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Abstract

We determine Martin boundaries of product domains for elliptic
equations in skew product form via Widder type uniqueness theorems.
We show that the fiber of the Martin boundary at infinity of the base
space degenerates into one point if any nonnegative solution to the
Dirichlet problem for a corresponding parabolic equation with zero
initial and boundary data is identically zero.

1 Introduction

The Widder type uniqueness theorem for a parabolic equation asserts that
its nonnegative solution with zero initial (and boundary) value must be iden-
tically zero; while the Martin representation theorem for an elliptic equation
says that any positive solution of it is represented by an integral of the Mar-
tin kernel with respect to a finite Borel measure on the Martin boundary.
During the last few decades, Widder type and related uniqueness theorems
have been investigated to a satisfactory extent (cf. [9,15-18,21,23, 25, 26,
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28,32,34,42-44,46,48,57-61,65,69, 76, 78,80]), and there has been a signif-
icant progress in determining explicitly Martin boundaries in many impor-
tant cases (cf. [4-7,10-13,20,29-31, 36,38-40,49-51,53-56, 63, 64, 66,72, 73]).
Among others, Ishige and Murata [44] showed that under a general and sharp
condition, any nonnegative solution to the Cauchy problem for a parabolic
equation is determined uniquely by its initial value; while Murata [64] con-
structed Martin boundaries for a wide class of elliptic equations in skew
product form.

The purpose of this paper is to determine explicitly Martin boundaries for
elliptic equations in skew product form via Widder type uniquness theorems
for parabolic equations by applying general results on Martin boundaries
given in [64].

We consider positive solutions of an elliptic equation in skew product
form

LUE(L1+W1L2)U:O il’lDIDl XD2 CM:M1 XMQ. (11)

Here D is a non-compact domain of a product Riemannian manifold M, L;
with ¢ = 1 or 2 is an elliptic operator on a domain D; of a Riemannian
manifold M;, and W is a positive measurable function on M;. We assume
that (L, D) is subcritical, i.e. there exists a minimal positive Green function
of L on D. In order to determine explicitly the Martin boundary dy;D of D
with respect to L, we study uniqueness of nonnegative solutions to the initial
and boundary value problem for a parabolic equation

(O +W;'L)v =0 in D; x (0, 00), (1.2)
v(z,0) =0 on Dy, )
v(xz,t) =0 on dD; x (0,00). (1.4)

(It is needless to say that when D; = M, the condition (1.4) is redundant,
and the problem reduces to the initial value problem.) We shall show from
the uniqueness of nonnegative solutions that the fiber of 0y/(D; x Ds) at
infinity of the base space D; reduces into one point.

Now, in order to state our main theorem, we fix notations and recall
several notions and facts. For ¢ = 1 or 2, let M; be a connected separable
n;-dimensional smooth manifold with Riemannian metric of class C°. With
N = My or My, T, N and T'N denote the tangent space to N at x € N and
the tangent bundle, respectively. We denote by End(7,N) and End(T'N)



the set of endmorphisms in 7, /N and the corresponding bundle, respectively.
The inner product on T'N is denoted by (X,Y), where X,Y € TN; and
|X| = (X, X)/2. The divergence and gradient with respect to the metric on
N are denoted by div and V, respectively. Let L; be an elliptic differential
operator on M, of the form

Liu = —mj 'div(my A Vu — muCy) — (By, Vu) + Viu, (1.5)
where m; is a positive measurable function on M; such that
my and m; ' are bounded on any compact subset of M, (1.6)

A; is a symmetric measurable section on M; of End(T'M;), By and C; are
measurable vector fields on M;, and V; is a real-valued measurable function
on M;. We assume that L; is locally uniformly elliptic on M, i.e., for any
compact set K in M; there exists a positive constant A such that

MEP < ((Ar)o,€) AT, w € K, (2,€) € TMy. (1.7)

Denote by v; the Riemannian measure on M;, and put du; = mydry. For
1 < p < o0, denote by LI (M;) = L¥ (M, du,) the set of complex-valued

loc loc

functions on M locally p-th integrable with respect to du,. We assume that
|B1)?, |Ch|?, Vi € LY (My,duy), for some p > max(%, 1). (1.8)

Let W; be a positive measurable function on M; such that

Wl, Wfl € Le (Ml,d,ul). (19)

loc

Let Ly be an elliptic differential operator on Dy of the form
Lou = —my 'div(ma Ay Vu — mouBsy) — (By, Vu) + Vau, (1.10)

where mg, Ag, By, and V4 satisfy the conditions (1.6), (1.7), and (1.8) with
obvious modifications. Note the L, is formally selfadjoint with respect to the
measure dus. We assume that the generalized principle eigenvalue A\ of Lo
on Ds is finite, i.e., with A being the set of all real numbers A such that the
equation (Ly — A)u = 0 in D has a positive solution,

Ao =supA > —o0. (1.11)

3



We denote by L5 the Dirichlet realization of Ly on Ds, i.e., the selfadjoint
operator on L*(Dy, dus) associated with Ly on Dy (cf. Subsection 2.2 of [64]).
We assume the hypothesis (SMI2) for (Lo, Ds), which is composed of three
conditions (S), (M), and (I), i.e., semismallness, minimality and intrinsic
ultracontractivity for (Lg, Ds). Let us state the conditions (S), (M) and (I).
We say that the semigroup e 2 generated by —L, is IU (i.e., intrinsically
ultracontractive) when A is the first eigenvalue of Ly, and there exists a
positive continuous decreasing function C(¢) on (0, c0) such that

pQ(x%yQat) S C(t)e_)\OtgbO(q‘é)gbO(yQ)? T2, Y2 € D27 t> 07 (112>

where ¢ is a normalized positive eigenfunction associated with Ao, pa (2, y2,t)
is the integral kernel of the semigroup e~%2. For IU, see [22,24,64] and ref-
erences therein. We assume the following condition (I).

(I) The semigroup e~**2 is IU and the function C(t) in (1.12) satisfies

lim tlog C/(t) = 0. (1.13)
For example, when Dy is compact this condition is satisfied with C(t) =
at~"2/2 for some positive constant a (cf. Example 9.2 of [64]). The condi-
tion (I) implies that the spectrum of Lo consists of discrete eigenvalues with
finite multiplicity. Let Ay < A1 < Ay < --- be the eigenvalues of Ly re-
peated according to multiplicity. Let ¢; be an eigenfunction associated with
Aj (7 =0,1,2,...) such that {¢;}32, is a complete orthonormal system of
L*(Dy,dus). It follows from (I) that ¢;/¢9 € L®(Dy) for any j > 1. We
assume the following condition (S).
(S) The constant function 1 is a semismall perturbation of Ly — A on D,
for some A < Ag.
This condition means that for any € > 0 there exists a compact subset K of
D5 such that

/ \ 9(x3,2)g(2, y2)dpa(2) < eg(a9,12), y2 € D2\ K, (1.14)
Do\ K

where 9 is a reference point in Dy, and g is the Green function of Ly — A

on D, with respect to the measure dus (cf. [62]). When D, is compact, the
condition (S) is redundant. When Dy is non-compact, we denote by D} and
O Do the Martin compactification and Martin boundary of D, with respect
to Ly — A, respectively (cf. [14,49,64,73,79] and references therein). We recall
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that for any 1 € dy Dy there exists a sequence {yj}; in D, such that {y}};
has no point of accumulation in D, and the sequence {g(-,v3)/9(x3,v3)};
of functions on Dy converges locally uniformly to the Martin kernel h(-,7),
which is a positive solution of the equation (Ly — A)u = 0 in Dy. We also
recall a positive solution u is said to be minimal if another positive solution
satisfies v < u, then v = cu for some constant c. When D, is non-compact,
we assume the following condition (M).
(M) For any n € 0y Do, the Martin kernel h(-,n) for (Ly — A, D3)
is minimal.

When D, is compact, we put D = Dy and dy;Dy = () as convention. The
condition (S) implies that for any j = 1,2,..., the function ¢;/¢o has a
continuous extension [¢;/@o] up to the Martin boundary 0y D (cf. Theorem
6.3 of [71] and Theorem 5.12 of [64]). The condition (M) together with (I)
and (S) implies that the family {[¢;/¢o]; 7 = 0,1,2, - - - } separates finite Borel
measures on Dj (cf. Proposition 9.7 of [64]). Throughout the present paper
we assume the hypothesis (SMI2):

(SMI2) The conditions (S),(M) and (I) are satisfied for (Lq, Ds).

For example, (SMI2) holds when Ds is a relatively compact Lipschitz domain
and Lo is an elliptic operator on the whole space M of the form (1.10) with
the coefficients satisfying the conditions (1.6), (1.7) and (1.8) with obvious
modifications (cf. Example 9.3 of [64]).

We assume that either D; = M; and M; is non-compact, or D is a
Lipschitz domain of M, i.e., for any boundary point z, the domain D; in
a coordinate neighborhood of z is the upper side of a Lipschitz continuous
graph. Consider (weak) solutions of the Dirichlet problem (1.2), (1.3) and
(1.4). When 9D; # 0, the boundary condition (1.4) means that for any
e CP(My) and T > 0,

Yv € L*((0,T); L*(Dy, dpn)) 0V L*((0, T); Hy (D, dpn)),

where H} (D, duy) is the closure of C5°(Dy) in the Sobolev space H'(Dy, dy;)
of order 1. We introduce the following condition (U1), i.e., uniqueness for
the positive Dirichlet problem for (9, + W, 'Ly, Dy).

(U1) Any nonnegative solution of the problem (1.2), (1.3) and (1.4) must

be identically zero.

Let L = Ly + WiLy and D = D; x Dy. We assume that (L, D) is
subcritical, i.e., there exists the (minimal positive) Green function G of L
on D. This implies that (L + A;W;, Dy) are also subcritical for any j =



0,1,--- (cf. Theorem 7.4 of [64]). Denote by H; the Green function for
(Ly + \;W1, Dy). Fix a reference point 2° € D. Denote by

D*, Oy D, 0, D, and K(x,¢§)
the Martin compactification, Martin boundary, minimal Martin boundary,
and Martin kernel for (L, D), respectively. Similarly,

DT, 8MD1, ale and k0($1,§1>
denote those for (L; + A\gWi, D1). It is known that the closure D; of D; in
M is continuously imbedded into D and 0D; C 0,,D; (cf. Theorem 2.1
of [55]). We put

Fl = 8MD1 \ 8D1

We are now ready to state our main theorem.

Theorem 1.1 Assume the conditions (SMI2) and (U1). Then the following
(i)—(vi) hold true:

(i) With d; being an ideal point outside of D3, the Martin boundary 9y, D
is equal to the disjoint union of I'y x {dy}, 0Dy x D3, and Dy x Oy Dy:

aM.D = Fl X {dg} LJ 8D1 X D; L D1 X 8MD2 (115)
Furthermore,
8mD = (Fl N 8mD1) X {dg} LJ 8D1 X D; L D1 X 3MD2 (116)

In particular, 0, D = Oy D if and only if I'y C 9, Dy, i.e., 0Dy = Oy Dy
(ii) For & € T'1, a subset U of D* is a neighborhood of §; = (£, d2) if and
only if there exists a neighborhood U; of & in Dj such that

U>D (U, NTy) x {d}u (U ND;) x Dj. (1.17)

(iii) For & € 9Dy x D5U Dy x Oy Ds, a subset U of D* is a neighborhood
of ¢ if and only if there exist neighborhoods U; and U, of & and & in Dy
and D3, respectively, such that U; x Uy C U.

(iv) For £ € I'y x {d>},

K (z,€) = ko(x1,&)¢0(x2)/do(25), =€ D, (1.18)
(v) For £ € 0Dy x D3,

K(z,6) = k(z,&)/k(2°,€), z €D, (1.19)



where k(-, &) is a positive solution of (1.1) defined by

E(w,8) =Y kw1, &)é(22)[0/d0](&2), x €D, (1.20)
7=0
kj(@1, &) = DélyIfing (x1,51)/Ho(2,31), j=0,1,2,---. (1.21)

Here the series on the right hand side of (1.20) converges uniformly on (F' x

E) x (0D; x D}) for any relatively compact domains F' C D; and E C Ds.

It also converges in L>(0D; x D3; L>(F x Dy)) for any relatively compact

domain F'in D;. Furthermore, k(z,£) is continuous on D x (0D; x D3), and

k;(-, &) is a positive solution of (L +A;W;)u = 0in D, forany j =0,1,2, - - -
(vi) For £ € Dy x Oy Do,

K(z,§) = H(x,6)/H(2"¢), x €D, (1.22)
where H(-,£) is a positive solution of (1.1) determined by

=D Hjlw1,6)05(2)[05/00)(&2),  w € (Di\{&}) x Dy (1.23)

Here the series on the right hand side of (1.23) converges uniformly on any
compact subset of (D; \ {&1}) x Dy. Tt also converges in L?(F x D) for any
relatively compact domain F'in Dy \ {£;}. Furthermore, H is continuous on
D x (Dy x Oy Ds).

Theorem 1.1 says that the uniqueness for a parabolic equation implies
that the fiber of 0y/(D; x Ds) at infinity of the base space D; reduces into
one point. This theorem will be proved in Section 5. The condition (U1) in
Theorem 1.1 implies that for §& € I'y the limit k;(z1,&) = 0 for any j > 1
(see Lemma 5.3 in Section 5). This means that the perturbation W; of the
operator Ly + AgW; on D, is big in some sense, since the Green function H;
of Ly + A\;W; on Dy becomes smaller as the positive function W; becomes
bigger. Now, we introduce the following condition (S1), i.e., semismallness
of Wy, which is complementary to the condition (U1).

(S1) W7 is a semismall perturbation of L + AgW7 on D;.

This condition means that for any € > 0 there exists a compact subset K of
D1 such that

Ho(iv(l)yZ)W(Z)Ho(zam)dﬂl(z) < 6H0(17(1)ay1)7 y1 € Dy \ K,
Di\K



where 2¥ is a reference point in D;. By Theorem 3.1 and Proposition 3.4

to be stated in Section 3, both the conditions (S1) and (U1l) do not hold
together. Interestingly, in several important cases, either (S1) or (U1) holds.

When (S1) holds, the Martin compactification (D7 X Dy)* of Dy X Dy
with respect to L is extremely simple. In this case, (D; X Dy)* is regular:
(D1 x Dy)* = Dt x Dj.

Theorem 1.2 Assume the conditions (SMI2) and (S1). Then the following
(i)—(iii) hold true.

(i) The Martin compactification D* of D with respect to L is homeomor-
phic to D} x D3. In particular,

6MD = Fl X D; L 8D1 X D; L D1 X aMDQ (124)
Furthermore,
8mD = (Fl N 8mD1) X D; L 8D1 X D; (] D1 X 8MD2 (125)

In particular, 0,,D = 0y D if and only if I'y C 9,,D1, i.e., 0,,D1 = Oy D1.
(ii) The assertion (v) of Theorem 1.1 holds with 9D, replaced by I'yUOD; .
In particular, the Martin kernel K (z, &) for £ € (I'y UdD;) x Dj is given by
(1.19).
(iii) The assertion (vi) of Theorem 1.1 holds.

Theorem 1.2 is a special case of Theorem 9.1 of [64] (see Theorem 4.2 in
Section 4). This theorem says that ”smallness” of W; implies the regularity
of (D1 x Dy)* , while Theorem 1.1 says that "bigness” of W; implies the
degeneration of the fiber at infinity.

Here, as an application of Theorems 1.1 and 1.2, we give a simple ex-
ample concerning positive harmonic functions on horn-shaped domains in
RN*! N > 2. Further examples will be given in Section 8.

Theorem 1.3 Let o and 3 be Lipschitz continuous functions on [1, 00) such
that a > 3 and («a(r) — B(r))/r is decreasing. Let

Dy ={(r,s) € R?% ar) > s> B(r), 1 <r < oo}

Let D, be a Lipschitz domain in the unit sphere SY~! of RY or the whole
space SV~ where N > 2. Let L = —A on RV*! and

D ={(zs) € RY x R a(|z]) > s > B(|2]), |z| > 1,2/|2| € Dy}
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(i) Suppose that

/loo(a(r) — B(r))r2dr < oo. (1.26)

Then D* is homeomorphic to D} x Do, where D* = D; U {oo} is the closure
of D; in the one-point compactification of R?. Furthermore, 0y;D = 0,,D =
8MD1 X FQU D1 X 8D2 and 3MD1 = ale = 6D1 U {OO}

(ii) Suppose that

/loo(a(r) — B(r))r2dr = oo. (1.27)

Then D* is homeomorphic to (D; x Dy) U {(c0,ds)}, where a fundamental
neighborhood system of the ideal point (0o, ds) is given by the family

{({(r,s) € Dy; et <r < oo} x Dy)U{(00,ds)}}ocect.

Furthermore, 9y D = 0,,D = {(00,d3)}UOD; x Dy U Dy x 3Dy and 9y, Dy =
8mD1 == 8D1 U {OO}

A special case of this theorem was shown under more stringent condition
by loffe and Pinsky [40], and related results were announced by Maz’ya [50].
The assertion (i) of Theorem 1.3 was shown by Aikawa and Murata [4] (see
also Theorem 6.3 in Section 6). The assertion (ii) will be proved in Section
6.

The remainder of this paper is organized as follows. In Section 2, we
recall uniqueness theorems for parabolic equations given in [44] and [65],
and give an application to a concrete example related to Theorem 1.3. In
Section 3, we recall criteria for non-h-bigness, and observe that the Widder
type uniqueness theorem implies h-bigness. In Section 4, we recall general
results on Martin boundaries for elliptic equations in skew product form
given in [64]. In section 5, we prove Theorem 1.1. Theorem 1.3 is proved in
Section 6. There we also give a theorem on small perturbation, and generalize
the assertion (i) of Theorem 1.3. In Section 7, we give a generalization of
Theorems 1.1 and 1.2. By applying it, we give several concrete examples in
Section 8.



2 Uniqueness theorems for parabolic
equations

In this section we recall uniqueness theorems in [42] and [65], and give an ap-
plication to a simple example related to Theorem 1.3. Let N be a connected
separable smooth manifold with Riemannian metric of class C°. We assume
that the Riemannian manifold N is complete. Let P be an elliptic operator
on N of the form

Pu = —w 'div(waVu — wuc) — (b, Vu) + qu, (2.1)

where w, a, b, ¢, q satisfy the conditions (1.6), (1.7) and (1.8) with obvious
modifications. We further assume that P is uniformly elliptic on N, i.e.,
there exists a positive constant x such that

RIEP < (a.€,€) < w7HEP (2,6) € TN. (2.2)

We denote by v the Riemannian measure on N, and put dA = wdv. First,
consider the Cauchy problem

Pu=0 1in N x (0,00), (2.3)
u(z,0) = ug(x) on N, (2.4)
where P = 9; + P and uy € L (N,d)\). In order to give a Widder type
uniqueness theorem, we need two conditions. Put ¢* = max(=+q,0). Fix a
point O in N, and let d(x) = dist(O, x) be the Riemannian distance between
O and x € N. Put B(O,R) = {x € N; d(x) < R} for R > 0. Let p be a
positive continuous increasing function on [0, 00). Then the condition [RB-p]
(i.e., relative boundedness with scale function p) to be imposed on b, ¢, ¢~ is
as follows.
[RB-p] There exist constants a3 >0, 0< 5, <1,0< o< 1,0< (3 <1
such that 1 + B2 + B3 < 1 and

L -1 L -1 _| 9
/B(O,R) [452<a b,b>+4ﬁg<a ¢, c)+q ]qp d\ (2.5)

< B[ Ve Ve apR? [y
B(O,R)

B(O,R)

for any R > 1 and ¢ € C§°(B(O, R)).
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The second condition to be imposed on P is the following condition [PHP-
pl, i.e., the parabolic Harnack principle with scale function p.
[PHP-p] There exists a positive constant ay such that for any

(x,t) € N x (0,00), 0 <1 < )

any nonnegative solution u of the equation

Pu=0 inQ=B(z,7)x ({t—r*t+7r?) (2.6)
satisfies the inequality
S;P u < 1Qn+fu, (2.7)
where
3 1
Q_ = B(ZZ', g) X (t - Zr27t - ZT2)7
1 3
Q" = Bla.g)x (t+ it +707).

For the parabolic Harnack inequality (2.7), see [15,27,33,41,44,48,52,75,77]
and references therein. We are now ready to state a Widder type uniqueness
theorem, which is a time independent elliptic operator case of Theorem 2.2
in [44].

Theorem 2.1 Suppose that the conditions [RB-p| and [PHP-p] hold with p

satisfying
/ r = o0. (2.8)
1 p(r)

Then a nonnegative solution u of the Cauchy problem (2.3) and (2.4) is
determined uniquely by the initial data u.

Let €2 be a domain in N. We next consider the Dirichlet problem
Pu=0 in Q x (0,00), 2.9)
u(z,0) = ug(x) on Q, (2.10)
u(z,t) =0 on 02 x (0, 00), (2.11)

where g satisfies nuy € L*(Q,d)) for any n € Cg°(N). Let Lip([0, 1];Q) be
the set of Lipschitz continuous curves in €. For z,y € 2, put

.[\DI\D/-\

I'(z,y) = {v € Lip([0, 1]; 2); v(0) =z, (1) =y, ¥(s) € Q for 0 < s < 1}.
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Denote by I(7y) the length of a curve v € Lip([0, 1];2), and put

do(z,y) = inf{l(v);y € I'(z,y)}. (2.12)

Fix a point O in €, and put dg(z) = do(O, x) for x € Q. Let p be a positive
continuous increasing function on [0,00). For R > 0, put

1
: A
Qp = {z € Q; do(z) < R}, Qy QB(x, p(dg(x))). (2.13)
z€QR

We impose on P and €2 the following condition [RB-p{?] (i.e., relative bound-
edness with scale function p and domain Q) and [PHP-p{] (i.e., the parabolic
Harnack principle with scale function p and domain Q).

[RB-pQ2] The condition [RB-p] holds with B(O, R) replaced by Q.

[PHP-pQ] There exist a compact subset K of N and a positive constant
a such that for any

— 1
(z,t) € 2\ K) x (0,00), 0<r< a@))
any nonnegative solution u of the equation (2.6) satisfies the inequality (2.7).
In order to give a Widder type uniqueness theorem for the Dirichlet prob-
lem, we further need two conditions: [PCE-p| (i.e., the parabolic Carleson
estimate with scale function p) and [OBC-p| (i.e., off-boundary curve condi-
tion with scale function p). In what follows, K denotes the compact set in
[PHP-p().
[PCE-p] There exist positive constants 7, 2, g satisfying the following:
For any

1
(x,t) € (OQ\ K) x (0,00), 0<r< m,

and any connected component w(z,r) of QN B(z,r), one can find a point
T € w(x,r) such that

B(z,vr) € w(z,r) N B(x, g), dist(B(z, 711), Ow(x, 1)) > Yor, (2.14)

and any nonnegative solution u of the equation

Pu=0 inQ,=w(xr)x (t—r’t+r?), (2.15)
u=0 on (Ow(x,7)\Q) x (t —r*t+r? (2.16)

12



satisfies the inequality

supu < aginfu, (2.17)
Q3 QY
where
T 3 1
— Blr — 9.2, L9
1 3
QI = B<J~:>71T) X (t+ ZT27t+ ZT2)‘

[OBC-p] For any € > 0 there exist positive constants 6 and C' satisfying
the following: For ant z € Q\ K with dist(x, 092) > ¢/p(da(x)) there exists

a curve v € Lip([0, 1]; Q) such that v(0) = z,~(1) = O, and

0
l(y) < Cdg(x), dist(y(s),0) > —————
)= Cale) At 00 > SEaam)
We can show that if €2 is a Lipschitz domain, then these conditions are
satisfied for some p. For the parabolic Carleson estimate (2.18), which is
also called the boundary Harnack inequality for parabolic equations, see [41]

and references therein. We are now ready to state a Widder type uniqueness
theorem, Theorem 4.4 of [65].

,0<s<1. (2.18)

Theorem 2.2 Suppose that [RB-pQ?], [PHP-pQ)], [PCE-p| and [OBC-p] hold
with p satisfying (2.8). Then a nonnegative solution u of the Dirichlet prob-
lem (2.9), (2.10) and (2.11) is determined uniquely by the initial data wg.

Here, as an application of Theorem 2.2, we give a simple example related
to Theorem 1.3.

Theorem 2.3 Let v > —2. Let a and § be Lipschitz continuous functions
on [1,00) such that a > 3 and (a(r) — B(r))r"/? is decreasing. Let

Q={(r,s) eR}1<r<oo, ar) >s>B(r)}.
Let P =r=7(0%/0r* + 0*/0s*). Suppose that
/1 (a(r) — B(r))rdr = oo, (2.19)

Then a nonnegative solution of the Dirichlet problem (2.9), (2.10) and (2.11)
is determined uniquely by the initial data wug.
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Proof. We show the theorem along the line given in the proof of Theorem
5.6 of [65]. Let N = {(r,s) € R*r > 0}. Introduce a Riemannian metric
g = (f(r)d;;) on N, where 017 = 620 = 1,012 = 021 = 0, and f is a positive
smooth function on (0, 00) such that f(r) = r? for r > 1/2 and f(r) = r—2
for 0 < r < 1/4. Then N becomes a complete Riemannian manifold with
this metric g. Let V and div be the associated gradient and divergence on
N, respectively. We have

P=divoV on{(r,s)e N;r>1/2}.

Thus [RB-p$2] obviously holds. Let us show the conditions [PHP-p(], [PCE-
p] and [OBC-p|. Put h(r) = «a(r) — B(r). Since h(r)/r is bounded, we can
choose a sufficiently small positive number 6 so that

2712 — gy| < dist(x,y) < 22|z — y| (2.20)

for any z,y € E(r,s,0h(r)) = {z € N;|z — (r,s)| < 6h(r)} with (r,s) € Q.
Put {(r) = (a(r) + B(r))/2, O =(2,((2)) and 7 = (r,((r)). We have

do (7, (r,s)) = |s — C(r)\ﬂm < 2_1h(7")r7/2 (2.21)

for any (r,s) € Q. Put F(r) = [, t7/2dt for r > 2. Since a and 3 are
Lipschitz continuous, there exists a positive constant C' such that

F(r) < do(f) < CF(r), > 2. (2.22)

Since h(_r)r'Y/2 is bounded, it follows from (2.21) and (2.22) that for any
(r,s) € Q withr >3

CiF(r) < do((r, s)) < CaFy(r), (2.23)
where C and Cy are positive constants independent of (7, s). Define a func-
tion 7(R) from [0,00) to [2,00) by F(r) = R. Recalling that h(r)r?/? is
decreasing, define p by

p(R) = 1/kh(r(R))r(R)"? (2.24)

for a sufficiently small positive constant «. Here, in view of (2.20) and (2.23),
we have chosen k so small that for any z = (r,s) € Q with r > 3

B(xz,1/p(C1F(r))) C E(r,s,0h(r)). (2.25)
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By (2.19), p satisfies (2.8). In order to show [OBC-p], choose a curve com-
posed of the line segment with endpoints z = (r,s) and 7 and the curve
{r;2 < 7 < r}. Then [OBC-p| follows from (2.20), (2.21), (2.22) and
(2.23). Let us show [PHP-pS)]. Let t > 0, 2 = (r,s) € Q, 0 < n < 0,
and E(r, s,nh(r)) the Euclidean ball with center (r, s) and radius nh(r). Put
o = nh(r)r?/2. In view of (2.20), (2.23) and (2.25), we consider the equation

PG Tl 0 Qe = B0 (1o %), (226)

It suffices to show that the inequality

supu < o inf u, (2.27)
Qs 5
where
) e 3, 1,
Qp = E(r,s,zor 7)) x (t i b — i ),
1 3
QL = E(r,s,—or 72 (t 4 ZUQ,IH— 102)

Change the variable (y, z) to
(Y, Z) = (12 (y —r) +r,07%(2 — 5) + ).

Then the equation becomes

ou (r\"[(Pu *u : 2 2
E—'—(;) (m—l—@)—() in ¥ =FE(rso)x(t—oc,t+0%), (2.28)

and Q% become

o 3 1
Y =F ) x (t— =0t — ~o?
(15, 5) x (t = 507t = 707,

1 3
Yt =FE(rs, %) X (t + Zaz’t—i_ 102)

Note that o is less than some small positive number, and (r/y)” is bounded
from above and below by positive constants. Thus the standard parabolic
Harnack inequality shows the desired inequality (2.27). It remains to show
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[PCE-p]. We treat only a boundary point x on the lower bank. Let z =
(r, B(r)) with r > 3. In view of the above argument, put

BY) = 267 3Y 1)+ 1)+ (1= r7/2)5(0),
It suffices to consider a nonnegative solution of the equation

% + (r/y)? (% + %) =0 (2.29)
in ZB = (E(T,ﬁ(’f‘),g) N {Z > B(y)}) X (t - 027t - 02)7

u=0 on (E(r,B(r),c)N{Z =B(y)}) x (t —o*t—0°). (2.30)

Since the function B(Y") is Lipschitz continuous, the standard parabolic Car-
leson estimate yields the inequality

supu < aginf u,
E+

Xp B
where
_ o 3 ) 1 )
57 = (B(r.8(r), 5) N{Z > BY)}) x (t = Jo%,t = 20?),
1 3
It = B(r, () + 7,m0) X (t+ 0%t + 50%)

for a sufficiently small positive number 7. This shows [PCE-p|. Hence The-
orem 2.3 follows from Theorem 2.2. a

Remark 2.4 Actually, the condition (2.19) is also a necessary condition for
the Widder type uniqueness theorem to hold. Indeed, suppose that

/ (a(r) = B(r))rdr < co.

1

Apply Theorem 6.1 in Section 6 with v4(r) = r and ®(¢;) = ¢]. Then we
obtain that r7 is a small perturbation of —A on 2. Thus Remark 3.5 and

Theorem 3.1 in Section 3 show that there exists a positive solution of (2.9),
(2.10) and (2.11) with uy = 0.
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3 h-big perturbations

In this section we recall a non-uniqueness theorem in [65], and observe that
the Widder type uniqueness theorem implies h-bigness.

Let N be a connected separable smooth manifold with Riemannian metric
of class C°. Let L be an elliptic operator on N of the form

Lu = —m ™ 'div(mAVu — mCu) — (B, Vu) + Vu, (3.1)

where m, A, B, C, V satisfy the conditions (1.6),(1.7) and (1.8), with obvious
modifications. Let W be a positive measurable function on N such that
W, W=t e L2.(N,d\),d\ = mdv, where v is the Riemannian measure on N.

Let €2 be a domain of N. We consider the Dirichlet problem

O, +WLu=0 inQx(0,00), (3.2)
u(z,0) =0 on {, (3.3)
u(z,t) =0 on 9N x (0,00). (3.4)

It is needless to say that when 2 = N, the condition (3.4) is redundant,
and the problem reduces to the Cauchy problem. Suppose that (L, () is
subcritical, i.e., there exists the Green function G of L on 2. Let h be a
positive solution of the Dirichlet problem

Lv=0 onQ, (3.5)
v=0 on .

Here, the boundary condition (3.6) means v € Hj),.(€2). Following [35], we
say that W is h-big (on ) when any function v satisfying

(L+W)y=0 and 0<v<h onfQ (3.7)

must be identically zero. Otherwise, W is said to be non-h-big (on ).
Theorem 2.5 of [65] partially reads as follows.

Theorem 3.1 The following are equivalent:

(i) W is non-h-big.

(ii) There exist a non-empty domain E C € and a positive solution f of
the Dirichlet problem

Lf=0 onkFE, f=0 ondFE
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such that 0 < f < h on F and

/E Gl )W) [(y)dAy) < o0, @ € F, (3.8)

where G is the Green function of L on E with respect to the measure d\.
(iii) There exists a solution u of (3.2), (3.3) and (3.4) such that 0 <
u(z,t) < h(x) on Q x (0,00).

We should mention here that the statement of the assertion (ii) is slightly
different from that of the assertion (II) of Theorem 2.5 in [65], but they
are equivalent because a nonnegative solution of an elliptic equation on a
connected open set is positive or identically zero.

The following is a direct consequence of this theorem which will be used
in proving Theorem 1.1.

Proposition 3.2 Suppose that the Dirichlet problem (3.2), (3.3) and (3.4)
has no nonnegative solution which is not identically zero. Then W is h-big
for any positive solution h of (3.5) and (3.6).

Remark 3.3 When a positive solution h satisfies an appropriate growth
condition at infinity, a Técklind type uniqueness theorem (cf. [44,65]) can be
used also as a sufficient condition of h-bigness.

We conclude this section with remarks on semismall perturbations (cf. Sec-
tion 5 of [64]).

Proposition 3.4 Suppose that W is a semismall perturbation of L on ).
Then W is non-h-big for any positive solution A of (3.5).

Proof. The semismallness of W implies

/ﬂ G, y)W () h(y)AN(y) < oo, = € ©

(cf. Proposition 3.3 of [62]). Thus W is non-h-big by virtue of Theorem 7.19
of [35] (see also Theorem 4.1 of [35]). O

Remark 3.5 We say that W is a small perturbation of L on €2 when for any
€ > 0 there exists a compact subset K of () such that

/Q\K Gz, 2)W(2)G(z,y)d\(2) < eG(x,y), z,y € Q\ K.
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It is known (cf. [62]) that if W is a small perturbation, then it is a semismall
perturbation, i.e., for any £ > 0 there exists a compact subset K of 2 such
that
G(2°, )W (2)G(z,y)d\(z) < eG(2°y), y € Q\ K,
O\K

where 2V is a point fixed in Q. Thus, if W is a small perturbation of L on €,

then W is non-h-big for any positive solution h of (3.5).

4 Martin boundaries for elliptic equations in
skew product form

In this section we recall general results in [64], from which Theorem 1.1 is
derived. Consider the equation (1.1). For (Lo, Dy), we assume the same
conditions as in Section 1; so Ly is the operator (1.10) on D, satisfying the
hypothesis (SMI2). But, in this section, we treat L; and D; under more
general conditions although we use the same notations as in Section 1. Let
D, be a non-compact domain of M;. Let L; be an elliptic operator on D; of
the form (1.5), where my, Ay, By, C1, V1 satisfy the conditions (1.6), (1.7) and
(1.8) with M replaced by D;. Let W; be a positive measurable function on
Dy such that Wy, Wit € L. (Dy,duy). Let L = Li+W;Lyand D = Dy x D.
We assume that (L, D) is subcritical. We denote by Df, 0y D1, 0, D1, and
ko the Martin compactification, Martin boundary, minimal Martin boundary,
and Martin kernel for (L;+ AW, Dy), respectively. For an open set Q) C Dy,
we denote by Q* the closure of 2 in D}; while Q denotes the closure €2 in
the relative topology of D;. We denote by Lj the formal adjoint operator of
Ly with respect to du;. For an elliptic operator P on an open set 2 C Dy, a
subset F of Q such that F N Q) = F, and a family F of positive solutions of
Pu=0inQ, we put S = (F, P,Q, F'). We say that CP (i.e., the comparison
principle) holds for & when there exists a positive constant ¢ such that for
any v and v in F

(z)

< —= < c_lv(x)

u(y) v(y)’

We impose on {(L+ Wi, D1)}32, the following condition (ZCS1), i.e., zero
limit, comparison principle and semismallness.
(ZCS1) There exist subsets =g and =, of dy; D1 such that ZgU=,, = 0y D1

<

v(z
v(y)

C

z,y € F. (4.1)
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and the following conditions (ZC) and (CS) are satisfied.
(ZC) For any & € =y, there exist domains U; (i = 1,2,3,4) of D; such
that

UZ’ C Ui+1 for 1 = 1,2,3, §1 € Ul* N 8MD1, J}(l) € Us \71, (42)
lim By (e, 91)/ho(af,51) =0, @1 € Us,

Usay1—&1

where hy (resp. hg) is the Green function of Ly + AW, (resp. Ly + AoWh)
on Uy. Furthermore, CP holds for § and R, where

S = ({Ho(-,p1);910 € UrU(Dy\ Us)}, Ly + AgWh, Us \ Uy, 0U,), (4.4)
R = ({Hi(2l,"), ha(2l, )}, LT+ MWy, Uy \ {28}, 0U3).

(CS) For any & € Z., there exist domains F; (i = 1,---,8) of Dy such
that

E;CEy fori=1,---,7, & €ENoyD:, %€ Eg\ Es, (4.5)
W1 is a semismall perturbation of L; + A\gW; on Ej, (4.6)

and CP holds for S; (i =1,2,3),7; and U; (j =0,1,---), where

Si = ({Ho(-,01);91 € Egi 1 U (Dy )\ Eaiga)}, (4.7)
Ly + AWy, Esiy1 \ Eai1, 0Es;),

T, = ({H;( vy € Bs} U{hi(m); 0 € B,
Ly + \jWh, Eg \ Eg, OEy),

uj = ({Hj(l‘?,'),h]’(l‘?,')},
Ly + MW, Eg\ {29}, 0E6), 7 =0,1,2,-- .

Here h; is the Green function of L; 4+ A;W; on Eg.

This condition (ZCS1) always holds when D; is one dimensional (cf. [64]).
The semi-localized condition (4.3) and (4.6) are useful in treating domains
having several connected components at infinity. Note that CP holds for
(4.7), for example, if Eg \ E; is a compact subset of D;.

We are now ready to state Theorem 9.1 of [64] except for the case where
Dy is compact.

Theorem 4.1 Assume the conditions (SMI2) and (ZCS1). Then the follow-
ing (i)—(iv) hold true:
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(i) With d; being an ideal point outside of D3, the Martin boundary 9y, D
is equal to the disjoint union of =y x {ds}, 2o x Dj and Dy x Oy Ds:

8MD = E'O X {dg} LJ Eoo X D; LJ Dl X (9MD2 (48)
Furthermore,

In particular, 9,,D = 0y D if and only if 0,,D1 = Oy D;.

(ii) The assertions (ii) and (iv) of Theorem 1.1 hold with I' replaced by
=o-

(iii) The assertions (iii) and (v) of Theorem 1.1 hold with 0D, replaced
by Ze-

(iv) The assertion (vi) of Theorem 1.1 holds.

A special case of this theorem is worth stating.

Theorem 4.2 Assume (SMI2). Suppose that TW; is a semismall perturba-
tion of L1 + AgW; on D;. Then the Martin compactification D* of D with
respect to L is homeomorphic to D} x D3, and all the assertions of Theorem
4.1 hold with 2y = () and =, = dy D;.

5 Proof of Theorem 1.1

In this section we prove Theorem 1.1 by applying Theorem 4.1 in the last
section. We use the notations in Section 1, and assume the conditions (SMI2)
and (Ul). We start with a lemma concerning small perturbation and the
boundary Harnack principle for elliptic equations. For definition of small
perturbation, see Remark 3.5 in Section 3. As for the boundary Harnack
principle, see [3,5,19,20,38,39,55,81].

Lemma 5.1 The condition (CS) of the hypothesis (ZCS1) holds with =«
and FE; replaced by 0D; and Fj, respectively.

Here and in what follows we abuse notations as follows: E; and dF; in
this section mean the closure and boundary of Ey in M, respectively; so
E1N Dy and OE; N Dy are equal to the symbols E; and dF; in the hypothesis
(ZCS1).
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Proof. Let & € 0D;. Since D; is a Lipschitz domain, we can choose a
coordinate system (U, z) such that

UND, = {z=(,2n) eRY;|Z| <R, 0< 2y — f(¢) < R}, (5.1)
UNoD, = {zeRY|Z| <R, 2y = (&)},

and & = (0,0), where f is a Lipschitz continuous function on R¥~!. We
denote the right hand side of (5.1) by E(R). For 0 < r < R/8 with z{ ¢
E(5r), choose a Lipschitz curve v in Dy \ E(5r) such that v(0) = 29 and
(1) = (0, £(0) + 6r). For s > 0, put

F(s) ={p e My;dist(p,vy(t)) <s, 0<t<1}.

Choose s so small that F'(8s) C D; \ E(5r). For i = 6,7,8, put E; =
E(ir) U F(is). Modifying F(is) if necessary, we may assume that E; are
relatively compact Lipschitz domain of Dy. Fori =1,--- |5, put E; = E(ir).
Then E;N D, C Ejyy fori=1,---,7, & € E;NOD,, and 29 € B\ E5. In
the coordinate system (U, z) the operator L; + AgW; has the form

U}(L1 + )\oVVl)u = — Z @(aij@ju) — Z bj@ju + Z 3j(cju) + qu,
1<i,j<N 1<j<N 1<j<N

(5.3)
where w is a positive measurable function with w,w™' € L*(F(R)) and
a;j,bj, c;, q satisfy the condition (1.7) and (1.8) with obvious modifications.
Thus, rechoosing r and s sufficiently small if necessary, we can show by
Theorem 9.1°, Proposition 9.2 and the proof of Corollary 6.1 of [8] that W7,
which is bounded on FEg, is a small perturbation of L; + AW on Eg (see
also [1,62]). This implies (4.6). Let i = 1,2,3. By the boundary Harnack
principle, there exists a positive constant ¢ such that

(z v(x)

u ) -1
< ——=<c¢ —=, x,y € 0FEyNDy, 5.4
alw) = o) 2D (54)

for any positive solutions u and v of the equation (L; + AoWi)u = 0 in
E2i+1 \ Egi_l such that

~—

v(x
v(y)

c

<

u=v=0 on{zc€RY;(2i—1)r<|/|<(2i+1rz=f()}

(cf. Theorem 1.3 of [55]). We have abused notations: dFs; in (5.4) is the
boundary of Es; in M7, and so 0FEs; N Dy is the boundary of Ey; in D; which
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is equal to OFy; in (4.7). Let us give another proof of (5.4). Denote by P the
operator on the right hand side of (5.3), and put

QU:— Z 6Z(azj8ju)

1<ij<N

Choose a relatively compact Lipschitz domain £ C D such that E N Dy C
Eoiq \m and E D U N D, for some neighborhood U of 0F,; N D;. Let u
and v be positive solutions of the equation Pu = 0 in E such that they are
continuous up to the boundary and vanish on {z € OF; z, = f(2')}. Let u be
a positive solution of the equation Q4 = 0 in E with & = v on OE. Denote by
iz and v,, x € E, the harmonic measures for P and @), respectively. Then
there exists a positive constant ¢, such that cjp, < v, < ¢ lp,, = € FE
(cf. Proposition 8.3 and the comment after Theorem 9.1 of [8]). Thus
cru(r) < a(r) < ctu(z), x € E. Similarly, cjv(z) < 6(z) < ¢;'v(z), € E.
By Theorem 1.4 of [19], there exists a positive constant c¢o such that

-1
< ¢

, T,Y € OF5; N D;.

This implies (5.4). Now for y; € Ey;_y U (D1 \ Egiy1), Ho(-,y1) is a positive
solution of the equation (L + MWi)u = 0 in Es;yq \ Eo;_1 which vanishes
on {z € O(Egy1 \ Ez_1); 20 = f(2')}. Hence CP holds for S; given by (4.7).
Similarly, CP holds for 7; and U; given by (4.7). O

The following lemma is a simple observation, but plays a critical role in
proving Theorem 1.1.

Lemma 5.2 Let h(z;) = ko(x1,&) for some & € T'y = Oy Dy \ OD;, where
ko is the Martin kernel for (L; + A\gW7, Dy). If W is h-big, then

lim Hl(ZEl,yl)/Ho(l’(l),yl) =0, 1 € D;. (55)

Di3y1—6&1

Proof. Although the lemma is essentially Lemma 5.8 of [64], we give a proof
since it is simple. Suppose that (5.5) does not hold. Then there exists a
sequence {y7}32; in D; such that ] — & and

o) = lim (w1, 1)/ Ho(x1, 7))
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is a positive solution of the equation (L; + A{Wi)v = 0 in D; satisfying
0 < v < h. This is a contradiction, since (A; — \g)W; is also h-big (cf.
Propositions 7.16 and 3.7 of [35]). O

Lemma 5.3 Let h(zy) = ko(x1,&;) for some & € I'y. Then (5.5) holds.

Proof. By the a priori estimates near boundary points, h is a positive solution
in Hg,,.(D1) of the equation (L + XAoWi)h = 0 in D;. It follows from the
assumption (U1) that any nonnegative solution of the problem

(

at + Wl_l(Ll + )\OVVl))v =0 in D1 X (07 OO),
v(z,0) =0 on Dy,
v(z,t) =0 on 0Dy x (0,00)

must be identically zero. Thus, by Proposition 3.2 in Section 3, Wy is h-big.
Hence Lemma 5.2 implies (5.5). O

We are now ready to complete the proof of Theorem 1.1.
Proof of Theorem 1.1. We claim that the condition (ZC) of the hypothesis
(ZCS1) holds with =g replaced by I';. Choose domains U; (i = 1,--- ,4) such
that D;\U; is a compact subset of Dy, Uy = Dy, U;NDy C Ujyq fori=1,2,3,
and ) € Uz \ U;. Then (4.2) holds. By Lemma 5.3, (4.3) holds. By the
Harnack inequality, (CP) holds for S and R given by (4.4). This proves the
claim, which together with Lemma 5.1 implies that the hypothesis (ZCS1)
holds with =y = I'y and =Z,, = 0D;. Hence Theorem 4.1 in the last section
shows Theorem 1.1. a

6 Martin boundaries of horn-shaped domains

In this section we show the assertion (ii) of Theorem 1.3, and give a gener-
alization of the assertion (i) of Theorem 1.3.

6.1 Small perturbations

In this subsection we give a theorem on small perturbation. By using it we
also give an improvement of Theorem 4 of [4], from which the assertion (i)
of Theorem 1.3 follows.
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Let © be a domain in R? such that (—A, Q) is subcritical, i.e., there
exists the Green function H of —A on Q (cf. Theorem 8.33 of [37]). Let

®(t1,--+ , 1) be a nonnegative Borel measurable function on (0, cc]’. Define
U(ty,---,t) by
\Ij<t17"' 7tl) = sup (I)(Clt17‘.' ,Cltl).
4-1<cr, <4
Let v; (j=1,---,1) be (0, co]-valued continuous superharmonic function on
Q. Put

W(z) = ®(11(z), - ,u(z)).

Then we have the following

Theorem 6.1 Suppose that

/Q\I/(l/l(z), o y(2))dz < oo, (6.1)

where dz is the Lebesgue measure on R2. Then W is a small perturbation
of —A on .

Proof. Let 0,2 be the boundary of €2 in the one point compactification of
R?. Let I be the set of points in 9,2 which are irregular with respect to the
Dirichlet problem for harmonic functions on €2. Then there exists a positive
superharmonic function v on 2 such that lim, ., v(2) = oo for all x € F (cf.
Lemmas 9.18 and 9.19 of [37]). For an interval [ in (0, co], denote by x; the
characteristic function of I. For 6 > 0, put

05(2) = X(0.5)(H(2,9") + X(5-1,00)(v(2)),

where y is a point fixed in €). Then there exists a positive constant ¢
depending only on [ such that

1
H(z,y)
< a / Dus(2) U (2), - (2))dz, oy € 9,
Q

/Q Hiz, 2)H (2, y)és (=)W (2)dz (6.2)

(cf. [2], Theorem 1 of [4] and the remark which follows it). We have

};iH(l) ¢u5(2) =0 for a.e. z,
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since lim,_,, H(z,y") = 0 for any regular boundary point x in 0,,Q. By the
Lebesgue dominated convergence theorem, for any € > 0 there exists 6 > 0
such that the right hand side of (6.2) is less than e. Put K = {z € Q; ¢s(z) =
0}. Since ¢s(z) > 1 on a neighborhood of 0,2, K is a relatively compact
subset of 2. Thus we have

1
H(x,2)H(z,y)W(z)dz
Hrg) Joy " HHEOTE
i)
< H(x,2)H(z,y)ps(2)W (2)dz < €
Hw9) Jo (z,2)H(z,y)0s(2)W (2)
for any x,y € €). Hence W is a small perturbation of —A on €. a

The following is an improvement of Theorem 4 of [4].

Theorem 6.2 Let D; be a domain in {(r,s) € R*r > 0}. Let Dy be
a Lipschitz domain in S™¥~! or the whole space SV~!, where N > 2. Let
L =—A on R¥*! and

D ={(z,5) € R¥ xR';(|z|,5) € Dy, z/|z| € D5}. (6.3)

drd
//D ::28 < 0. (6.4)

Then the Martin compactification D* for (L, D) is homeomorphic to D* x Dy,
where Dy is the Martin compactification for (—A, Dy). In particular, 9y D
is homeomorphic to (D; x 0Ds) U (Oy Dy X Ds). Furthermore,

Suppose that

(9mD = (Dl X 8D2> U ((9le X E)

Proof. We show the theorem by applying Theorem 4.2. In the polar coordi-
nates of R,

L # N0 A @
 Or2 r Or r?2 0s?’

where A is the Laplace-Beltrami operator on the sphere SV~!. With

(6.5)

o 02 N-10 1

ToF B o0 T

L1 - L2 - —A, (66)
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we have L = Ly + WLy, For (Lg, D), the hypothesis (SMI2) holds with
Ao > 0 (cf. Examples 9.2 and 9.3 of [64]). Let us show that W) is a small
perturbation of L; + A\gW; on D;. We have

P = ¢ W26 (L 4 X\ W) o r(V-1/2 (6.7)
9?0 (N —1)(N=3),1
= —— —— 4\ —.
or?  0s? o+ 4 ]7"2

Apply Theorem 6.1 with ®(¢;) = ;% and v;(2) = 2;. Then it follows from
(6.4) that W, = r~2 is a small perturbation of —A on D;. Thus the Green
function g of P on D; is comparable with the Green function H of —A on
Dy, i.e., cg < H < ¢ g for some positive constant ¢ (cf. [62]). This together
with Theorem 6.1 shows that W is a small perturbation of P on D;. Denote
by Hy(r,s;7,3) and g(r, s; 7, 5) the Green functions of L; + A\¢W; and P on
Dl. Then

g(r,s:7,8) = (r/F)N"V2Hy(r, s: 7, 5). (6.8)

Thus o o
9(7",3;21,22)9(21,22;7”75) . HO(T7S; 21722)]‘-70(21,22;7’75)

g(r,s;7,5) n Hoy(r,s;7,35)
It follows from this that W is a small perturbation of L; + A\gW; on D;. In
view of Theorem 4.2, it remains to show that the Martin compactification
DiLl AW of Dy with respect to L; + A\gW; is homeomorphic to Martin
compactification D} _, of D; with respect to —A. We have

FE (1-N)/2 FE
Hy(r,s;7,5) (L) g(r,s;7,8)
~ ~ ~ ~\)
HO(TOJSO;T75> To g(T’O,SO;T,S>
0 0 . . . * . .
where (7, s") is a reference point in Dy. Thus Df ; |, , is homeomorphic
to Dy p which is homeomorphic to Dj _,, since =2 is a small perturbation
* 3 3 *
of —A on Dy. Hence D7 ; ), is homeomorphic to D} 4. O

In Theorem 4 of [4], it was assumed that every boundary point of D;
is regular with respect to the Dirichlet problem. Theorem 6.2 removes this
regularity assumption.

The following is a special case of Theorem 6.2 and a generalization of the
assertion (i) of Theorem 1.3.

Theorem 6.3 Let o and ( be continuous functions on [1,00) such that
a> . Let Dy ={(r,s) e R*a(r) > s> f(r), 1 <r <oo}. Let Dy, D and
L be as in Theorem 1.3. Then the assertion (i) of Theorem 1.3 holds.
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Proof. By virtue of Theorem 6.2, it suffices to show that D = D;U{oo} and
Oy D1 = 0Dy = 0D; U {oo}. But this follows from the Carathéodory theo-
rem (cf. [74]) which says that there exists a homeomorphism from D; U {co}
onto the closed unit disc which is conformal in D;. O

6.2 Proof of Theorem 1.3 (ii)

In this subsection we show the assertion (ii) of Theorem 1.3 by applying
Theorem 1.1.

Lemma 6.4 Let D; be as in Theorem 1.3. Then the Martin compactifi-
cation Dy of D; with respect to Ly + AWi (see (6.6)) is homeomorphic to
D;U{oo} which is the closure of D; in the one point compactification of R?.

Furthermore, 0y Dy = 0,,D1 = 0D; U {o0}.

Proof. Let P be the elliptic operator given by (6.7). Let F be the set of all
positive solution u of Pu = 0 in D; such that u = 0 on dD; and u(r°, %) = 1
with 20 = (r%, s°), Along the line given in the proof of Theorem A of [55],
we show that F consists of one element. Put h(r) = (a(r) — 3(r))/2. Let
R > 2+ 1Y Noting that o and 3 are Lipschitz continuous on [1,00), choose
a positive number § so small that dh(R) < R/4 and

j(r) — a(R)| + |6(r) = B(R)| < h(R)/4 if [r — R] < 6h(R).

Put
E(R) ={(r,s) € R*|r — R| < §h(R),a(r) > s > p(r)}.

Let w € F. Then, Pu=0in E(R) and u = 0 on 0E(R) N dD;. Change the
variable (r, s) to (X,Y):

X = (r=R)/h(R), Y =[s—~(R)]/h(R),
where v(R) = (a(R) + S(R))/2. Then the domain E(R) becomes
D(R) = {(X,Y) € R%|X| < §,a(X) >Y > b(X)},
where

a(X) = la(h(R)X + R) —~(R)]/h(R),
b(X) = [B(MR)X + R) —~(R)]/h(R).
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The equation Pu = 0 in E(R) becomes
(—A + Va(X))i = 0 in D(R),
where 4(X,Y) = u(r, s) and
Ve(X) = [N+ (N = 1)(N = 3)/4][n(R)/R][1 + Xh(R)/R]~*

Furthermore & = 0 on {(X,Y) € OD(R);Y = a(X) or b(X)}. We see that
there exists a positive constant C' independent of R such that

|a(X) = a(X)] + [b(X) = b(X')| < ClX = X'|, X, X" € (=4,0),
VR(X)| < C, |X]|<o.

Furthermore, |a(X) — 1| < 1/4 and [b(X) + 1] < 1/4 if |X]| < 0. By the
boundary Harnack principle, there exists a positive constant ¢ independent
of R such that for any u,v € F
CuA(O,Y) < UA(O,Y) < C_luA(O,Y)7
(0,0) — 0(0,0) — 1(0,0)

a(0) >Y > b(0).

Hence

. u(R, s) < v(R,s) P u(R, s)
u(R,v(R)) ~ v(R,v(R)) = u(R,y(R))’

Since © = v = 0 on dD;, the maximum principle shows that

a(R) > s > B(R).

u(r, s) v(r,s) 4 u(rs)
WRAR) = w(BAR) = ulRA(R)) (6.9)
(

for (r,s) € Dy with 1 < r < R. Since u(r?, s%) = v(r% s%) = 1, this implies
that

_)
)

}3
EE

Thus
Au(r,s) < w(r,s) < ¢ Pulr, s) (6.10)

for (r,s) € Dy with 1 < r < R. Since c is a constant independent of R, (6.10)

holds on D;. Put
g0 = sup{e > 0;v > eu on D}
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and w = v — ggu. Then either w = 0 or w > 0 on D;. Suppose that

w > 0. Then w(:)/w(x?) € F. By (6.10), w > [w(2})c*]u on D; This is

a contradiction. Thus v = gou. But v(z}) = u(z) = 1. Hence v = w.

This shows that F consists of one element. Let F’ be the set of all positive
solutions u of (L;+XgWi)u = 0 in Dy such that u = 0 on dD; and u(2?) = 1.
By (6.7), F' consists of one element. Choose a sequence {y/] 221 in Dy such
that it has no accumulation points in D; and there exists the limit

jli_{glo Ho(xy, 1)/ Ho(29, y1).

Denote this limit by ko(21,7:), where 7 is the point in dj;D; corresponding
the sequence {y]}. We claim that 1, € dyyD; \ dD;. For any & = (R, S) €
Dy, choose R; (i = 1,2,3) such that R+ < R3 < Ry < R;. Put
U, = {(’I“,S) S Dl;r > Rl}, 1=1,2, (611)
Us = {(7",8) e Dyr> Rg} U Vs,

where V3 is a relatively compact subset of D; such that 29 = (r°,s%) € V4
and Us is connected. Since the boundary Harnack principle holds for positive

solution of (L; + X\W1)u = 0 in Us \ U, such that u = 0 on 9D, NA(Us \ Uy),
we have by Lemma 1.5 of [64] that

(Ul* N GMDl) N ((Dl \E)* N (9MD1) = @,
where U7 is the closure of U; in D. We have
51 € {(’l“, S) € aDl;T < Rg} = (Dl \73)* N 0MD1

and 1y € Uy N0y Dy. This proves the claim that 7, € 0y Dy \ 0D;. By the a
priori estimates, ko(-,m1) € F'. But 7’ consists of one element. This implies
that for any sequence {y7}52; in D; with no accumulation points in D,

ko(x1,m) = jlllglo Ho(z1,y1)/Ho(29, ).

Since D; is continuously imbedded into Dj, it follows from this that D7 is
homeomorphic to D; U {oo} and 1, = oo. Since dD; C 9,D;, it remains
to show that oo € 9,,D;. Suppose that co ¢ 0,,D;. Then the Martin
representation theorem shows that there exists a finite Borel measure p on
0D, such that

kol 00) = / o, €)duc)
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For R > 1, put Fg = {(r,s) € 9Dy;r < R} and

UR($1):/F ko(1, §1)dp(S1)-

Choose U; (i = 1,2,3) asin (6.11). Since ug(-) < ko(-, 00), Lemma 1.5 of [64]
together with the boundary Harnack principle shows that p(0D; N (0FR \
0Us)) = 0. Thus u(0D; N OFR) = 0. Since R is arbitrary, this implies that
i = 0; which is a contradiction. Hence oo € 0y, D;. O

We are now ready to complete the proof of Theorem 1.3 (ii).
Proof of Theorem 1.3 (ii). Recall that the hypothesis (SMI2) for (Lo, Ds)
holds (cf. Examples 9.2 and 9.3 of [64]). By virtue of Lemma 6.4 and
Theorem 1.1, it suffices to show that the condition (U1) holds. Consider the
equation
(O, +W;'Li)v =0 in D; x (0,00)

(see (6.6) and (6.7)). We have
D20 (0 + WLy) o rWV D2 = 9, — P2 A 4 (N — 1)(N — 3) /4.

Thus Theorem 2.3 and the assumption (1.27) show that any nonnegative
solution of (1.2), (1.3) and (1.4) must be identically zero. i.e., (Ul) holds. O

7 Generalization

In this section we slightly generalize Theorems 1.1 and 1.2 for giving more
concrete examples.

Let L = Ly +WjLs and D = Dy x Dj be as in Section 1. Assume (SMI2)
for (Lo, D). Suppose that

N
D, =& (7.1)
=0

where N is a natural number, E; (i =1, N ) are Lipschitz domains in M;
or the whole space M; such that E; N E), = () for j # k, and E is a relatively
compact Lipschitz domain in M; or an empty set. Here £ is the closure
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of Ej in My, while EY denote the closure of E; in Dj. For j =1,--- N,
consider the Dirichlet problem

(0, +W'L)v=0 in E; x (0,00), (7.2)
v(z,0)=0 on £},
v(z,t) =0 on JE; x (0,00).
We introduce the following condition.
(US1) There exists an integer [ such that (i) 0 <1 < N, (ii) for 1 < j <1,

any nonnegative solution of (7.2), (7.3) and (7.4) must be identically zero,
and (iii) for { < j < N, Wj is a semismall perturbation of L; + A\gW; on E;.

Theorem 7.1 Assume the conditions (SMI2) and (US1). Put

l N
Zo = J(E;noyD)\0D:, Ew= |J (B} NoyD:)UOD;.
j=1 j=l+1

Then all the conclusions of Theorem 4.1 hold true. Furthermore, E; NEy = 1)
for j,k=1,--- N with j # k.

This theorem can be shown as Theorems 1.1 and 1.2. For proving the
last assertion, use Lemma 1.5 of [64] as in the proof of Lemma 6.4.
8 Examples

In this section we give several concrete examples as applications of Theorem

7.1.

Example 8.1 Let L = —A on R**™. Let D, be a bounded Lipschitz domain
in R™. Let D; be a Lipschitz domain in R? of the form

N
D, =JE;,
§=0
where N is a natural number and F; are Lipschitz domains defined as follows:
Forj=1,---,N,let f; be a Lipschitz continuous positive function on [1, co)
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such that it is decreasing and f;(1) < 1/2; and let

E; = {(r,s) €R*|s—j| < fi(r), r>1}, j=1,--- N,

S
N
Ey = (J{(rs) eR% s —j| < f;(r), 1< <2} U(0,1) x (0, N +1).

Let 0 <1 < N be an integer. Suppose that
| s =ce, 1<,
1
/ fi(r)dr < oo, 1<j<N.
1

For j=1,---, N, let n; be the point at infinity of the one point compactifi-
cation of E;; and set n; # n, for j # k. Put

Let D = D; x Dy. Then the Martin boundary 0y,D for (L, D) is homeomor-
phic to o
EO X {dg} UEOO X D2 UD1 X 8D2

Furthermore, 0y;D = 0,,D. Indeed, by Theorems 2.3 and 6.1, the hypothesis
(US1) holds. Furthermore, the same argument as in the proof of Lemma 6.4
shows that Oy D = 0,,D1 = 0Dy U{n;;7 = 1,--- ,N}. Thus Theorem 7.1
shows the assertion.

Example 8.2 Let D = {z € R";|z| > 1}. let V be a locally bounded
measurable real-valued function on [1,00). Let L = —A + V(|z|). Suppose
that (L, D) is subcritical. Then it is known that 0y, D = 0, D D 0D and the

set
I'=90yD \ oD

is homeomorphic to the unit sphere S®~! or one point.
(i) Suppose that

/100( sup 2|V (s)] + 129 — oo (8.1)

1<s<r T
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Then I" consists of one point.
(ii) Suppose that r*V(r) +a > 1 on [1, 00) for some positive constant a.
Assume that
o d
/ V() + )2 < oo (8.2)
1

r

Then I' is homeomorphic to the unit sphere S™1.

For results related to (i) and (ii), see [45,53,55,56,67,72], and Example 10.1
of [64].

Let us show the assertion (i) by applying Theorem 7.1. In the polar
coordinates of R",

0
L - 1-n 7
" or

0 A
)V -,

( n—1

(8.3)

where A is the Laplace-Beltrami operator on the sphere S" . Let D =
(1,00), Dy =S""1 Ly =—r'""(0/0r)(r"'0/0r)+V, Wy =r"2 and Ly =
—A. Then L = Ly + WyLy on D = Dy x Dy. Put Ey = (2,9), E; = (€2, 0)
and Ey = (1,3). Then Dy = EyU E; U Ey. We see that Wy is a small
perturbation of L; on Ey (cf. Theorem 6.3 of [64]). We claim that for j =1,
any nonnegative solution of (7.2), (7.3) and (7.4) must be identically zero.
Change the variable r to z = logr. Then (7.2) becomes

0 0? 0 Yevrl 21a .
[a—@—(n—%&—e V(eH]o=0 1in (2,00) x (0,00), (8.4)

where 0(z,t) = v(r,t). For R > 0, put

¢(R) = ((sup e*|V(e*)] +1). (8.5)
0<2<R
Choose an increasing step function v such that ¢ < ¢ < 2¢, and find a

positive continuous increasing function p such that ¥ < p < 2¢. Then
¢ < p<4¢. By (8.5) and (8.1),

—— =00, sup e“|V(e*)| < p(R)”.
/1 G sup V()| < pl)

Let © be a nonnegative solution of (8.4) with v(z,0) = 0 on (2,00) and
0(2,t) = 0 on (0,00). Then, by the scaling argument as in the proof of
Theorem 6.2 of [44]. Theorem 2.2 in Section 2 shows that ¢ = 0. Thus
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the claim holds, and so the condition (US1) is satisfied. Hence Theorem 7.1
shows the assertion (i).

Let us show the assertion (ii). We claim that W; is a small perturbation
of Li + aW; on D;. Let f and g be positive solutions of the equation
(Li+aWy)f =0in Dy and (L1 +(a+1)W;)g = 0in Dy with f(1) = g(1) =0
and f'(1) = ¢’(1) = 1, respectively. Change the variable r to z = logr, and
put f(z) = f(e*) and §(z) = g(e*). Then the equation becomes

2

4 d X
Pf = [@ + (n— Q)E —e*V(e*) —alf =0 in (0,00),

(P—1)g=0 1in (0,00),

with f(0) = §(0) = 0 and f'(0) = ¢'(0) = 1. By (8.2),
/Oo(e2ZV(ez) +a)2dz < oo,
0

Then the same argument as in the proof of Lemma 2 of [58] shows that
lim, ., §(2)/f(2) < co. Thus

. g(r)
R 7)

We see that the Martin boundary for (L;+aW;, Dy) is {1, 0o} and the Martin
kernel ko(x1,00) is a constant multiple of f (cf. Appendix of [53]). Thus, by
Theorem 6.3 of [64], WiX(2,00) is a small perturbation of Ly + oWy on Dj.
Since Wix (1,9 is a small perturbation of L; + oW, on Dy, this implies that
W7 is a small perturbation of L; + aW; on Dy, i.e., the claim holds. Thus
the Green functions of L1 +aW; on D; and L; on D; are comparable. Hence
Wy is a small perturbation of L; on D;. Hence Theorem 7.1 (or Theorem
1.2) shows the assertion (ii).

< 00.

Example 8.3 Let D; be a bounded Lipschitz domain in R", and put 6 (z;) =
dist(zy,0D1). Let Ly = —61(x1)7Ay, where 7 is a real number and A; is the
Laplacian on R™. Let Dy = M5 be a compact manifold. Let L, = —A,,
where A, is the Laplacian on Ms. Let L = L1 + Ly and D = Dy x D,. Let
Ou D and 0,,D be the Martin boundary and minimal Martin boundary for
(L, D). Then we have the following:

(i) For v > 2, 0,,D = Oy D = 0Dy x {ds}.

(11) For v < 2, 6mD = aMD = 8D1 X Ds.
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Let us show the assertions. We see that the Martin compactification D7 of
D, with respect to L; is homeomorphic to Dy, and 8,,D; = Oy Dy = 0D;.
Suppose that v > 2. Then, by Theorem 7.8 of [44], any nonnegative solution
of the Cauchy problem

(O +Li)u=0 in Dy x (0,00), wu(z,00)=0 on Dy

must be identically zero. Thus the assumption (U1) of Theorem 1.1 is satis-
fied with D; = M;. Hence the assertion (i) follows from Theorem 1.1. Next,
suppose that v < 2. Then, by Theorem 9.1 of [8], 1 is a small perturbation
of Ly on Dy. Thus the assumption (S1) of Theorem 1.2 is satisfied. Hence
the assertion (ii) follows from Theorem 1.2.

Example 8.4 Let D; = R"” and L1 = —A; 4+ V;, where A is the Laplacian
on R™ and V; is the function on R"™ such that Vi(z) = 1 for 2z, > 0 and
Vi(z) = 2 for z, < 0. Let Wi(z1) = (x1)?, where v is a real number and
() = (14 |22 Let Dy = R™ and Ly = (22)*(—Ay + 1) — 3, where
a > 2, A, is the Laplacian on R™, and ( is a positive constant such that
Ao = 0, i.e., 0 is the first eigenvalue of the selfadjoint operator £, associated
with Ly on Dy. Let L = Ly + WLy and D = Dy X Dy. It is known (cf. [54])
that the Martin boundary 0y,D; and the minimal Martin boundary 0,,D;
for (L, Dy) are homeomorphic to the set ¥ and o defined by

0 = {weRMw=1w, >0} U{weRY|w = V2w, < -1},
Y = oU{(w,-0) e R =1,0<6 <1},

ie, OyD; = ¥ and 0,,D1 = o. Furthermore, 1 is a small perturbation of
(x9)*(—Ag+1) on R™ (cf. Theorem 5.1 of [64]); the Martin boundary 0y D
for ((x9)*(—As+1),R™) is homeomorphic to the unit sphere S™! at infinity
(cf. [53]), i.e., DDy = S™ too; D = R™ LU S™ 'oo; the hypothesis (SMI2)
for (Lq, Do) is satisfied (cf. Example 9.4 of [64]); and Dy x Oy Dy C OpD.
Put

I'= (‘9MD \ D1 X 8MD2

Then we have the following:
(i) Fory> -1, I'=Y and I'N0,,D = 0.
(ii) Fory < =1, I'= ¥ x D} and I' N 0,,D = ¢ x Dj.

Let us show the assertions. Suppose that v < —1. Then Wj(z1) = (1) is a
small perturbation of L; on R™ (cf. Theorem 5.1 of [64]). Thus Theorem 1.2
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shows the assertion (ii). Next, suppose that v > —1. Consider the Cauchy
problem

(O, +(2)77L1)v=0 inR"x (0,00), wv(2,00=0 onR" (8.6)

In order to show that the Cauchy problem (8.5) allows no positive solution,
we introduce a Riemannian metric g = (g;;) on R" by g;; = (2)” and g;; =0
for ¢ # j. Then M; = R"™ becomes a complete Riemannian manifold with
this metric g. The associated gradient V and divergence div are written as

V = (2)77V°, div = (2)"/2div’(2)"/?,

where V° and div® are the standard gradient and divergence on R". Put
my(z) = ()72 Then

() Lyw = —mytdiv(m, Vo) + (2) 77 Vi(z)v (8.7)

For z with |z| > 1, denote by d(z) the Riemannian distance from 0 to z.
Then d(z) is comparable with |z|(/2+Y). Thus

(=) Vi(2)] < Cd(2) 0P < Cd(2)?, 2] > 1,

for some constant C' > 0. We see from this that the assumption [PHP-p] of
Theorem 2.1 is satisfied with p(R) = C(R+1) for a sufficiently large positive
constant C' (cf. the proof of Theorem 6.2 of [44]). By Theorem 2.1, any
nonnegative solution of (8.5) must be identically zero. Thus the assumption
(U1) of Theorem 1.1 is satisfied. Hence Theorem 1.1 shows the assertion (i).
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