) = 2
.
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- to pa
,

- To Pursue a connection with Fano 3- folds

- Recall a 12 ) =3 ⇐ > lkz' / i

. big # KTZ ) =3

- Structure of surfaceswith

KYX
) = 2 is as follows :

Thm ( Sakai
'

84 ) The anti - canonical model of X has only

isolated B - Goren  stein singularities ,
and mk

' '
is ample

for some m E IN
.

- Analogous result for 3- fold seems to be not Known
.

( Net property is Not assumed . )
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Projective

Models
of Moishezon twist or spaces

IFI
2 CTP

'

2b# X. ,
C QP5

3152 2
It

eps ,,z←9U
artic

.

2  i  /

407 2 ¥521Xz
, , , C ¢P6

121=1
Z

bin
.

X C ¢p&
1 intersection of 10 quadrics

All these are limits of Fano 3- folds of  The same types .

So perhaps all Moishezon 2 are bi rational to Fano 3-

folds
with singularities .


