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Abstract For every irreducible random walk on Z? with zero mean and finite 2 + ¢ absolute
moment (0 < § < 1) we obtain fine asymptotic estimates of the probability that the first visit of
the walk to the horizontal axis takes place at a specified site of it. 2

running head: Hitting distributions of a line

1 Introduction and Results

In this paper we consider an irreducible random walk on the square lattice Z? having zero mean
and finite 2 + § absolute moment (0 < § < 1) and obtain fine asymptotic estimates of the hitting
distribution of the horizontal axis {(s,0) : s € Z}, when the walk is started from a point (0,7n) on
the vertical axis, as |s| + |n| — oo. This distribution, denoted by H,(s), would play a significant
role in the theory of two dimensional random walks, but does not seem to have received sufficient
investigation it would deserve since the advent of Donsker’s invariance principle. According to that
principle the distribution H,(s), if suitably normalized, is asymptotically equivalent as n — oo
to the Cauchy distribution |n|/7(n? + s%). This equivalence however is in the topology of weak
convergence of probability measures and does not imply the equivalence in any stronger sense like
point-wise comparability even when n tends to infinity with |s/n| bounded away from infinity, let
alone when n remains in a finite interval or gets indefinitely large but in a small order of s. In
our asymptotic formula the leading term of H,(s) is determined in all cases of |s| + |n| tending
to infinity, entailing a fairly uniform equivalence in a poin-wise level so that even the tail of the
probability (i.e., its asymptotic behavior for large s) is in a good agreement with that of the Cauchy
distribution (but with the factor |n| replaced by the potential of the one dimensional walk of the
vertical component). The proofs are done by Fourier analytic method.

Let p(z) = p(w1,22), = (z1,72) € Z? be a probability distribution on Z? which is aperiodic
in the sense that the set {z € Z? : p(x) > 0} is not included in any proper subgroup of Z2, and
satisfies

pr(a:) =0 and Z z>op(z) < oo, (1.1)

where 0 < § < 1, and consider the random walk S,, = (S,(LU, 7(L2)) on Z? with i.i.d. increments whose
one-step transition probability is given by p(x,y) = p(y — ). Denote by P, the probability law of
the walk started at € Z% and by E, the expectation by P,. Let L = {x € Z? : 3 = 0} (the first
coordinate axis). Then H,(-), the hitting distribution mentioned above, is written as

Hy(s) = P [Si?L) - s],

where 7(L) = inf{n > 0: S,, € L}, the first positive time when S,, visits L.
Let Q be the covariance matrix of S; under Py and write Q(#), § = (61,62) € R? for the
quadratic form associated to it so that Q(0) = 0 - Q0 and

Q(0) = Eo[(S1 - 0)%] = 020? + 20120105 + 0203
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where 015 = Fo[S™VS?] and o = \/E[|SY|2] (j =1,2). Set o = | det Q|*/* and define the norm

|zl =0-1/Q 1(z) = a_l\/agx% — 20192179 + 0773,

where Q! (x) stands for the quadratic form for the inverse matrix Q! of Q. Let a(n) (n € Z?) be
the potential function of the one dimensional random walk 57(12):

[e.o]

a(n) = Y (RIS = 0] = Rols” = —n)),
k=0

where the series converges and its sum is larger than or equal to |n|/o3 (cf. Spitzer [7]:P28.8, P31.1).
Put a*(n) = a(n), n € Z\ {0} and a*(0) = 1. For s,n € Z define § by

§=35(s,—n)=s+pun, where p=o2/03.

Put A = 02 /03, so that
(s, —n)||? = A715% + .

It is recalled that 0 < § < 1 in the moment condition (1.1).

Theorem 1.1  For each ¢ > 0,

Ho(s) :i-M[Ho(mﬂéﬂ (jn] > €]3], [n| — o), (1.2)
- R o] o

Here o(1/|n|®) in (1.2) is uniform for |3| < |n|/e; similarly o(|3|~°log|3|) in (1.3) is uniform for
n| <[3]/e.

REMARK 1. (i) In the overlapping region e|n| < |3| < e7!|n| the two formulae (1.2) and (1.3)
coincide except for the logarithmic factor in the error term owing to the asymptotic relation a(n) =
o5 2n|(1 4+ o(Jn|7%)) as |n| — oo (cf. [12]: Corollary 6.1) and the identity

N>l In]
(s, =n)I?5*  82/A (s, —n)[I*

(1.4)

(ii) If (1.1) is true for 1 < § < 2, the formula (1.2) (resp. (1.3)) remains valid if we add to its
right side an extra term that is O(1/n?) (resp. O(n/s%)); in the case when all the third moments
of S1 under Py vanish the extra term is simplified and takes on the form

C* M2 —)\"132 ( C* (/\n2 — 212\ ))
resp. — ,

RO Gt "% (15)

™
where C* = (2m)~1 [T [03(1 —(0,0)7t — (1 - cosl)_l}dl. The constant C* is non-negative and
vanishes if and only if the walk is continuous in the vertical direction (namely p((z1,z2)) = 0 if
|zo| > 2) [14]. See Section 9 for more detail.

(iii) In the case § = 0 the formula (1.3) of Theorem 1.1 does not determine the precise leading
term since the error term in the square brackets may be unbounded. To get the error of order o(1)
one needs to impose some additional condition (see REMARK 2 below).

(iv) If the walk is symmetric relative to L and continuous in the vertical direction, then the
reflection principle (cf. [7], p.155) can be applied to derive the estimates of Hy(x) from those of the
potential function of the walk that are given in [2], [9] (also cf. [4]).

(v) That a*(n) appears in the leading term on the right side of (1.3) may be explained by means

of the formula P )| |S,(€2)| > K for some k < 7(L)] = 03a*(n)/K + o(n/K) as K — oo uniformly
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for [n| < K (cf. [12]): for the hitting site S;(z) to be far from the origin the walk is most likely to
once pass across a large ordinate level before returning to L.

Write X and Y for S%l) and S£2), the first and second components of 51, respectively and P and
FE for Py and Ejy, respectively, so that 010 = EXY etc. Define X by

X=X-—puY.

2

A natural sufficient condition for Hy(s) to behave like constx5™“ as § — oo turns out to be

E[X?log|X]] < oo, (1.6)
where tlogt = 0 for t = 0. We also write a V b = max{a, b} and a A b = min{a, b} for a,b real.

Theorem 1.2  Suppose that (1.6) holds. Then, as |s| V |n| — oo

L1 o
Hols) = 2 s —m) P

[1+0(1)]. (1.7)
(Here o(1) — 0 whenever |s| V |n| — c0.)
The next theorem is of interest in the case when (1.6) is violated.

Theorem 1.3 Let ¢ > 0. Then for |n| < |s],

o2a*(n 2|n|3 a*(n
Ho(s) = 1( 252/&) _ ||(5,A—‘n)|\|2§2)(1 +o(1)) + 2)\5(2)M5(s)(1 +op(1)),

s

where ~
B

IX —-3§/v[Y|vl

and o(1) — 0 uniformly in n and op(1) — 0 boundedly as |s| — oco. Moreover 1+ op(1) = m(s,n) +

o(1) with 0 < m(s,n) <1 and o(1) as above.

X =3 vV <elsl],

M.(s) = E[f(z log

In the case when X and Y are stochastically independent of each other the leading term in (1.7)
can be derived by using the formula P ,)[7(L) > k] = a*(n)oz//7k/2(1 + o(1)) (K — oo) (cf.
§32 of [7]; see [12] for uniformity in n) as well as the local limit theorem applied to SY(LZ); this also
provides another explanation for the factor a*(n) to appear in the leading term. Even if X and Y
are independent, one needs still to suppose the condition (1.6) to ensure (1.7).

REMARK 2. (i) Consider the case § = 0. If |n| > |5| the formula (1.2) provides the correct leading
term, while if |5|/(|n| V 1) — oo we have only
o3a*(n)
§2/A

Hyls) =~ [1+o(loglsh] (5] > Inl),

which cannot be improved: in fact by using Theorem 1.3 one can readily infer that for any increasing
function h(t) > 0 such that h(t)/logt — 0 as t — oo there exists a probability p such that p satisfies
(1.1) (with 6 = 0) and the error term in the square brackets above is not bounded by A(|5]).

(ii) In a similar sense the condition (1.6) cannot be relaxed for validity of (1.3) : for any h(t) > 0
such as in (i) there exists a probability p satisfying (1.1) such that E[X?h(X)] < oo and for each
n, limsup, ., H,(s)s?> = co. On the other hand the formula (1.7) of Theorem 1.2 may hold for
p which fails to satisfy (1.6) if the marginal P[X = s] has sufficiently nice asymptotic behavior as
s — o0: eg., as Theorem 1.3 shows, if P[X = s] < C|s|?, then (1.7) is true regardless of condition
(1.6). Theorem 1.3 also implies that one-sided moment conditions E[X?log|X|;+X > 1] < oo
entail the corresponding one sided asymptotic forms o2~ 1a*(n)/s? of H,(s) (as s — +00).



For higher dimensional walks we have analogous results to Theorem 1.1 as discussed in Section
10. From the estimate of Hy(s) as given in Theorem 1.1 one can derive (cf. [11]) that of the hitting
distribution of the negative half of L by considering the one dimensional random walk that is a
trace of S,, left on L and applying the theory of ladder processes as found in [7] or in [1]. Such a
result in turn would give some precise estimate of the hitting distributions of long segments on L, of
which certain upper bounds are obtained by Kesten [5] for simple random walk and by Lawler and
Limic [6] for random walks with finite 5/2 + ¢ absolute moment. In a separate paper we compute
the asymptotic form of the Green function of the domain Z?\ L, which is to entail a (less precise)
version of Theorem 1.1, but the computation is more involved than these given in this paper and
indeed relies on some results in this paper.

We conclude this section with the following result on the integrated tail E,(s) = Hy(s)+Hp(s+

1) + -+, which is much easier to obtain. The result is stated only for § = 0.
_ o3a*(n)
Theorem 1.4 Ass5/(n| V1) — o0, E,(s)= 0 (14 o0(1)).
s

It is noted that in the case when §/n remains bounded, the invariance principle gives the correct
limit value : for each K > 0, E,(s) = 5 — L arctan(3/An) + o(1) as n — oo with |3|/n < K.

2  Preliminary formulae and estimates.

Let H,(t) (t € R) denote the characteristic function of the probability distribution H,,(-):

H,(t) = Z H,(s)e's.

Ely/
Define .
¥(0) = $(01,02) = Ep|e*] (0 = (61,69) € [~m,m)?)
and ,
) = — / T 40) (2.1)
T = o | T =) ' '
Lemma 2.1 If0< [t| <, then
A T_n(t
i =" 40) (22)
mo(t)
and 1
Ho(t)=1— 2.
O(t) TF[)(t) ( 3)
The proof of this lemma is standard and postponed until the last section (Appendix (A)).
We must compute
1 (™ 7y .
H,(s) = —/ 7Ti(t)e sty (n #0). (2.4)
27 J_n mo(t)

In carrying out the computation we suppose that ) is diagonal:
Q(t,1) = ott® + o31%,

which gives rise to no loss of generality as will be discussed in Section 9 (see (10.2)) . From (1.1)
one obtains

L—o(t,1) = %Q(tl)(l +o(tl’ +11%) (|t Vil = 0)



and then, changing the variable of integration by uw = [/t, observes that as t — 0,
|t|dl /”/ it dl 5
t| 7o ( / = + o(|t 2.5
o) =5 [ o o) (25)

(see Lemma 2.3 below for evaluation of the error term) and the integral on the right side equals
7/o? + O(t), so that
1/mo(t) = o[t| + o(Jt|*T0). (2.6)

Our main task for proof of the first formula (1.2) of Theorem 1.1 is to derive from

17 oeitat mldz
Ho) =gy | Sw ) T @7)

(2m)2 J_r mo(t

the following lemma, whose proof will be given in the next section.

Lemma 2.2  For each ¢ > 0, uniformly for |s| < |n|/e as |n| — oo

o2 7 % 2cosnldl |n|'—°
Hy(s) = — [ |t|cosstdt . 2.
() = a2 /_W‘ | coss /_oo Q1) +0(52+n2> (2:8)

Using the following identities for the well-known pair of cosine transforms

o?[t| [°° 2cosnldl A\ o0 2\|n| o
= e and / At cog stdt = ' with A= —
o e Q(t7 l) e an . e COS s 52 n )\2n2 W1 .

as well as the trivial estimate [, .. e Nt cos st dt = O(e=*"M), we immediately deduce from Lemma
2.2 the formula (1.2) which may be written as

Hy(s) =~ Al [1 +0<|nl|5>] (3] < Inl/e). (2.9)

T s24 A\2n?

In the case |s| > |n| the leading term is to be different from one that comes up above and it will
be desirable to arrange the expression on the right side of (2.4) so that an integral that is to become
the minor term is separated from one involving the main term. This is achieved by rewriting H,, as

T_n(t) —mo(t) + a(n) _a(n)
mo(t) mo(t)

Under the condition Ey[|Y|?] < oo (remember (X,Y) is written for (S, S®)) we have

T _ einl
a(n) = ;ﬁ/_ﬂ 11_¢(l)dl where (1) = (0, 1). (2.10)

(Cf. [3]; also Appendix of [12].) Set

(I I .
enlt) = o /,ﬂ [1 oy Toep | D

and p(t) =

so that ey (t) = m_,(t) — mo(t) + a(n) and

Halt) = plt)en(t) + 1 — a*(n)p(t) (2.11)

(valid also for n =0).  We shall show

L sty O log |s|
o 77rp(t)e dt__ﬂ'|s|2+0 S ) (2.12)




and

1 ~ A2|n|3 nlog |s|
— e, (t)e tdt = ) 2.13
3 | Dot (s, —myzsz O\ s (213)

The second formula (1.3) of Theorem 1.1 immediately follows from these ones.

The error terms in (2.8), (2.12) and (2.13) are evaluated by integration by parts. In the case
|s| < |n| we shall integrate by parts with respect to [ to derive the error estimate in (2.8) which is
at most o(1/n), whereas in the case |s| > |n| we seek an error estimate of o(n/s?) or better and
thereby need to perform integration by parts twice with respect to t. At the final steps of these
processes we shall apply Lemma 11.2 in the former case and Lemma 11.4 in the latter, both of which
are derived by standard methods in Fourier analysis. The proofs of Theorems 1.2 and 1.3 involve
certain methods that are less standard.

Change of variables as being made in the derivation of (2.5) will be of repeated use in the
succeeding sections (sometimes with the roles of ¢ and [ reversed) and we here present trite estimates
of integrals as involved in (2.5) as the following lemma for convenience of later citation.

Lemma 2.3 Let d,« and m are real numbers such that 6 > 0 and o > —1. If b(t,1) is a continuous
function on [—1,1] x [—1,1] such that b(t,1) = o(|t|° + |I|°) as |t| V|I| — 0, then as t — 0

/1 bt o([t|aroti=2m) if a+04+1-2m<0
o [Qt, D™ | o(loglt]) if a+d+1—-2m=0.

The rest of the paper is organized as follows. The proof of Theorem 1.1 is finished in Section 3
except for two lemmas which are proved in Section 4. In Section 5 we give some detailed estimates
of ey (t), which are needed for the proof of Theorem 1.2 given in Section 6. Theorems 1.3 and 1.4
are proved in Sections 7 and 8, respectively. Section 9 is devoted to the case when § > 1 in our
basic moment condition (1.1). In Section 10 we indicate a way to reduce the problem to the case
when @ is diagonal; also briefly discuss the higher dimensional case as mentioned before. Section
11, the last section, is Appendix consisting of (A) the proof of Lemma 2.1 and (B) several lemmas
of Fourier analytical nature.

3 Proof of Theorem 1.1
In Sections 3 through 8 we suppose that @ is diagonal: Q(t,1) = o3t> + 031%. The proof of Theorem
1.1 given below is continuation of its outline advanced in the preceding section.

The case |s| < [n|.  We have only to prove Lemma 2.2, namely to evaluate the difference of the
leading term on the right side of (2.8) from H,(s). Write it as (27)~2(r +7) so that

(2m)2H,(s) = o2 /: |t|e~ St dt OOO mdl +r(s,n) +7(s,n),
where - - ) 5
r(s,n) = /_7r p(t)e_“tdt/_ﬂ [1 oD l)]emldl (3.1)
and

& , ™ 4 cosnl ™ . > 4 cosnl
F(s,n) = t) — 2|t et dl — / o[tle ! dt / dl
( ) /—7r<p( ) ‘ D 0 Q(t7l) -7 ’ ’ s Q(ta l)

(recall p(t) = 1/mo(t)). We carry out estimation of r only: that of 7 is similar but only simpler
because of the absence of a sinnl part in it (see (3.2) below). On first reversing the order of
integration and then integrating by parts (with respect to [)

r(s,n) = —% _7; e dl _7; F(t,)e ™'dt  where F(t,1) = zlaibgétl)g(;) - [ég(gtlpl()t]l




(0; indicates the partial differentiation). From the readily verified bounds

HMHP+M%)

MWP+W%)
(2 + 12)2

[F(t,D)] = of )

and [0, F(t,0)] = of (1t} v 1] = 0),

one employs Lemma 2.3 to deduce that [™_|F(t,1)|dt = o(|I|°~Y) and [7_|9,F(t,1)|dt = o(|I]°~2).
If § > 0, these two estimates imply the required one, i.e., sup, |r(s,n)| = o(|n|~'7?), according to
the last assertion of Lemma 11.2 in Appendix (with the roles of n and s reversed: the convergence
in Lemma 11.2 is as s — oo and uniform in 7 in reverse to the present situation).

In the case § = 0 the same reasoning is inadequate and we need to look at the inner integral in

(3.1) more closely. To this end we decompose r = 1 + 1, where

rof = Lo [ [ g (32)

Lemma 3.1  sup, (|ro(s,n)| V|re(s,n)|) = o(|n|~*79).

Proof. The case § > 0 has been dealt with. Let 6 = 0. As above we infer first that as [t| V |[I| — 0
[ Rl =oa/; [T o id = o1/, (3.3)

and then that sup, |re|] = o(1/n) (use the first assertion of Lemma 11.2 of Appendix)
For estimation of r, we exploit the fact that sinnl is an odd function of [ and to this end put

h(t,1) =2 (;)

[ 1 B 1 }_ ) iE[eXtsin Y]
=gt 1ot -0~ V=g 0)0 = o, 1)

so that - - ]
ry = 2i / sin nldl / et dt and Oih(t,1) = SIF(t0) — F(t,~1)]
0 -

From EXY = o015 = 0 it follows that E[e**!sin Y] = o(|tl| + (?). Hence [ e ®!'h(t,1)dt — 0 as
I — 0 uniformly in s and by integrating by parts

ro = 3/ Cosnldl/ [F(t,1) — F(t, —1)|dt.
n J+4+o -

Now the required estimate, i.e. sup, |ro| = o(1/n), follows from (3.3) in view of Lemma 11.2. O

Up to now we have shown (1.2), the first formula of Theorem 1.1.

The case |s| > |n|.  We must prove (2.12) and (2.13). For the proof of the latter we set

1 1
MtszﬂL_w@D—l_¢mL (3.4)
so that .
plt)enlt) = o [ gl (e — 1)
and carry out simple computations to see that for ¢ # 0,
Y'p (v —9)p'
0 )=
WD = T T -0 - 9)
1— " ) 112 /0 _ ”
ind SRglt.]) = (1 =)y + 20 )p+ W (¥ — ¢)p

(1 =) Q=92 (1-¢)(1-9¢)



where a dash as well as 9; denotes (partial) differentiation with respect to t: ¢’ = dyp = 9/ t.

It is easy to see (under the condition § > 0) that p’ is bounded, e,(£0) = 0 and €],(¢) = o(1/t)
as t — 0 (which will be proved under § = 0 in Sections 4 and 5); in particular (pe,)’(£0) = 0.
Then, performing integration by parts with the help of this last relation as well as of the periodicity
of pe,, we obtain

" owente Tt = g [ (pen) (et
27 _,Tp enit)e N 2ms? J_x Pon c

R A "2 inl
= s e[ ag e — (3.5)
where because of possible singularity at the origin the outer integral must in general be understood
to be an improper integral (which exists since the boundary values (pe,) (£0) do).
Let w(t) be a smooth even function such that w = 1 in a neighborhood of 0 and w = 0 for
|t| > 1 and set

_ o[ 20°t]
Fi(tD) = w03 [ o] (£ 0 (3.6)
and make decomposition
O2g(t,))=F + F, + F3 (t #0), (3.7)
with Ry =2 PO

1=l 1-6()

and F3 being the rest 02¢(t,1) — Fy — Fy; explicitly

P"p 200 Pp 20 220° 80'20%\75)

R CR R s ~ o) (19t Q?

In the next section we obtain an explicit form of the contribution of F} (Lemma 4.1); according to
it the right side of (3.5) can be written as

Fy = (3.8)

)\2‘71‘3 1 T —ist r inl 4
7ll(s —n>|1282‘47r232/_ ¢ dt/_ (Fy+ Fy)(e™ — 1)dl + O(1/s"). (3.9)

Note that 202[t|/Q(t,1) appearing in the definition of Fy is the principal part of p/(1 — ).
Lemma 3.2 Let 0 <§ < 1. Then as |s| — oo,

1 [ A2|nJ3 (nlog\s\)

— ten(t)e Sdt = — ———————— —
or |, PBenltle s —n)s2 O\ s+

Proof. Let § > 0. In view of the formulae (3.5) and (3.9) it suffices to show that

s . T . 1
I ::/ e—wtdt/ Fe(t, (1 — eyl = o yojé’s’) (k=2,3). (3.10)
It follows that as t — ¢’ — 0 and > + 12 — 0,
It] 5 5
F3(t,l) = ———— t l 3.11
(6.0 = o gy > o1t + 1) (3.11)

and
=7

1 /
o > o + 1) + e x ol = 1)

According to Lemma 11.4 (with w = (1,0)) of Appendix (B) these bounds together yield the required
estimate of I3, provided > 0. The case § = 0 is dealt with at the end of this section.

|F3(t7 l) - F3(t/7 l)‘ =



The estimation of I is done in a similar way if § > 0: write Iy = 27 [ e~ %p" (t)e, (t)dt, observe
that |e,(¢)| and |te],(t)| are uniformly bounded by a constant times |n| (we shall give more detailed
estimates for both of them in Section 5) and apply the estimates concerning p” given in Lemma 4.2
of Section 4 and you will find the required estimate of 5 in view of Lemma 11.4 (with d=1). O

The proof of (2.12) is similar but only simpler: one has only to observe that 7 _|t|w(t)e™*'dt =
2 [o tw(t) cos stdt = =252 + O(s™) for every N > 0 and

[0~ 2

In the case § > 0 the latter is obtained by applying Lemmas 4.2 and 11.4 as in the proof of Lemma
3.2. If § = 0, we once integrate by parts the above integral and then split the range of the resulting
integral at ¢t = 4+1/|s|. The integral on |t| < 1/|s| is O(1/s?) since p’ is bounded and the other on
[t| > 1/s is o((log |s|)/s?) owing to p” = o(1/t) (Lemma 4.2). Thus (2.12) has been verified.

For the proof of Lemma 3.2 in the case § = 0 we can proceed as in the argument just made
above (namely we prove that ﬁt‘d/s(pen)’e*mdt = 0(1/s) and ﬁt‘ZI/s(pen)’e*mdt = o((log |s|)/s?)
of which the details will be found in the beginning of Section 6; see (6.2) and a similar estimate for
F given after it). This completes the proof of Lemma 3.2 and hence the proof of Theorem 1.1.

4 Lemmas on Fi(t,l) and p(t)

In this section we prove two lemmas that have been applied in the second half of the preceding
section, of which all the arguments given in this section are independent. Recall it is supposed that
Q is diagonal (so that A\ = 02/03 = 01/0/2). The first lemma concerns the function

202 |t| (at? 4 b1%)|t|
Flt,l:wtaz{ }: 77 i3 t#0),
R T ] R T
where a = 40{0? and b = —1205 (these values of a, b are of no significance in what follows).

Lemma 4.1  Uniformly in n, as |s| — oo,

1 T . T i /\2]n]3 ( 1 )
s F inl _q _ — ).
oy [ﬂe dt[ﬂ (D =l = e 0[5

Proof. Let n > 0. Twice differentiate the both sides of the identity

™ 2020t . ) > 47|t
™ _ 1)dl = 2we Mt _of _
e @Y Q)

and multiply by w(t) the obtained derivatives, and you see

(cosnl — 1)dl

/ Fu(t, 1) (e — 1)l = 27 (wn)2e (1) — 2 / Fit,D(cosnl —1)dl (£ £0).  (4.1)
Then deduce that as s — oo
m[ﬂe StdtLﬂFl(t,l)(e n_1)di

o’ 47 (An)? /00[1 w(t)]e " cos st dt + O( ! )
= - i —_ _— y
7ll(s, —n)|]? 0 s?

which, the last integral being O(|s| =) (since n™V 2 [{°(1—w)e~*"dt is bounded), shows the asymp-
totic formula of the lemma. O
REMARK 3. For n # 0 the asymptotic formula of Lemma 4.1 is valid and unaltered even if e’
replaces e — 1. Tt is noted however that for the derivation of (3.5) the factor ™ — 1 plays a
significant role and can not be replaced by €.



Lemma 4.2 (i) p(t) = o?|t| + o(|t|'F?), p'(t) = 0% + o(|t]?) and p"(t) = o(|t|°") as t — +0;
(ii) for |t1] < [t2|, ast; —ta — 0

17 1 _ ’tl_tQ‘ ‘tl_t2’6 .
'(0) = p"(t2)] = o s ) + o St ) (4.2)

(iii) moreover, if

2 52 2 ilY
p/ 0;Y + E[X?e ]dl (4.3)

)= 2
C( ) 27'[' . (1 _ 1/])2
and " (t) = p"(t) — ((t), then p" is differentiable for |t| > 0 and p"(t) = o(|t|°~2) ast — 0

Proof. The first estimate of (i) is the same as (2.6). Similarly to the verification of it one deduces
mh(t) = — (%) 71t/ |t| + o(|t|°~2), and substitution from it as well as from p(t) = o2|t| + o(|t|'+°)

into p’ = —p>n, gives the desired estimate of p’. For verification of the rest of the lemma observe
2(p)? 1 /” Y Lo 2P
/! 2_I "
- 2" and nfl = — 7dl+—/ il N}
Py T R B T S G R

where ¢’ = 943 and 1" = 91p. Then as above we see that p?mf) ~ 2(p')%/p = 20%|t|7*(1 + o(1)) as
t — 0, hence p”(t) = o([t|7!). Put

N Y Pt 20it)
o(t) = 2E o 0 T e 4Wdl’
so that
VA S Al O U R G 0
rio-o0 = 20 (s o)

N R S 2 vy o O[T B ~1)]
+27r/_ﬁ<<1—w>2 (Q/2)2>E[X Y B 7l

With the help of the estimates v = —o? + o(|t|® + |I|?), o' = —a?t + o(|t|'T0 + |I|'*7) etc. an
application of Lemma 2.3 shows that both ¢(t) and " (t) — 6(t) are o(|t|°~1). It in particular follows
that p”(t) = o(1/t), hence 6(t) = o(1/t), which in turn implies 6(¢) = O(1) and ¢'(t) = O(1/t) since
|t|30/p? is ‘analytic’ in |t|. Consequently p”(t) = o(|t|~'). Similarly we obtain 5" (t) = o(|t|°~2).

If hy(t) = 9" (t,1), then hy(t) —hy(t') = o(|t—t'|®) uniformly in [, and we deduce that ((t) satisfies
the property (4.2) in place of p”. In view of the estimate 5"(t) = o(|t|2) the function /" also
satisfies the same property without the second term on the right side of (4.2). Thus (4.2) is verified.
d

5 Estimation of e, ()

In this section we consider the case 6 = 0 only. The results obtained in this section will be used in
the succeeding sections. Set

o) 1 [T 1 1 cosnl — 1
{hg(t)} "~ 2mn /_ﬂ {1 — () 1- ¢(l)]{ sinnl }dl’

so that e, (t)/n = hS(t) +ih2(t). Recall that e, (t) = m_,(t) — mo(t) + a(n).

Lemma 5.1 Put f(z) = |z| e "l = 1) + 1 (= g|z| — H|z[>+ ) and define r,(t) via
he(t) = o3 2 f(Ant) + r(t).

Then limy_,g sup,, |7 (t)] = limy, o0 sup; |7(t)] = 0 and rn(t) = o(nt) as nt — 0 and these same
estimates hold true both for |t|r!(t) and for t>r(t) in place of 7, (t).

10



Proof. By E[XY] =0 we have ¢(t,1) — ¢(I) = —302t> +t x o(|t| + |I|) and hence

Y — ¢ —2X%2 txo([t| + [I])
Q-9)1-9¢) QtHE  (Z+2)2

as [t| V |l — 0. The required estimate of r,(t) follows from

2)\2752 2022 sintl e A _ 1 4 Ant
[ — dt dl = O(t?/n).
Qtll2 (cosn / / QLD Tt O/

The estimates of [t|r] (t) are obtained by simply observing that the derivative with respect to t of
the left side of (5.1) is o(|t| + |I|)/(t* + I?)I? (make a telescopic decomposition of the difference of
two ratios in (5.1)). The second derivative is treated similarly. O

The next lemma is an immediate corollary of the preceding lemma.

Lemma 5.2 Uniformly in n > 1 and |t| < m, (1) |hE(#)] < |nt| A1 (namely, C~1(|nt| A 1) <
|RE(t)] < C(Int| A1) for some constant C > 0); and (ii) [t(hS) (t)] < |nt| A 1.

Lemma 5.3
Q 1 sin nl

1=l n

Moreover lim;_,qsup,, |hS(t)] = lim, . sup; |R%(t)| = 0.

lim sup dll — 0. (5.2)

n—oo t

Proof. Denote by I = I(t,n) the integral appearing in (5.2). Then

ti :
I / sinlY] s1nnldl'
=0 tz< —9(t D) n

Since E[XY]| =0, we can write
E[e®™ sinlY] = E[e"™ (sinlY —IY)] 4+ E[(e"X — 1 — it X)Y]l;

correspondingly we decompose I = I1 + I. In view of the integrability

T Blsinly — 1Y |Y |7 3 _
[ ] [ B ] <amt < 6o
o =|Y|r u

the dominated convergence theorem shows that I; converges to zero as n — oo uniformly in ¢;
moreover it also follows that )
™ 1 sinnl
I — / ——dl
21l=0¢() n
as t — 0 uniformly in n. The second part Iy converges to zero as n — oo uniformly in t,e < |t| <7
for every € > 0 ; but in the inequality

E|(e™ —1—4tX))Y| [~ |t|i?
|t - (82 4 12)?

sin nl

|I] < C

’dl,

nl

the integral on the right side is uniformly bounded and the fraction before it approaches zero as
t — 0, so that the convergence as n — oo is uniform in |t| < 7. These show the three assertions of
the lemma simultaneously. a

Lemma 5.4 lim;_.gsup,, [t(h%) (t)| = 0 and lim,_qsup, |t2(h2)"(t)| = 0.

11



Proof. For the proof of the first half it suffices (owing to skew symmetry in ) to verify that as ¢ — 0

d S 1 4|  4|E[XeXtsin Y|
E[X et ’ - —|+ tl|dl — 0.
I U | {8 (e R Ty
But this follows from Lemma 2.3 since E[X e = O(|t| + |I|) and E[XeX!sin Y] = o(|l]) as
|t| +|!| — 0). The proof of the second one is similar. O

As a consequence of Lemmas 5.1, 5.3 and 5.4 we have

Lemma 5.5 If f(z) = |z|7'(e71*l = 1) 4+ 1, then e, (t)/|n| = o5 2f(M\nt) + . (t) + h2(t) with
Tn(t) + RO(t), tirn + h2)'(t) and t*(r, + h%)"(t) approaching zero as t — O uniformly in n. In
particular each of e,(t)/n, tel (t)/n and te’(t)/n tends to zero as nt — 0 and are uniformly
bounded.

In the next section we apply the result of this section only for (6.2). It is noted that we have
dealt and will deal with the derivatives € (¢), €//(¢) but only implicitly in the estimation of the
integral of F3 through the identity

% /_7; Fy(t,1)(1 = e™)dl = p(t)er(t) + 20/ (t)er, (1) — % /_7; Fi(t,1)(1 — e™)dl,

wherein we shall need to more closely look at them in relation to the corresponding parts involved
in its last term.

6 Proof of Theorem 1.2

We are to evaluate H,(s) for |s| > |n| under the condition (1.6), i.e. under E[X?log|X|] < co. Let
g, F1, F5 and F3 are functions defined in (3.4) and (3.7). Because of possible singularity at the
origin we separate

7T1 / - /7T : "
e tdt Org(t,D)(e™ — 1)dl
4 2 |t\<a/|s| o tg( )( )

from the integral on the right side in (3.5) and write the latter as

a
"75,n T

a

Ns,n
s2

1 /7 : ~1

—ist .
g . p(t)en(t)e '8 dt = m

// e e_“tdt[ 2g(t,1)(eM —1)dl — (6.1)

Recalling [ 0;g(e™ — 1)dl = 27(pe,)’ one integrates by parts back and uses Lemma 5.5 to find that

1
—ny,—0 as s—oo and «a |0 in this order uniformly for |n| <|s|. (6.2)
n .

In the same limit we have also [, | e~stat [T Fi(t,1)(e™ — 1)dl — 0 and, in view of (3.9),

Ho (s) = a*(n)Ho(s) — — 0 1 / e_iStdt/ﬂ(F +F)(eml—1)dz+o(”>
e VT Al )P 47282 Jajsciii<n e 2

Our task for the rest of the proof consists of proving that for each oo > 0

1 , ™ ,
—/ e_“tdt/ (Fy + F3)(e™ —1)dl - 0 as s — oo uniformly for |n|<|s|  (6.3)
n Ja/s<|t|<m -7

and of obtaining a correct asymptotic form of Hy and Lemma 4.1). For both purposes we shall
make use of the assumption (1.6), which will be applied via the following lemma.

dtdl
Lemma 6.1 FE[X?log|X|] < oo if and only z'f// , Ey [XQ(I—costX)}m < o0, and if this
[77‘-77"]
- dtdl
is the case, then [/ Ey {X2\1 — eltX” 55 < 00.
[_Wvﬂ-]Q t +l
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Proof. The integral // (1 —costX)1(tX]| < 1) did is dominated by

[—m,m]2 2+ 12

™ |tX|dt / / udu
di <4 50,
/—7r tl<1/1x| 212 = DA

while the same integral but on [tX| > 1 equals

1—costX [ d
Adt/ 4 ~ C'log | X|
0

1+ u?

a(x| 20 [

1/|X]| t

as |X| — oo (with C' = 4 [(°(1 + u?)"'du). Thus the equivalence of the first half of the lemma
follows. The second half is proved by the same argument that is just advanced. O

Now we proceed into evaluation of Hy, in which we need to cope with the delicate circumstance
that there is little information available as to regularity of p” other than p”(t) = o(1/t).

Evaluation of Hy. For simplicity let s > 0. Then, recalling 2mHy(s) = — [™_p(t)e~**!dt we directly
derive

a/s

252 Hy(s) = [p’(t)e_iﬂ + Z'S/ P (t)e "t +/ P (t)e Stdt (6.4)
t=—a/s [t|<er/s afs<|t|<m

independently of the arguments made above. From the relation p' = o2t/|t| + o(1) it follows that
as s — oo and « | 0 in this order, the first term converges to 202 and the second one to zero. For
the derivation of the desired estimate of Hy we must prove that for each a > 0,

lim / P (t)e "¥tdt = 0. (6.5)
SO0 Ja/s<|t|<m

For the proof we make use of the decomposition of p” in Lemma 4.2:

T 8?1/)+E[X26Zly]
% -7 (1_¢)2

Note that p” is differentiable for |¢| > 0, while ((¢) may not. In any case we have

p't)=p"(t)+ <), where ((t)=— dl. (6.6)

Lemma 6.2 (i) [™_[¢(t)|dt < oo if E[X?log|X|] < 0o and (ii) §"(t) = o(|t|72) as t — 0.
Proof. (i) is immediate from Lemma 6.1. (ii) is obtained in Lemma 4.2 O

REMARK TO LEMMA 6.2. One can show that [T _|p”(t)]dt < oo if E[X?log|X|] < oo, which is
useful but dispensable; we shall need to use the second assertion of the lemma in several places.

The proof of (6.5) is now given as follows. The integrability of ((¢) implies that its contribution
vanishes in the limit under consideration and that the improper integral [ _p"dt exists. On using
the latter fact together with the bound 5" = o(1/t?) the contribution of 5" also vanishes (see Lemma
11.2 of Appendix).

We can thus conclude that Hy(s) = 7 '02572(1 + o(1)) under E[X?log|X]|] < cc.

We turn to the proof of (6.3). First consider the contribution of F3 and break it into two parts:

cos nl

A m 1—
o) — / et / 2 Fy(t, 1)) — =,
afs<|t|<m -7 l

. ™ 1 [
0, — / e~ist / (1Rt 0)] =
af/s<|t|<m -7

0

dl.

We have
t,1) (6.7)

13



with ¢(t,1) bounded and ¢(t,1) — 0 (|t|+ |I] — 0) and, making use of this, infer that O; = n x o(1)
as s — oo (see Lemma 11.1 of Appendix). The corresponding estimate of ©; requires the condition
(1.6).

Lemma 6.3 If E[X?log|X|] < oo, then Or7/n — 0 as |s| — oo uniformly in n.

Proof. Put
O2p(t, 1) + E[X2eY
it 0) = ooy LD+ EUC T
and futt) = [ 1) (e, D)
so that - -
@H:n/ émﬁ/ m@nﬁm”w+@/ eIt f, (4)dt. (6.8)
a/s<|t|<m — nl ofs<|t|<m

As before f,(t) is differentiable for ¢ # 0 while A(-,l) may not. By the same arguments that prove
Lemma 6.2 one verifies that

(1) Jimgm2 [TA(E, D)|dtdl < oo if E[X?log|X|] < oo and
(i) sup, |fa(t)] = o(|t[ ") and sup, |f;(t)| = o(|t| ) as t — 0.

Taking these into account, we make use of Lemmas 11.1 and 11.2 of Appendix for the first and the
second terms, respectively, to conclude that @77 = n x o(1). a

It remains to deal with the contribution of F, in (6.3). Suppose E[X?log™ | X|] < co. Put

p"(t) p"(t)
Foy=———"— and Fyo=-—""—1,
so that Iy = F51 — Fyy. In the evaluation of Hy made above we have verified
/’ et dt A&ﬂl—emWﬂ:2ﬂMnX/ S e St = n x o(1).  (6.9)
afs<|t|<m [l|l<m afs<|t|<m

In a similar way the integral involving Fb; sinnl is estimated to be n x o(1) in view of (5.2).
Finally we work with Fy;(1 — cosnl). We make decomposition p” = p” + ¢ in (6.6). On the one
hand the integrability of ¢ (Lemma 6.3 (i)) implies, by dominated convergence, that [*_|C(¢)]- |1 —
Y| ~tdt = o(1/1%) as | — 0 and hence the contribution of ¢ is n x o(1) in view of Lemma 11.1. On
the other hand, noting that for some constant C'
8,51,[) n

1
- |1 = cosnlldl < Cn; / )
AKW1—¢!| | <r | (1 =) i

we apply Lemma 11.2 to see that the contribution of p” is n x o(1). We accordingly conclude that
Jays<iti<r e tdt [T Fy1(1 — cosnl)dl = n x o(1) for each a > 0 as required.

|1 —cosnl|dl <C

The proof of (6.3) is now complete. Summarizing the results obtained above we have

Proposition 6.1  If E[X?log|X|] < oo, then uniformly for n < |s|, as |s| — oo,
2

01 \”‘3

™ . n
e, (e Stdt = — : + —
/_ﬂp< ) n( ) 770'% H(Sa —n)H2S2 52

x o(1).

Combined with (2.11) and the estimate of Hy(s) already obtained this formula yields

Ha(s) = 290 4 o)) (s> m)
AP ’

which together with the first half of Theorem 1.1 finish the proof of Theorem 1.2 (in view of the
asymptotic form of a(n) as mentioned in REMARK 1 (i)).
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7 Proof of Theorem 1.3

Let s > 0 throughout this section. First consider Hy. The proof starts from the expression of
2ms2Hy(s) given in (6.4). The sum of the first two terms of it equals

a/s

[pl(t)efist} + iS/ p/(t)efistdt — 20_2 + p// (t)efistdt'
ltl<a/s

t=—a/s [t|l<a/s

But [i<ass A" (O)dt = (p'(a/s) = 03) + (=03 = p'(=a/s)) = 0 and [, /s [0"(t) (e —1)|dt — 0 as
s — oo locally uniformly in «, so that

2152 Ho(s) = 20% + / P (t)e "tdt 4 o(1), (7.1)
af/s<|t|<m

where o(1) — 0 as s — oo for each a > 0. Thus, on letting o = 1, the assertion of Theorem 3 is

paraphrased that

/ o (t)e ot dt — %Me(s)(l +o(1)) + o(1). (7.2)
1/s<|t|<m

Recall (6.6), i.e., the decomposition p” = p” 4+ made in (iii) of Lemma 4.2, where we observed that
p"(t)e tdt — 0 (under the existence of the second moment only); hence (7.2) is reduced
1/s<|t|<m
to

—1st _ 2
T(s) = /1 s SO = L) (1 0(1) + 0(1) (7.3)

The proof of this relation is given below, of which the method is the same as one devised in [9] for
similar formulae.
We write

p2(t) s E[XQe”Y(eitX _ 1)]
C(t) - 2 /—71' (1 - ¢(t,l))2 .

and decompose ( = (o + (1 + (2 where

_ P E[XeY ZtX( w(Xt))] PP EXPY (1 - (Xt))]
and Golt) = p? [T E[X2eY (X — 1)w(Xt)]dl.

2w J (1-v)?

Here w is a smooth function introduced just prior to (3.6). We may suppose that w(t) = 1 for
It] < 1/2.
Similarly to the proof of Lemma 6.1 we see that

2|€zu_1’
JES |dt<C’/ uf” ot <o

which in view of the Riemann-Lebesgue lemma implies that

/ Go(t)e ™ tdt = o(1). (7.4)
1/s<|t|<m

Note that |w'(Xt)Xt| as well as 1 — w(X¢) is bounded by a constant times the indicator function
L{|xt|>1/2}- On observing that (i (t) = o(1/t) and ({(t) = o(1/t?), an integration by parts gives

/ C(t)etdt = of1).
1/s<|t|<m

We are left with {y. Split the range of integration into three parts according as | X —s| > es, | X —
s| <esor X = s and call Jy, Jo and Js3, respectively, their contributions to f1/5<‘t|<7r Co(t)e tstdt.
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We then integrate by parts with respect to ¢ by factorizing the integrand as e®(X =) x (the other) to
deduce that for each € > 0, as s — c©

1 T BIX26HX=9) (1 — w( XNl - | X — g >
A = ‘/ p2dt/ [X2%e (1 —w( t)): | s|_es]dl‘
2m | J1/s<|t|<m o (1—1)
SX2 S T X2 11 dt
< CE|——; | X —5]> X|>= Bl x> > L]dt
>~ C |:‘X—S|" 3|f53,| |2:|+CA/S |:’X—$’7| 3|758,’ ’2t:|t2

— 0.

Here for the inequality we have made use of the relations p(7) = p(—7), w(£Xm) =1 for X # 0,
s72 [T (s724+1%)72dl = O(s) and t [T_(t? +1%)72dl = O(1/t?).
We may suppose that ¢ < I and w(z) = 0 if |z| > 3/4, so that on the event |X — s| < es,

1 —w(Xt) =1 for |t| > 1/s. Taking this into acount we write Jo in the form

) eit(X—s)
T, = E|X / h(t)dt; 1 < |X — s| < s, (7.5)
1/s<|t|<m |t|

where

17 |tp2el
h(t) = h(t,Y :7/ e .
Split the range of the integral under the expectation symbol in (7.5) according as [(X — s)¢t| > 1 or
< 1 and call Jo; and Joo the corresponding parts of Js.

By integration by parts
/(signt)oo et X —s)u
t

| Jo1| < E{X2/
1 |U|

where signt = ¢/[¢|. Since | [ eFilX=sluy=lqy| < C/|(X —s)t| and |W/(t)| < C/|t|, the outer integral
under the expectation is bounded, hence Jo; is o(1) (as s — 00).

For evaluation of Jyo we further decompose it into three parts in the same way as we did J but
by means of Y in place of X — s and call Jao1, Jogo and Jogs those that correspond to |Y| > es,
0 < |Y| <esand Y = 0, respectively. The same method that is applied to J; verifies Jag; = o(1).
In what follows we prove that the remaining parts, i.e., J2gg, Joog and J3, together constitute M. (s).
For simplicity we consider the double integral involved in Jag9o only on the first quadrant ¢t > 0,1 > 0,
and let j222 denote the corresponding one fourth of it, so that

duh'(t)‘dt; 1<|X —s| <es| +o(1), (7.6)
/|1 X —s|<|t|<m

_ 1 ) 1/1X—s| T p2€i[t(X—s)+lY]
Jogo = —FE | X ————dl; 1 < | X - 1<y .
222 = o { /1/8 /0 1= o) ;1< s| <es,1<|Y|<es
By means of the indefinite integral [ u~'e!Y“du we integrate by parts as in (7.6) to see that the
upper limit 7 of the inner integral may be replaced by a/|Y| with an arbitrarily small o > 0; also
1/|X — s| may be replaced by a/|X — s|. These in turn allow X =9)+¥] i the integrand to be
replaced by 1. Now observing that

1/|1X —s| VIYE p2dl 1/]X —s| dt Y0zl 4otdu
/1/5 dt/o (1_@2:/1/8 g(t)Z(1+0(1)) where g(x):/o e 7

that g(x) — 7/A (x — 0) and g(x) < C/|z| (|z| > 1) and then that as (|X —s| vV |Y|)/s — 0, the
double integral above takes on the form (mw/\)log[s/(|X — s| V |Y])] - (1 4+ o(1)), we obtain

2
Jogg = XE {XQ log 1<|X —s|<es, 1 <|Y| < 55] (I1+0(1))+0(1).

5
X — sV Y]
In the same way we also obtain

S

2
Jogs = —~F | X?%log ———
257 [ BIx —

11 <X — <€S,Y—0:|(1+0(1))+0(1);
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Js = sZE[/l @dt; X = s} = QE[XQ lo X =s,Y| <es|(1+0(1))+o(1).

s
fs<lti<n [t] A SV
Thus we conclude Jago + Joog + J3 = 2A71 M. (s)(1 + 0(1)) + o(1). The proof of (7.2) is complete.

The case n # 0. In the proof of Theorem 1.2 the term O; and the second half of ©;; in (6.8)
are disposed of without using the extra moment condition; the contribution of Fyy given in (6.9)
cancels out with that involved in a(n)Ho(s) (see (7.1)). The remaining terms among those arising
from F, + Fj3 are the first half of ©;; in (6.8) and the contribution of F5;, both of which we must
examine. As for Fy; the factor p”(t) may be replaced by ((¢). From these observations it follows
that

1 (aga*(n) A2|n? JA+ B

Hy(s) = = sZ/\ - H(S,—n)|’282>[1+0(1))]+27r32

. (1s] > elnl, |s| — o0),

where ‘
JA= / len(£) — a(n)|C(t)etdt
1/s<|t|<m

—1 . T E[XZQin(eiXt o 1)]
JB = _— / e istdt t sin nldl
2m 1/s<|t|<m -7 p( ) (1 - w)Z

and o(1) is uniform in n. The estimation of J4 and J? proceeds parallel to that of J and we only
point out what modification is needed. To this end it is convenient to write ¢4, J,;4 etc. for the
corresponding functions.

First we prove that

JP = |n|M.(s) x o(1). (7.8)

We must show that the convergence is uniform in n. Those for which this matters are the convergence
in (7.4) with ¢£ in place of ¢ and the estimation of J&3, + J&, + JP. The former one, for which the
Riemann-Lebesgue lemma is used, can be disposed of by applying Lemma 11.1. For the latter we
observe that first 1 — 1) may be replaced by %Q and then ™! by isin Y1; hence it suffices to verify

1/|X—s|V1 YY1 plsin VI
E[X2/ dt/ pidl;X—s <es,0<|Y| <es| =o0(1).
s o Qupp i .

This however is obvious from fol dt [1(t* +1%)721%dl = L arctana < /2 (o > 0). Thus (7.8) has
been proved.

Since both e,(t)/n and te),(t)/n are uniformly bounded and e,(t)/n — 0 as t — 0, the very
same arguments leading to (7.3) verifiy that s — oo

JA =227 a(n) M. (s)(1 + 0p(1)),

but here uniformity of 0,(1) is not claimed (and not true in general). To have some uniform estimate
we use the decomposition e, (t) = |n|[f(Ant)/03 + rn(t) + hS(t)] given in Lemma 5.5. According to
the estimates stated therein the contribution of r,(t) 4+ h(¢) is o(1). We then infer from (7.3) that

74 =2 (atm) - '(%')Mg(s)u soy+f Ini(1 ~ D) etyetat +o(1).  (7.9)

On arguing as in the case of Jas (we have the additional factor |n|(1 — f(Ant)) = (1 — e~ /)|t
in the second integral in (7.7)) the last integral may be written in the form
2|n|
o2

E{X2 log 1 <X —s| VY] <es|(1+0(1)) +o(1). (7.10)

s
|X —s|V|Y|Vvn

Finally use the bound a(n) > |n|/o3 ([7]:P31.1) and note that the expectation above is not larger
than M. (s) to obtain the second assertion of Theorem 1.3. Thus its proof is complete.
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8 Proof of Theorem 1.4

Although Theorem 1.4 can be derived from Theorem 1.3 by elementary computations, here is given
a direct proof. We are to make estimation of the integrated tail E,(s) = H,(s) + Hy(s+ 1)+ ---
in the case § = 0. For each o > 0 define a probability, ¢, say, on Z by

1 267271'04

0)=— -2 .
ca(0) Ta 1 — e 2ma’

(0}

1
Ty 70

cal(s) =

and put Cy(s) = ca(s) + ca(s+ 1) + - - -. Using the Poisson summation formula one sees that

_ ist Z —at+2ms|
_ZCO‘( € 1_67271'a’
s

hence

a Q Q . —a
(M$_m+oQﬁ+@» as — =0 and &) = e ra(t)

with r,(t) being differentiable arbitrarily many times, r,(0) = 7/, (0) = 0 and r/(¢) bounded for
a > 1,|t| < 7. In view of (2.11) and Lemma 5.5, H,(t) = 1 — a*(n)p(t) + o(nt) as nt — 0, in
particular |H,(t) — Co2q+(n)(t)|/t is integrable about the origin. Also, as in the proof of Lemma
5.2, one observes that H/,(t) = O(n) and H’(t) = O(n/t) (t # 0). Now we take @ = o2a*(n) and
compare F, with C,:

1 /7r I;[n(t) - éz72a"(n) (t)

— : e "t dt.
27 1—e

En(s) - Coza*(n)(s) =

Splitting the range of integration at |t| = K /s and making integration by parts for the integral over
K /s < |t| < 7 one infers that the integral on the right side may be written as

2

1 FI’ t ] 202a* ™ ,—o2a*(n)t 1
—f/ n ) e~istgy — 27 ¢ (n)/ ¢ " cos stdt+0<|n|v)
K S

Js<|tj<m 1 — e K/s s

as s/(|n|V1) — oo for each K > 1. On integrating by parts once more the first integral is dominated
by a constant times |n|/K. On the other hand changing the variable shows that the second integral
is dominated by 1/K. These together verify that as s/(|n| V 1) — oo, E,(s) — c%a*(n)/ms =
o((|n] v 1)/s) as desired.

9 Thecased>1

In this section we consider the case when the moment condition (1.1) holds for some ¢ > 1. Main
results are given in (9.5) and (9.7) where all the third moments are supposed to vanish.
Make decomposition o (t) = I(t) + I1(t), where

1 (™ 2dl 1 /= 1 2
I(t) = — and II(t):—/ [1_ — dl.

-7 Q(tul) 2m ¢(t7l) Q(t7l)
Hhen 22 Al 1 2
T
I(t) = —= ( = — arctan 2 R - 2t 9.1
<)ﬂmﬂza“”w) T Ty el + (9.1)

For evaluation of I1(t) we set f(t,1) = ¢(t,1) — 1+ 3Q(t,1) and further decompose

1 £(0,10) £(0,1)
n(t)_w/_ﬂ(l_w(t Sou it / ” Son 9.2)
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Suppose 1 < § < 2. Then, the first term on the right side can be written as C* /o3 + 2/(0am)? +
o(|t|*=1), where we have used the identity

1 o3 2 1 (712 1 2
c*r— — 2—}(1[:/ [—]dl:—
o Lﬂ [1 —o(l) 12 o J_+ |12 cosl 72
(the first equality is simply by definition of C* given in REMARK 1 (ii)). On the other hand
f(t,0) = f£(0,1) = —%E[X?’]t?’ — %E[XQYtQZ + XY 2% + o210 + |t]|1|*T9),

as |t| + |I| — 0, which together with [;°[Q(1,u)] ?du = m/4(010)? and [3° u?[Q(1,u)] *du =
7/4(020)? shows that the second term in (9.2) equals —%(010) "2E[X3] — L(020) 2E[XY?]) signt +
o(|t|°~1) in view of Lemma 2.3. It is worth noting that the term lead by E[X?Y] contributes only
a constant multiple of |¢| (the next order term of the expansion) since it is an odd function of [. In
any way, combined with (9.1), these estimates give

?mo(t) = [t| 7+ AC* — i((662) T E[X?] + (202) T E[XY?] ) signt + o([t° 1),

or what is the same thing,

p(t) = o?|t| — o2C*t2 4+ iCH|t| + o([t|°HY). (9.3)
where C* = (6A\)"'E[X?] + 27'AE[XY?]. One easily obtains that p”(t) = o(|t|°"2) (t # 0) and
then that ) i "

o 2C log |s
Ho(s) = T = 25 +o(ls) (sl = o)

(If 6 > 2, the error term may be replaced by O(|s|~%).
Now we turn to the integral (2.7). The essential contributions to it of the terms —o?C*t? and
iCHt|t in (9.3) are given by

—0iC* // Mei(—sﬂrm)dtdl __C i oA + 0<log(]nl VLY 2)> (9.4)
[—m,m)2 1- 3

dr? b(t,1) T (s, —n)|® (s, —n)|?
iC* ttlw(t) 5 Ct 2|n3| log(|n| V |3] v 2)
and — // A pi=stnl) grap — . + 0( >
A2 J ) mmp 1= 0(8,1) (Aa)2 [|(s, —n)|* (s, —n)|?

(as ||(s,—n)|| — oo for both formulae), respectively. Here we truncate the integrand by w(t) since
the functions t> and t|t| are not periodic.

Suppose that [n| > £|§| and § > 1. Apart from the leading term there arises a rational function
of (§,n) similar to the above ones plus an error term, which together may be written in the form
{s,n}*|(s,—n)|| 7% + o(n™279) if § < 2, where {s,n}* represents a homogeneous polynomial of
(s,n) of degree 4 with coefficients that are linear combinations of the third moments E[X7Y37]
(j=0,1,2,3).

If 6 > 2, one obtains the next order estimate and in the case when all the third moments vanish
the result is given in a rather simple form:

1 In| C* n? - \"132 1 _

For the case |5| > €|n| we examine the contribution of —o?C*t? to the integral (2.13). To this end
we follow the arguments given in the second half of Section 3 with p replaced by —a?C*t2. Suppose
Q@ to be diagonal and consider the integral corresponding to that involving Fj. Then similarly to
the proof of Lemma 4.1 one finds that

1 T st T 2 {—a%C*tT inl . ()\nz — 12\ ) N
_— —1 = — B T — ] _— .
T vl Bl BRLOL Ol )€l = Ot (Tt s |+ 00 (96)
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for each N > 0. On the other hand on arguing with p+ c2C*t? in place of p the error term in (2.13)
becomes o((nlog|s|)/|s|>*9) if 1 < 6§ < 2 plus a term involving the third moments as its coefficient;
the latter is of the order magnitude O(n/|s|?).

Again suppose that 6 > 2 and all the third moments vanish. Then for |5| > ¢|n|, as |5| — oo

Hy(s) = 1<U§a*(n) Xl ) - C*<W SR A) + 0(”). (9.7)

UEN eonPR) T w et @ |s[*

(If 0 = 2, we need the logarithmic factor in the numerator in the O term as in (9.4).) In view of the
expansion o5a*(n) = |n|+C* — (signn)E[Y?] /303 + O(1/n) (cf. Appendix of [12]) the two formulae
(9.5) and (9.7) are consistent. The last O terms in them seem to represent the correct order (i.e.
not replaced by a smaller order term) in general. (This is the case at least for simple random walk
for which a(n) = |n| and the second order term can be explicit.)

Proof of (9.7) is outlined below. First note that the third order term of the expansion of p(t)
takes on the form alt|> (apart from A and o the coefficient a involves only the two fourth moments
E[X*] and E[X?Y?]; E[Y*] is absorbed in C* and both E[X3Y] and E[XY?3] contribute only the
next order term). On the one hand we compute I3 := [ |t|3e,,(t)e~*!dt in a similar way to the above
and find that I3 = O(n/s*). On the other hand under the present assumptions on the moments
we have |02F3| < |Q|~%/2, the contribution to the double integral in (3.9) of its even (w.r.t. [)
part is directly evaluated to be O(n/s?) (hence O(n/s*) as a whole). For the odd part use the last
assertion of Lemma 11.4 to have the same bound. As for the function F, the factor p” in it may be
understood to be o(t°~!) since the terms up to the order of magnitude O(t3) may be considered as
being subtracted from p. Hence its contribution is negligible and (9.7) is concluded.

10 The case d > 3 and reduction to the diagonal case.

This section concerns the random walk on Z< for d > 2. In the first half of it we exhibit some
algebraic manipulations which reduce our problem to that in the case when @ is diagonal and in
the second some higher dimensional analogue of what is given in Section 2.

Let X and Y be, respectively, Z¢ '-valued and Z-valued random variables of zero mean and
finite variance. Let R be the covariance matrix of X, v = E[Y X] (€ R4™!) and o2 = E[Y?], so
that the covariance matrix of S := (X,Y’) and its quadratic form are given by

o-(513)

and Q(0,1) = R(0) + 2(y - 0)l + 0212 (6 € R?~1, [ € R), respectively. Set
p=v/o2 and X =X —puY

and let R be the covariance matrix of random (d — 1)-vector X — pY. Each component of X is
perpendicular to Y; R is the (d — 1)-dimensional symmetric matrix whose quadratic form is given
by

R(0) = E[(X -0)%] = R(6) — o(u - 0)° (6 €R™Y),

so that R = R — aflu 1 and
QO,)=E[(X-0+YI))]=R(0) +03*> where [ =14 pu-6.

R is positive definite. Indeed, for  # 0, taking I = —p - 6, we have R(0) = Q(6,1) > 0.
Denote by @ the covariance matrix of (X,Y’) and let A be the d x d matrix which transforms
(0,1) into (0,1 -0+ 1), and A~! its inverse:

- (R|O (1|0 R -
o=(ter) - () ()
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where I stands for the unit matrix. Then

Q(ev l) - Q(@, ZN) = Q(A[ev l]),

where A[f,1] denotes the action of A on the d-column vector [0, ] consisting of a (d — 1)-vector ¢
and a number [; hence Q = ‘AQA, det Q = det Q and

Q 'z, k) =Q Y (&,k) where &=ux— k. (10.1)

Now we consider a random walk S,, on Z? with the law of S under Py equal to that of (X,Y") and
the corresponding hitting distribution H,,(x), (z,0) € Lg of the hyper plane Lg = {(z,0) : x € Z%~1}.
Let (0,1) = E[eX0+Y ((0,1) € Ty_y x [-m,7), Ty_1 = [-m, 7|4 "). The functions m,(0) of
0 € Ty \ {0} are defined in the same way as in the case d = 2 and the obvious analogue of Fourier
representation of H,(x) by it is valid:

Loy etklqq . B 1 T—n(0) _iro
7 (6) _%/_7r oD ) = (27r)d—1/Td_1 =040 (n # 0),

and similarly for Hy. It therefore follows that if 4(6,1) = E[eif('“m] (=v(0,l —p-0)) and

1 w0+ e*ikl 1 T e*ikl
27 Juox 1—0(0,0) 27 Jn 1= §(0,1)

(note that (6, -) is periodic), then m;,(0) = 71 (0)e’ ¥ so that

H,(z) = ( 27; — /T - 7}7;0’2(9‘;)61‘<z+w)-9d9 (n #0). (10.2)

By virtue of the last formula we may suppose that Q(6,1) is of the form R(0)+0c3? for evaluation
of Hy(z), in particular for the proofs of Theorems 1 and 2 (see below for more details).

Let d > 3. The principal term of H,, in the higher dimensions is derived by using the classical
formula

1 |0| —za:-@ inl _ 7T —|nl||0| ,—ix-0
@) /Rd 2+ 72¢ e™dldl = @) /qu e e do
I'(d/2) n|

= ondh G (10.3)

(18], p-6). Write I = i -0 41 so that Q(0,1) = Q(6,1) = R(#) + o3I>. Then

T\ = o0 - 21 Jope—r 1—(0,1)
1/ po+r ] 1/7r dl 1
~J — = = = — +O(].)
T J—p—m Q(eal) T J—7 Q(97l) Od R(e)
Consequently

p(0) = o0y R(6) + o(|6).

By simple changes of variables we derive from this and (10.2) that for z € R,

mldl
~ fz(ern,u )-6
Ho(z) /T VR d9 /

+ O.2l2
~ 1 = / |0 ‘e*z\r_l (z+np)-0 g /Oo 726”11/%&.
(27)d det R—1/2 Jra-1 oo |07 + 12
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Hence by (10.3) and (10.1) (note that Q= (z + nu, —n) = Q' (zx, —n)),

H () I'(d/2) n|
" T4/2/det Q@ [(n/og)? + R~ (x + nu)]4/?
_ D{d/2)  |n]
742 ||(z, —n)[|4

This gives a correct asymptotic form of H,(z) as |[n| — oco. If |n| remains finite, |n| in the numerator
must be replaced by o2a*(n) as in the two-dimensional case. Thus

Theorem 10.1  If the random walk S, on Z% is irreducible and has zero mean and finite variances,
e M) o)
2 osa*(n
Hp(x) = -l (1+0(1)).
w42 |(z, —n)|4

For verification, in the case, n > |z| the proof given in Section 3 straightforwardly applies to
the higher dimensional case. In the case n < |z| the arguments made for the two dimensions are
only simplified. The analogues of the two lemmas of Section 4 are verified by essentially the same
proofs; the lemmas of Section 5 are almost obviously extended to the dimensions d > 3. It is noted
that if V denotes the gradient operator with respect to § € R~ and w = z/|z|, then as § — 0

T o) o) o BRI 1
(w-V)p(H)_ad[R(e)]l/Q—1—0(1) and  (w-V)?*p(6) =04 [R(@)]1/2 + (]0|>,

in particular (w - V)?p(0) is integrable on [§] < 1, which trivializes the argument given for the
estimate of Hy in section 6 and makes the moment condition E[|X|?log™ |X|] < co dispensable.

11 Appendix

(A) We give a proof of (2.2) and (2.3), namely H,(t) = 7_,(t)/mo(t) (n # 0) and Hoy(t) =
1 —1/m(t), respectively. Let p"(x,y) = P;[Sy, = y] and define for |z| < 1

Ti(t, 2) = Z Zp”((o, 0), (s, k))e"s2".

v=0s€Z
Then 3, i (t, 2)e = (1 — 29(¢,1)) ™ and hence for ¢ # 0,

1 /™ el
= — _— — 1.
T (t, ) o ) Tt D) m(t) as 7]

It is convenient to bring in the joint distribution

fn(T, 8) = P(O,n) [T(L) =T, ST(L) = (8,0)]

and its Abel-Fourier series

D, (t,2) = Z Z fn(T,5)et 27,

T=1s€Z

Using p”((0,n),(5,0)) = 371 Yjez fn(7,5)p"77((4,0), (5,0)) (v > 1) and making a routine com-
putation, one then finds that for ¢t € R and |z] < 1,

malt2) = Y S0 PO, (5,0))e

v=0s€cZ
= Opo+ mo(t, 2)Pn(t, 2),
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or what is the same thing,

T_n(t,2) 1
D,(t,z) = ———= 0); Po(t,2)=1— ———— 11.1
n(t2) mo(t, 2) (n#0); Dolt,2) mo(t, )’ -y
which, on setting z = 1 (for 0 < |t| < 7), reduce to (2.2) and (2.3), respectively.
(B) Here we collect several lemmas concerning Fourier analysis and used in this paper.
Lemma 11.1 Let f,(t,1) be a sequence of measurable functions on (—m, 7% of the form
1 —cosnl sinnl
fn(t, 1) = af(t, Z)T or  fu(t,1) = b(t,1) — (11.2)

(n=1,2,...). Suppose that ["_|a(t,1)|dt is bounded and tends to zero as I — 0 in the first case
and b(t,1) is integrable on [—m, w)? in the second case. Then

/ eistdt/ fult,)dl — 0 as |s| — oo uniformly in n. (11.3)

—T

Proof. Put gne(t) = [.jjcr fn(t,Ddl and hp (1) = J5. fu(t,1)dl. Then from the assumptions on
frn of the lemma it follows that

lim |gn(t)|dt =0 for each &> 0; and sup/ |hpe(t)|dt — 0 as ¢ | 0.
s n

n—oo J_ o

which together show that lim,, . |7 ‘ I falt, l)dl‘dt = 0, reducing the assertion to be proved to
the Riemann-Lebesgue lemma. O

REMARK TO LEMMA 11.1. (i) The pair of two function forms in (11.2) may appear ill-matched
but actually they are well on balance if the supposed conditions on a(t,!) and b(¢,1) in the lemma
are taken into account. Indeed, on the one hand the function (1 — cosnl)/nl? (Fejér’s kernel)
approaches 7 times Dirac’s delta function as n — oo; on the other hand sinnl/nl is m/n times
Dirichlet’s kernel and the factor 1/n is apparantly superfluous in comparison to the former one,
which however is needed for counterweighing the possible singularity of [b(t,1)dt at | = 0 that
duly arises: in our application of Lemma 10.1 these two function forms come up in pair (see the
definitions of ©; and O in Section 6), where we encounter the situation such that a priori we know
only [|b(t,1)|dt = o(1/1).

(ii) If only boundedness of [™_|a(t,1)|dt is assumed, the convergence in (11.3) still holds bound-
edly but it is not necessarily uniform. Eg., if a(t,1) = [I|/(#* + {?), then [7_|a(t,1)|dt is bounded,
whereas the double integral in (11.3), taking on the form

4 (7 T (1 — cosnl) nro 1 —cosu 1
— tdt ———dl =2 ls/nlu=__ —= "4 <>
n/o CoS § /0 2+ ) 7r/0 e 2 u+ O S )

does not uniformly approach zero as s — oo.

Lemma 11.2 Let f,(t) be a sequence of continuous functions on the (half-open) interval (0,1]
such that ast — 0

sup | fn ()] = o(t™), (11.4)

and that f, are continuously differentiable in t > 0 and satisfies

sup ()] =02 (11.5)
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or more generally sup,, [;' |dfn(u)| = O(1/t) (t — 0). Then for each o> 0,
1 1
/ fn(t)sinstdt — 0 and / fa(t)cosstdt — 0 as s — oo uniformly in n. (11.6)
0 afs

If in addition, the improper integrals fjo fn(t)dt exist and approach zero as € | 0 uniformly in n,
then

1
fu(t)cosstdt — 0 as s— oo uniformly in n.
+0

Moreover, if 0 < § < 1 and the right sides in (11.4) and (11.5) are replaced by o(t*~') and O(t9~2),
respectively, then fol fn(t)etdt = o(|s|™°) as |s| — oo uniformly in n.

Proof. From (11.4) it follows that sup,, fM/s | fn(t)|dt = o(1) for each M > « and

als
M/s
sup/ | fn(t)t|dt = o(1/s) for each M > 0. (11.7)
n Jo

On the other hand integrating by parts yields that as s — oo and M — oo in this order

! ist 1 1st11 1 ! 15t
/ fal)e*tdt = —[fa(t)e ]t:M/S—,f/ FStdf, (1) = O(1/M) — 0.

M/s is Jy/s

Combining these yields the relation (11.6). The last assertion is verified in the same way.
For the second assertion of the lemma, using the supposition of it, we observe ffé * fu(t) cos stdt =

als

o fu(t)(cosst —1)dt 4 o(1), but the first term is also o(1) owing to (11.7). O

Lemma 11.3  Let A be any parameter set and {f\(t)} a family of functions on (0,00) with
parameter A € A such that

(3
sup [fa(1)] < oo and sup/ |[fa(t)|dt -0 as e—0 (11.8)
A x Jo

and that for each € > 0, the total variations of fy on [e,00) are bounded: supy [Z°|dfx(t)] < oo.
Then

M )
/ A)estdt — 0 as |s| — oo wuniformly in A€ A and M > 1.
0

Proof. Integrating by parts we obtain limsup,_, ., sup, feM fx(t)e“tdt‘ = 0 for each € > 0. The

assertion of the lemma then follows from the second condition in (11.8). O

Lemma 11.4 Let w be a unit vector in R and f(0) a continuous function on 0 < |0] < 2, 6 € RY
such that for some constants 0 < d <1, K and M,

£(0)] < K161~ (161 < 2), (11.9)

1£(0) — f(6+uw)| < Mull8]™¢  for O0<u<6-w.
Then
'/ f(@)e %0 < Cr~logr  (r> 2m), (11.10)
01<1

where the constant C,, may be taken as ANg(K + M,)[(1 — §)8]~! with a universal constant A and
a constant \g depending only on d. If f satisfies the first condition (11.9) and is differentiable for
0 # 0 with |w- V()] = O(|0|°=4Y), then the right side of (11.10) may be replaced by C'r=°.
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Moreover if f(0) = K/|0|? (i.e., (11.9) with 6 = 0) and
1£(0) — £(6 + uw)| < M,|0|"¢ logu| ™! for O<u<b-w<1/2,

then
‘ / f(0)e™r0dg| < ANg(K + M,,).
w0 >a/r,|0]<1

Proof. Use the argument given in the beginning of §3, Chapter II of [16]. The details are omitted
since the proof is the same as for Lemma 21 of [10].
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