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We are interested in the following theorem.
Theorem 1 ([1], [2]) The lifespan T (ε), the maximal existence time, of a classical solution of
{
utt − ∆u = u2 in R4 × [0, ∞),
(1)
u(x, 0) = εf (x), ut (x, 0) = εg(x)
of a small parameter ε > 0, compactly supported smooth functions f and g, has
an estimate
(
)
(
)
exp cε−2 ≤ T (ε) ≤ exp Cε−2 ,
(2)
where c and C are positive constants depending only on f and g.
This result is due to Li and Zhou [1] for the lower bound and to Takamura
and Wakasa [2] for the upper bound. We note that its importance is extremely
huge as the problem is related to the ﬁnal open part of Strauss’ conjecture
on semilinear wave equations as well as one of the last open optimality of the
general theory for nonlinear wave equations.
In this talk, I would like to present the blow-up part above, the upper bound
of the lifespan. Moreover, I would like to introduce you the following related
theorems.
Theorem 2 ([3]) (2) still holds even if u2 in (1) is replaced by
∫ t ∫
1
(ut u)(x + (t − τ )ξ, τ )
√
u(x, t)2 − 2
dτ
dξ
π 0
1 − |ξ|2
|ξ|≤1
∫
ε2
f (x + tξ)2
√
− 2
dξ.
2π |ξ|≤1 1 − |ξ|2
Theorem 3 ([4]) T (ε) = ∞ holds if u2 in (1) is replaced by
∫ t ∫
1
2
u(x, t) − 2
dτ
(ut u)(x + (t − τ )ω, τ )dSω
2π ∫0
|ω|=1
ε
− 2
(εf 2 + ∆f + 2ω · ∇g)(x + tω)dSω .
4π |ω|=1

(3)

(4)

1 All the results in this talk are based on joint works with Kyouhei Wakasa (DC2,
Hokkaido Univ.), which are partially supported by the Grant-in-Aid for Scientiﬁc Research
(C)(No.24540183), Japan Society for the Promotion of Science.
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Both non-local nonlinear terms in (3) and (4) are due to “derivative loss”
in high dimensions. We are looking for a criterion to get the global in time
existence of a solution, T (ε) = ∞, for more general terms of the critical power
in four space dimensions. Except for this situation, there is no possibility to
discuss this kind of problems for “classical” solutions in high dimensions.
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