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SOME REFINEMENTS
OF WIGNER’S SEMI-CIRCLE LAW
FOR GAUSSIAN RANDOM MATRICES USING SUPERANALYSIS

ATSUSHI INOUE AND YUJI NOMURA

Dedicated to the memory of our friend Nobuhisa Twasaki

ABSTRACT. In Random Matrix Theory(=R.M.T.), Wigner’s semi-circle law gives a well-known corner-
stone. We report mathematical refinements of this law as an application of superanalysis. That is,
using Efetov’s idea, we rewrite the average of the empirical measure of the eigenvalue distribution of the
Hermitian matrices in a compact form. Careful calculations give not only the precise convergence rate
of that law, but also the precise rate of the edge mobility.

1. INTRODUCTION AND RESULT

Let 4y be a set of Hermitian N x N matrices, which is identified with RY “asa topological space.

In this set, we introduce a probability measure duy(H) by

N N
dun(H) = [ dRHw) [ dRH;1)d(SHjp) P, (H),
k=1 i<k (1.1)

_ N N
Py j(H) = Zy' exp [ - 57zt H*H|

where H = (Hji), H* = (H3,) = (Hy;) = "H, Hszl d(RHgx) H;\Lk d(MH ;i )d(SH,i) being the Lebesgue
measure on RV, and Z;,}J is the normalizing constant given by Zy, ; = 2N/2(J21/N)3N/2,
Let Eo = Eo(H) (=1, -+, N) be real eigenvalues of H € 4y.

We put

N
pv(N) = pv(A\ H) = N1 6(A = Eo(H)), (12)

where ¢ is the Dirac’s delta. Denoting

(P =00 = [ dun(e s,
Un
for a function f on Uy, we get

Theorem 1.1 (Wigner’s semi-circle law).

2rJ?) " W42 = X2 for |\ < 2J,

(1.3)
0 for |\ >2J.

N—o0

lim <pN(>\)>N = wse(A) = {

Remark. By definition, the limit (1.3) is interpreted as

N
: -1
fim (6, [ duy ()N D2 80 = EalH) = (6,020) = [ dAo()wac)
N—o0 Uy et R
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2 INOUE AND NOMURA

for any ¢ € C°(R) = D(R). (-,-) stands for the duality between D(R) and D’'(R). We need more
interpretation to give the meaning to leN dun(H)N—! Zgzl d(- — E4(H)), which will be given in §2.

Seemingly, there exist several methods to prove this fact. Here, we want to explain a new derivation
of this fact using odd variables obtained by Efetov [6], mainly following from Fyodorov [8] and Brézin [1]
(see also, Mello [15], Zirnbauer [21]).

Moreover, we get, as a byproduct of this new treatise,

Theorem 1.2 (A refined version of Wigner’s semi-circle law). For each A with |A| < 2J, when N — oo,

we have
VA4ATE -2 (-D)NJ AVA4J? — N2 A 3 9
(pn(N)y = 2T (- N cos( [T + 2arcsm(ﬁ)])N +O(N72). )
When A satisfies |A| > 2.J, there exist constants CL(A) > 0 and ky(X) > 0 such that
(on ()| < Co)exp a0 (15)
with k£ (A) — 0 and C+(\) — oo for A\ 2J or A/ —2J, respectively.
Theorem 1.3 (The spectrum edge problem). Let z € [—1,1]. We have
<pN(2J—zN*2/3)>N:N*I/?’f(z/J)—i—O(Nﬂ/B) as N — oo, (16)
1.6
(pn(=2J +2N"2/3)) = —=N"Y3f(2/J) + O(N—2/3) as N — oo,
where
1 " . o g
flw) = 47r2J(A1 (w)? — Ai"(w) Ai(w)), Ai(w) = /Rda: exp | 3+ iwz).
(A) One of the key expression obtained by introducing new auxiliary variables, is
(pn(A)) y =7~ \S/ dQ ({(A —i0)I; — Q}~ ) exp [-NL(Q)] (1.7)
where I,, stands for n X n-identity matrix and
L(Q) = str[(27%)71Q* +log((A — i0) I — Q)]
. At 212 d$1d$2
Q*{Q* (p2 Zl‘g) ‘xlaxZ 69%cv, P1s P2 GERod} iR ) dQ d 1dp2, (18)

(A =130 —z1)(A — 0 — ixz2) + p1p2
()\ —130 — $1)2()\ —130 — iLL'Q)

Here in (1.7), the parameter N appears only in one place. This formula is formidably charming but

(A=i0) L —Q)7Y),, =

not yet directly justified, like Feynman’s expression of certain quantum objects using his measure.
(Unfamiliar notion like Rey, Rog and 922 will be explained in §2.)

(B) In physics literatures, for example in [8],[21], they claim without proof that they may apply the

method of steepest descent to (1.7) when N — oo. More precisely, as

IL(Q)Q = - L(Q + Q)|

e=0
they seek solutions of

0L(Q) = str (% - ﬁ) 0.

As a candidate of effective saddle points, they take

1.1
Qe=(GA+ 5 VA2 — 42,
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and they have
M (pNN))y =7 'S = Qo) = wse(N). O

oo
Remark. Not only the expression (1.7) nor the applicability of the saddle point method to it are
not so clear. To get the mathematical rigour, we dare to loose such a beautiful expression like

(1.7), but we have the two formulae (3.7) and (3.18) which lead to our results.

Remark. The set (Uy, dun(-)) is called GUE=the Gaussian Unitary Ensemble. Other ensembles
may be treated analogously as indicated in [21] but are not treated here.
Problem: Under what condition, do we have the following equality?
1 1 1 1
lim lim(—tr ———— ) = lim i —tr ) .
i Ting (5 tr A —ie)ly — g/ =l Jim (5 o A —ie)Iy — TN

If this assertion is true, may we justify the physicists argument of “saddle point method”?

(1.9)

Contents of this paper: We gather some notations from superanalysis=analysis on superspace but
without supersymmetry, in §2. In §3, we introduce odd variables to reformulate <N*1 tr (A—tie)Iny —
H )*1> y In a compact form. To make € — 0 in that expression, we not only use Brézin’s idea but also
give our new expression using products of Hermite polynomials. Using Brézin’s expression, in §4, we
give the proof of Theorem 1.2 whose precise calculations are given in Appendix A. In §5, our expression
of <pN()\)>  is used to prove Theorem 1.3. To estimate the remainder terms, we use Lax’s technique
for the highly oscillatory integrals. In Appendix B, we clarify the ambiguity of Q-integration using the

Rothstein measure instead of the Berezin measure as the volume form on the superspace.

Since not only authors main concern is to clarify the meaning of the formula (1.7) but also there
exist so many papers on Wigner’s semi-circle law, the references cited in this paper are so restricted to

be complete. We apology to other persons whose works on this subject are not mentioned.

Acknowledgement: We would like to thank Prof. Kohei Uchiyama for valuable discussion concerning

the steepest descent method. We thanks also anonymous refree who pointed out Ziegler [20] to us.

2. FUNDAMENTALS OF SUPERANALYSIS

For symbols {o; };";1 satisfying the Grassmann relation
ojor +oro; =0, jk=1,2,---,

we put

C={X=Y X;0'|X;€C}
Iel

T ={I=(ix) € {0, N | [I| =) i) < o0},
k

where

ol =ohiglz... | T =(iy,ig,---), 06:1, 0=(0,0,---) €.
Besides trivially defined linear operations of sums and scalar multiplications, we have a product
operation in €: For

X=> X0/, Y=> YgoF,
JeJg KeT

we put

XY =Y (XY)ol with (XV); = > (=1)7"HX, vy
IeT I=J+K
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Here, 7(I; J, K) is an integer defined by

ol oK — (71)7(1;-7,10017 I=J+ K.

Proposition 2.1 ([12]). € forms an co-dimensional Fréchet-Grassmann algebra over C, that is, an as-

sociative, distributive and non-commutative ring with degree, which is endowed with the Fréchet topology.

Remark. (1) Degree in € is defined by introducing subspaces
el = {X = Z X;o'y for j=0,1,---
I€T,|Z|=|
which satisfy
¢ = @;?iog[j]’ el . @kl - glitk

(2) Define

proj;(X)=X; for X = ZX[O’I ec.
IeT
The topology in € is given by X — 0 in € if and only if proj;(X) — 0 in C, for any I € 7.

This topology is equivalent to the one introduced by the metric dist(X,Y) = dist(X — Y') where
dist(X) is defined by

- 1 [proj; (X)) . IR
dist(X) = S th r(I)=1+-3 2% for I
ist(X) 2 T+ proj;(X)] i) =1+ g 2=tk O EE

(3) We introduce parity in € by setting

0 if X =3 7 12y X0,
p(X)=<1 if X =37 17/—oa X0l
undefined otherwise.

We put )
Cov = B2, = (X € €| p(X) = 0},

Coa = &2, = (X € ¢[p(X) =1},
C= &y B Coq = Coy X Cog.

Analogous to €, we define
R ={X e ¢|mX e R}, R =mnell
Rey = RNy, Roa =RN&oq = Coq,
R = Rev D Roa = Rev X Roa-

We introduced the body (projection) map 7 by
X = proj;(X) = X5 = X0l = X5 forany X €€,

and the soul part Xg of X as

Xs=X-Xg=)» X
[1]>1
We define the (real) superspace R™!™ by

MM — ;™ RT,.
The distance between X,Y € ™" is defined by,

disty(n (X, Y) = distynjn (X —Y)
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with

: S 1 |proj;(z;)| - 1 [proj;(6x)|
dist,, 1, (X) = E E - + E E - .
| =~ ( 2/ 1+ [proj; (z;) ) &= \ &2 27D 1+ [ proj, (6]
We use the following notation:

X = (X4)9" = (2,0) € ®™I"  with
w=(Xa)ioy = ()], €R™MO, 0= (Xa)420 ) = (Ok)hoy € RO
We generalize the body map 7 from ™™ or R0 to R™ by putting,
X = (z,0) € R g X = Xp = (zB,0) 2 o = mpx = (TBT1, -+ , TBTm) € R™.
We call z; € R, and 0, € Roq as even and odd (alias bosonic and ferminionic) variable, respectively.

[Linear Algebra]

Definition 2.1. A rectangular array M, whose cells are indexed by pairs consisting of a row number and
a column number, is called a supermatriz and denoted by M € Mat ((m|n) x (r|s) : €), if it satisfies the

following:

1. A (m+n) x (r+s) matrix M is decomposed blockwisely as M = {A C} where A, B, C and D

D B
are m X r,n x s, mxs andn X r matrices with elements in &€, respectively.

2. One of the following conditions is satisfied: Either
o p(M) =0, that is, p(Ajx) = 0 = p(Byy) and p(Cjy)
o p(M) =1, that is, p(Ajr) = 1 = p(Buw) and p(Cjy)

1 =
0= p(Duk)'

We call M is even denoted by Mat o, ((m|n) x (r]s) : €) (resp. odd denoted by Mat oq((m|n) x (r|s) : €))
if p(M) =0 (resp. p(M) =1). Therefore, we have

Mat ((m|n) x (r|s) : €) = Mat oy ((m|n) x (r]s) : €) & Mat oq((m|n) x (r|s) : €).
Moreover, we may decompose M as M = My + Mg where

A 0 -
[ BB:| when  p(M) =0,

0
Mg =
0 Cs _
[DB 0 ] when  p(M) = 1.

The summation of two matrices in Mat o, ((m|n) x (r|s) : €) or in Mat oq((m|n) x (r|s) : €) is defined
as usual, but the sum of Mat o, ((m|n) x (r|s) : €) and Mat ,q((m|n) x (r|s) : €) is not defined except zero
matrix.

It is clear that if M is the (m 4+ n) X (r + s) matrix and N is the (r + s) x (p + ¢) matrix, then we
may define the product M N and its parity p(MN) as

(MN)ij =Y MyNyj, p(MN)=p(M)+p(N) mod 2.
k

Moreover, we define Mat [m|n : €] as the algebra of (m +n) X (m + n) supermatrices.

A C

Definition 2.2. Let M = {D B

] € Mat [m|n : €]. We define the supertrace of M by

str M =tr A— (—1)?) r B.
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We get

Proposition 2.2. (a) Let M, N € Mat [m|n : €] such that p(M) + p(N) = 0 mod 2. Then, we have
str (M + N) = str M + str N.
(b) M is a matriz of size (m +n) x (r+s) and N is a matriz of size (r + s) X (m +n). Then,
str (MN) = (=1)PMP(N) gtr (N M),

If M € Mat[m|n : €] is even, denoted by M € Mat o, [m|n : €], then M acts on R™I" linearly.
Denoting this by Ths, we call it super linear transformation on 81" and M is called the representative
matrix of Th;.

Proposition 2.3. Let M € Mat o, [m|n : €] and assume det Mg # 0. Then, for given Y € R™",
TyX =Y
has the unique solution X € "™ which is denoted by X = MY .

Definition 2.3. M € Mate,[m|n : €] is called invertible or non-singular if Mg is invertible, i.e.
det Ag det Bg # 0, and denoted by M € GL oy [m|n : €].

Definition 2.4. Let B = (Bjj) be (£ x {)-matriz with elements in Cq,, denoted by, B € Mat [¢ : €.,]. As

Cev 1 a commutative ring, we may define det B as usual:

det B = Z sgn (p)Bl p(1) """ Be p(€)-

PEPL

Definition 2.5. Let M be an even supermatriz. When det Bg # 0, we put
sdet M = (det(A — CB~'D))(det B)™*

and call it superdeterminant or Berezinian of M.

Theorem 2.4. Let M, N € Mat [m|n : €].
(1) If M is invertible, then we have sdet M # 0. Moreover, if A is nonsingular, then

(sdet M)~ = (det A)~!(det(B — DA™'(C)).

(2) Multiplicativity of sdet on GL ey[m|n : €]:
sdet (M N) = sdet M sdet N.

(8) str and sdet are matriz invariants. That is,

str M = (=1)PAD+p(N) gty NATN -1 if N is invertible,
sdet M = sdet NM N~} if M € GL ey[m|n : €] and N is invertible.

(4) Moreover, we have

exp(str M) =sdet (exp M) for M € GLy[mn : €].

[Elementary analysis]

Supersmooth functions: For any f(q) € C*°(R™ : C), we put,

o0

~ 1
flx) = IX_:O a@gf(zg)xg‘ for x = x5 + x5
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which is called the Grassmann continuation of f(¢), and denoted simply by f(z). We define a function
u € Cyg o (R™") by

w(X) =u(z,0) = Z Ug(x)8* = or simply Z Ug ()07,

la|<n la|<n

called a supersmooth function on R™I™.

Ezample. For £ = (&, ,&y,) € R0 =R™

ev?

€l =[¢ls +[éls with [éls= D> [¢lio’, [€ls >0, €] €R,

we define |£| € Rey as follows: Putting

|I|=even>2

we should have

€)? = Z(fj,B +&8)(EB+Es) = Zf?,g + Zﬁj,B(ﬁj,s +&s) + ij,sfj?,
Jj=1 Jj=1 j=1 j=1
&s = Z ijlal, fj_s = Z @Talwith fJ—I being the complex conjugate of §; r in C.
|I|=even>2 |I|=even>2
Therefore,
€le = {D_& e},
j—l
20€|wcléls + D [ElIEL ()T = Z 265 RE+ D ng 1§5.5(=1)7H D)
I+J=K j=1 I+J=K j=1

which are solved by induction with respect to the length |K|. For example, if |K| = 2, we have

1€k = [€5" ZS;‘,B RE K-

j=1
It |K| = 4,
2/¢|x = €5 ( ng,Béﬁfg,K-f— Z Zﬁg,[fg, THLT) Z Z|§\I|§|J )LD ete.
I+J=K j=1 T+J=K j=1
We define sin [¢], cos || as
_ 1 — 1
sinfé| = >~ —sin (|&ls + =) [¢lg  coslé] = D — cos (I¢ln + ) €5
n=0 n=0

We may characterize this function as a solution of a certain Cauchy-Riemann type partial differential

equation. See more exactly [12, 10].

Derivations: For a given supersmooth function u(X) on SR”I", we define its derivatives as follows: For
7=12--- mand k=1,2,--- ,n, we put

(X) =) Onua(x)0",

la]<n

Ubim(X) = 7 (=) @ug (@) - 657 05
jal<n
where I (a) = Zf;ll a; and 6, ' = 0. U,(X) are called the partial derivatives of u with respect to X, at
X = (z,0) and are denoted by
U;(X) = %u(az 0) = Op,u(x,0) for j=1,2,--- ,m,

Un+s(X) = u(z,0) = 0p,u(x,0) for s=1,2,---,n

90,
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or simply by

Ug(X)=0x,u(X) for k=1, ,m+n.

For
a=(w,a), a= (a1, ,am) € N™ a=(a, - ,a,) € {0,1}",
m n
o] =Y oy, lal =) ak, la| =|al+al,
=1 k=1
we put

0% = 0205 with 02 =02 ---0%m, 9 =05 - Opn.

EiECmel@. 892019293 = 70103, 891893919293 = 02 7é 702 = 893891 010293, etc.

Integration: We define

/ dxdﬁu(m,@)z/ dm{ dﬁu(x,ﬁ)}
|mmin |m|0 ROIn
— [ dxu(@n, 00, 0)(Xn) (ma("%) =)
RTH,

:/ d9{ dxu(a:,@)} :/ dfdx u(x,0).
ROIn Rm|0 Rm|n

Especially for odd integration, we have the following curious looking but well-known relations

/ df,---df16,---6, =1 and / df,---df1 1 =0 (Berezin integral).
R R

0|n 0|n

Remarks for the need of co number of Grassmann generators.

(i) Though € does not form a field because X2 = 0 for any X € €oq, but if X, Y € € satisfy XY =0
for any Y € €,q, then X = 0. This property holds only when the number of generators is infinite. By

this, we may determine the derivative 0% u(X) uniquely.

(ii) In general, we need at least countable number of operations in doing analysis. If the number of

Grassmann generators is finite, then the effect of odd variables may vanish after finitely many operations.

Remark. Though the differential calculus on Fréchet spaces has some difficulties in general, such
calculus on Fréchet-Grassmann algebra holds safely in our case. For example, the implicit and inverse

function theorems, and the chain rule for differentiation. See, Inoue and Maeda [12], Inoue [9, 11].

3. THE DERIVATION OF (1.7) WITH A — i€ (e > 0 FIXED) AND ITS CONSEQUENCES

It is well-known that

1 1 1 1 1
5(q) = = lmS—— = — lim |—— — ——| = —lim —— in D'(R),
Te=0 q—ie 2mie=0|q—ie q+ie| we=0qg2+e?

that is, for any ¢ € C3°(R),

1 ?(q) -1 €p(q) | P(eq) . _ N
s \S/quq_ie—ﬂ' /quq2+€2—7r /qul—l—qz #(0) = (¢,0) ase— 0.
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Therefore, for any fixed ¢ € C§°(R), we have

N
dﬁf . 1 €
/uN A (H)90), 25 H)= /uN dun(H) 55%/ PN X G E e
—hm duN /d>\¢ —~ Z O =B 2 by Lebesgue’s dom. conv. theorem

1 € .
_hm dA(b / dun(H N;()\—EQ(H))Q—#E? by Fubini’s theorem.

The second equality is garanteed by the fact that for any ¢ € C§°(R), we have, for any e > 0 and H € iy,

1 Y €
| [ aron— > G mmyal < el

Here, we used the fact [, d\e(A? 4+ €?)~! = m. The third equality holds because we have

Vw2 e m el << PO

and the right hand side is integrable w.r.t. the product measure dAduy(H) for any fixed € > 0.

In order to check whether we may take the limit before integration w.r.t. dX in the last line above,

we calculate the following quantity as explicitly as possible:

N
g e N) = /uN du(H)%SZ;#EQ(H). (3.1)

We claim in this section that (i) g(A, e, N) exists as a function of A for any e > 0 and N € N and (ii)
lime o g(-, €, N) exists in D'(R) for any N € N and it is denoted by (pn(A)) -
Now, we put
zj = x4 iy;, Z; = 1 — iy, 5, Yj € Revi Ok, Ok € Rod = Cou,
X =%z20), 2="(21,-- ,2n), 0 ="(01,--- ,0n),
X* = (2%,0%), 2" = (Z1,--+ ,Zn), 0° = (01, ,0n).

Here, 6, and 0, are considered as two different odd variables.

The following is the key formula which is well known:
Lemma 3.1. Put = X —ie (e > 0).

1 1
r —— = —_—
/U'INfH ;ﬂ*Ea(H)
(3.2)

dz;d
_2/ H zﬂ zﬂ Hd&kdek (2%2) exp [—iX* (I, ® (uly — H))X].
¢N|2N =1 Pl
To prove this lemma, we need the following lemma.

Lemma 3.2. Let I'=the diagonal matriz with diagonal given by (y1,---,vn) where v; € R. Putting

(z%2) = Z;Y:I Z;2; = |z|?, we have

Nodzidz N
Z/ II == T dOrdbr (=7-2) exp [=iX™ (L2 © (D—ieln))X] = )
EN[2N
j=1 k=1

. 3.3
27 o yj—ie (3:3)
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Proof. Remarking

dz; dz; dz] .
I'—iel =
/@N‘O 1;[ 57 (2% z) exp [—iz" (D—ieln)Z] (

M=

1 )N
1'yj—ze =1 e+iy;’

J

and
N
/ H d0ydOy exp [—i0* (T—ielxn)0 H e+ivg),
¢0|2N b1
we get the result (3.3) readily. O
Proof of Lemma 2.1. Considering I' as the diagonalization of AIy — H for any N x N-Hermitian
matrix H, we get (3.2) readily. O

Lemma 3.3. For p=\—ie (e > 0),

1
(o ey = / Hdz] e Hdekdek ("2) exp [~iX" (I ® pln)X]
N

J2

xexp[—2N

N
Z (Zj2k +§j9k)(7kzj + ?kej)].
Jik=1

Proof. By definition, we have
1 B dzj dzj
W NS / i / H H s (3.5)
X (2%z) exp [—ZX (I, ® (uIy — H)X]].

As X*(Iy ® H)X = H;(Z;2, + 0,0}), we have

N N
, _ = J?
{exp [+i 'kzl Hik (22 + 0;00)]) y = exp [ — o kz Ziz1 + 0,0,) (Zrz; + 010;)]. (3.6)
dik= —1
After changing the order of integration and substituting (3.6) into (3.5), we get (3.4) . O

There are at least two approach from (3.4) to Wigner’s law: The method (I) permits us to make
€ — 0 rather easily and leads us to a not so simple looking formula but which is calculable, the other one
(IT) yields the beautiful formula (1.7) formally, but in order to make e — 0 in that formula rigorously,
we reform it until it is represented by Hermite polynomials, and at that time the beauty of the formula
(1.7) is lost.

(I) The following calculation is proposed by E. Brézin [1, 2]:

Using
N
Z Zjzk 4+ 0,01) (Zrzy + 0x0;) = (2%2) +2(0%2)(2*-0) — (6%0)?,
7,k=1
we have

J? N \Y? e . N
exp [ﬁ(& 9)2] = (ﬁ) / dT exp [—’7'(0 0) — ﬁTz].
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Substituting this relation into (3.5), we get

<t /H de dz] Hd&kdek Z Z
2

X exp [—iX* (I, ® pIn) X — ;—N((z*~z)2 +2(0%2)(2"0))]

N\ /2 ) N,
X (27rJ2) /_Oo dr exp [—7(6"-0) — 2527 ]

Proposition 3.4. We have the following formula:

1 ’ 1 N O\2 /N N N
(v ey e ) () e el eiaet o)
0

> N
X / dr (1 + iV 4+ id + s)exp [—2—JQT2]

232 (72 + 2iXs + 5%) — log s(T +i)))].

HIN -

x exp[—N(

Proof. Since

J? J?
_iu(e*.e) — W(Q )(Z 9) — 7- 0* Z 7' + 7,,u Oab + Wzafb)em
a,b

using Lemma 2.3 and Lemma 3.6 below, we get
i J2 J2
L dedon expl-in(06) 5 (62)(6) = 7(60%0)) = (7 + i)™ (7 + i+ 5 (742).

Palet N (3.8)

Using the expression (3.8), we have

B dz]dz] I J? 2
(tr m Z/H (z"z)exp [—ip(z*z) — 2N(z -2)7]

N v . \N-1 . J? N
8 (27rJ2> /_OO dr (7 +ip)" (7 +ip + W(Z -z)) exp [_ﬁT ].

Identifying CNV = R2N by zj = x5 + z'y]7 Z; = x; — Wj, dzj N dz; = 2idz; A dy; and using the

N
dz;d dxidy;
polar coordinate (r,w) € R, x S2N~1 with H 22] - H 15 %Yi = 7 Np2N=1gr dw, Jgen—1 dw =
i T

vol(S2N—1) = 27N /(N — 1)!, we get,

1

J2
ey O

o / dr® r?N exp [—ipr —ﬁr‘l]

N O\ L \N-—1 2 N
X <m> /_OO dr (T +ip) (T—I-Z/J,—l-ﬁ’l“ ) exp [—2—J27' ]

Changing the independent variables as r? = (N/J?)7 and making € — 0, i.e. u — A—i0, we get the result.
Here, this procedure of making ¢ — 0 under integral sign is admitted because of Lebesgue’s dominated

convergence theorem. O

Remark. The formula (3.7) equals to Brézin’s one (2.16) of [1] where he takes A + ie instead of our
choice A — ie. On the other hand, seemingly, he miscopies his equality in (44) of [2], more precisely, the
term (1 + 2y) in (44) should be (1 + (z — iz)~ty).



12 INOUE AND NOMURA

Corollary 3.5. For A\ =0, we get readily

1 1 1 . 5 _
(pn(0)y = —=[L= ()Y N+ ZN 2 4 ()N 2o N 72+ O(N 1], (3.9)
Proof. Using (A.6), (A.7) to have
1 1
— _ Cx _
(o () = oS o, —a)n
1 N1/2NN+1OON N o [ wa N
= (—27TJ2> (ﬁ) /0 ds s exp [—ﬁs ]/_OO dr 7 (T + s) exp [—2—J27 ]
—N-1 2
1/ N N+1
e ( N >1/2(£>N+1>< 5(@) F(T) , N=even,
~ rN!\ 272 J? 1/ N\ "' [N\./N+2
we may calculate explicitly by the Stirling formula. O

In proving (3.8) above, we used
Lemma 3.6. Let M = (M) with May, = adap + B2aZp. Then, we have

det M = o™V Ha+0)2)%), |2]* =22

Proof. Let u satisfy Mu = yu. Then, we have
Z-Mu=~Z-u, u-Mu=~u-u. (3.10)

From the first equation above, we get

N
(v —a—Blz]?) Zujfj =0.

j=1
If Z;V:1 u;Zj # 0, v = a+ B|z[2. On the other hand, if Z;\le u;Z; = 0, the second one in (3.10) implies
that v = a. Taking into account the multiplicity, we have the desired result. O

(IT) In order to get the expression (1.7), we proceed as follows: Putting
N N 3
Ay = (2= 2% 2=
Zj:l ejzj Zj:l 91'91'

we have
N

str A% = Z (Ejzk + gjtgk)(szj‘ +§k9j)~
Jk=1

On the other hand, the following is known as the Hubbard-Stratonovich formula:

Lemma 3.7. Let A be any even 2 x 2 supermatriz. For Q € Q given in (1.8), we have
2

exp [_QJ_N str A%] = /Q dQ exp [—% str Q? £ istr (QA))]. (3.11)

Proof. Let A= <9a 9b1) with a, b € Rey and 01, 05 € Ryq. For any v > 0, we claim
2

/ dQ exp [f1 str (vQ iy tA)?) = 1.
D 2

As we have readily

str (YQ £ iyt A)? = A2 (2 4 22 + 2p1p2) £ 2i(z1a + pr0a — pabdy — ixab) — v 2(a® — b + 2016,),
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we get

/dmdpz exp [—v’p1p2 Fi(p102 — pabh) + 7 20102] = (v° — 6162)(1 + v 26162) = 72,

drd 2 -2
/ S exp [ (o + 23) Fi(wra — iwab) + L (a? )

dxidx 1 o 1 _ -
z/% exp[—i(’yxl:l:w 1a)2—§('ya:2:|:*y ) =~"2 O

Substituting (3.11) with A = Ax into (3.4), noting str (QAx) = X*(Q ® In)X, taking the part of

integral and changing the order of integration, we have

N N
. dEj de — " e B
z/jli[l Y 1:[ dy,doy, (2% z) exp [—iX* ((ul2 — Q) ® In) X]

N

({ulz - ®IN}71)bb,jj sdet_l(i(ulg —-Q)®IN).
j=1

Therefore, we have

Lemma 3.8. For p = \—ie (e > 0),

1
(tr )y /dczz (bl = @@ ) st il - Q@)

Here, (C)w,j; is the j-th diagonal element of the boson-boson block of the (even) supermatriz C.

Remarking
{uls = Q) @ INY w5 = {pde — Q} Ny forany j=1,2,--- N,
sdet “(i(uly — Q) ® Iy) = sdet ~V (uly — Q),
str (AB) =str (BA), str(A+ B) =str A+str B, log(sdet®A) = ¢str(log A) for (€ Z,

we have
1 -1
(o v = /QdQN({MZ —Q} 1), exp [~ NL(1; Q)] (3.13)
with
L(;Q) = str[(2J%)71Q* + log(ul2 — Q)]
_ -1 _ o — 1o _(p =) (p—ix2) + p1po
({MIQ Q)} )bb 1 (,u _ «Tl)(li _ ixg) — p1p2 - (/J _ xl)Q(/J _ ixg)
Q= {Q <x1 i/.;12> |$1,$2 € 9{eva P1, P2 € SRod}~

Remark. If we could make directly ¢ — 0 in (3.13), we had the formula (1.7). We claim at least
symbolically we do that.

Lemma 3.9. For p =\ —ie (e >0),

i(tr 1 > _/ dridxe N(p—x1 —ixs)
ply —H'N re 2w J?(p—x1)(p —ixe)

N exXp [_N(I)(xlvx2;ﬂ)]v (314)

where

2 2
r] + x5 n— 21
+log ———.

2.J2 gu—zaﬁg

O(x1, 295 1) =
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Proof.  As the integrand in (3.13) is represented by

(u—xl)(u—ix2)+p1p2 2, 2 B — 1 p1P2
. N ]+ x5 + 2 +1lo — — .
e R N et a2 o - B
we have
- —iTa) + 1
/dmdpz (o D 3 2). P exp [—N{—2 - }p1p2]
(1= 21)?(p — 1w2) J* o (p— 1) (p — i)
(3.15)
B ~1 LN 1 1 )
(h—m1)?(p—iz2)  p—a1 J2  (p—z)(p—iz2)”
Remarking (g — x1) ™2 = 0, (u — x1) 1, by integration by parts, we have
dxldxg -1
_N® .
/ 2 (4 — 21)2(p — ix2) exp | (21,225 p)]
dx1dzy -N T 1
— = _ —No ;
| e (G — e N i)
which yields (3.14). O
Remark. As the right-hand side of (3.14) is rewritten
1 1 N (p— 21 —ixe)(u — iz2) N1 2?3 + a2
—(t = dr1d —N
N<rMIN_H>N 27TJ2 T14T2 (M—xl)N+1 p[ 2J2 ]’
(3.16)
there is no singularity in the integrand when Su # 0. O
Using the fact that for any real smooth integrable function f,
lim %/Rdz (A —ie =)~} f(a) = lim A dxmf(x) = 1f(N),
and integrating by parts based on 9% (u— 1)~ = l(u — xl)’e’l, we have,
lim S [ day (A — —t N A0 v
lim S s x1 (A —ie—x1) exp[— 2—J2] 7 \ exp[— ﬁ]
Using the Hermite polynomial Hy(z) defined by
[¢/2] kgl .0—2k 0
—1)"lx 2
H — (-1 £ z2/262 —z2/2 — ( — / dite™? /2 it £
g(ﬂ?) ( ) e =€ kZ:O Qkk'(€—2k)' \/ﬁ - e (l':F’L ) ’
with
Hi) = T [ ey
((yx) = — e T Fit)",
\/_
we have
Lemma 3.10.
(+1)/2 2 2
(-1t , 2 a/N\® A t
™ 7l 3>\ exp[fNﬁ] = E ﬁ exp[fN J2] dt ()\:F’Lt) exp[fNﬁ}
(3.17)
Proof. Using Bell’s polynomial, we have
f/2] ko—Fk 1—k 9
= 1) >\2 (=D N o2k A
O expl=N 5 7] k‘ (— 2k)! AT epN g

2/2 1/2 2
(N N A
On the other hand,

) —(e4+1)/2 1/2
RV Y21 N N
[ ronto g = (2) " n((3))
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and

. . 3 J? RV
/Rdxg (—izg)(p — ixs) exp [—N%} = —EW /Rd:cg (1 —izo) Lexp[—

2
Lo

2J2]
—(+2)/2 1/2
N N
() () )

N
(on(N)y = 5373 Im(SK: + SKy),

e—0

Therefore, we have

where
x% + x%]
2J2 7

K, = / drydeg (u—21) N (@ — ixy)N Lexp[-N
R2

x%—&—x%]
2J2

K, = /2 darydey (u— 1) NN (—izg) (p — ixo) N " Lexp[- N
R

Moreover, we get

(N-1)/2 1/2 5
. T N N A
fim 31 = W(T) Hy ((J_) A) >e[=No 7

N/2 1/2 9
msK, = = (N N NN
lh”%“K?N!<J2) HN(<J2> A) PN 7]

Combining these, we have proved

Proposition 3.11. For any A € R, we have

3 1/2 1/2
()]

N\ /2 1 N\
= (QWJQ) 27 (N~ 1)) (ﬁ) //W dtds exp [—-No4(t,s, N]ax(t,s, A\; N),

1
bi(t,s,)\) = 2—J2(t2 + 5% 4+ A?) — log(A\Fit) (A\Fis),
3.19)
1 1 (
t,s,A\: N) = .
ax(t,s, ) {(Aiit)g + (AFis)?

where

oo 20N

4. THE PROOF OF SEMI-CIRCLE LAW AND BEYOND THAT
Now, we study the asymptotic behavior of the following integral w.r.t. N:

o N [e.¢]
L= / ds N exp [— = (2iAs + 5] / dr (74 i\)N exp [~ 7,
0

—T
2J2 —00 2J2 (41)
I, = /OO ds sVt exp [—i(%}\s + 5%)] /00 dr (14 i\)N texp [—£T2}.
o 2.2 - 2.2
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Theorem 4.1. Let |\ < 2J. Putting 0 = —arg 1y, 74 = 271 (—i\ +V4J2 — \2), we have

e—iN(sin 20+-20)

, 1/ 3
I + I = 2w N J2(NHD [e‘leN_l + — (e—” — (=¥ )N‘2 + O(N‘3)}

2
12 cos? 0 (4.2)
For the proof, see Appendix A.4.
Remarking the Stirling formula
1 1 139 571
N—-1=e NNVN-120014+ —N"'4+ —_ N2 N3__"_ N*LON
(V-Di=e TN 5 51840 gasssz0 ) O
that is,
1 eN N—N+1/2 1 . 1 _2 5
we get
1 1 N \V2/ N\ Nt
t =1 — L+1
{ r(/\—iO)IN—H>N Z(N—l)!(27TJ2) <J2) (L + L),
,NQ B a1 1 i N3e—iN(sin 20+26) _2 3 1 4 L
= 27(6 N~ + E[e - (-1 p—y INT*+O(N) (1 - EN +O(N7%))
N 0 (_1)N e—iN(sin20+20) . L
=i— R N O(N .
YT (e 4 cos? 0 +0( )
Therefore, we proved the first part of Theorem 1.2. O

The relation (1.5) for |A| > 2J is proved analogously: That is, we have

Theorem 4.2. Let A > 2J. There exists constsnt k(A) > 0 and C(\) > 0 such that

L+ I, = J*Ne N K(N) + pure imaginary part with |K(N)| < C(A)N~"3e FOIN,

See, Appendix A.4, for the proof.

Substituting this estimate into the definition of (pn (X)) ,,, we get

L<t ;>
AN —i0) Iy — H'N

1 N 1/2 N N+1
’m(—mz) (T) (i + L),

1 N O\2 /N
i <sz) <ﬁ) J?Ne=N (K(N) + pure imaginary part)

L ( N >1/2(N>N+1J2N6NK(N).

N?

&

<pN()\)>N =

|
&

I
&

TN\ 27J2 J?
Applying the Stirling formula to the last line of the above, we get the estimate (1.5). O

5. EDGE MOBILITY

To study the asymptotic behavior of <pN(2J - zN_2/3)>N, or <pN(—2J+zN_2/3)>N for |z] <1 as

N — o0, we use in this section the formula (3.18):

NN+

1/2
_N-2/3) _ L n—2/3
(pn(2J — zN )>N = @AV — v //R2 dtds exp [-No¢4(t,s,2J — zN~=/7)]

X a+(t,s,2J—zN72/3;N), (5.1)
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23 NN —2/3
(pn(—2J 4+ 2N"?1%)) = @n)PA(N — DN //]R2 dtds exp [-No¢_(t,s,—2J + zN~/?)]
x a—(t, 5,72J+ZN72/3;N), (5.2)
where
1
b1 (t,s,\) = 572 ——(t* + 5% + \?) — log(\Fit) (A TFis),
w5 = ZOFIOFis) (1= ND{OFit) + (Fis)) (53)
&A= 2(AFit)2(\Fis)? '
Proposition 5.1. For |z| < 1, we have
~1/3
“2/3))
{pn(2J — 2N~% = 7r2J5 // dx dy (z — y)? exp [~ 3J3(:r +y3 —3zJ(x +y))]
+ O(N~2/3). (5.4)

The right-hand integral above, should be interpreted as the oscillatory one.

Proof. 1In this proof, we abbreviate the subscript + of ¢4 and a.

Put w = N~Y/3. For A = 2J — zu?, using the change of variables s = —iJ 4+ yu, t = —i.J + zu, we

have
o(x,y, z;u) = ¢(—id + xu, —iJ + yu, 2J — zu2) = h(u) — log g(u),
where )
h(u) = 575 (=i +2u)? + (=] + yu)* + (27 = 2u?)?)
ilx+y) 22 + 92 —4zJ2 2
=1 — -
J 22 + 2J2“ ’

g(u) = (2J — zu® —i(—iJ 4+ zu))(2J — 2u* —i(—iJ + yu))
=J? —iJ(z +y)u— (zy + 22)u? +iz(x + y)u® + 22t
Analogously, we put
a(z,y, z;u) = a(—iJ + zu, —iJ +yu, 2J — zu?;u™3)
(= y)Pu + w207 = 2 (@ + y)u — (2% 4 y? + 42d)u? + 2i(z + y)zud + 2270t
29%(u) '

Using Taylor’s expansion of ¢(z,y, z;u) w.r.t. u at u =0, we get

o(x,y, z;u) =1 —log J* + —= [a? 4+ = 32J(x + y)ju + R(u),

3J3
with
ut [*
Rw = [ dr (1= 1% @,y 70,
= Jo
gy = A 3@ (O W) | 120/ ) 000
R g(u) g(u)? g(u)? glu)*’
|8§8§R(u)\ <Cppu* foru>0,z,y€R, 2| <1, k+<2.
Moreover,

1
G_NR(u) _ 1 + S‘(u)7 S(u) — _u_2/ dT R/(’Tu)a
0

2 3
R(u) = / dr (1 —1)3eW (2, y, 270 —|——/ dr (1 —71)3p0) (z,y, 2z Tu).
Therefore, we have

exp [-No(x,y, 2; N_1/3)] =e NN exp [— (:E + 9> —32J(x + y))]e_NR(Nfl/S).

3.J3
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On the other hand, as we have

1
u) 2 =J"—2u g (Tu)g(Tu) 3
o) =77 =2 [ g (rg(ru)

we get

— )2 1
a(z,y,z;u) = (1:2J;11/) u? + Au), A(u) = —u?(x — y)2/0 dr g’ (Tu)g(Tu) 3.

with
0805 A(u)| < Crypu® foru>0,2,y€R, 2| <1, k+0<2.

Combining these, we get

// , dtds exp[=No(t,5,27 — 2N )] alt, 5,27 — 2N~/ N)
N[ dvdy ool NG s N a5 N
— ¢~ N j2N N—2/3 //R2 dx dy exp [7$(x3 + y3 . 32J(sc + ym
X (1+5(N‘1/3))(%N‘2/3 +A(N‘1/3)>

_2)\2
— e*NJQN |:N4/3/ dr dy (‘T y) exp [_
R2

ML 575 (@ + o =820+ )] + O(N ).

3J3

Here, we applied the lemma below to

F(a0) = Alw), A@SE), ST,

for getting the last term O(N~5/3).

Moreover, we may rewrite the above (5.5) using the Stirling formula to get

~1/3
J[ . dwdy x el + o =327+ )l — )

_ —2/3 _
<pN(2J zN N 87r2J5
+O(N72/3). O

Lemma 5.2. If f satisfies
|aka£ [z, y)| < Cre,

we have
‘// dxdy f(z,y) exp [— 3J3(x +y3 = 3zJ(z +y))]| < C < .

Proof. We use Lax’s technique to estimate the oscillatory integrals noting

(1-0; —0)) exp[— 575 (2" +¢° = 32J(z +y))] = ®(a,y) exp [~ 555 («° + ¢ — 32T (x +p))]

=
3.J3 3J3
with ) ) . .
2i 6

Z(xﬁLy)Jr 2(x +y)+x +y'

®(z,y) =1+ 182277 + 73 72 76

Therefore, we have

J[ . detv e e g5 6 o = 320G )

[ =8 =g e e e )

By the assumption, (1 — 92 — 85)(]“(:0, y)/®(x,y)) is integrable w.r.t. dzdy, we get the desired result. O

Using the Airy function defined by
Ai(z) = / dx exp [—%x?’ +izzx] = / dx exp [%x?’ —izx] = Ai(z) for z € R,
R R
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we have - .
ix izx 2
/Rdac exp [_ﬁ + ?] = JAl(j),
iz 12X C o xR
/Rdx:v exp [—ﬁ + ?] = —iJ Al’(j),
. 3 .
9 i 12T, 3 %
/Rdxx exp [_ﬁ F] =—J Al”(j).
And we get
(pn(2J = 2N723)) = N3 f(2J71) + O(N72/3),
where
_ 1 N . _ N7 .
f(z) = 47r2J(A1 (2) Ai'(z) — Ai"(2) Ai(2)). O

Corollary 5.3. For |z| <1, we have

(pn(=2J + 2zN"2/3)) = —N7V3f(2J71) + O(N~?/3).

Remark. Though Brézin and Kazakov applied the Brézin formula (2.7) to obtain the analogous
statement, but we can’t follow their proof (48) of [2].

APPENDIX A. A TYPICAL APPLICATION OF THE SADDLE POINTS METHOD

It seems rather rare to find “a complete prescription” of the saddle point method for a concrete

example, see the old book of de Bruijn [5], pp.77-78 :

The saddle point method, due to B. Riemann and P. Debye, is one of the most important
and most powerful methods in asymptotics. --- (omission) - - -

Any special application of the saddle point method consists of two stages.

(i) The stage of exploring, conjecturing and scheming, which is usually the most
difficult one. It results in choosing a new integration path, made ready for application
of (ii).

(ii) The stage of carrying out the method. Once the path has been suitably chosen,
this second stage is, as a rule, rather a matter of routine, although it may be complicated.
It essentially depends on the Laplace method of Ch.4.

- (omission) --- Most authors dealing with special applications do not go into the
trouble of explaining what arguments led to their choice of path. The main reason is
that it is always very difficult to say why a certain possibility is tried and others are

discarded, especially since this depends on personal imagination and experience.

Therefore, for the future use, we describe an application of this method to the problem in hand as

complete as possible.

A.1. A simple example: the case when |\ < 2J. In this subsection, we consider the asymptotic

behaviour of

2

/dT e N a5 N — oo where ¢(r) = 27-? — log(7 + i\). (A1)
R

For |A| < 2J, we put

—id &
a=V42-X2>0 and 14 =22

2
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where 74 are the critical points of ¢, namely the roots of ¢'(7) = 7/J? — 1/(7 +i\) = 0.

Assuming that no confusion occurs for abusing the symbol 8, we put
6 = —arg 74 (this implies @ = 2J cos 0, A = 2Jsin6),
cos e~ 10/2 cosf 0 (A.2)

= = th=J— d ty=2 —.
as JZ,B T h Jcos(9/2) an 0 Jcos2

Therefore, we have

Je—ie, (b( ) 2—16—2i0 _ log(Jew), qs//( ) J_2(1 + 6—21'9)7
T+ = . T- = . . T- = .
- T 2720 —log(—Je i), T T2+ ),

Moreover, we may show that the critical points 74 are saddle points: If we complexify 7 and put qz(t, w) =
BT +te™), then we have ¢y (0,w) = 0 and ¢ (0,w) = e2“~#®|¢" (., )|. Therefore, we have ¢ (0,6/2) > 0
and ¢4(0,0/2 +7/2) < 0.

As ¢ is holomorphically extended near 7, we may deform the path of integration such that 74 are

crossed by this path. We parameterize the pathes [; and Is by

ll;Tl(t) :T++t€i0/27 tEIl = [7t1,t0], (A3)
lo;To(t) = 7_ +te™9/2. t e Iy = [~to, t], (A.4)

Putting 70 = 71 (to) = —72(—to) = J(2cosf + 1), we have

/dTeiNd’(T) :/7T0 dT€7N¢(T)+/ dTefN(z’(T)Jr/ dTefN‘ﬁ(T)Jr/oo dre Vo),
R —00 lo I To (A.5)

Before calculating the each term in (A.5), we prepare a technical lemma:

Lemma A.1. Forany ¢ >0 andn=20,1,2,3,---,

> —0t? 2n+1 __ > —0t2 2n+1 _ n!
/_Oodte t =0, /0 dte "t = SgnFi (A.6)
oo |
die— g _ pondp (2L _ pns (2n)! ns. (A7)
- 2 nl22n

Let 5 > 0, dy > 0. For Ty = dgN 7 such that 0 < v < 1/2, we have

/ dt e N < (250dg N V) Lem0odoN' T (A.8)
TN

Proof. The first two are well known. As t > 7y, we have
SN(#? —1%) =N (t — 7n)(t + 7n5) > 20NN (t — 7).
Therefore, we get

o0 2 2 o0 1— 2 1—2
/ dte 0Nt « gm0 NTy / dt e=200do N7 (=) (25odoN1_’y)_1e_5°d0N O
TN TN

Now, we consider the integral fll e~ N dr.,

Proposition A.2. We have

dre—No(T) — p=No(rs) ( A
L (A.9)

N
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1 1
2 2 , 2 . 1 _5 1 _z
= (orm) = (@) e (e () e (3))
T+ a9
. 1 _z 7 47 _9 9 1 _u 11 1 _13 13
— i0/2 _ -6 i = ' 8 a2 _ _— nplo 2= _ - pnl2 2N [ .
¢ ( g7 2 (2)+4806 %2 (2) TPI <2>+1944ﬁ %2 2

Proof. Substituting the relations (A.3) into ¢(7) to have

where

A

wjut

2 2 . . .
o(11(t)) = L et 4 (a —iA ew/ZL‘—l—u—ﬂ — log —a—H)\ + €2t |
22 4 2 2
(A.10)
we put
Fi(t) = ¢(n (1) — ¢(11(0))
1, 1 _, j . i
= ﬁeth + je_lG/Qt - log(—a ; iA +¢9/2t) 4+ log a —; ix
t? t 6 1 9
= ——cosf+ = cos = — = log(J? 4+ t* + 2Jtcos =) + log J
2J2 J 22 2 ( 2') . (A.11)
+ Z[t— sin 6 — i sine — arctan Jsin 6 + ¢ sin(6/2) +0)
2J? J 2 Jcos @+ tcos(0/2)
. & —1)" —i0/2\ "
n=3

To proceed further, we prepare

Lemma A.3. For any 0 < 1y < ag, there exist constants ta > 0 and my > 0 such that (—ta,t2) C I3,
REL(t) > nut? fort € (—ta,tz) and REL(t) > my fort € I} \ (—t2,t2) . Moreover, we have, as N — 0o,
—t2 tO
/ dt e NF®) 4 / dt e N = O(e=m M), (A.12)
—tl t2
Putting Tn = N~Y/3 and letting N — oo, we have

to —TN 1/3
/ dte=NF1(®) +/ dte NP = O(e=m N, (A.13)
TN

—to

Proof. For |J71t| < 1, we have

oo

cosf (=™ ... nf
filt) = RE(t) = 7# + ,;, S cos ()

t2 t 0 1 5 o 0
= ﬁcosﬁ—i— Cos5 — ilog(J +t* 4+ 2Jtcos 5) +log J.
Therefore, if 71 < as, we take to sufficiently small such that we have RF;(t) > 1t for t € (—ta,t2).

Moreover, since

cosf  cos(0/2) t+ Jcos(0/2) {> 0 for t>0,

(t) = t -
hlt) ity J2 412+ 2Jtcos(0/2) | <0  for t<O0,
we have RF () > my for t € Iy \ (—ta,t2) where my = minges,\(—t, ) f1(t) > 0.

Because RF;(t) > my on Iy \ (—ta,ta), we get readily

—to to
/ dt e NREL(t) o o= Nma (t; —t2) and / dt e NWF(®) o g=Nma (to — t2),
—t1 12

which yields (A.12).
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Taking v = 1/3, dg = 1, o = n; in (A.8) and N >t 3, we have

to —TN 1
/ dt e—N%Fl(t) + / dt e—N?RFl(t) < n;le—nleS
™~ —t2

which gives (A.13). The bounds in (A.12) and (A.13) are locally bounded in w.r.t. A in (—2J,2.J).

O
Now, we continue the proof of Proposition A.2: We consider e~V (#1 (H—=a2t*) Gince we have
Fi(t) —agt? =t (%163 + iﬁ“t + %ﬁ%Q + %ﬁ6t3 + O(t4)) ast — 0
by (A.11) (3 = J~te=%/2), we have for —7y <t < Ty
e NP ®=a:t) =) N(IE 4+ 1}) + %NQ(IS +17) - 31! N3I§ + 1)
+ N+ I + N (A-14)
=Py(t) + Pi(t) + R(¢t, N).
Here 1 1 -1 -1
Il = Zﬁ4t4 i EﬁﬁtG’ Il = ?53253 n ?5%5,
2= é/@Gt(S 4 %58t87 2= %ﬂ7t7 4 %ﬂgtg,
3= %ﬁlotm’ = ;_;ﬂgts) i %511t11’
= 00, I =0(),
and

1 1 1 47 1 1
P()(t) =1— Z/B4Nt4 _ 6ﬁﬁ]\]'t6 4 1_8ﬁ6N2t6 + @ﬁ8N2t8 _ ﬁﬁlO]\/V?)tl[) + @ﬁ12N4t127

L59t9+ 1 Bl

1 1 1 ~19
Pi(t) = N(= 3t3 - 5t5 N2 - 7t7 9t9 N3
1 (#) G+ 558+ (At + 180" )+ (182 1440

4
|R(t,N)| < Z ceN* 23 with suitable constants cg.

{=1

Note that the term [ dt Py (t)e=Ne2t" = 0 on (—7n,7n) or (—00,00) because of Py (—t) = —Pi(t)

Since for any n € N there exists d,, = (n
az
follows that

n/2
) e/2 > 0 such that [¢|" < d,eN®2t*/2 on R, it

1
/ e—Na2t2|t|ndt < zdnaa—le—%agNs
R\ (=7,7w0)
by (A.8) with v =1/3, dp =1, dop = ag. Then we have

1
PRt
< o N4 292 N3

/ dt e N2t py(t)
R\ (—7n,7n)

(A.15)
By (A.6) and (A.7), we have
/oo dt eVt py(t)
—o0
1
(5 s (o () e ()
i <—é5602%r <g) I %68(12 ip <§) _ 712 wa;%l“ (1_21>) (A.16)
+ @ﬁza;%F (123 N—3

=A N2+ AN 24+ AN 3.
2 2 2
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By (A.15) and (A.16), we have
™~ 1 & 5 1 1
/ dte N py(t) = AAN"T + AL N"2 + ALN"3 40 <e§a2N3)
2 2 2

—TN

as N — oo. By (A.14), (A.6),
‘/ o~ Naxt? (e—N(Fl(t)fazﬁ) _ Po(t))‘ <c3N72,
Cn

y (A.17) and (A.18), we get

(A.7) and the definition of Py(t), we have

/ T dte NP A N L AN ALN-F 40 (N*%) .
2 2 2

—TN

By (A.3), (A.12), (A.13) and (A.19), we have

t
/ dr e~ N(T) — i8/26=No(r1(0)) / * e NE() g
l1 —t1

— ¢~ No(r4) (ei9/2A’lN*% +ei9/2A/§N7% 42 AL N
2 2 2

Remarking ¢”(7,) = 2a/(J?(a +i))) = 2cos0/(J%e™), we have

A = €i0/2A/; — (i0/2 K 2 _ 2 5’ As
: : a (1) :

Thus Proposition A.2 is proved.

619/214/37
2

Next we consider the integral fl2 dre N,

Proposition A.4.

l2

where

Sy
=
I
7N
<
| o
r\ ]
~~_
(S
I
N
=
oy
[S][)
I
[N ’
Sy
o
I
o ‘

Proof. We have

R B T e, @2 =N Al —aFIA s
o(m2(t)) = 572 (e t* — (a+iNe t+ 1 5 log 5t t
Putting
Fy(t) = o(m2(t)) — ¢(72(0))
L e 1 e, —a+iA g —a+ A
= 352¢ t e t log(i2 +e t) + log 5
cosh 5, =1 [el02\"
=7 - £
g +;n< 7 :
and
cosl 5 =1 __. n
fat) = REy(t) = ——t —J"t" cos ()
J = 2
t2 t 0 1 5 o 6
= ﬁcosef Cos5 — ilog(J +t* —2Jtcos 5) +log J,

we may proceeed in a similar fashion to that used in the proof of Proposition A.2.

By Proposition A.2 and Proposition A.4, we have

5+ O(N™

%)),

As = e/2 4/, .
2 bl

/ dr e No(T) = o=No(r-) (B%N’% +ByN™% + BsN ™5 + O(N*E)) as N — oo,

23

(A.17)

(A.18)

(A.19)

(A.20)
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Proposition A.5. When N — oo, we have
/RdTede)(T) = e No(TH) (A%Nf% JrA%N*% JrAg]\Fg + O(Nfg))
4 e Ne(r-) (B%N‘% +BsN~% 4 BsN~% 4 O(N—%)) . (A22)

Proof. Since it follows that there exists e1 > 0 s.t. inf(_o 7)) RP(7) > RNPp(7_) + &1 and e ?(7) ig

integrable on (—o0, —7p), we have,

/770 dr ede)(T) < [68%(7) /*To dr 6¢(7)} 67N§R¢(T,)751N < CefNéRqs(r,)efelN.

This term is negligible compared with N ~% when N — oc. Similarly, f;;o dr e~ N9(7) is negligible when

N — oo. Therefore from Proposition A.2 and Proposition A.4, we get (A.22). O

Now, we consider the case where the non-trivial amplitude exists.

Proposition A.6. When N — oo, we get

/dT RS I ) (43Nt +oyNErosNTE OV )
o T A T4 + 1A 2 2 2

and

/dT L_-motn) = L ~Nor) (ByN "t + TN E TN E OV ).
1, T A T_ + i 2

; _3 3 7 _5 5 1 _z 7
o (e (5) - gt e (3) + e T <2)> |
, s /5\ 19 . _z_/7\ 341 9
Cs = i0/2 4 gr YY) _ 26 i ( = 8
g=e " (Fa 5) "2 % 5) t 10?2 T3

10 -2 11 12 —? 13
648ﬁ <2>+@ﬁ F(Q))'

1 n TL
alt) = T1(t) + i 619 Z )1ont

Here

Proof. Putting

we have
JeiGG(t)e—N(F(t)—aztz)

=1-6t+ 62t2 — ﬁ3t3 + it
_ Nt3( 53 + 54 e %é?ﬂStQ i Q,Bﬁtg)
+ 2—N2t6(—66 - —ﬂ7t 34158152)
_ —N3t9( 59 108ﬂ10t) Lo N4 12 512) + NAo(t1).
Calculating as before, we get the result. O
Combining above, we get

Proposition A.7. Making N — oo, we have

/dT e N = LN (4, N 4 0N 1 0N oV D))
R THIA Ty 1A 2 2 2

+ #‘e_NMT_) (B N3 +
T_ +iA
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Analogously, we have

Proposition A.8. When N — oo, we have

LS e N S IO -1 -3 -3 -1
/RdTme —me + (A%N 2+D%N 2+D%N 2+O(N 2))
1
+ m€7N¢(T’) (B%Ni% +D%N7% +DgN7% + O(Nig)) .(A~26)

Here
i _3 3 11 _3 5 1 _z 7
Dy =2 (a0, 1 (3) = ot 1 (5) + e 1 (3) ).

. S5 (5Y 159 o 1 [T\ 207 ¢ —3 (9
Ds — i0/2 4 gF ) _ ¥ 06 (= =8 2l N
g=¢ <5ﬂ @ T\3) " 2 \3) T’ 2 T3

17 0 —u (11 1 ., s (13
20 r{—)+_— r(=2)).
s’ 5 ) T Toua” ® 2

Remark. This estimate is not used directly in this paper. But instead of Brézin’s expression (3.7),

if we use the expression (3.18), we need this estimate.

A.2. A simple example: the case when |A| < 2J on the half line.

Proposition A.9. For X satisfying || < 2J, we have

/ ds sV e DN — o Nele) (B N By NTE 4 ByNE L O(NE))
0 (A.27)

as N — oo. Here

B 52+ 2i)s 1 A VATE N
@(5)—7— 0gs, sS4 = D) =Tt

T _ _

E:, = 2 )l 1, Es=As, FEs=As.

2 (p//(s_i_) 2 2 2 2 2

Proof. We deform the integration contour from [0, 00) to the path I3 Uy Ul; where

. . Jsin(6/2)
. = — <t < = — ~ 7
lg, Sg(t) ’Lt, 0 ~ t ~ tg with t3 COS(Q/Q) 5

Ly salt) = sy +te /2, —t; <t <t,
J(cos(6/2) + cos(30/2)) . Jsin(36/2)
) _ _ <
la; s5(t) = ¢ cos(6/2) ! cos(6/2) ’ 0<t<oo,
) . Jsin(360/2)
lé\/[,SG(t):M+Zt, *t4§t§0 with t4:W

Since for large M, we have

0
; di e_ng(sa(t)) = O(M_l)a

—t4

oodsefN‘p(s) = </ —I—/ +/ >dseN“"(S).
0 I3 ls ls

we get
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(i) Putting
Ga(t) = p(s4(t)) — ¢(s54(0))

L a2 i 0/2 /2
= —(t*e™ " + 2Jte’ —log(1
2J2(te +2Jte'?) —log(1 + 5 )
t2 t 0 1 0
_ . - ___1 2 2 2 e 1
¥E) c059+Jcos2 og(J* +t“ + Jtcos2)+ ogJ
+1 r s 0+ col b arctan tsin(6/2)
in — — ar —_——
e 72 J +tcos(6/2)
2 p N~ D"
= — _— t n
50 +n§:3 ——(th)",
we have
§RG()—i o4 L Q——l (J? + % 4+ 2Jt Q)+1 J = fi(b),
4 573 €08 7 Cos 5 og €08 og 1

where f1(t) is same as the one in Lemma A.3. Therefore, we remark Rp(sy — t1e7%/2) > Rp(s,) and

we may apply the procedure in proving Lemma A.3 to estimate

t t
/ dt e~ Ne(sa() — if/2 / D e Nes(0) Z ~Nels) it/2 / " dte-NGa(),
l4 t1

—tq

(i) As f3(t) = Rp(ss(t)) is decreasing on [0,t3] and by the above remark, there exists €2 > 0 such that
infier, Rp(s3(t)) > Rep(sy) + €2. Therefore, we have

t4
‘—i/ dt e~ N#(ss(t)) :/ddte—N%W(sa(t)) < tye~NRe(s1) g2l
I3 0

(iii) There exists €3 > 0 such that infie;, Rp(s5(t)) > Reo(sy) + 3.

= /Oo dt e—NERW(Ss(t)) < e—(N—1)§R<p(s+)e—53N /OO dt e—%«p(ss(t)).
0 0

dt o~ Nelss (1)

ls

Combining these, we get the desired result. O

Analogously, we have

Proposition A.10. Making N — oo, we get

/ ds sV 1T 27 Girstsh) — g o= Nelos) (E%N*% +EyN"#+ ELNTE 4 O(N*%))
0

2m I i —igje L z4 -5 (5 1—6 -1 (7
(o) = By=e (gt (5) + 57" r (3))
L6 2. (7 7 —s8 —3 (9 5 —10 —u_ (11 Z12 (13
B — 719/2 ir i sp(2) - 2 dp (1 '
: 307 2 T\g) Ta” 2T \g) Tows” 19445 2

A.3. Proof of Theorem 3.1. By Proposition A.5 and Proposition A.9, when N — oo, we have

where

[SIE

E

o=~
Il

2
I = e_N(¢(T+)+¢(S+)+;‘T) (|Al|2N_1 + 2%(A;A_§)N_2 + (2%(A_Ar) + |A§|2)N_3 —|—O(N_4))

2
2 2

4 e N (Bt 3 (AlN + 24, As N2 4 (24 A + A3 )NT3 L O(N )).

3
By Proposition A.7 and Proposition A.10, we have, when N — oo,

I = 57+67N(¢(T+)+90(s+)+;‘?) (AlEll N1 + (AlE’g, +CsE, )N72 + O(N73)>
T4 + A E 2 2 E

2
i S+ efN((b(Tf)‘HP(SJr)“’—;}z) (BlEll Nfl + (BlE/g +Cs /1)N72 + O(N73)) .
T_ 44\ 23 chat B A
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On the other hand, we have

A2 9
P(m4) + p(s4) + o — 1~ log J*,
e—N(¢(T,)+ga(s+)+§) _ e—NJQNe—iN(sin29+29)(_1>N,
S+ o210 S+
T4 40X T4
Because of ,
J R
Ai2= A B, =~ =" x, A, =B.E,
2 2 2 az  cosf 2 2
we have

o J? .
the coefficients of N~ in I + I, = eV J2N (1 + 67210)—971' = 2me N JAN+D =0,
cos

By simple but lengthy calculations, we have
OR(AyAg) + e %A By +CyBY) = ~J% %,
3775 33 571 6

— mJ?
—(B1Ey +Cs3EY) = ————
(By By + ) 2cos? 6’

=

3
2

which yields

1 ) 3 —iN (sin 204-20)
the coefficients of N~2 in I + Iy = 2re N J2NV+D — (=90 _ (—1)Ne— .
12 cos? 6

Thus Theorem 3.1 is proved. O

A.4. The case when || > 2J. Here, we consider the asymptotic behavior of (3.1) in the case of A > 2.J.

The case when A < —2.J is treated analogously, so omitted.
1
A.4.1. The integrals / dre N and / dr ——e N We put
R R T+ A

At
p=VX2_4J2>0, and oy —=iF

2
where o1 are the critical points of ¢. As ¢ is holomorphically extended to the domain Dy = {z €

C|SF > —A}, we may deform the path of integration to the one which passes . We parametrize this

path 7 by
ly;me(t) =04 +1, teR. (A.28)

Since ¢ is holomorphic in D, , we have easily

/ dre N — / dre N and / dr 1, e~ Ne(m) — / dr 1. o~ No(r)
R R THIA 1, THIA

l7

Proposition A.11. We have the following decomposition

/ dr e No) = e=No(e1) (K (N) + K3(N)),

Iz

which satisfy the estimates below: There exist constants ko(\) > 0 and Cy(\) > 0 such that
|K1(N)| < Co(N)e FoON and  |Ky(N)| < Co(A)N~2,

with ko(A) — 0 and Cy(N) — oo for A\, 2J respectively and Ko(N) is a real valued function.

Proof.  Substituting the relation (A.28) into ¢(7) to have

P(7(t)) = 2—; (> —i(A—p)t — (/\_Tp)) —log (t+ i%), (A.29)
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we put
Fr(t) = ¢(r2(t)) — o(77(0))
1, A+p A+p
e —i(\— log (t 1 —
= 573 (P —i(h = p)t) —log (t +i=—") +log (i~ ) (A.30)
= byt? D t <1
£ SR o (o] <),
where
A=p) 1 —A+p
by = TN §q§”(a+) >0 and n= J_; =i € iR. (A.31)
To proceed further, we prepare two lemmas.
Lemma A.12. There exists t5 > 0, mo > 0 and Cy > 0 such that
ts —t
t5/2 2U5
and
'/ 5 te—NFr(1) ‘/ dte NFr(D)| < Coe ™2N (A.33)
Proof. By (A.30), we have
21 42
Fy(t) = bot? = — —log(1

n=3

for [nt| < 1. As by > 0, there exists t5 > 0 such that RE7(t) > (bo/2)t? for t € (—ts5,t5). By putting
T~ =t5/2 in (A.8), we get (A.32)

s -~ 4 -
/ dt e~ NRFr (D) +/ dt e NREr(1) < o8 2N
s ~ bots N

On the other hand, since

f’(t)—i— 4t >0 fort>0,
T2 424+ (M +p)? <0 fort<O,

we have f7(t) > mo = f7(ts) > 0 for t € R\ (—zﬁ,zﬂ). Hence,

/ gt e~ NFr () / dt e~ (N=VF(0=F1(8) < g=ma(N- 1)/ dt 12127
ts ts A‘i’p

Putting Co = e™2( [~ dt (1 + t?)e™" */(@0%))1/2 (f dte H@INY2 = ema(n(J2 4 J4)/2)Y2, we have
(A.33). 0

< 2—7TN—1/2.
<4/ b

Lemma A.13. We have, with t5 > 0 and by > 0 defined above,

ts/2
/ dte” N e R and ‘/ dt e NF7®
—t5/2 ts/2

Proof. By (A.30) we have

F7(t) = (bg — 1772

5 )2 +nt — log(1 + nt). (A.34)
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Putting n = iv € iR we have

e NFr(t) — (1 4 nt)Ne(—b2+n2/2)Nt2_Nnt
2 1o N2 Y /N
= (b2 /N (o5 (Nut) — i sin(Nwt)) Z ( )(iz/t)" (A.35)
n
n=0
— e(*b27V2/2)Nt2 (Hl(t) +H2(t>)
where
A . NY .
Hy(t) = cos(Nvt) Z (ivt)" — isin(Nvt) Z (ivt)" (A.36)
n=even n n=odd n
and

H(t) = cos(Nvt) 3 (Z)(iut)"—isin(Nut) 3 (f)(m)n. (A.37)

n=odd n=even
Because 0 # 1 € iR, Hy(t) is a real valued and even function and Hs(t) is a pure imaginary valued and
odd function. Hence from (A.35) we have

TN TN 2 2
/ dt e NFr(®) :/ dte= 2DV (1) e R

—TN —TN

Moreover, as RF7(t) > 27 1bot? for t € (—t5/2,t5/2) C (—ts5,t5), we have

ts5/2 ts/2 t5/2
‘/5 gt e=NFr®) :/ gt e~ NRE:(1) S/ dt e~ N2t o |27 \-172
—t5/2 —t5/2 —t5/2 ba

Thus Lemma A.13 is proved. O

Putting Kl(N) = f]R\(f'rN ) dt e_NF7(t)’ KQ(t) = fI]‘,\—]N dt e_NF7(t)a k'O()‘) = min(S_letga m2) and
Co(X) = max(Cy, \/27/b2,4/(bats)), we have proved Proposition A.11. d

Proposition A.14. We have the following decomposition

1
/ dr ——=e” N = "N (K (N) + K(N),
s T + Z}\

with the estimates below: There exist constants k{(X) > 0 and C{(X) > 0 such that

’K{(N)‘ < Ci(N)e RN gnd ‘KQ(N)‘ < CH(AN"/?

with k{(A) — 0 and C{(X) — oo for A\, 2J respectively and K5(N) is a purely imaginary valued function.

Proof. We use the same notation ts, by, mg, Ty = t5/2 as in Lemma A.12. Since (t+o, +i\) "t =

n(1+nt)~1, we have

TN 1 TN
/ dt mefNFﬂt) — U[ dt (1 + nt)Nfle(*b2+%772)Nt2ant = K}(N).

By the similar fashion used in the proof of Lemma A.13, it follows that

/TN dt (1+ nt)yN—le(o2tan INE-Nnt ¢ R

—TN

—TN TN

Since n € iR, K(N) is pure imaginary. We put

1
K|(N) = / dt —— e NFr(®),
R\ (—7,7v) t+0’+ +ZA

Noting that |(t + o4 +4iA)7| < J~1 on R when A > 2J, proceeding as the proofs of Lemma A.12
and Lemma A.13, we get the desired result. O
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A.4.2. The integrals / dse N¢B) and ds se”N¥9(5)  We deform the integration contour from
[0,00) [0,00)
[0,00) to the path lg Ulg where
A —
ZS;SS(t) :U-‘r_itv _Tp StSp7

lo;s9(t) =0_ 4+t 0<t.
Proposition A.15. We have the following decomposition
/ dse ™ N = _je= NP (L (N) 4 Ly(N)),
lgUlg
which satusfy the estimates below: There exist constants £o(A) > 0 and Do(N\) > 0 such that
|L1(N)| < Do(N)e NN and  |Ly(N)| < Do(A)N~Y/2

with Lo(\) — 0 and Do(N\) — oo for A\, 2J respectively and Lo(N) is real valued.

Proof. On [ dse ™ N?(): As

ls
p(ss(t)) = #(—ﬁ + (A +p)t+ (A—p)+k+p)) —log (i~ A —it),
we have s ,
—t t t
Fu(t) = o(ss(0) — pls(0) = =8 _pog (14 2
=ot’ + ) —(_;)ng”t“ for (|¢t| < 1)
n=3
with
o = PAED) ¢ = Atp
2T 272

Noting Fg(t) is real, we have that (i) there exists tg > 0 such that Fg(t) > (c2/2)t? on [—tg,t]
and (ii) as Fi(t) > 0 for 0 < t < p and Fj(¢t) < 0 for —(A — p)/2 < t < 0, there exists mz =
min[_(,\_p)/gvp]\[_t(j,tﬁ] Fy(t) > 0.

Then, we have

t
/ dse N — /6 dt e~ Nelss(®) +/ dt e~ Nelss(®) ]
ls —te [—(A=p)/2,p]\[~t6 6]

t(‘, t6
/ dt e=Ne(ss (D) Z (~Ne(or) / dte-NFa(0),
—tg —

te
< /2_7rN*1/2'
C2

dt e~ Nelss(0) — o~Ni(or) / dt e~ NFa(0)
[=O—0)/2,0\ [t te]

Since

calculating as in Lemma A.13, we get readily

t5 t6
R > / dt e NFs(t) ‘ / dt e~ NFs(t)
—tg

—ts

On the other hand, we get

/[()\P)/Z,P]\[tts,te]
and ¢(ss(t)) > msz on [—(A — p)/2,p] \ [—ts, ts], we have with some constant Dy > 0,

’ / dte” VW) < DoemmeN, (A.38)
[=(A=p)/2,p]\[~ 16 te]
On [, ds e~ Ne(s): Putting
1 A+p)?, 1 A+ p)?
fo(t) = Rep(s9(1)) = 55 (£ + A+ p) = =) — S log (1 + =),
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and remarking f§(¢) > 0 for ¢ > 0, there exists ¢4 > 0 such that

. A A—
inf Ro(sg(t)) > Rp(oy) +e4, €1 =Rp(o_) —Rp(oy) = 2P log Al

2j A+p
As e~ Ne(s9(t) is integrable, we get
‘ / dse NeB) | < CemNRelor)—eaN (A.39)
lo
with some constant C' > 0. Thus, we may rewrite
/ ds e Ne) = _je=Nele) [(N)
lg
where
|L3(N)| < Ce =M.
Putting
te
Li(N) = dte NFs® L Ly(N), Lo(N) = / dt e NFs(®),
[=(A=p)/2,p]\[t6,t6] 2

and choosing £y(\) and Dg(A) suitably as before, we have the desired result. The end of the proof of
Proposition A.15. O

Proposition A.16. We have the following decomposition
/ ds se” N9 = e NPT (LY (N) + Ly(N)),
IgUlg

which satisfy the estimates below: There exist constants £y(\) > 0 and D{(X) > 0 such that
|LY(N)| < Dy(N)e ™ 0N and  |Ly(N)| < Dy(A)N Y2

with £4(A) — 0 and D{(N) — oo for A\, 2J respectively and Ly(N) is real valued function.

Proof. By the definition of lg we have

to —to 232
/ ds se Nl = (/ dt (o4 —it)e Nelst) 4 (/ A +/ )dt (0 —it)e_N‘P(SS(t))>
ls —ts —25£ te
te —tg 232
= e Neloy) dt (—ioy — t)e_NFs(t) + / . +/ dt (—ioy — t)e_NFs(t)
—tg -=5* te

Because —ior = —(A — p)/2 € R and Fy is a real valued function, the integral
te
dt (—ioy —t)e N
—tg

is real valued. Since | —ioy —t| < 271(A + p) on [ (A — p)/2, p], we have

/\+p / N
—te P

’ / +/ dt (—ioy —t)e  NBO| <
~(-p)/2 i

where mg is given in Proposition A.15.

te
’ dt (—7;0'4_ ) —NFs(t)

—tg
Moreover, we have

A —2i_ pDOe—mgN

Next we consider

/ ds se™Ne(s) = /OC dt (o + t)e Nelsal),

lg 0
Since there exist €5 > 0 such that

inf Rep(s9(t)) > Rp(o4) + &5,
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we have

<

/OO dt (U_ 4 t)efN@(Se(t))
0

by the integrability of (o + t)e™#(*()) on [0, 00). Hence we have
/ dt (o_ + t)eiN@(sg(t)) = e*N<P(U+)Lg(N)’
0

where with some constant C' > 0
|LL(N)| < Ce N,

Therefore putting

—t6 14
L(N) = (/ N +/ >dt(ia+t)eNF8(t) + Ly(N),
-2t i

Ly(N) = dt (—ioy — t)e N0,
we get the result. -
The Proof of Theorem 3.2: By Proposition A.11, A.14, A.15, A.16 and using
¢(o1) +¢(o-) =1—log J?

we have

dr e N / dse N 4 [ qr
l7 lgUlg

l7

o No() | / ds se~Ne(®)
7—+'L>\ lsUly

= e N8 T (K Ly + K1 Ly + KoLy + KoLs) + (K| L}, + K| L}, + K)L, + K,L,)).

From Proposition A.11, A.14, A.15, A.16, we have

| —i(K1Ly + K1 Ly + KoLy) + K L) + KLy + KéLH < CANTFON

(o) +es / Tt (o + t)e-#aO)| = NRo(o) —esN
0

where C(A) = max(Co(X), CH(N), Do(N), Dy(A)) and k(X)) = min(ko(N), k§(A), o(N), £5(N)) and —iKs Loy

and K} L} are pure imaginary. Therefore Theorem 3.2 is proved.

APPENDIX B. A RESOLUTION OF AN AMBIGUITY OF Q—INTEGRATION

B.1. Diagonalization. It is known that

/ dQe str @’ :/ Mdgld% o~ (@3 +ad+20100) _ |
0 m2lz 2

s

We may diagonalize the matrix @) by using the change of variables

0105 101604
N=r1+-———, Yo=T2— ——,
xr1 — 122 T1 — 12
91 92
pr=—"—""pPp=—""—,
Xr1 — 1T 1 — 19
or
x1 =y + p1p2(y1 — 1y2), T2 = Y2 — ip1p2(Y1 — iy2),
01 = p1(y1 — iy2), O = —p2(y1 — iy2),
such that
1_f(y1 O o1 _ (¥ 0
GQG _(O iy2>’ GQ°G —(0 g2
where

G = (1 +27 " pipe P1 ) Gl = (1 +27 " pips —pP1 ) .

P2 1—2"1p1ps —p2 1—2"tp1ps

O
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It is clear that
L ; . 2 _ 2 2 _ 2 2
Ty —1iTe = y1 — Y2, and str Q° =]+ x5+ 20102 = yi + y5.
On the other hand, the so-called Berezinian is given by
dQ =
“An ambiguity” related to the formula for the integration under the change of variables, occurs because

dyd
_/ N dprdps (y1 — iya) e Wited) = o,

d$1d$2 d0,d6, = dyl dyQ

dprdps (y1 — iy2) >

27
An explanation given in Fyodorov [8] (pp. 501-502) or F. Constantinescu and H.F. de Groote [4] (p.991)

is outside of our comprehension.

We use the prescription of Rothstein [17] (see also M.Martellini and P. Teofilatto [14], M.R. Zirnbauer

[21]) to remedy this ambiguity by altering the notion of the volume form on the superspace.

The change of variables (B.3), which is called degree increasing in [17] or non-splitting in [14], may

be generated by a vector field Y (y, p) with (z,8) = e¥ @) (y, p), given by

y 0 0 0 0

(y:p) — : ; . . .

e 14 pip —1iY2) 57— — Ip1p —iY2) 7 + —iYo — 1)p1 57— — — Yo + 1)pa—.
1p2(11 y2)9y1 1p2(¥1 y2)9 ) (y1 —iy2 — 1) Y on (y1 —iy2 + 1) 2905

By the prescription given in [17] and more precisely in [14], we should have

dl‘1d$2 _dy dy2

do,dby = -2

0 0
dp1dps[l — — — — — —1
P1 ,02[ (Plp2(y1 Zy2)8y1 Zplﬂz(yl Zy2)ay2)](y1 2y2)
Using this, we have

dxid . dyd
/ .’L‘; T2 d6,dbs e—(wf+1§+20102) _ _/ y;ﬂ-y2 dp1dp2 (y1 _ zyg) 26—(yf+y§)

s

dyid . -
+/ 142 4 s pr o — ia) Y (g — igg)2e~ WD),

o (8y1 8yz

2

Though the singularity (y; —iy2) ™= must be treated by deleting |y| < € from the integration domain and

making € — 0, after calculating w.r.t. odd variables, we have

dy1dy ; 0 0 )2~ (Wi Y3) —
_/T(yl—z )<@— 8—y2)(y1—zy2) e =1.

B.2. An application of the diagonalization (B.3) to (3.13). We apply the above diagonalization
(B.3) to the expression below (3.13):

1
(0 )= [ QN ({uh2 = Q) ) exp [ NL(s Q)L

By the argument in the previous subsection, we have
Glu= Q) G = (n—y1)7 ", sdet (= Q) = (1 —y1) (1 — igo) ",
2 2 H=h
log ———.
L(p;GRG™Y) = o2 Wi +u2) + R

Then, we have

dy,d
/QdQN({uIzQ}l)bbexp[Nﬁ(u;Q)] / y; T dordps D1, y2; )

dy1dya o .0
dpyd — —i—® : B.5
+/ or  4P1AP2 P1P2 (y1 — 2y2)(8y1 28y2) (Y1, 23 1) (B.5)

where

2 2
+ .
Y1 T Y2 +log H— Y1 )]

P i) = (e —y1) "ty —iye) 2 -N
(1, y2:0) = (W —y1)" (y1 — iy2) " exp]| (2J2 1L — iy
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As the second term of the right hand side of (B.5) yields the same form of (3.15), we have

(1]
2]

(16]
[17]
(18]
(19]
20]

(21]

1 1 _ dyidya  N(p—y1 —iy2)
(t
N -

—(tr ——— )y = 2 exp [~ N®(y1,yo; 11)]. B.6
ek ST P pra P [=N®(y1, y2; )] (B.6)
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