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SOME REFINEMENTS
OF WIGNER’S SEMI-CIRCLE LAW

FOR GAUSSIAN RANDOM MATRICES USING SUPERANALYSIS

ATSUSHI INOUE AND YUJI NOMURA

Dedicated to the memory of our friend Nobuhisa Iwasaki

Abstract. In Random Matrix Theory(=R.M.T.), Wigner’s semi-circle law gives a well-known corner-
stone. We report mathematical refinements of this law as an application of superanalysis. That is,
using Efetov’s idea, we rewrite the average of the empirical measure of the eigenvalue distribution of the
Hermitian matrices in a compact form. Careful calculations give not only the precise convergence rate
of that law, but also the precise rate of the edge mobility.

1. Introduction and Result

Let UN be a set of Hermitian N × N matrices, which is identified with RN2
as a topological space.

In this set, we introduce a probability measure dµN (H) by

dµN (H) =
N∏

k=1

d(�Hkk)
N∏

j<k

d(�Hjk)d(�Hjk)PN,J(H),

PN,J(H) = Z−1
N,J exp

[
− N

2J2
tr H∗H

] (1.1)

where H = (Hjk), H∗ = (H∗
jk) = (Hkj) = tH,

∏N
k=1 d(�Hkk)

∏N
j<k d(�Hjk)d(�Hjk) being the Lebesgue

measure on RN2
, and Z−1

N,J is the normalizing constant given by ZN,J = 2N/2(J2π/N)3N/2.

Let Eα = Eα(H) (α = 1, · · · , N) be real eigenvalues of H ∈ UN .

We put

ρN (λ) = ρN (λ;H) = N−1
N∑

α=1

δ(λ − Eα(H)), (1.2)

where δ is the Dirac’s delta. Denoting〈
f
〉

N
=

〈
f(·)

〉
N

=
∫

UN

dµN (H) f(H),

for a function f on UN , we get

Theorem 1.1 (Wigner’s semi-circle law).

lim
N→∞

〈
ρN (λ)

〉
N

= wsc(λ) =

{
(2πJ2)−1

√
4J2 − λ2 for |λ| < 2J,

0 for |λ| > 2J.
(1.3)

Remark. By definition, the limit (1.3) is interpreted as

lim
N→∞

〈φ,

∫
UN

dµN (H) N−1
N∑

α=1

δ(· − Eα(H))〉 = 〈φ, wsc〉 =
∫

R
dλ φ(λ)wsc(λ)

Date: Department of Mathematics, Tokyo Institute of Technology.
The first author is partially supported by Monbusho Grand-in-aid No.08304010 and No.10640201.

1



2 INOUE AND NOMURA

for any φ ∈ C∞
0 (R) = D(R). 〈·, ·〉 stands for the duality between D(R) and D′(R). We need more

interpretation to give the meaning to
∫

UN
dµN (H) N−1

∑N
α=1 δ(· − Eα(H)), which will be given in §2.

Seemingly, there exist several methods to prove this fact. Here, we want to explain a new derivation

of this fact using odd variables obtained by Efetov [6], mainly following from Fyodorov [8] and Brézin [1]

(see also, Mello [15], Zirnbauer [21]).

Moreover, we get, as a byproduct of this new treatise,

Theorem 1.2 (A refined version of Wigner’s semi-circle law). For each λ with |λ| < 2J , when N → ∞,

we have〈
ρN (λ)

〉
N

=
√

4J2 − λ2

2πJ2
− (−1)NJ

π(4J2 − λ2)
cos(N [

λ
√

4J2 − λ2

2J2
+ 2arcsin(

λ

2J
)])N−1 + O(N−2).

(1.4)

When λ satisfies |λ| > 2J , there exist constants C±(λ) > 0 and k±(λ) > 0 such that∣∣∣∣〈ρN (λ)
〉

N

∣∣∣∣ ≤ C±(λ) exp [−k±(λ)N ] (1.5)

with k±(λ) → 0 and C±(λ) → ∞ for λ ↘ 2J or λ ↗ −2J , respectively.

Theorem 1.3 (The spectrum edge problem). Let z ∈ [−1, 1]. We have〈
ρN (2J − zN−2/3)

〉
N

= N−1/3f(z/J) + O(N−2/3) as N → ∞,〈
ρN (−2J + zN−2/3)

〉
N

= −N−1/3f(z/J) + O(N−2/3) as N → ∞,
(1.6)

where

f(w) =
1

4π2J
(Ai′(w)2 − Ai′′(w)Ai(w)), Ai(w) =

∫
R

dx exp [− i

3
x3 + iwx].

(A) One of the key expression obtained by introducing new auxiliary variables, is〈
ρN (λ)

〉
N

= π−1�
∫

Q

dQ
(
{(λ − i0)I2 − Q}−1

)
bb

exp [−NL(Q)] (1.7)

where In stands for n × n-identity matrix and

L(Q) = str [(2J2)−1Q2 + log((λ − i0)I2 − Q)],

Q =
{
Q =

(
x1 ρ1

ρ2 ix2

) ∣∣ x1, x2 ∈ Rev, ρ1, ρ2 ∈ Rod

} ∼= R2|2, dQ =
dx1dx2

2π
dρ1dρ2,

(
((λ − i0)I2 − Q)−1

)
bb

=
(λ − i0 − x1)(λ − i0 − ix2) + ρ1ρ2

(λ − i0 − x1)2(λ − i0 − ix2)
.

(1.8)

Here in (1.7), the parameter N appears only in one place. This formula is formidably charming but

not yet directly justified, like Feynman’s expression of certain quantum objects using his measure.

(Unfamiliar notion like Rev, Rod and R2|2 will be explained in §2.)

(B) In physics literatures, for example in [8],[21], they claim without proof that they may apply the

method of steepest descent to (1.7) when N → ∞. More precisely, as

δL(Q)Q̃ =
d

dε
L(Q + εQ̃)

∣∣∣∣
ε=0

,

they seek solutions of

δL(Q) = str
( Q

J2
− 1

λ − Q

)
= 0.

As a candidate of effective saddle points, they take

Qc = (
1
2
λ +

1
2

√
λ2 − 4J2)I2,
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and they have

lim
N→∞

〈
ρN (λ)

〉
N

= π−1�(λ − Qc)−1
bb = wsc(λ).

Remark. Not only the expression (1.7) nor the applicability of the saddle point method to it are

not so clear. To get the mathematical rigour, we dare to loose such a beautiful expression like

(1.7), but we have the two formulae (3.7) and (3.18) which lead to our results.

Remark. The set (UN , dµN (·)) is called GUE=the Gaussian Unitary Ensemble. Other ensembles

may be treated analogously as indicated in [21] but are not treated here.

Problem: Under what condition, do we have the following equality?

lim
N→∞

lim
ε→0

〈 1
N

tr
1

(λ − iε)IN − H

〉
N

= lim
ε→0

lim
N→∞

〈 1
N

tr
1

(λ − iε)IN − H

〉
N

. (1.9)

If this assertion is true, may we justify the physicists argument of “saddle point method”?

Contents of this paper: We gather some notations from superanalysis=analysis on superspace but

without supersymmetry, in §2. In §3, we introduce odd variables to reformulate
〈
N−1 tr ((λ− iε)IN −

H)−1
〉

N
in a compact form. To make ε → 0 in that expression, we not only use Brézin’s idea but also

give our new expression using products of Hermite polynomials. Using Brézin’s expression, in §4, we

give the proof of Theorem 1.2 whose precise calculations are given in Appendix A. In §5, our expression

of
〈
ρN (λ)

〉
N

is used to prove Theorem 1.3. To estimate the remainder terms, we use Lax’s technique

for the highly oscillatory integrals. In Appendix B, we clarify the ambiguity of Q-integration using the

Rothstein measure instead of the Berezin measure as the volume form on the superspace.

Since not only authors main concern is to clarify the meaning of the formula (1.7) but also there

exist so many papers on Wigner’s semi-circle law, the references cited in this paper are so restricted to

be complete. We apology to other persons whose works on this subject are not mentioned.

Acknowledgement: We would like to thank Prof. Kōhei Uchiyama for valuable discussion concerning

the steepest descent method. We thanks also anonymous refree who pointed out Ziegler [20] to us.

2. Fundamentals of superanalysis

For symbols {σj}∞j=1 satisfying the Grassmann relation

σjσk + σkσj = 0, j, k = 1, 2, · · · ,

we put

C = {X =
∑
I∈I

XIσ
I

∣∣ XI ∈ C}

where
I = {I = (ik) ∈ {0, 1}N

∣∣ |I| =
∑

k

ik < ∞},

σI = σi1
1 σi2

2 · · · , I = (i1, i2, · · · ), σ0̃ = 1, 0̃ = (0, 0, · · · ) ∈ I.

Besides trivially defined linear operations of sums and scalar multiplications, we have a product

operation in C: For

X =
∑
J∈J

XJσJ , Y =
∑
K∈I

YKσK ,

we put

XY =
∑
I∈I

(XY )Iσ
I with (XY )I =

∑
I=J+K

(−1)τ(I;J,K)XJYK .
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Here, τ(I;J, K) is an integer defined by

σJσK = (−1)τ(I;J,K)σI , I = J + K.

Proposition 2.1 ([12]). C forms an ∞-dimensional Fréchet-Grassmann algebra over C, that is, an as-

sociative, distributive and non-commutative ring with degree, which is endowed with the Fréchet topology.

Remark. (1) Degree in C is defined by introducing subspaces

C[j] = {X =
∑

I∈I,|I|=|
XIσ

I} for j = 0, 1, · · ·

which satisfy

C = ⊕∞
j=0C

[j], C[j] · C[k] ⊂ C[j+k].

(2) Define

projI(X) = XI for X =
∑
I∈I

XIσ
I ∈ C.

The topology in C is given by X → 0 in C if and only if projI(X) → 0 in C, for any I ∈ I.

This topology is equivalent to the one introduced by the metric dist(X, Y ) = dist(X − Y ) where

dist(X) is defined by

dist(X) =
∑
I∈I

1
2r(I)

|projI(X)|
1 + |projI(X)| with r(I) = 1 +

1
2

∞∑
k=1

2kik for I ∈ I.

(3) We introduce parity in C by setting

p(X) =




0 if X =
∑

I∈I,|I|=ev XIσ
I ,

1 if X =
∑

I∈I,|I|=od XIσ
I ,

undefined otherwise.

We put 


Cev = ⊕∞
j=0C

[2j] = {X ∈ C | p(X) = 0},

Cod = ⊕∞
j=0C

[2j+1] = {X ∈ C | p(X) = 1},

C ∼= Cev ⊕ Cod
∼= Cev × Cod.

Analogous to C, we define 


R = {X ∈ C |πBX ∈ R}, R[j] = R ∩ C[j],

Rev = R ∩ Cev, Rod = R ∩ Cod = Cod,

R ∼= Rev ⊕ Rod
∼= Rev × Rod.

We introduced the body (projection) map πB by

πBX = proj0̃(X) = X0̃ = X [0] = XB for any X ∈ C,

and the soul part XS of X as

XS = X − XB =
∑
|I|≥1

XIσ
I .

We define the (real) superspace Rm|n by

Rm|n = Rm
ev × Rn

od.

The distance between X, Y ∈ Rm|n is defined by,

distm|n(X, Y ) = distm|n(X − Y )
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with

distm|n(X) =
m∑

j=1

(∑
I∈I

1
2r(I)

|projI(xj)|
1 + |projI(xj)|

)
+

n∑
k=1

(∑
I∈I

1
2r(I)

|projI(θk)|
1 + |projI(θk)|

)
.

We use the following notation:

X = (XA)m+n
A=1 = (x, θ) ∈ Rm|n with

x = (XA)m
A=1 = (xj)m

j=1 ∈ Rm|0, θ = (XA)m+n
A=m+1 = (θk)n

k=1 ∈ R0|n.

We generalize the body map πB from Rm|n or Rm|0 to Rm by putting,

X = (x, θ) ∈ Rm|n −→ πBX = XB = (xB, 0) ∼= xB = πBx = (πBx1, · · · , πBxm) ∈ R
m.

We call xj ∈ Rev and θk ∈ Rod as even and odd (alias bosonic and ferminionic) variable, respectively.

[Linear Algebra]

Definition 2.1. A rectangular array M , whose cells are indexed by pairs consisting of a row number and

a column number, is called a supermatrix and denoted by M ∈ Mat ((m|n) × (r|s) : C), if it satisfies the

following:

1. A (m + n) × (r + s) matrix M is decomposed blockwisely as M =
[
A C
D B

]
where A, B, C and D

are m × r, n × s, m × s and n × r matrices with elements in C, respectively.

2. One of the following conditions is satisfied: Either

• p(M) = 0, that is, p(Ajk) = 0 = p(Buv) and p(Cjv) = 1 = p(Duk) or

• p(M) = 1, that is, p(Ajk) = 1 = p(Buv) and p(Cjv) = 0 = p(Duk).

We call M is even denoted by Mat ev((m|n) × (r|s) : C) (resp. odd denoted by Mat od((m|n) × (r|s) : C))

if p(M) = 0 (resp. p(M) = 1). Therefore, we have

Mat ((m|n) × (r|s) : C) = Mat ev((m|n) × (r|s) : C) ⊕ Mat od((m|n) × (r|s) : C).

Moreover, we may decompose M as M = MB + MS where

MB =




[
AB 0
0 BB

]
when p(M) = 0,

[
0 CB

DB 0

]
when p(M) = 1.

The summation of two matrices in Mat ev((m|n)×(r|s) : C) or in Mat od((m|n)×(r|s) : C) is defined

as usual, but the sum of Mat ev((m|n)× (r|s) : C) and Mat od((m|n)× (r|s) : C) is not defined except zero

matrix.

It is clear that if M is the (m + n) × (r + s) matrix and N is the (r + s) × (p + q) matrix, then we

may define the product MN and its parity p(MN) as

(MN)ij =
∑

k

MikNkj , p(MN) = p(M) + p(N) mod 2.

Moreover, we define Mat [m|n : C] as the algebra of (m + n) × (m + n) supermatrices.

Definition 2.2. Let M =
[
A C
D B

]
∈ Mat [m|n : C]. We define the supertrace of M by

str M = tr A − (−1)p(M) tr B.
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We get

Proposition 2.2. (a) Let M, N ∈ Mat [m|n : C] such that p(M) + p(N) ≡ 0 mod 2. Then, we have

str (M + N) = str M + str N.

(b) M is a matrix of size (m + n) × (r + s) and N is a matrix of size (r + s) × (m + n). Then,

str (MN) = (−1)p(M)p(N) str (NM).

If M ∈ Mat [m|n : C] is even, denoted by M ∈ Mat ev[m|n : C], then M acts on Rm|n linearly.

Denoting this by TM , we call it super linear transformation on Rm|n and M is called the representative

matrix of TM .

Proposition 2.3. Let M ∈ Mat ev[m|n : C] and assume det MB �= 0. Then, for given Y ∈ Rm|n,

TMX = Y

has the unique solution X ∈ Rm|n, which is denoted by X = M−1Y .

Definition 2.3. M ∈ Mat ev[m|n : C] is called invertible or non-singular if MB is invertible, i.e.

det AB det BB �= 0, and denoted by M ∈ GL ev[m|n : C].

Definition 2.4. Let B = (Bjk) be (�× �)-matrix with elements in Cev, denoted by, B ∈ Mat [� : Cev]. As

Cev is a commutative ring, we may define detB as usual:

det B =
∑
ρ∈℘�

sgn (ρ)B1 ρ(1) · · ·B� ρ(�).

Definition 2.5. Let M be an even supermatrix. When det BB �= 0, we put

sdet M = (det(A − CB−1D))(detB)−1

and call it superdeterminant or Berezinian of M .

Theorem 2.4. Let M, N ∈ Mat [m|n : C].

(1) If M is invertible, then we have sdet M �= 0. Moreover, if A is nonsingular, then

(sdet M)−1 = (detA)−1(det(B − DA−1C)).

(2) Multiplicativity of sdet on GL ev[m|n : C]:

sdet (MN) = sdet M sdet N.

(3) str and sdet are matrix invariants. That is,{
str M = (−1)p(M)+p(N) str NMN−1 if N is invertible,
sdet M = sdet NMN−1 if M ∈ GL ev[m|n : C] and N is invertible.

(4) Moreover, we have

exp(str M) = sdet (exp M) for M ∈ GL ev[m|n : C].

[Elementary analysis]

Supersmooth functions: For any f(q) ∈ C∞(Rm : C), we put,

f̃(x) =
∞∑

|α|=0

1
α!

∂α
q f(xB)xα

S for x = xB + xS
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which is called the Grassmann continuation of f(q), and denoted simply by f(x). We define a function

u ∈ /CSS,ev(R
m|n) by

u(X) = u(x, θ) =
∑
|a|≤n

ũa(x)θa = or simply
∑
|a|≤n

ua(x)θa,

called a supersmooth function on Rm|n.

Example. For ξ = (ξ1, · · · , ξm) ∈ Rm|0 = Rm
ev, we define |ξ| ∈ Rev as follows: Putting

|ξ| = |ξ|B + |ξ|S with |ξ|S =
∑

|I|=even≥2

|ξ|IσI , |ξ|B ≥ 0, |ξ|I ∈ R,

we should have

|ξ|2 =
m∑

j=1

(ξj,B + ξj,S)(ξj,B + ξj,S) =
m∑

j=1

ξ2
j,B +

m∑
j=1

ξj,B(ξj,S + ξj,S) +
m∑

j=1

ξj,Sξj,S,

ξj,S =
∑

|I|=even≥2

ξj,Iσ
I , ξj,S =

∑
|I|=even≥2

ξj,Iσ
Iwith ξj,I being the complex conjugate of ξj,I in C.

Therefore,

|ξ|B = {
m∑

j=1

ξ2
j,B}1/2,

2|ξ|K |ξ|B +
∑

I+J=K

|ξ|I |ξ|J(−1)τ(K;I,J) =
m∑

j=1

2ξj,B �ξj,K +
∑

I+J=K

m∑
j=1

ξj,Iξj,J(−1)τ(K;I,J)

which are solved by induction with respect to the length |K|. For example, if |K| = 2, we have

|ξ|K = |ξ|−1
B

m∑
j=1

ξj,B �ξj,K .

If |K| = 4,

2|ξ|K = |ξ|−1
B

(
2

m∑
j=1

ξj,B �ξj,K +
∑

I+J=K

m∑
j=1

ξj,Iξj,J(−1)τ(K;I,J) −
∑

I+J=K

m∑
j=1

|ξ|I |ξ|J(−1)τ(K;I,J)
)
, etc.

We define sin |ξ|, cos |ξ| as

sin |ξ| =
∞∑

n=0

1
n!

sin
(
|ξ|B +

nπ

2
)
|ξ|nS , cos |ξ| =

∞∑
n=0

1
n!

cos
(
|ξ|B +

nπ

2
)
|ξ|nS .

We may characterize this function as a solution of a certain Cauchy-Riemann type partial differential

equation. See more exactly [12, 10].

Derivations: For a given supersmooth function u(X) on Rm|n, we define its derivatives as follows: For

j = 1, 2, · · · , m and k = 1, 2, · · · , n, we put


Uj(X) =
∑
|a|≤n

∂xj ua(x)θa,

Uk+m(X) =
∑
|a|≤n

(−1)lk(a)ua(x)θa1
1 · · · θak−1

k · · · θan
n

where lk(a) =
∑k−1

j=1 aj and θ−1
k = 0. Uκ(X) are called the partial derivatives of u with respect to Xκ at

X = (x, θ) and are denoted by


Uj(X) =
∂

∂xj
u(x, θ) = ∂xj

u(x, θ) for j = 1, 2, · · · , m,

Um+s(X) =
∂

∂θs
u(x, θ) = ∂θsu(x, θ) for s = 1, 2, · · · , n



8 INOUE AND NOMURA

or simply by

Uκ(X) = ∂Xκ
u(X) for κ = 1, · · · , m + n.

For

a = (α, a), α = (α1, · · · , αm) ∈ Nm, a = (a1, · · · , an) ∈ {0, 1}n,

|α| =
m∑

j=1

αj , |a| =
n∑

k=1

ak, |a| = |α| + |a|,

we put

∂a
X = ∂α

x ∂a
θ with ∂α

x = ∂α1
x1

· · · ∂αm
xn

, ∂a
θ = ∂a1

θ1
· · · ∂an

θn
.

Example. ∂θ2θ1θ2θ3 = −θ1θ3, ∂θ1∂θ3θ1θ2θ3 = θ2 �= −θ2 = ∂θ3∂θ1θ1θ2θ3, etc.

Integration: We define∫
Rm|n

dxdθ u(x, θ) =
∫

Rm|0
dx

{∫
R0|n

dθ u(x, θ)
}

=
∫

Rm

dXB(∂θn · · · ∂θ1u)(XB) (πB(Rm|0) = R
m)

=
∫

R0|n
dθ

{∫
Rm|0

dx u(x, θ)
}

=
∫

Rm|n
dθdx u(x, θ).

Especially for odd integration, we have the following curious looking but well-known relations∫
R0|n

dθn · · · dθ1 θ1 · · · θn = 1 and
∫

R0|n
dθn · · · dθ1 1 = 0 (Berezin integral).

Remarks for the need of ∞ number of Grassmann generators.

(i) Though C does not form a field because X2 = 0 for any X ∈ Cod, but if X, Y ∈ C satisfy XY = 0

for any Y ∈ Cod, then X = 0. This property holds only when the number of generators is infinite. By

this, we may determine the derivative ∂a
Xu(X) uniquely.

(ii) In general, we need at least countable number of operations in doing analysis. If the number of

Grassmann generators is finite, then the effect of odd variables may vanish after finitely many operations.

Remark. Though the differential calculus on Fréchet spaces has some difficulties in general, such

calculus on Fréchet-Grassmann algebra holds safely in our case. For example, the implicit and inverse

function theorems, and the chain rule for differentiation. See, Inoue and Maeda [12], Inoue [9, 11].

3. The derivation of (1.7) with λ − iε (ε > 0 fixed) and its consequences

It is well-known that

δ(q) =
1
π

lim
ε→0

� 1
q − iε

=
1

2πi
lim
ε→0

[
1

q − iε
− 1

q + iε

]
=

1
π

lim
ε→0

ε

q2 + ε2
in D′(R),

that is, for any φ ∈ C∞
0 (R),

π−1�
∫

R
dq

φ(q)
q − iε

= π−1

∫
R

dq
εφ(q)

q2 + ε2
= π−1

∫
R

dq
φ(εq)
1 + q2

→ φ(0) = 〈φ, δ〉 as ε → 0.
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Therefore, for any fixed φ ∈ C∞
0 (R), we have∫

UN

dµN (H)〈φ(·), 1
N

N∑
α=1

δ(· − Eα(H))〉def=
∫

UN

dµN (H) lim
ε→0

∫
R

dλ φ(λ)
1

πN

N∑
α=1

ε

(λ − Eα(H))2 + ε2

= lim
ε→0

∫
UN

dµN (H)
∫

R
dλ φ(λ)

1
πN

N∑
α=1

ε

(λ − Eα(H))2 + ε2
by Lebesgue’s dom. conv. theorem

= lim
ε→0

∫
R

dλ φ(λ)
∫

UN

dµN (H)
1

πN

N∑
α=1

ε

(λ − Eα(H))2 + ε2
by Fubini’s theorem.

The second equality is garanteed by the fact that for any φ ∈ C∞
0 (R), we have, for any ε > 0 and H ∈ UN ,

∣∣ ∫
R

dλ φ(λ)
1

πN

N∑
α=1

ε

(λ − Eα(H))2 + ε2
∣∣ ≤ max |φ(λ)|.

Here, we used the fact
∫

R dλ ε(λ2 + ε2)−1 = π. The third equality holds because we have

∣∣φ(λ)
1

πN

N∑
α=1

ε

(λ − Eα(H))2 + ε2
∣∣ ≤ ε−1|φ(λ)|,

and the right hand side is integrable w.r.t. the product measure dλ dµN (H) for any fixed ε > 0.

In order to check whether we may take the limit before integration w.r.t. dλ in the last line above,

we calculate the following quantity as explicitly as possible:

g(λ, ε, N) =
∫

UN

dµ(H)
1

πN
�

N∑
α=1

1
λ − iε − Eα(H)

. (3.1)

We claim in this section that (i) g(λ, ε, N) exists as a function of λ for any ε > 0 and N ∈ N and (ii)

limε→0 g(·, ε, N) exists in D′(R) for any N ∈ N and it is denoted by
〈
ρN (λ)

〉
N

.

Now, we put

zj = xj + iyj , zj = xj − iyj , xj , yj ∈ Rev; θk, θk ∈ Rod = Cod,

X = t(z, θ), z = t(z1, · · · , zN ), θ = t(θ1, · · · , θN ),

X∗ = (z∗, θ∗), z∗ = (z1, · · · , zN ), θ∗ = (θ1, · · · , θN ).

Here, θk and θk are considered as two different odd variables.

The following is the key formula which is well known:

Lemma 3.1. Put µ = λ − iε (ε > 0).

tr
1

µIN − H
=

N∑
α=1

1
µ − Eα(H)

= i

∫
CN|2N

N∏
j=1

dzj dzj

2πi

N∏
k=1

dθkdθk (z∗·z) exp [−iX∗(I2 ⊗ (µIN − H))X].

(3.2)

To prove this lemma, we need the following lemma.

Lemma 3.2. Let Γ=the diagonal matrix with diagonal given by (γ1, · · · , γN ) where γj ∈ R. Putting

(z∗·z) =
∑N

j=1 zjzj = |z|2, we have

i

∫
CN|2N

N∏
j=1

dzj dzj

2πi

N∏
k=1

dθkdθk (z∗·z) exp [−iX∗(I2 ⊗ (Γ−iεIN ))X] =
N∑

j=1

1
γj−iε

. (3.3)
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Proof. Remarking

i

∫
CN|0

N∏
j=1

dzj dzj

2πi
(z∗·z) exp [−iz∗(Γ−iεIN )z] =

( N∑
j=1

1
γj−iε

) N∏
j=1

1
ε+iγj

,

and ∫
C0|2N

N∏
k=1

dθkdθk exp [−iθ∗(Γ−iεIN )θ] =
N∏

k=1

(ε+iγk),

we get the result (3.3) readily.

Proof of Lemma 2.1. Considering Γ as the diagonalization of λIN − H for any N × N -Hermitian

matrix H, we get (3.2) readily.

Lemma 3.3. For µ = λ − iε (ε > 0),

〈
tr

1
µIN − H

〉
N

= i

∫ N∏
j=1

dzj dzj

2πi

N∏
k=1

dθkdθk (z∗·z) exp [−iX∗(I2 ⊗ µIN )X]

× exp [− J2

2N

N∑
j,k=1

(zjzk + θjθk)(zkzj + θkθj)].

(3.4)

Proof. By definition, we have

〈tr 1
µIN − H

〉N =
∫

UN

dµN (H)
[
i

∫ N∏
j=1

dzj dzj

2πi

N∏
k=1

dθkdθk

× (z∗·z) exp [−iX∗(I2 ⊗ (µIN − H)X]
]
.

(3.5)

As X∗(I2 ⊗ H)X = Hjk(zjzk + θjθk), we have

〈
exp [±i

N∑
j,k=1

Hjk(zjzk + θjθk)]
〉

N
= exp

[
− J2

2N

N∑
j,k=1

(zjzk + θjθk)(zkzj + θkθj)
]
. (3.6)

After changing the order of integration and substituting (3.6) into (3.5), we get (3.4) .

There are at least two approach from (3.4) to Wigner’s law: The method (I) permits us to make

ε → 0 rather easily and leads us to a not so simple looking formula but which is calculable, the other one

(II) yields the beautiful formula (1.7) formally, but in order to make ε → 0 in that formula rigorously,

we reform it until it is represented by Hermite polynomials, and at that time the beauty of the formula

(1.7) is lost.

(I) The following calculation is proposed by E. Brézin [1, 2]:

Using

N∑
j,k=1

(zjzk + θjθk)(zkzj + θkθj) = (z∗·z)2 + 2(θ∗·z)(z∗·θ) − (θ∗·θ)2,

we have

exp [
J2

2N
(θ∗·θ)2] =

(
N

2πJ2

)1/2 ∫ ∞

−∞
dτ exp [−τ(θ∗·θ) − N

2J2
τ2].
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Substituting this relation into (3.5), we get

〈
tr

1
µIN − H

〉
N

=i

∫ N∏
j=1

dzj dzj

2πi

N∏
k=1

dθkdθk (z∗·z)

× exp [−iX∗(I2 ⊗ µIN )X − J2

2N
((z∗·z)2 + 2(θ∗·z)(z∗·θ))]

×
(

N

2πJ2

)1/2 ∫ ∞

−∞
dτ exp [−τ(θ∗·θ) − N

2J2
τ2].

Proposition 3.4. We have the following formula:

〈
tr

1
(λ−i0)IN − H

〉
N

= i
1

(N − 1)!

(
N

2πJ2

)1/2(
N

J2

)N+1 ∫ ∞

0

ds sN exp [− N

2J2
(2iλs + s2)]

×
∫ ∞

−∞
dτ (τ + iλ)N−1(τ + iλ + s) exp [− N

2J2
τ2]

= i
1

(N − 1)!

(
N

2πJ2

)1/2(
N

J2

)N+1 ∫∫
R+×R

dsdτ (1 + (τ + iλ)−1s)

× exp[−N(
1

2J2
(τ2 + 2iλs + s2) − log s(τ + iλ))].

(3.7)

Proof. Since

−iµ(θ∗·θ) − J2

N
(θ∗·z)(z∗·θ) − τ(θ∗·θ) = −

∑
a,b

θa((τ + iµ)δab +
J2

N
zazb)θb,

using Lemma 2.3 and Lemma 3.6 below, we get∫ N∏
k=1

dθkdθk exp [−iµ(θ∗·θ) − J2

N
(θ∗·z)(z∗·θ) − τ(θ∗·θ)] = (τ + iµ)N−1(τ + iµ +

J2

N
(z∗·z)).

(3.8)

Using the expression (3.8), we have

〈
tr

1
µIN − H

〉
N

=i

∫ N∏
j=1

dzj dzj

2πi
(z∗·z) exp [−iµ(z∗·z) − J2

2N
(z∗·z)2]

×
(

N

2πJ2

)1/2 ∫ ∞

−∞
dτ (τ + iµ)N−1(τ + iµ +

J2

N
(z∗·z)) exp [− N

2J2
τ2].

Identifying CN = R2N by zj = xj + iyj , zj = xj − iyj , dzj ∧ dzj = 2idxj ∧ dyj and using the

polar coordinate (r, ω) ∈ R+ × S2N−1 with
N∏

j=1

dzj dzj

2πi
=

N∏
j=1

dxjdyj

π
= π−Nr2N−1dr dω,

∫
S2N−1 dω =

vol(S2N−1) = 2πN/(N − 1)!, we get,

〈
tr

1
µIN − H

〉
N

= i
1

(N − 1)!

∫ ∞

0

dr2 r2N exp [−iµr2 − J2

2N
r4]

×
(

N

2πJ2

)1/2 ∫ ∞

−∞
dτ (τ + iµ)N−1(τ + iµ +

J2

N
r2) exp [− N

2J2
τ2].

Changing the independent variables as r2 = (N/J2)r̃ and making ε → 0, i.e. µ → λ−i0, we get the result.

Here, this procedure of making ε → 0 under integral sign is admitted because of Lebesgue’s dominated

convergence theorem.

Remark. The formula (3.7) equals to Brézin’s one (2.16) of [1] where he takes λ + iε instead of our

choice λ − iε. On the other hand, seemingly, he miscopies his equality in (44) of [2], more precisely, the

term (1 + xy) in (44) should be (1 + (x − iz)−1y).
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Corollary 3.5. For λ = 0, we get readily〈
ρN (0)

〉
N

=
1

πJ
[1 − (−1)N 1

4
N−1 +

1
32

N−2 + (−1)N 5
128

N−3 + O(N−4)]. (3.9)

Proof. Using (A.6), (A.7) to have〈
ρN (0)

〉
N

=
1

πN
�

〈
tr

1
−i0IN − H

〉
N

=
1

πN !

(
N

2πJ2

)1/2(
N

J2

)N+1 ∫ ∞

0

ds sN exp [− N

2J2
s2]

∫ ∞

−∞
dτ τN−1(τ + s) exp [− N

2J2
τ2]

=
1

πN !

(
N

2πJ2

)1/2(
N

J2

)N+1

×




1
2

(
N

2J2

)−N−1

Γ
(

N + 1
2

)2

, N=even,

1
2

(
N

2J2

)−N−1

Γ
(

N

2

)
Γ
(

N + 2
2

)
, N=odd,

we may calculate explicitly by the Stirling formula.

In proving (3.8) above, we used

Lemma 3.6. Let M = (Mab) with Mab = αδab + βzazb. Then, we have

detM = αN−1(α + β|z|2), |z|2 = z∗·z.

Proof. Let u satisfy Mu = γu. Then, we have

z · Mu = γz · u, u · Mu = γu · u. (3.10)

From the first equation above, we get

(γ − α − β|z|2)
N∑

j=1

ujzj = 0.

If
∑N

j=1 ujzj �= 0, γ = α + β|z|2. On the other hand, if
∑N

j=1 ujzj = 0, the second one in (3.10) implies

that γ = α. Taking into account the multiplicity, we have the desired result.

(II) In order to get the expression (1.7), we proceed as follows: Putting

AX =

(∑N
j=1 zjzj

∑N
j=1 θjzj∑N

j=1 θjzj

∑N
j=1 θjθj

)
,

we have

str A2
X =

N∑
j,k=1

(zjzk + θjθk)(zkzj + θkθj).

On the other hand, the following is known as the Hubbard-Stratonovich formula:

Lemma 3.7. Let A be any even 2 × 2 supermatrix. For Q ∈ Q given in (1.8), we have

exp [− J2

2N
str A2] =

∫
Q

dQ exp [− N

2J2
str Q2 ± i str (QA)]. (3.11)

Proof. Let A =
(

a θ1

θ2 b

)
with a, b ∈ Rev and θ1, θ2 ∈ Rod. For any γ > 0, we claim

∫
Q

dQ exp [−1
2

str (γQ ± iγ−1A)2] = 1.

As we have readily

str (γQ ± iγ−1A)2 = γ2(x2
1 + x2

2 + 2ρ1ρ2) ± 2i(x1a + ρ1θ2 − ρ2θ1 − ix2b) − γ−2(a2 − b2 + 2θ1θ2),
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we get ∫
dρ1dρ2 exp [−γ2ρ1ρ2 ∓ i(ρ1θ2 − ρ2θ1) + γ−2θ1θ2] = (γ2 − θ1θ2)(1 + γ−2θ1θ2) = γ2,∫

dx1dx2

2π
exp [−γ2

2
(x2

1 + x2
2) ∓ i(x1a − ix2b) +

γ−2

2
(a2 − b2)]

=
∫

dx1dx2

2π
exp [−1

2
(γx1 ± iγ−1a)2 − 1

2
(γx2 ± γ−1b)2] = γ−2.

Substituting (3.11) with A = AX into (3.4), noting str (QAX) = X∗(Q ⊗ IN )X, taking the part of

integral and changing the order of integration, we have

i

∫ N∏
j=1

dzj dzj

2πi

N∏
k=1

dθkdθk (z∗·z) exp [−iX∗((µI2 − Q) ⊗ IN

)
X]

=
N∑

j=1

({µI2 − Q) ⊗ IN}−1)bb,jj sdet−1(i(µI2 − Q) ⊗ IN ).

Therefore, we have

Lemma 3.8. For µ = λ − iε (ε > 0),

〈
tr

1
µIN − H

〉
N

=
∫

Q

dQ

N∑
j=1

({(µI2 − Q) ⊗ IN}−1)bb,jj sdet−1(i(µI2 − Q) ⊗ IN ).
(3.12)

Here, (C)bb,jj is the j-th diagonal element of the boson-boson block of the (even) supermatrix C.

Remarking

({µI2 − Q) ⊗ IN}−1)bb,jj = ({µI2 − Q}−1)bb for any j = 1, 2, · · · , N,

sdet−1(i(µI2 − Q) ⊗ IN ) = sdet−N (µI2 − Q),

str (AB) = str (BA), str (A + B) = str A + str B, log(sdet � A) = � str (log A) for � ∈ Z,

we have

〈
tr

1
µIN − H

〉
N

=
∫

Q

dQ N
(
{µI2 − Q}−1

)
bb

exp [−NL(µ;Q)] (3.13)

with
L(µ;Q) = str [(2J2)−1Q2 + log(µI2 − Q)],(

{µI2 − Q)}−1
)
bb,11

=
µ − ix2

(µ − x1)(µ − ix2) − ρ1ρ2
=

(µ − x1)(µ − ix2) + ρ1ρ2

(µ − x1)2(µ − ix2)
,

Q =
{
Q =

(
x1 ρ1

ρ2 ix2

) ∣∣ x1, x2 ∈ Rev, ρ1, ρ2 ∈ Rod

}
.

Remark. If we could make directly ε → 0 in (3.13), we had the formula (1.7). We claim at least

symbolically we do that.

Lemma 3.9. For µ = λ − iε (ε > 0),

1
N

〈tr 1
µIN − H

〉N =
∫

R2

dx1dx2

2π

N(µ − x1 − ix2)
J2(µ − x1)(µ − ix2)

exp [−NΦ(x1, x2;µ)], (3.14)

where

Φ(x1, x2;µ) =
x2

1 + x2
2

2J2
+ log

µ − x1

µ − ix2
.
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Proof. As the integrand in (3.13) is represented by

(µ − x1)(µ − ix2) + ρ1ρ2

(µ − x1)2(µ − ix2)
exp [−N{ 1

2J2
(x2

1 + x2
2 + 2ρ1ρ2) + log

µ − x1

µ − ix2
− ρ1ρ2

(µ − x1)(µ − ix2)
}],

we have ∫
dρ1dρ2

(µ − x1)(µ − ix2) + ρ1ρ2

(µ − x1)2(µ − ix2)
exp [−N{ 1

J2
− 1

(µ − x1)(µ − ix2)
}ρ1ρ2]

=
−1

(µ − x1)2(µ − ix2)
+

N

µ − x1
{ 1
J2

− 1
(µ − x1)(µ − ix2)

}.
(3.15)

Remarking (µ − x1)−2 = ∂x1(µ − x1)−1, by integration by parts, we have∫
dx1dx2

2π

−1
(µ − x1)2(µ − ix2)

exp [−NΦ(x1, x2;µ)]

=
∫

dx1dx2

2π

−N

(µ − x1)(µ − ix2)
{x1

J2
− 1

µ − x1

}
exp [−NΦ(x1, x2;µ)],

which yields (3.14).

Remark. As the right-hand side of (3.14) is rewritten

1
N

〈tr 1
µIN − H

〉N =
N

2πJ2

∫
R2

dx1dx2
(µ − x1 − ix2)(µ − ix2)N−1

(µ − x1)N+1
exp [−N

x2
1 + x2

2

2J2
],

(3.16)

there is no singularity in the integrand when �µ �= 0.

Using the fact that for any real smooth integrable function f ,

lim
ε→0

�
∫

R
dx (λ − iε − x)−1f(x) = lim

ε→0

∫
R

dx
ε

(λ − x)2 + ε2
f(x) = πf(λ),

and integrating by parts based on ∂�
x1

(µ − x1)−1 = �!(µ − x1)−�−1, we have,

lim
ε→0

�
∫

R
dx1 (λ − iε − x1)−�−1 exp[−N

x2
1

2J2
] = π

(−1)�

�!
∂�

λ exp[−N
λ2

2J2
].

Using the Hermite polynomial H�(x) defined by

H�(x) = (−1)�ex2/2∂�
xe−x2/2 =

[�/2]∑
k=0

(−1)k�!x�−2k

2kk!(� − 2k)!
=

1√
2π

∫ ∞

−∞
dt e−t2/2(x∓it)�,

with

H�(γx) =
γ�+1

√
2π

∫ ∞

−∞
dt e−γ2t2/2(x∓it)�,

we have

Lemma 3.10.

π
(−1)�

�!
∂�

λ exp[−N
λ2

2J2
] =

π

�!

(
N

J2

)(2�+1)/2

exp[−N
λ2

2J2
]
∫

R
dt (λ∓it)� exp[−N

t2

2J2
].

(3.17)

Proof. Using Bell’s polynomial, we have

π
(−1)�

�!
∂�

λ exp[−N
λ2

2J2
] = π

[�/2]∑
k=0

(−1)k2−k

k!(� − 2k)!

(
N

J2

)�−k

λ�−2k exp[−N
λ2

2J2
]

=
π

�!

(
N

J2

)�/2

H�

((
N

J2

)1/2

λ

)
exp[−N

λ2

2J2
].

On the other hand,∫
R

dx2 (µ − ix2)� exp [−N
x2

2

2J2
] =

√
2π

(
N

J2

)−(�+1)/2

H�

((
N

J2

)1/2

µ

)
,
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and ∫
R

dx2 (−ix2)(µ − ix2)� exp [−N
x2

2

2J2
] = −�

J2

N

∫
R

dx2 (µ − ix2)�−1 exp [−N
x2

2

2J2
]

= −�
√

2π

(
N

J2

)−(�+2)/2

H�−1

((
N

J2

)1/2

µ

)
.

Therefore, we have 〈
ρN (λ)

〉
N

=
N

2π2J2
lim
ε→0

(�K1 + �K2),

where

K1 =
∫

R2
dx1dx2 (µ − x1)−N (µ − ix2)N−1 exp[−N

x2
1 + x2

2

2J2
],

K2 =
∫

R2
dx1dx2 (µ − x1)−N−1(−ix2)(µ − ix2)N−1 exp[−N

x2
1 + x2

2

2J2
].

Moreover, we get

lim
ε→0

�K1 =
π

(N − 1)!

(
N

J2

)(N−1)/2

HN−1

((
N

J2

)1/2

λ

)
exp[−N

λ2

2J2
]

×
√

2π

(
N

J2

)−N/2

HN−1

((
N

J2

)1/2

λ

)
,

lim
ε→0

�K2 =
π

N !

(
N

J2

)N/2

HN

((
N

J2

)1/2

λ

)
exp[−N

λ2

2J2
]

× (−1)(N − 1)
√

2π

(
N

J2

)−(N+1)/2

HN−2

((
N

J2

)1/2

λ

)
.

Combining these, we have proved

Proposition 3.11. For any λ ∈ R, we have

〈
ρN (λ)

〉
N

=
1√

2πJ(N − 1)!
exp [− N

2J2
λ2]

[√
NH2

N−1

((
N

J2

)1/2

λ

)

− N − 1√
N

HN

((
N

J2

)1/2

λ

)
HN−2

((
N

J2

)1/2

λ

)]

=
(

N

2πJ2

)1/2 1
2π(N − 1)!

(
N

J2

)N ∫∫
R2

dt ds exp [−Nφ±(t, s, λ)]a±(t, s, λ;N),

(3.18)

where

φ±(t, s, λ) =
1

2J2
(t2 + s2 + λ2) − log(λ∓it)(λ∓is),

a±(t, s, λ : N) =
1

(λ∓it)(λ∓is)
− 1

2
(1 − N−1)

[
1

(λ∓it)2
+

1
(λ∓is)2

]
.

(3.19)

4. The proof of semi-circle law and beyond that

Now, we study the asymptotic behavior of the following integral w.r.t. N :

〈
tr

1
(λ−i0)IN − H

〉
N

= i
1

(N − 1)!

(
N

2πJ2

)1/2(
N

J2

)N+1

(I1 + I2),

I1 =
∫ ∞

0

ds sN exp [− N

2J2
(2iλs + s2)]

∫ ∞

−∞
dτ (τ + iλ)N exp [− N

2J2
τ2],

I2 =
∫ ∞

0

ds sN+1 exp [− N

2J2
(2iλs + s2)]

∫ ∞

−∞
dτ (τ + iλ)N−1 exp [− N

2J2
τ2].

(4.1)
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Theorem 4.1. Let |λ| < 2J . Putting θ = − arg τ+, τ+ = 2−1(−iλ +
√

4J2 − λ2), we have

I1 + I2 = 2πe−NJ2(N+1)

[
e−iθN−1 +

1
12

(
e−iθ − (−1)N 3e−iN(sin 2θ+2θ)

cos2 θ

)
N−2 + O(N−3)

]
.

(4.2)

For the proof, see Appendix A.4.

Remarking the Stirling formula

(N − 1)! = e−NNN−1/2
√

2π(1 +
1
12

N−1 +
1

288
N−2 − 139

51840
N−3 − 571

2488320
N−4 + O(N−5)),

that is,

1
(N − 1)!

=
eNN−N+1/2

√
2π

(1 − 1
12

N−1 − 1
96

N−2 + O(N−3)), (4.3)

we get

〈
tr

1
(λ−i0)IN − H

〉
N

= i
1

(N − 1)!

(
N

2πJ2

)1/2(
N

J2

)N+1

(I1 + I2),

= i
N2

J

(
e−iθN−1 +

1
12

[e−iθ − (−1)N 3e−iN(sin 2θ+2θ)

cos2 θ
]N−2 + O(N−3)

)
(1 − 1

12
N−1 + O(N−2))

= i
N

J

(
e−iθ − (−1)N

4
e−iN(sin 2θ+2θ)

cos2 θ
N−1 + O(N−2)

)
.

Therefore, we proved the first part of Theorem 1.2.

The relation (1.5) for |λ| ≥ 2J is proved analogously: That is, we have

Theorem 4.2. Let λ > 2J . There exists constsnt k(λ) > 0 and C(λ) > 0 such that

I1 + I2 = J2Ne−NK(N) + pure imaginary part with
∣∣K(N)

∣∣ ≤ C(λ)N− 1
2 e−k(λ)N .

See, Appendix A.4, for the proof.

Substituting this estimate into the definition of
〈
ρN (λ)

〉
N

, we get

〈
ρN (λ)

〉
N

= � 1
πN

〈
tr

1
(λ−i0)IN − H

〉
N

= �i
1

πN !

(
N

2πJ2

)1/2(
N

J2

)N+1

(I1 + I2),

= �i
1

πN !

(
N

2πJ2

)1/2(
N

J2

)N+1

J2Ne−N (K(N) + pure imaginary part)

=
1

πN !

(
N

2πJ2

)1/2(
N

J2

)N+1

J2Ne−NK(N).

Applying the Stirling formula to the last line of the above, we get the estimate (1.5).

5. Edge mobility

To study the asymptotic behavior of
〈
ρN (2J − zN−2/3)

〉
N

, or
〈
ρN (−2J + zN−2/3)

〉
N

for |z| ≤ 1 as

N → ∞, we use in this section the formula (3.18):

〈
ρN (2J − zN−2/3)

〉
N

=
NN+1/2

(2π)3/2(N − 1)!J2N+1

∫∫
R2

dt ds exp [−Nφ+(t, s, 2J − zN−2/3)]

× a+(t, s, 2J − zN−2/3;N), (5.1)
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〈
ρN (−2J + zN−2/3)

〉
N

=
NN+1/2

(2π)3/2(N − 1)!J2N+1

∫∫
R2

dt ds exp [−Nφ−(t, s,−2J + zN−2/3)]

× a−(t, s,−2J + zN−2/3;N), (5.2)

where

φ±(t, s, λ) =
1

2J2
(t2 + s2 + λ2) − log(λ∓it)(λ∓is),

a±(t, s, λ;N) =
2(λ∓it)(λ∓is) − (1 − N−1)[(λ∓it)2 + (λ∓is)2]

2(λ∓it)2(λ∓is)2
.

(5.3)

Proposition 5.1. For |z| ≤ 1, we have

〈
ρN (2J − zN−2/3)

〉
N

=
N−1/3

8π2J5

∫∫
R2

dx dy (x − y)2 exp [− i

3J3
(x3 + y3 − 3zJ(x + y))]

+ O(N−2/3). (5.4)

The right-hand integral above, should be interpreted as the oscillatory one.

Proof. In this proof, we abbreviate the subscript + of φ+ and a+.

Put u = N−1/3. For λ = 2J − zu2, using the change of variables s = −iJ + yu, t = −iJ + xu, we

have

ϕ(x, y, z;u) = φ(−iJ + xu,−iJ + yu, 2J − zu2) = h(u) − log g(u),

where
h(u) =

1
2J2

((−iJ + xu)2 + (−iJ + yu)2 + (2J − zu2)2)

= 1 − i(x + y)
J

u +
x2 + y2 − 4zJ

2J2
u2 +

z2

2J2
u4,

g(u) = (2J − zu2 − i(−iJ + xu))(2J − zu2 − i(−iJ + yu))

= J2 − iJ(x + y)u − (xy + 2zJ)u2 + iz(x + y)u3 + z2u4.

Analogously, we put

α(x, y, z;u) = a(−iJ + xu,−iJ + yu, 2J − zu2;u−3)

=
(x − y)2u2 + u3[2J2 − 2iJ(x + y)u − (x2 + y2 + 4zJ)u2 + 2i(x + y)zu3 + 2z2u4]

2g2(u)
.

Using Taylor’s expansion of ϕ(x, y, z;u) w.r.t. u at u = 0, we get

ϕ(x, y, z;u) = 1 − log J2 +
i

3J3
[x3 + y3 − 3zJ(x + y)]u3 + R(u),

with

R(u) =
u4

3!

∫ 1

0

dτ (1 − τ)3ϕ(4)(x, y, z; τu),

ϕ(4)(x, y, z;u) =
4!z2

g(u)
− 3(g′′(u)2 + g′(u)g(3)(u))

g(u)2
+

12g′(u)2g′′(u)
g(u)3

− 6g′(u)4

g(u)4
,

|∂k
x∂�

yR(u)| ≤ Ck,�u
4 for u ≥ 0, x, y ∈ R, |z| ≤ 1, k + � ≤ 2.

Moreover,

e−NR(u) = 1 + S(u), S(u) = −u−2

∫ 1

0

dτ R′(τu),

R′(u) =
2u3

3

∫ 1

0

dτ (1 − τ)3ϕ(4)(x, y, z; τu) +
u5

6

∫ 1

0

dτ (1 − τ)3ϕ(5)(x, y, z; τu).

Therefore, we have

exp [−Nϕ(x, y, z;N−1/3)] = e−NJ2N exp [− i

3J3
(x3 + y3 − 3zJ(x + y))]e−NR(N−1/3).
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On the other hand, as we have

g(u)−2 = J−4 − 2u

∫ 1

0

dτ g′(τu)g(τu)−3,

we get

α(x, y, z;u) =
(x − y)2

2J4
u2 + A(u), A(u) = −u3(x − y)2

∫ 1

0

dτ g′(τu)g(τu)−3.

with

|∂k
x∂�

yA(u)| ≤ Ck,�u
3 for u ≥ 0, x, y ∈ R, |z| ≤ 1, k + � ≤ 2.

Combining these, we get∫∫
R2

dt ds exp [−Nφ(t, s, 2J − zN−2/3)] a(t, s, 2J − zN−2/3;N)

= N−2/3

∫∫
R2

dx dy exp [−Nϕ(x, y, z;N−1/3)]α(x, y, z;N−1/3)

= e−NJ2NN−2/3

∫∫
R2

dx dy exp [− i

3J3
(x3 + y3 − 3zJ(x + y))]

× (1 + S(N−1/3))
(

(x − y)2

2J4
N−2/3 + A(N−1/3)

)

= e−NJ2N

[
N−4/3

∫∫
R2

dx dy
(x − y)2

2J4
exp [− i

3J3
(x3 + y3 − 3zJ(x + y))] + O(N−5/3)

]
.

(5.5)

Here, we applied the lemma below to

f(x, y) = A(u), A(u)S(u), S(u)
(x − y)2

2J2
u2,

for getting the last term O(N−5/3).

Moreover, we may rewrite the above (5.5) using the Stirling formula to get

〈
ρN (2J − zN−2/3)

〉
N

=
N−1/3

8π2J5

∫∫
R2

dx dy × exp [− i

3J3
(x3 + y3 − 3zJ(x + y))](x − y)2

+ O(N−2/3).

Lemma 5.2. If f satisfies

|∂k
x∂�

yf(x, y)| ≤ Ck,�,

we have ∣∣∣∣
∫∫

R2
dxdy f(x, y) exp [− i

3J3
(x3 + y3 − 3zJ(x + y))]

∣∣∣∣ ≤ C < ∞.

Proof. We use Lax’s technique to estimate the oscillatory integrals noting

(1 − ∂2
x − ∂2

y) exp [− i

3J3
(x3 + y3 − 3zJ(x + y))] = Φ(x, y) exp [− i

3J3
(x3 + y3 − 3zJ(x + y))]

with

Φ(x, y) = 1 + 18z2J2 +
2i(x + y)

J3
+

6z(x2 + y2)
J2

+
x4 + y4

J6
.

Therefore, we have∫∫
R2

dxdy f(x, y) exp [− i

3J3
(x3 + y3 − 3zJ(x + y))]

=
∫∫

R2
dxdy (1 − ∂2

x − ∂2
y)

f(x, y)
Φ(x, y)

exp [− i

3J3
(x3 + y3 − 3zJ(x + y))].

By the assumption, (1−∂2
x −∂2

y)(f(x, y)/Φ(x, y)) is integrable w.r.t. dxdy, we get the desired result.

Using the Airy function defined by

Ai(z) =
∫

R
dx exp [− i

3
x3 + izx] =

∫
R

dx exp [
i

3
x3 − izx] = Ai(z) for z ∈ R,
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we have ∫
R

dx exp [− ix3

3J3
+

izx

J2
] = J Ai(

z

J
),∫

R
dx x exp [− ix3

3J3
+

izx

J2
] = −iJ2 Ai′(

z

J
),∫

R
dx x2 exp [− ix3

3J3
+

izx

J2
] = −J3 Ai′′(

z

J
).

And we get 〈
ρN (2J − zN−2/3)

〉
N

= N−1/3f(zJ−1) + O(N−2/3),

where

f(z) =
1

4π2J
(Ai′(z) Ai′(z) − Ai′′(z) Ai(z)).

Corollary 5.3. For |z| ≤ 1, we have〈
ρN (−2J + zN−2/3)

〉
N

= −N−1/3f(zJ−1) + O(N−2/3).

Remark. Though Brézin and Kazakov applied the Brézin formula (2.7) to obtain the analogous

statement, but we can’t follow their proof (48) of [2].

Appendix A. A typical application of the saddle points method

It seems rather rare to find “a complete prescription” of the saddle point method for a concrete

example, see the old book of de Bruijn [5], pp.77-78 :

The saddle point method, due to B. Riemann and P. Debye, is one of the most important

and most powerful methods in asymptotics. · · · (omission) · · ·
Any special application of the saddle point method consists of two stages.

(i) The stage of exploring, conjecturing and scheming, which is usually the most

difficult one. It results in choosing a new integration path, made ready for application

of (ii).

(ii) The stage of carrying out the method. Once the path has been suitably chosen,

this second stage is, as a rule, rather a matter of routine, although it may be complicated.

It essentially depends on the Laplace method of Ch.4.

· · · (omission) · · · Most authors dealing with special applications do not go into the

trouble of explaining what arguments led to their choice of path. The main reason is

that it is always very difficult to say why a certain possibility is tried and others are

discarded, especially since this depends on personal imagination and experience.

Therefore, for the future use, we describe an application of this method to the problem in hand as

complete as possible.

A.1. A simple example: the case when |λ| < 2J. In this subsection, we consider the asymptotic

behaviour of ∫
R

dτ e−Nφ(τ) as N → ∞ where φ(τ) =
τ2

2J2
− log(τ + iλ). (A.1)

For |λ| < 2J , we put

α =
√

4J2 − λ2 > 0 and τ± =
−iλ ± α

2
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where τ± are the critical points of φ, namely the roots of φ′(τ) = τ/J2 − 1/(τ + iλ) = 0.

Assuming that no confusion occurs for abusing the symbol θ, we put

θ = − arg τ+ (this implies α = 2J cos θ, λ = 2J sin θ),

a2 =
cos θ

J2
, β =

e−iθ/2

J
, t1 = J

cos θ

cos(θ/2)
and t0 = 2J cos

θ

2
.

(A.2)

Therefore, we have

τ± =

{
Je−iθ,

−Jeiθ,
φ(τ±) =

{
2−1e−2iθ − log(Jeiθ),
2−1e2iθ − log(−Je−iθ),

φ′′(τ±) =

{
J−2(1 + e−2iθ),
J−2(1 + e2iθ).

Moreover, we may show that the critical points τ± are saddle points: If we complexify τ and put φ̃(t, ω) =

φ(τ++teiω), then we have φ̃t(0, ω) = 0 and φ̃tt(0, ω) = e2iω−iθ|φ′′(τ+)|. Therefore, we have φ̃tt(0, θ/2) > 0

and φ̃tt(0, θ/2 + π/2) < 0.

As φ is holomorphically extended near τ±, we may deform the path of integration such that τ± are

crossed by this path. We parameterize the pathes l1 and l2 by

l1; τ1(t) = τ+ + teiθ/2, t ∈ I1 = [−t1, t0], (A.3)

l2; τ2(t) = τ− + te−iθ/2. t ∈ I2 = [−t0, t1], (A.4)

Putting τ0 ≡ τ1(t0) = −τ2(−t0) = J(2 cos θ + 1), we have∫
R

dτ e−Nφ(τ) =
∫ −τ0

−∞
dτ e−Nφ(τ) +

∫
l2

dτ e−Nφ(τ) +
∫

l1

dτ e−Nφ(τ) +
∫ ∞

τ0

dτ e−Nφ(τ).
(A.5)

Before calculating the each term in (A.5), we prepare a technical lemma:

Lemma A.1. For any � > 0 and n = 0, 1, 2, 3, · · · ,∫ ∞

−∞
dt e−�t2t2n+1 = 0,

∫ ∞

0

dt e−�t2t2n+1 =
n!

2�n+1
, (A.6)∫ ∞

−∞
dt e−�t2t2n = �−n− 1

2 Γ
(

2n + 1
2

)
= �−n− 1

2
(2n)!
n!22n

π
1
2 . (A.7)

Let δ0 > 0, d0 > 0. For τN = d0N
−γ such that 0 ≤ γ ≤ 1/2, we have∫ ∞

τN

dt e−δ0Nt2 < (2δ0d0N
1−γ)−1e−δ0d2

0N1−2γ

. (A.8)

Proof. The first two are well known. As t > τN , we have

δN(t2 − τ2
N ) = δN(t − τN )(t + τN ) > 2δNτN (t − τN ).

Therefore, we get∫ ∞

τN

dt e−δ0Nt2 < e−δ0Nτ2
N

∫ ∞

τN

dt e−2δ0d0N1−γ(t−τN ) = (2δ0d0N
1−γ)−1e−δ0d2

0N1−2γ

.

Now, we consider the integral
∫

l1
e−Nφ(τ)dτ .

Proposition A.2. We have∫
l1

dτ e−Nφ(τ) = e−Nφ(τ+)
(
A 1

2
N− 1

2 + A 3
2
N− 3

2 + A 5
2
N− 5

2 + O(N− 7
2 )

)
, as N → ∞

(A.9)
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where

A 1
2

=
(

2π

φ′′(τ+)

) 1
2

= eiθ/2

(
π

a2

) 1
2

, A 3
2

= eiθ/2

(
−1

4
β4a

− 5
2

2 Γ
(

5
2

)
+

1
18

β6a
− 7

2
2 Γ

(
7
2

))
,

A 5
2

= eiθ/2

(
−1

6
β6a

− 7
2

2 Γ
(

7
2

)
+

47
480

β8a
− 9

2
2 Γ

(
9
2

)
− 1

72
β10a

− 11
2

2 Γ
(

11
2

)
+

1
1944

β12a
− 13

2
2 Γ

(
13
2

))
.

Proof. Substituting the relations (A.3) into φ(τ) to have

φ(τ1(t)) =
1

2J2

(
eiθt2 + (α − iλ)eiθ/2t +

α2 − λ2

4
− iαλ

2

)
− log

(
α + iλ

2
+ eiθ/2t

)
,

(A.10)

we put

F1(t) ≡ φ(τ1(t)) − φ(τ1(0))

=
1

2J2
eiθt2 +

1
J

e−iθ/2t − log(
α + iλ

2
+ eiθ/2t) + log

α + iλ

2

=
t2

2J2
cos θ +

t

J
cos

θ

2
− 1

2
log(J2 + t2 + 2Jt cos

θ

2
) + log J

+ i[
t2

2J2
sin θ − t

J
sin

θ

2
− arctan

J sin θ + t sin(θ/2)
J cos θ + t cos(θ/2)

+ θ]

=
cos θ

J2
t2 +

∞∑
n=3

(−1)n

n

(
e−iθ/2

J

)n

tn for (|J−1t| < 1).

(A.11)

To proceed further, we prepare

Lemma A.3. For any 0 < η1 < a2, there exist constants t2 > 0 and m1 > 0 such that (−t2, t2) ⊂ I1,

�F1(t) ≥ η1t
2 for t ∈ (−t2, t2) and �F1(t) > m1 for t ∈ I1 \ (−t2, t2) . Moreover, we have, as N → ∞,∫ −t2

−t1

dt e−NF1(t) +
∫ t0

t2

dt e−NF1(t) = O(e−m1N ). (A.12)

Putting τN = N−1/3 and letting N → ∞, we have∫ t2

τN

dt e−NF1(t) +
∫ −τN

−t2

dt e−NF1(t) = O(e−η1N1/3
). (A.13)

Proof. For |J−1t| < 1, we have

f1(t) = �F1(t) =
cos θ

J2
t2 +

∞∑
n=3

(−1)n

n
J−ntn cos

(nθ

2
)

=
t2

2J2
cos θ +

t

J
cos

θ

2
− 1

2
log(J2 + t2 + 2Jt cos

θ

2
) + log J.

Therefore, if η1 < a2, we take t2 sufficiently small such that we have �F1(t) ≥ η1t
2 for t ∈ (−t2, t2).

Moreover, since

f ′
1(t) =

cos θ

J2
t +

cos(θ/2)
J

− t + J cos(θ/2)
J2 + t2 + 2Jt cos(θ/2)

{
> 0 for t > 0,

< 0 for t < 0,

we have �F1(t) ≥ m1 for t ∈ I1 \ (−t2, t2) where m1 = mint∈I1\(−t2,t2) f1(t) > 0.

Because �F1(t) ≥ m1 on I1 \ (−t2, t2), we get readily∫ −t2

−t1

dt e−N�F1(t) < e−Nm1(t1 − t2) and
∫ t0

t2

dt e−N�1F (t) < e−Nm1(t0 − t2),

which yields (A.12).
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Taking γ = 1/3, d0 = 1, δ0 = η1 in (A.8) and N > t2
−3, we have∫ t2

τN

dt e−N�F1(t) +
∫ −τN

−t2

dt e−N�F1(t) < η−1
1 e−η1N

1
3

which gives (A.13). The bounds in (A.12) and (A.13) are locally bounded in w.r.t. λ in (−2J, 2J).

Now, we continue the proof of Proposition A.2: We consider e−N(F1(t)−a2t2). Since we have

F1(t) − a2t
2 = t3

(−1
3

β3 +
1
4
β4t +

−1
5

β5t2 +
1
6
β6t3 + O(t4)

)
as t → 0

by (A.11) (β = J−1e−iθ/2), we have for −τN ≤ t ≤ τN

e−N(F1(t)−a2t2) =1 − N(I1
0 + I1

1 ) +
1
2!

N2(I2
0 + I2

1 ) − 1
3!

N3(I3
0 + I3

1 )

+
1
4!

N4(I4
0 + I4

1 ) + N4O(t14)

=P0(t) + P1(t) + R(t, N).

(A.14)

Here
I1
0 =

1
4
β4t4 +

1
6
β6t6, I1

1 =
−1
3

β3t3 +
−1
5

β5t5,

I2
0 =

1
9
β6t6 +

47
240

β8t8, I2
1 =

−1
6

β7t7 +
−19
90

β9t9,

I3
0 =

1
12

β10t10, I3
1 =

−1
27

β9t9 +
−31
240

β11t11,

I4
0 =

1
81

β12 + O(t14), I4
1 = O(t15),

and

P0(t) = 1 − 1
4
β4Nt4 − 1

6
β6Nt6 +

1
18

β6N2t6 +
47
480

β8N2t8 − 1
72

β10N3t10 +
1

1944
β12N4t12,

P1(t) = N(
1
3
β3t3 +

1
5
β5t5) + N2(

−1
12

β7t7 +
−19
180

β9t9) + N3(
1

182
β9t9 +

1
1440

β11t11),

|R(t, N)| ≤
4∑

�=1

c�N
�t2(�+3) with suitable constants c�.

Note that the term
∫

dt P1(t)e−Na2t2 = 0 on (−τN , τN ) or (−∞,∞) because of P1(−t) = −P1(t).

Since for any n ∈ N there exists dn =
(

n

a2

)n/2

e−n/2 > 0 such that |t|n ≤ dneNa2t2/2 on R, it

follows that ∫
R\(−τN,τN)

e−Na2t2 |t|ndt ≤ 2dna−1
2 e−

1
2 a2N

1
3

by (A.8) with γ = 1/3, d0 = 1, δ0 = a2. Then we have∣∣∣∣∣
∫

R\(−τN,τN)

dt e−Na2t2P0(t)

∣∣∣∣∣ ≤ c2N
4e−

1
2 a2N

1
3 . (A.15)

By (A.6) and (A.7), we have∫ ∞

−∞
dt e−Na2t2P0(t)

=
(

π

a2

) 1
2

N− 1
2 +

(
−1

4
β4a

− 5
2

2 Γ
(

5
2

)
+

1
18

β6a
− 7

2
2 Γ

(
7
2

))
N− 3

2

+
(
−1

6
β6a

− 7
2

2 Γ
(

7
2

)
+

47
480

β8a
− 9

2
2 Γ

(
9
2

)
− 1

72
β10a

− 11
2

2 Γ
(

11
2

))

+
1

1944
β12a

− 13
2

2 Γ
(

13
2

)
N− 5

2

≡ A′
1
2
N− 1

2 + A′
3
2
N− 3

2 + A′
5
2
N− 5

2 .

(A.16)
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By (A.15) and (A.16), we have∫ τN

−τN

dt e−Na2t2P0(t) = A′
1
2
N− 1

2 + A′
3
2
N− 3

2 + A′
5
2
N− 5

2 + O

(
e−

1
3 a2N

1
3

)
(A.17)

as N → ∞. By (A.14), (A.6), (A.7) and the definition of P0(t), we have∣∣∣∣
∫ τN

−τN

dt e−Na2t2
(
e−N(F1(t)−a2t2) − P0(t)

)∣∣∣∣ ≤ c3N
− 7

2 . (A.18)

By (A.17) and (A.18), we get∫ τN

−τN

dt e−NF1(t) = A′
1
2
N− 1

2 + A′
3
2
N− 3

2 + A′
5
2
N− 5

2 + O
(
N− 7

2

)
. (A.19)

By (A.3), (A.12), (A.13) and (A.19), we have∫
l1

dτ e−Nφ(τ) = eiθ/2e−Nφ(τ1(0))

∫ t0

−t1

e−NF1(t)dt

= e−Nφ(τ+)
(
eiθ/2A′

1
2
N− 1

2 + eiθ/2A′
3
2
N− 3

2 + eiθ/2A′
5
2
N− 5

2 + O(N− 7
2 )

)
. (A.20)

Remarking φ′′(τ+) = 2α/(J2(α + iλ)) = 2 cos θ/(J2eiθ), we have

A 1
2
≡ eiθ/2A′

1
2

= eiθ/2

(
π

a2

) 1
2

=
(

2π

φ′′(τ+)

) 1
2

, A 3
2
≡ eiθ/2A′

3
2
, A 5

2
≡ eiθ/2A′

5
2
.

Thus Proposition A.2 is proved.

Next we consider the integral
∫

l2
dτ e−Nφ(τ).

Proposition A.4.∫
l2

dτ e−Nφ(τ) = e−Nφ(τ−)
(
B 1

2
N− 1

2 + B 3
2
N− 3

2 + B 5
2
N− 5

2 + O(N− 7
2 )

)
as N → ∞,

(A.21)

where

B 1
2

=
(

2π

φ′′(τ−)

) 1
2

= A 1
2
, B 3

2
= A 3

2
, B 5

2
= A 5

2
.

Proof. We have

φ(τ2(t)) =
1

2J2

(
e−iθt2 − (α + iλ)e−iθ/2t +

α2 − λ2

4
+

iαλ

2

)
− log

(−α + iλ

2
+ e−iθ/2t

)
.

Putting
F2(t) = φ(τ2(t)) − φ(τ2(0))

=
1

2J2
e−iθt2 − 1

J
eiθ/2t − log(

−α + iλ

2
+ e−iθ/2t) + log

−α + iλ

2

=
cos θ

J2
t2 +

∞∑
n=3

1
n

(
eiθ/2

J

)n

tn,

and

f2(t) = �F2(t) =
cos θ

J2
t2 +

∞∑
n=3

1
n

J−ntn cos
(nθ

2
)

=
t2

2J2
cos θ − t

J
cos

θ

2
− 1

2
log(J2 + t2 − 2Jt cos

θ

2
) + log J,

we may proceeed in a similar fashion to that used in the proof of Proposition A.2.

By Proposition A.2 and Proposition A.4, we have
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Proposition A.5. When N → ∞, we have∫
R

dτ e−Nφ(τ) = e−Nφ(τ+)
(
A 1

2
N− 1

2 + A 3
2
N− 3

2 + A 5
2
N− 5

2 + O(N− 7
2 )

)
+ e−Nφ(τ−)

(
B 1

2
N− 1

2 + B 3
2
N− 3

2 + B 5
2
N− 5

2 + O(N− 7
2 )

)
. (A.22)

Proof. Since it follows that there exists ε1 > 0 s.t. inf(−∞,−τ0) �φ(τ) > �φ(τ−) + ε1 and e−φ(τ) is

integrable on (−∞,−τ0), we have,∣∣∣∣
∫ −τ0

−∞
dτ e−Nφ(τ)

∣∣∣∣ <

[
e�φ(τ−)

∫ −τ0

−∞
dτ e−φ(τ)

]
e−N�φ(τ−)−ε1N ≤ Ce−N�φ(τ−)e−ε1N .

This term is negligible compared with N− 7
2 when N → ∞. Similarly,

∫ ∞
τ0

dτ e−Nφ(τ) is negligible when

N → ∞. Therefore from Proposition A.2 and Proposition A.4, we get (A.22).

Now, we consider the case where the non-trivial amplitude exists.

Proposition A.6. When N → ∞, we get∫
l1

dτ
1

τ + iλ
e−Nφ(τ) =

1
τ+ + iλ

e−Nφ(τ+)
(
A 1

2
N− 1

2 + C 3
2
N− 3

2 + C 5
2
N− 5

2 + O(N− 7
2 )

)
(A.23)

and ∫
l2

dτ
1

τ + iλ
e−Nφ(τ) =

1
τ− + iλ

e−Nφ(τ−)
(
B 1

2
N− 1

2 + C 3
2
N− 3

2 + C 5
2
N− 5

2 + O(N− 7
2 )

)
.

(A.24)

Here

C 3
2

= eiθ/2

(
β2a

− 3
2

2 Γ
(

3
2

)
− 7

12
β4a

− 5
2

2 Γ
(

5
2

)
+

1
18

β6a
− 7

2
2 Γ

(
7
2

))
,

C 5
2

= eiθ/2

(
β4a

− 5
2

2 Γ
(

5
2

)
− 19

20
β6a

− 7
2

2 Γ
(

7
2

)
+

341
1440

β8a
− 9

2
2 Γ

(
9
2

)

− 13
648

β10a
− 11

2
2 Γ

(
11
2

)
+

1
1944

β12a
− 13

2
2 Γ

(
13
2

))
.

Proof. Putting

a(t) =
1

τ1(t) + iλ
=

1
Jeiθ

∞∑
n=0

(−1)nβntn,

we have
Jeiθa(t)e−N(F (t)−a2t2)

= 1 − βt + β2t2 − β3t3 + β4t4

− Nt3(
−1
3

β3 +
7
12

β4t +
−47
60

β5t2 +
19
20

β6t3)

+
1
2!

N2t6(
1
9
β6 − 5

18
β7t +

341
720

β8t2)

− 1
3!

N3t9(
−1
27

β9 +
13
108

β10t) +
1
4!

N4t12
1
81

β12) + N40(t14).

Calculating as before, we get the result.

Combining above, we get

Proposition A.7. Making N → ∞, we have∫
R

dτ
1

τ + iλ
e−Nφ(τ) =

1
τ+ + iλ

e−Nφ(τ+)
(
A 1

2
N− 1

2 + C 3
2
N− 3

2 + C 5
2
N− 5

2 + O(N− 7
2 )

)

+
1

τ− + iλ
e−Nφ(τ−)

(
B 1

2
N− 1

2 + C 3
2
N− 3

2 + C 5
2
N− 5

2 + O(N− 7
2 )

)
. (A.25)
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Analogously, we have

Proposition A.8. When N → ∞, we have∫
R

dτ
1

(τ + iλ)2
e−Nφ(τ) =

1
(τ+ + iλ)2

e−Nφ(τ+)
(
A 1

2
N− 1

2 + D 3
2
N− 3

2 + D 5
2
N− 5

2 + O(N− 7
2 )

)

+
1

(τ− + iλ)2
e−Nφ(τ−)

(
B 1

2
N− 1

2 + D 3
2
N− 3

2 + D 5
2
N− 5

2 + O(N− 7
2 )

)
.(A.26)

Here

D 3
2

= eiθ/2

(
3β2a

− 3
2

2 Γ
(

3
2

)
− 11

12
β4a

− 5
2

2 Γ
(

5
2

)
+

1
18

β6a
− 7

2
2 Γ

(
7
2

))
,

D 5
2

= eiθ/2

(
5β4a

− 5
2

2 Γ
(

5
2

)
− 159

60
β6a

− 7
2

2 Γ
(

7
2

)
+

207
480

β8a
− 9

2
2 Γ

(
9
2

)

− 17
648

β10a
− 11

2
2 Γ

(
11
2

)
+

1
1944

β12a
− 13

2
2 Γ

(
13
2

))
.

Remark. This estimate is not used directly in this paper. But instead of Brézin’s expression (3.7),

if we use the expression (3.18), we need this estimate.

A.2. A simple example: the case when |λ| ≤ 2J on the half line.

Proposition A.9. For λ satisfying |λ| ≤ 2J , we have∫ ∞

0

ds sNe−
N

2J2 (2iλs+s2) = e−Nϕ(s+)
(
E 1

2
N− 1

2 + E 3
2
N− 3

2 + E 5
2
N− 5

2 + O(N− 7
2 )

)
(A.27)

as N → ∞. Here

ϕ(s) =
s2 + 2iλs

2J2
− log s, s+ =

−iλ +
√

4J2 − λ2

2
= τ+,

E 1
2

=
(

2π

ϕ′′(s+)

) 1
2

= A 1
2
, E 3

2
= A 3

2
, E 5

2
= A 5

2
.

Proof. We deform the integration contour from [0,∞) to the path l3 ∪ l4 ∪ l5 where

l3; s3(t) = −it, 0 ≤ t ≤ t3 with t3 =
J sin(θ/2)
cos(θ/2)

,

l4; s4(t) = s+ + te−iθ/2, −t1 ≤ t ≤ t1,

l5; s5(t) = t +
J(cos(θ/2) + cos(3θ/2))

cos(θ/2)
− i

J sin(3θ/2)
cos(θ/2)

, 0 ≤ t < ∞,

lM6 ; s6(t) = M + it, −t4 ≤ t ≤ 0 with t4 =
J sin(3θ/2)
cos(θ/2)

.

Since for large M , we have ∣∣∣∣i
∫ 0

−t4

dt e−Nϕ(s6(t))

∣∣∣∣ = o(M−1),

we get ∫ ∞

0

ds e−Nϕ(s) =
( ∫

l3

+
∫

l4

+
∫

l5

)
ds e−Nϕ(s).
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(i) Putting
G4(t) ≡ ϕ(s4(t)) − ϕ(s4(0))

=
1

2J2
(t2e−iθ + 2Jteiθ/2) − log(1 +

teiθ/2

J
)

=
t2

2J2
cos θ +

t

J
cos

θ

2
− 1

2
log(J2 + t2 + 2Jt cos

θ

2
) + log J

+ i

[
− t2

2J2
sin θ +

t

J
cos

θ

2
− arctan

t sin(θ/2)
J + t cos(θ/2)

]

=
t2

2
β2 +

∞∑
n=3

(−1)n

n
(tβ̄)n,

we have

�G4(t) =
t2

2J2
cos θ +

t

J
cos

θ

2
− 1

2
log(J2 + t2 + 2Jt cos

θ

2
) + log J = f1(t),

where f1(t) is same as the one in Lemma A.3. Therefore, we remark �ϕ(s+ − t1e
−iθ/2) ≥ �ϕ(s+) and

we may apply the procedure in proving Lemma A.3 to estimate∫
l4

dt e−Nϕ(s4(t)) = eiθ/2

∫ t1

−t1

dt e−Nϕ(s4(t)). = e−Nϕ(s+)eiθ/2

∫ t1

−t1

dt e−NG4(t).

(ii) As f3(t) ≡ �ϕ(s3(t)) is decreasing on [0, t3] and by the above remark, there exists ε2 > 0 such that

inft∈l3 �ϕ(s3(t)) > �ϕ(s+) + ε2. Therefore, we have∣∣∣∣ − i

∫
l3

dt e−Nϕ(s3(t))

∣∣∣∣ =
∫ t3

0

dt e−N�ϕ(s3(t)) ≤ t3e
−N�ϕ(s+)e−ε2N .

(iii) There exists ε3 > 0 such that inft∈l5 �ϕ(s5(t)) > �ϕ(s+) + ε3.∣∣∣∣
∫

l5

dt e−Nϕ(s5(t))

∣∣∣∣ =
∫ ∞

0

dt e−N�ϕ(s5(t)) ≤ e−(N−1)�ϕ(s+)e−ε3N

∫ ∞

0

dt e−�ϕ(s5(t)).

Combining these, we get the desired result.

Analogously, we have

Proposition A.10. Making N → ∞, we get∫ ∞

0

ds sN+1e−
N

2J2 (2iλs+s2) = s+e−Nϕ(s+)
(
E′

1
2
N− 1

2 + E′
3
2
N− 3

2 + E′
5
2
N− 5

2 + O(N− 7
2 )

)
where

E′
1
2

=
(

2π

η′′(s+)

) 1
2

= A 1
2
, E′

3
2

= e−iθ/2

(
1
12

β
4
a
− 5

2
2 Γ

(
5
2

)
+

1
18

β
6
a
− 7

2
2 Γ

(
7
2

))
,

E′
5
2

= e−iθ/2

(
1
30

β
6
a
− 7

2
2 Γ

(
7
2

)
+

7
480

β
8
a
− 9

2
2 Γ

(
9
2

)
− 5

648
β

10
a
− 11

2
2 Γ

(
11
2

)
+

1
1944

β
12

a
− 13

2
2 Γ

(
13
2

))
.

A.3. Proof of Theorem 3.1. By Proposition A.5 and Proposition A.9, when N → ∞, we have

I1 = e
−N

(
φ(τ+)+ϕ(s+)+ λ2

2J2

) (
|A 1

2
|2N−1 + 2�(A 1

2
A 3

2
)N−2 + (2�(A 1

2
A 5

2
) + |A 3

2
|2)N−3 + O(N−4)

)
+ e

−N
(
φ(τ−)+ϕ(s+)+ λ2

2J2

) (
A 1

2

2
N−1 + 2A 1

2
A 3

2
N−2 + (2A 1

2
A 5

2
+ A 3

2

2
)N−3 + O(N−4)

)
.

By Proposition A.7 and Proposition A.10, we have, when N → ∞,

I2 =
s+

τ+ + iλ
e
−N

(
φ(τ+)+ϕ(s+)+ λ2

2J2

) (
A 1

2
E′

1
2
N−1 + (A 1

2
E′

3
2

+ C 3
2
E′

1
2
)N−2 + O(N−3)

)

+
s+

τ− + iλ
e
−N

(
φ(τ−)+ϕ(s+)+ λ2

2J2

) (
B 1

2
E′

1
2
N−1 + (B 1

2
E′

3
2

+ C 3
2
E′

1
2
)N−2 + O(N−3)

)
.
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On the other hand, we have

φ(τ+) + ϕ(s+) +
λ2

2J2
= 1 − log J2,

e
−N

(
φ(τ−)+ϕ(s+)+ λ2

2J2

)
= e−NJ2Ne−iN(sin 2θ+2θ)(−1)N ,

s+

τ+ + iλ
= e−2iθ,

s+

τ− + iλ
= −1.

Because of

|A 1
2
|2 = A 1

2
E′

1
2

=
π

a2
=

J2

cos θ
π, A 1

2

2
= B 1

2
E′

1
2
,

we have

the coefficients of N−1 in I1 + I2 = e−NJ2N (1 + e−2iθ)
J2

cos θ
π = 2πe−NJ2(N+1)e−iθ.

By simple but lengthy calculations, we have

2�(A 1
2
A 3

2
) + e−2iθ(A 1

2
E′

3
2

+ C 3
2
E′

1
2
) =

π

6
J2e−iθ,

A 1
2
A 3

2
− (B 1

2
E′

3
2

+ C 3
2
E′

1
2
) = − πJ2

2 cos2 θ
,

which yields

the coefficients of N−2 in I1 + I2 = 2πe−NJ2(N+1) 1
12

(
e−iθ − (−1)N 3e−iN(sin 2θ+2θ)

cos2 θ

)
.

Thus Theorem 3.1 is proved.

A.4. The case when |λ| > 2J . Here, we consider the asymptotic behavior of (3.1) in the case of λ > 2J .

The case when λ < −2J is treated analogously, so omitted.

A.4.1. The integrals
∫

R
dτ e−Nφ(τ) and

∫
R

dτ
1

τ + iλ
e−Nφ(τ). We put

ρ =
√

λ2 − 4J2 > 0, and σ± = i
−λ±ρ

2
where σ± are the critical points of φ. As φ is holomorphically extended to the domain D+ = {z ∈
C | �� > −λ}, we may deform the path of integration to the one which passes σ+. We parametrize this

path l7 by

l7; τ7(t) = σ+ + t, t ∈ R. (A.28)

Since φ is holomorphic in D+, we have easily∫
R

dτ e−Nφ(τ) =
∫

l7

dτ e−Nφ(τ) and
∫

R
dτ

1
τ + iλ

e−Nφ(τ) =
∫

l7

dτ
1

τ + iλ
e−Nφ(τ).

Proposition A.11. We have the following decomposition∫
l7

dτ e−Nφ(τ) = e−Nφ(σ+)(K1(N) + K2(N)),

which satisfy the estimates below: There exist constants k0(λ) > 0 and C0(λ) > 0 such that

|K1(N)| ≤ C0(λ)e−k0(λ)N and |K2(N)| ≤ C0(λ)N−1/2,

with k0(λ) → 0 and C0(λ) → ∞ for λ ↘ 2J respectively and K2(N) is a real valued function.

Proof. Substituting the relation (A.28) into φ(τ) to have

φ(τ7(t)) =
1

2J2

(
t2 − i(λ − ρ)t − (λ − ρ)2

4
)
− log

(
t + i

λ + ρ

2
)
, (A.29)
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we put

F7(t) ≡ φ(τ7(t)) − φ(τ7(0))

=
1

2J2

(
t2 − i(λ − ρ)t

)
− log

(
t + i

λ + ρ

2
)

+ log
(
i
λ + ρ

2
)

= b2t
2 +

∞∑
n=3

(−1)n

n
ηntn for (|ηt| < 1),

(A.30)

where

b2 ≡ ρ(λ − ρ)
4J4

=
1
2
φ′′(σ+) > 0 and η ≡ σ+

J2
= i

−λ + ρ

2J2
∈ iR. (A.31)

To proceed further, we prepare two lemmas.

Lemma A.12. There exists t5 > 0, m2 > 0 and C0 > 0 such that∣∣∣∣
∫ t5

t5/2

dt e−NF7(t)

∣∣∣∣ +
∣∣∣∣
∫ −t5/2

−t5

dt e−NF7(t)

∣∣∣∣ ≤ 4
b2t5N

e−8−1b2t25N (A.32)

and ∣∣∣∣
∫ −t5

−∞
dte−NF7(t)

∣∣∣∣ +
∣∣∣∣
∫ ∞

t5

dte−NF7(t)

∣∣∣∣ ≤ C0e
−m2N . (A.33)

Proof. By (A.30), we have

f7(t) ≡ �F7(t) = b2t
2 +

∞∑
n=3

(−1)n

n
�(ηn)tn =

t2

2J2
− 1

2
log(1 +

4t2

(λ + ρ)2
)

for |ηt| < 1. As b2 > 0, there exists t5 > 0 such that �F7(t) ≥ (b2/2)t2 for t ∈ (−t5, t5). By putting

τN = t5/2 in (A.8), we get (A.32)∫ t5

τN

dt e−N�F7(t) +
∫ −τN

−t5

dt e−N�F7(t) ≤ 4
b2t5N

e−8−1b2t25N .

On the other hand, since

f ′
7(t) =

t

J2
− 4t

4t2 + (λ + ρ)2

{
> 0 for t > 0,

< 0 for t < 0,

we have f7(t) ≥ m2 = f7(t5) > 0 for t ∈ R \ (−≈�, ≈�). Hence,

∣∣∣∣
∫ ∞

t5

dt e−NF7(t)

∣∣∣∣ =
∫ ∞

t5

dt e−(N−1)f7(t)−f7(t) ≤ e−m2(N−1)

∫ ∞

0

dt

√
1 +

4t2

(λ + ρ)2
e−t2/(2J2).

Putting C0 = em2(
∫ ∞
0

dt (1 + t2)e−t2/(2J2))1/2(
∫ ∞
0

dt e−t2/(2J2))1/2 = em2(π(J2 + J4)/2)1/2, we have

(A.33).

Lemma A.13. We have, with t5 > 0 and b2 > 0 defined above,∫ t5/2

−t5/2

dt e−NF7(t) ∈ R and
∣∣∣∣
∫ t5/2

−t5/2

dt e−NF7(t)

∣∣∣∣ ≤
√

2π

b2
N−1/2.

Proof. By (A.30) we have

F7(t) = (b2 −
1
2
η2)t2 + ηt − log(1 + ηt). (A.34)
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Putting η = iν ∈ iR we have

e−NF7(t) = (1 + ηt)Ne(−b2+η2/2)Nt2−Nηt

= e(−b2−ν2/2)Nt2(cos(Nνt) − i sin(Nνt))
N∑

n=0

(
N

n

)
(iνt)n

= e(−b2−ν2/2)Nt2(H1(t) + H2(t))

(A.35)

where

H1(t) = cos(Nνt)
∑

n=even

(
N

n

)
(iνt)n − i sin(Nνt)

∑
n=odd

(
N

n

)
(iνt)n (A.36)

and

H2(t) = cos(Nνt)
∑

n=odd

(
N

n

)
(iνt)n − i sin(Nνt)

∑
n=even

(
N

n

)
(iνt)n. (A.37)

Because 0 �= η ∈ iR, H1(t) is a real valued and even function and H2(t) is a pure imaginary valued and

odd function. Hence from (A.35) we have∫ τN

−τN

dt e−NF7(t) =
∫ τN

−τN

dt e−(b2+ν2/2)t2H1(t) ∈ R.

Moreover, as �F7(t) ≥ 2−1b2t
2 for t ∈ (−t5/2, t5/2) ⊂ (−t5, t5), we have∣∣∣∣

∫ t5/2

−t5/2

dt e−NF7(t)

∣∣∣∣ =
∫ t5/2

−t5/2

dt e−N�F7(t) ≤
∫ t5/2

−t5/2

dt e−N2−1b2t2 ≤
√

2π

b2
N−1/2.

Thus Lemma A.13 is proved.

Putting K1(N) =
∫

R\(−τN,τN)
dt e−NF7(t), K2(t) =

∫ τN

−τN
dt e−NF7(t), k0(λ) = min(8−1b2t

2
5, m2) and

C0(λ) = max(C0,
√

2π/b2, 4/(b2t5)), we have proved Proposition A.11.

Proposition A.14. We have the following decomposition∫
l7

dτ
1

τ + iλ
e−Nφ(τ) = e−Nφ(σ+)(K ′

1(N) + K ′
2(N)),

with the estimates below: There exist constants k′
0(λ) > 0 and C ′

0(λ) > 0 such that∣∣∣∣K ′
1(N)

∣∣∣∣ ≤ C ′
0(λ)e−k′

0(λ)N and
∣∣∣∣K ′

2(N)
∣∣∣∣ ≤ C ′

0(λ)N−1/2

with k′
0(λ) → 0 and C ′

0(λ) → ∞ for λ ↘ 2J respectively and K ′
2(N) is a purely imaginary valued function.

Proof. We use the same notation t5, b2, m2, τN = t5/2 as in Lemma A.12. Since (t+σ+ + iλ)−1 =

η(1 + ηt)−1, we have∫ τN

−τN

dt
1

t + σ+ + iλ
e−NF7(t) = η

∫ τN

−τN

dt (1 + ηt)N−1e(−b2+
1
2 η2)Nt2−Nηt ≡ K ′

2(N).

By the similar fashion used in the proof of Lemma A.13, it follows that∫ τN

−τN

dt (1 + ηt)N−1e(−b2+
1
2 η2)Nt2−Nηt ∈ R.

Since η ∈ iR, K ′
2(N) is pure imaginary. We put

K ′
1(N) ≡

∫
R\(−τN,τN)

dt
1

t + σ+ + iλ
e−NF7(t).

Noting that |(t + σ+ + iλ)−1| ≤ J−1 on R when λ ≥ 2J , proceeding as the proofs of Lemma A.12

and Lemma A.13, we get the desired result.
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A.4.2. The integrals
∫

[0,∞)

ds e−Nϕ(s) and
∫

[0,∞)

ds se−Nϕ(s). We deform the integration contour from

[0,∞) to the path l8 ∪ l9 where

l8; s8(t) = σ+ − it, −λ − ρ

2
≤ t ≤ ρ,

l9; s9(t) = σ− + t 0 ≤ t.

Proposition A.15. We have the following decomposition∫
l8∪l9

ds e−Nϕ(s) = −ie−Nϕ(σ+)(L1(N) + L2(N)),

which satusfy the estimates below: There exist constants �0(λ) > 0 and D0(λ) > 0 such that∣∣L1(N)
∣∣ ≤ D0(λ)e−�0(λ)N and

∣∣L2(N)
∣∣ ≤ D0(λ)N−1/2

with �0(λ) → 0 and D0(λ) → ∞ for λ ↘ 2J respectively and L2(N) is real valued.

Proof. On
∫

l8

ds e−Nϕ(s): As

ϕ(s8(t)) =
1

2J2

(
− t2 + (λ + ρ)t +

(λ − ρ)(3λ + ρ)
4

)
− log

(
i
ρ − λ

2
− it

)
,

we have

F8(t) = ϕ(s8(t)) − ϕ(s8(0)) =
−t2 + (λ + ρ)t

2J2
− log

(
1 +

2t

λ − ρ

)
= c2t

2 +
∞∑

n=3

(−1)n

n
ζntn for (|ζt| < 1)

with

c2 =
ρ(λ + ρ)

4J4
, ζ =

λ + ρ

2J2
.

Noting F8(t) is real, we have that (i) there exists t6 > 0 such that F8(t) ≥ (c2/2)t2 on [−t6, t6]

and (ii) as F ′
8(t) ≥ 0 for 0 ≤ t ≤ ρ and F ′

8(t) ≤ 0 for −(λ − ρ)/2 ≤ t ≤ 0, there exists m3 =

min[−(λ−ρ)/2,ρ]\[−t6,t6] F8(t) > 0.

Then, we have∫
l8

ds e−Nϕ(s) = −i

(∫ t6

−t6

dt e−Nϕ(s8(t)) +
∫

[−(λ−ρ)/2,ρ]\[−t6,t6]

dt e−Nϕ(s8(t))

)
.

Since ∫ t6

−t6

dt e−Nϕ(s8(t)) = e−Nϕ(σ+)

∫ t6

−t6

dt e−NF8(t),

calculating as in Lemma A.13, we get readily

R �
∫ t6

−t6

dt e−NF8(t),

∣∣∣∣
∫ t6

−t6

dt e−NF8(t)

∣∣∣∣ ≤
√

2π

c2
N−1/2.

On the other hand, we get∫
[−(λ−ρ)/2,ρ]\[−t6,t6]

dt e−Nϕ(s8(t)) = e−Nϕ(σ+)

∫
[−(λ−ρ)/2,ρ]\[−t6,t6]

dt e−NF8(t),

and ϕ(s8(t)) ≥ m3 on [−(λ − ρ)/2, ρ] \ [−t6, t6], we have with some constant D0 > 0,∣∣∣∣
∫

[−(λ−ρ)/2,ρ]\[−t6,t6]

dt e−NF8(t)

∣∣∣∣ ≤ D0e
−m3N . (A.38)

On
∫

l9
ds e−Nϕ(s): Putting

f9(t) = �ϕ(s9(t)) =
1

2J2

(
t2 + λ(λ + ρ) − (λ + ρ)2

4
)
− 1

2
log

(
t2 +

(λ + ρ)2

4
)
,
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and remarking f ′
9(t) ≥ 0 for t ≥ 0, there exists ε4 > 0 such that

inf �ϕ(s9(t)) > �ϕ(σ+) + ε4, ε4 = �ϕ(σ−) −�ϕ(σ+) =
λρ

2j2
+ log

λ − ρ

λ + ρ
.

As e−Nϕ(s9(t)) is integrable, we get∣∣∣∣
∫

l9

ds e−Nϕ(s)

∣∣∣∣ ≤ Ce−N�ϕ(σ+)−ε4N , (A.39)

with some constant C > 0. Thus, we may rewrite∫
l9

ds e−Nϕ(s) = −ie−Nϕ(σ+)L3(N)

where ∣∣L3(N)
∣∣ ≤ Ce−ε4N .

Putting

L1(N) ≡
∫

[−(λ−ρ)/2,ρ]\[−t6,t6]

dt e−NF8(t) + L3(N), L2(N) ≡
∫ t6

−t6

dt e−NF8(t),

and choosing �0(λ) and D0(λ) suitably as before, we have the desired result. The end of the proof of

Proposition A.15.

Proposition A.16. We have the following decomposition∫
l8∪l9

ds se−Nϕ(s) = e−Nϕ(σ+)(L′
1(N) + L′

2(N)),

which satisfy the estimates below: There exist constants �′0(λ) > 0 and D′
0(λ) > 0 such that∣∣L′

1(N)
∣∣ ≤ D′

0(λ)e−�′0(λ)N and
∣∣L′

2(N)
∣∣ ≤ D′

0(λ)N−1/2

with �′0(λ) → 0 and D′
0(λ) → ∞ for λ ↘ 2J respectively and L′

2(N) is real valued function.

Proof. By the definition of l8 we have∫
l8

ds se−Nϕ(s) = −i

(∫ t6

−t6

dt (σ+ − it)e−Nϕ(s8(t)) +

(∫ −t6

−λ−ρ
2

+
∫ λ−ρ

2

t6

)
dt (σ+ − it)e−Nϕ(s8(t))

)

= e−Nϕ(σ+)

(∫ t6

−t6

dt (−iσ+ − t)e−NF8(t) +

(∫ −t6

−λ−ρ
2

+
∫ λ−ρ

2

t6

)
dt (−iσ+ − t)e−NF8(t)

)

Because −iσ+ = −(λ − ρ)/2 ∈ R and F8 is a real valued function, the integral∫ t6

−t6

dt (−iσ+ − t)e−NF8(t)

is real valued. Since | − iσ+ − t| ≤ 2−1(λ + ρ) on [−(λ − ρ)/2, ρ], we have∣∣∣∣
∫ t6

−t6

dt (−iσ+ − t)e−NF8(t)

∣∣∣∣ ≤ λ + ρ

2

√
2π

c2
N− 1

2 .

Moreover, we have ∣∣∣∣
(∫ −t6

−(λ−ρ)/2

+
∫ ρ

t6

)
dt (−iσ+ − t)e−NF8(t)

∣∣∣∣ ≤ λ + ρ

2
D0e

−m3N

where m3 is given in Proposition A.15.

Next we consider ∫
l9

ds se−Nϕ(s) =
∫ ∞

0

dt (σ− + t)e−Nϕ(s9(t)).

Since there exist ε5 > 0 such that

inf
t≥0

�ϕ(s9(t)) > �ϕ(σ+) + ε5,
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we have ∣∣∣∣
∫ ∞

0

dt (σ− + t)e−Nϕ(s9(t))

∣∣∣∣ <

∣∣∣∣e�ϕ(σ+)+ε5

∫ ∞

0

dt (σ− + t)e−ϕ(s9(t))

∣∣∣∣ e−N�ϕ(σ+)e−ε5N

by the integrability of (σ− + t)e−ϕ(s9(t)) on [0,∞). Hence we have∫ ∞

0

dt (σ− + t)e−Nϕ(s9(t)) = e−Nϕ(σ+)L′
3(N),

where with some constant C > 0

|L′
3(N)| ≤ Ce−ε5N .

Therefore putting

L′
1(N) ≡

(∫ −t6

−λ−ρ
2

+
∫ ρ

t6

)
dt (−iσ+ − t)e−NF8(t) + L′

3(N),

L′
2(N) ≡

∫ τ

−τ

dt (−iσ+ − t)e−NF8(t),

we get the result.

The Proof of Theorem 3.2: By Proposition A.11, A.14, A.15, A.16 and using

φ(σ+) + ϕ(σ−) = 1 − log J2

we have ∫
l7

dτ e−Nφ(τ) ·
∫

l8∪l9

ds e−Nϕ(s) +
∫

l7

dτ
1

τ + iλ
e−Nφ(τ) ·

∫
l8∪l9

ds se−Nϕ(s)

= e−N(1−log J2)(−i(K1L1 + K1L2 + K2L1 + K2L2) + (K ′
1L

′
1 + K ′

1L
′
2 + K ′

2L
′
1 + K ′

2L
′
2)).

From Proposition A.11, A.14, A.15, A.16, we have∣∣ − i(K1L1 + K1L2 + K2L1) + K ′
1L

′
1 + K ′

1L
′
2 + K ′

2L
′
1

∣∣ ≤ C(λ)N−k(λ)N

where C(λ) = max(C0(λ), C ′
0(λ), D0(λ), D′

0(λ)) and k(λ) = min(k0(λ), k′
0(λ), �0(λ), �′0(λ)) and −iK2L2

and K ′
2L

′
2 are pure imaginary. Therefore Theorem 3.2 is proved.

Appendix B. A resolution of an ambiguity of Q-integration

B.1. Diagonalization. It is known that∫
Q

dQ e− str Q2
=

∫
R2|2

dx1dx2

2π
dθ1dθ2 e−(x2

1+x2
2+2θ1θ2) = 1. (B.1)

We may diagonalize the matrix Q by using the change of variables


y1 = x1 +
θ1θ2

x1 − ix2
, y2 = x2 −

iθ1θ2

x1 − ix2
,

ρ1 =
θ1

x1 − ix2
, ρ2 = − θ2

x1 − ix2
,

(B.2)

or {
x1 = y1 + ρ1ρ2(y1 − iy2), x2 = y2 − iρ1ρ2(y1 − iy2),

θ1 = ρ1(y1 − iy2), θ2 = −ρ2(y1 − iy2),
(B.3)

such that

GQG−1 =
(

y1 0
0 iy2

)
, GQ2G−1 =

(
y2
1 0
0 −y2

2

)
(B.4)

where

G =
(

1 + 2−1ρ1ρ2 ρ1

ρ2 1 − 2−1ρ1ρ2

)
, G−1 =

(
1 + 2−1ρ1ρ2 −ρ1

−ρ2 1 − 2−1ρ1ρ2

)
.
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It is clear that

x1 − ix2 = y1 − iy2, and str Q2 = x2
1 + x2

2 + 2θ1θ2 = y2
1 + y2

2 .

On the other hand, the so-called Berezinian is given by

dQ =
dx1dx2

2π
dθ1dθ2 = −dy1dy2

2π
dρ1dρ2 (y1 − iy2)−2.

“An ambiguity” related to the formula for the integration under the change of variables, occurs because

−
∫

dy1dy2

2π
dρ1dρ2 (y1 − iy2)−2e−(y2

1+y2
2) = 0.

An explanation given in Fyodorov [8] (pp. 501-502) or F. Constantinescu and H.F. de Groote [4] (p.991)

is outside of our comprehension.

We use the prescription of Rothstein [17] (see also M.Martellini and P. Teofilatto [14], M.R. Zirnbauer

[21]) to remedy this ambiguity by altering the notion of the volume form on the superspace.

The change of variables (B.3), which is called degree increasing in [17] or non-splitting in [14], may

be generated by a vector field Y (y, ρ) with (x, θ) = eY (y,ρ)(y, ρ), given by

eY (y,ρ) = 1 + ρ1ρ2(y1 − iy2)
∂

∂y1
− iρ1ρ2(y1 − iy2)

∂

∂y2
+ (y1 − iy2 − 1)ρ1

∂

∂ρ1
− (y1 − iy2 + 1)ρ2

∂

∂ρ2
.

By the prescription given in [17] and more precisely in [14], we should have

dx1dx2

2π
dθ1dθ2 = −dy1dy2

2π
dρ1dρ2[1 −

(
ρ1ρ2(y1 − iy2)

∂

∂y1
− iρ1ρ2(y1 − iy2)

∂

∂y2

)
](y1 − iy2)−2.

Using this, we have∫
dx1dx2

2π
dθ1dθ2 e−(x2

1+x2
2+2θ1θ2) = −

∫
dy1dy2

2π
dρ1dρ2 (y1 − iy2)−2e−(y2

1+y2
2)

+
∫

dy1dy2

2π
dρ1dρ2 ρ1ρ2(y1 − iy2)

( ∂

∂y1
− i

∂

∂y2

)
(y1 − iy2)−2e−(y2

1+y2
2).

Though the singularity (y1 − iy2)−2 must be treated by deleting |y| < ε from the integration domain and

making ε → 0, after calculating w.r.t. odd variables, we have

−
∫

dy1dy2

2π
(y1 − iy2)

( ∂

∂y1
− i

∂

∂y2

)
(y1 − iy2)−2e−(y2

1+y2
2) = 1.

B.2. An application of the diagonalization (B.3) to (3.13). We apply the above diagonalization

(B.3) to the expression below (3.13):〈
tr

1
µIN − H

〉
N

=
∫

Q

dQ N
(
{µI2 − Q}−1

)
bb

exp [−NL(µ;Q)].

By the argument in the previous subsection, we have

G(µ − Q)−1
bb G−1 = (µ − y1)−1, sdet (µ − Q) = (µ − y1)(µ − iy2)−1,

L(µ;GQG−1) =
1

2J2
(y2

1 + y2
2) + log

µ − y1

µ − iy2
.

Then, we have∫
Q

dQ N
(
{µI2 − Q}−1

)
bb

exp [−NL(µ;Q)] = −
∫

dy1dy2

2π
dρ1dρ2 Φ(y1, y2;µ)

+
∫

dy1dy2

2π
dρ1dρ2 ρ1ρ2 (y1 − iy2)(

∂

∂y1
− i

∂

∂y2
)Φ(y1, y2;µ) (B.5)

where

Φ(y1, y2;µ) = (µ − y1)−1(y1 − iy2)−2 exp [−N(
y2
1 + y2

2

2J2
+ log

µ − y1

µ − iy2
)].
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As the second term of the right hand side of (B.5) yields the same form of (3.15), we have
1
N

〈tr 1
µIN − H

〉N =
∫

R2

dy1dy2

2π

N(µ − y1 − iy2)
J2(µ − y1)(µ − iy2)

exp [−NΦ(y1, y2;µ)]. (B.6)
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