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Abstract

The Hamilton-Jacobi equation for a scalar symbol H(t,q,p) is well known. Here, we extend
this notion to 2 x 2-matrix valued symbol H(, g, p), which forces us to prepare the new treatize of
matrix structure. This new treatize allows us to recover the dependence of full components of matrix
as it is, which should be compared with the incompleteness only using eigenvalues of matrix after
diagonalization.
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1 Hamilton-Jacobi equation

1.1 The scalar case—a well-known procedure

For H(t,q,p) € C®(RxT*R? : R), we may construct at least locally in time, a unique solution S(t,t;q, p)
of the Hamilton-Jacobi equation

dS(t,t:q,p)
ot

dS(t,t:q,p)

+ H(t, q, 94

d
)=0 with S(ttsqp)=ap={adp) =D ap. (1)
j=1

Jacobi’s Method: (i) Solve Hamilton’s canonical equation whose solution is denoted by (¢(t,t), p(¢,t))

or more precisely, (¢(t,t;¢,p), p(t,t;¢,p)),
(ii) Calculate inverse map of Hamilton flow, i.e. applying the inverse function theorem to ¢ = q(%, ¢, q,p)

for given (g, p), we get ¢ = y(t,£,q,p) = y(t, 1),
(iii) Construct a solution of Hamilton-Jacobi equation by putting

where .
o(t1) = Olt,t50.0) = ap + / (WY, H — H)(7,q(r1), p(r.1))dr-
t

Important point: (iv) Since the dependence on (g,p) for (q(t,t;q,p),p(t,t;q,p)) is calculable, that on
(q,p) for S(t,t;q,p) is also computable following above steps.
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An application to “quantum” case: Putting

825 t7t; q,
D(t,t;q,q) = det ((qp)>’

N 0q; 8£k
called van Vleck determinant, we may define a Fourier integral operator through
F(t t) —C/D b 68)1/2 iS(t,£:3,p) 7 ( 7)d2

Here, in order to show the L2-boundedness of this operator, we need to know the dependence on (
for S(t,t;q,p).

Dividing [t, t] as

=l
S

Ait=tg<t; < - <tp_1 <tp=t, |A]=max|ty—tr_1]
we have, by the so-called Lie-Trotter-Kato procedure,

U(t t) = ‘hm F(tn,tn 1) F(tnfl,tnfz) """ F(thto)

‘—)
which satisfies

Z%U(ui) = H(t,q,Dq)U(t7D, U(Lt) -

That is, F(t,t)u may be considered as a“parametrix

2

of the initial value problem for

z%u() H(t,q, Dy)u(t) with u(t)=u.

1.2 A Problem

Replace a scalar function H(t,q,p) above with

_ a(ta Q7p) (C - Zd) (ta q7p)
H(t.q.p) = (<c+z’d><t,q,p> b, ¢, p) )

where a,b,c,d € Bfo(Symbl). Here, putting (p) = /1 + |p|?,
Symb* = {4(g,p) € C=(T*R? : R) | |029%¢(q. p)| < Cap(p)* "}

«,

Problem: Can we “introduce” the Hamilton-Jacobi equation corresponding to the above matrix H(t, ¢, p)?

2 New look at matrix structure

In this section, we embody the following idea:
“A matrix is decomposed by Clifford algebra which is represented on Grassmann algebra”.

2.1 Decomposition of matrix

Decompose a 2 x 2 matrix using the Clifford algebra as
a+b a—> c+d c—d
A= I ;
5 2 + 5 o3+ 9 g1+ 5

where the Pauli matrices {o;}3_; are given by

0 1 0 1 1 0
o1 = (1 O) , 02 = (_1 0) , 03= (0 _1) )

with the following relations:

02,

oo, +oro; =201, for j,k=1,2,3, (Clifford relation)

0102:i03, 020'3:’i01, 0301:i02.



Key point: In the following, we consider {o; }?:1 as something like “co-ordinates frame” representing
“matrix structure”. To make concrete this point of view, we need another notion “superanalysis” which
is given in Appendices.

2.2 Pauli matrices are considered as differential operators

Preparing odd variables 61,0y which satisfy 62 = 03 = 0 = 616, + 6201, we introduce a Grassmann
algebra and identification maps #, b as

b
FO = {UO +U19192 | Ug, U1 € (C} ? (CQ, # (Z(l)) = Ug + u1916’2, b(UO + u1916‘2) = (Z(l)) .

Defining
2
= - = Dy. D
0'1(9,89) 91(92 891892 9192+ 01702,
82
=1 — | =1 — Dy, D
0’2(9,8.9) 2[9192 + 891392:| 2{9192 01 92]:
(0,09) =1—-6 i—@ i—1—’9D — 6D
0-3 ,U0) — lagl 2892 - 1 1 91 1 2 927
where Dy, = —i0p,, we have
Jj(a, 89)Uk(9,89) + O'k(9789)0j(9, 39) = 25jk-[ on FQ,
with

01(9,39)02(9,89) = iag(o,ag), 0'2(9,69)0'3(9,39) = iO’l(g,aa),
03(0,89)01(0,89) = z’a2(9,89) on FO.

Remark. We may regard that
gj (UO + U10102) ~ de/\(uO + uldzl/\d,zQ),

0 d
87]-(% + u10102) ~ dfzjj(uo +urdzy Adzs).

For example,
2

06100,

1 0 1
.o~ (7 ). rm@ans (1) = (1 o) (1):
Analogously,

o 0 0 1 0 uo\ _ 1 0 (27)
03(0,09) =1 — 913791 - 923792 ~ (0 —1) » bo3(0,0p)# (m) N <0 —1) (ul) '

Note. Tt takes some time for me to find out the origin of the term 1 in o3(6, ), i.e., Weyl type
quantization of the “symbol” 8171 + Oamy yields 1 in o3(0, ) !

<u0> ~ ug + u16160 = |:9192 — :| [UO + U19192] = upb103 + ug ~ <’U,1>
(5 UQ

That is,

Remark. To justify the above interpretation of matrix as differential operators acting on supersmooth
functions, we need only the Grassmann properties of {6;}, their finer properties like containing countably
many Grassmann generators are not necessary.



3 Classical Mechanics on superspace

3.1 Reformulation

Using Fourier transformation, we put

which yields H(t,z,&,0,7) € Css(R x T*RU? : R, ) as

H(t,z,&,0,m) = a(t z, &)+ b(t,x,&)o3(0,m) + c(t,x,£)o1(0,7) + d(t, x,&)02(0, )
=a(t,z,&) —ib(t,x,£)(0|m) + (c+id)(t, z,£)0102 + (¢ — id)(t, z, &) T2

where

a(t,l’,é—) = a(t,$7£) ;_ b(t,$7§>7 b(t,l’,g) — a/(t7$7£) - b(tax7§) .

Moreover, we have

a(t,q,pz( t,x,&,0,m) — txf@,w))z .,
)= Z e it
b(t,q,p) = (H(t,x,g,e m Z 5%, aﬂ (z,€, M)) S —
J 0=0, =0 (2)
82
t 62,8,0,T)| g enmp
( q p) 871'28 T ( z 5 ﬂ—) ,,g;g:frliap
2
d(t,q,p) = Ht,2,8,0,7) | pp—g. en=p-
90500, 0:3:5:010

Then, the operator H(t, z, D, 0, Dy) acting on u(x,0) = ug(x) + uy(x)6162, is given by

/ /
H(t,x, Dy, 0, Do)u(z,0) = (2m) ¢ / dedz’ ddf’ @ 1+ Im gy (¢, #é, # m)u(e’,6").
T*md\Q

We should remark that
H(t,z, D, 0, Dg)u(z, 9)’9:0 = aug(z) + (¢ — id)u1 (z),

62
00506,

H(t, 2, 05,0, 9p)u(x,0)|,_, = (¢ +id)uo(x) + buy ()

with aug(z) = af(t, x,Dz)uo(m)‘zB:q = (2m)~? [[ dpdq'e’a=aP) (¢, %‘I',p)wl(q’), etc.

3.2 Classical mechanics on superspace

For H(t,z,&,0, ), we introduce the super-version of Hamilton canonical equation as

d  OH(t,z,§,0,m) d,  OH(t,xE0,m)

@ e @ T am, )
i@ OH(t,x,&,0,) d OH(t,x,&,0,) ®)
at F o Codt 6, '



Theorem 1 Leta,b,c,d € B°(Symb'). (0) There exists a unique local (in time) solution (z(t), £(t), 0(t), 7(t))
of (3) with any initial data (2(t),&(t),0(2),7(t)) = (z,€,0,m) € R4

(I) For any T > 0, the solution (x(t),&(t),0(t), n(t)) of( YonI={t||t—t]l <T} is “s-smooth” in
(t,z,€,0,m). That is, smooth in t for fized (z,¢,0, E) and supersmooth in (x,£,0,m) for fized t.

(II) (II-0) t,t € I, |a+b| =0, N = |a+ 8| =0,1,2, - :

mp05 07 (w(t:2,€,0,m) — )| < Caslt — t](p) ™7,
0 df (6t 2,€,0,7) — ©)] < Caglt — tl(p)' 7.

(1) [t =t <1, Ja+dl=1,1k=1,2:
|7TB89 ab( (t 7£aQa l) 7Ql))| S 27
[mBg 0% (T (t; 2, €, 0,m) — my))| < 2.

(II-2) |t —t| <1, la+b =2 :

,0,m) —z)| < Clt —t*?,
,0,m) — &) < Clp)|t — /.

Remark. We don’t mention here the estimates concerning |WB8§8?3§8§(0(E1, £,0,m) —0))], ete.

_ After solving above Hamilton equation, we may consider also its inverse functions, i.e. for given
(z,0), © = x(t;z,§,0,7) and 0 = 0(t;2,£,0,7) have inverse functions z = y(t,2,£,0,m) and 0 =
w(t,z,£,0, ) whose dependence on (Z,6,{,7) are not mentioned here.

Then, we put So(t;2,&,0,7) = So(t,t;z,&, 0, ) such that

So(t;z,€,0,m) = /t {(@(s)[€(5)) + (B(s)|m(s)) — H(s,2(s), £(5), 8(s), 7(s)) }ds,

Theorem 2 The above defined S(t;7,§, 0,7) satisfies the following equation.:

0 oS ;08
(%8+H< 0, 30)

S(t;7,€,0,m) = (z[€) + (Olx).



By the way, whether may we have a matrix represetation corresponding to (4)?
Since we may decompose
S(t,x,&,0,7) =Sp(t,x, &) + Ss(t,z,&,0, ) (5)
with
Sp(t,z, &) = S(t,x,&,0,0) = Soono(t, 2, £),
Ss(t,x,0,&,m) = Si100(t, 2, €)0102 + S1010(t, 7, §)01m1 + Sor01(t, 7, &) 022 (6)
+ Soo11(t, z,&)mime + S1111(t, ¢, §)b10amimo.

Applying (2), we get

_ Sll(t7Q7p) 512(t7qﬂp)
S(t,fﬂ,g,o,ﬂ‘) — S(taq’p) - (521(t7q,p) SQQ(t,q,p) )

where
S11(t,q,p) = Soooo(t, ¢, ) + Si010(t, ¢, p) + So101(t, ¢, p),
S12(t,q¢,p) = Soo11(t, ¢, p),
So1(t, q,p) = S1100(t, 4, p),
Sa2(t,q,p) = Soooo(t; ¢,p) — S1010(t, ¢:p) — Sor01(t, 4, p)-

We define operations ® and % as
(H@S)(t’ 1:, 57 9’ 7T) EH(ZL‘7 Sx(t, :I:7 57 07 Tr)’ 0? Sa(t7 x? 57 97 T())

_ ((H*S)u(t,q,p) (H¥kS)2(t,q,p)
= HAS(t,q,p) = ((H*S);(t,q,p) (H*S);z(t,q,p)> '

(xS (t0.0) = ((HOS)(t.0.6.0m) = 5 3 70— (308 (1,2, 6.6,7)

= 00;0m; B
82
(H*S)m(t,(],p) = a0 (H@S)(tvx’gae’ﬂ-) mgfg,&izp’
2
= 762
H = —
( *5)22(t7 q7p) ((H©8) (t’ x? 67 07 7T) + 2 Jz:; aejaﬂ_] (H©8) (t’ x? 57 07 7T)> wg;g:fr::p
Putting S(t,q,p) = Soooo(t,ac,ﬁ)’a::q cmp W have
*HeS

(t7 q,DP, 07 0) = - SlOlO,zk (t7 CI?p)agk (ta q, Sq (t7 q7p)>

+ 81010 (ta q,p) [’Lb(ta q, Sq (ta Qap)) + 51100 (t, qvp) (C - Zd) (t, q, Sq (ta Q7p))]7 ) etc.
Using these, we have the precise expression of (H%S);(t,q,p) but we don’t give them here.

891671’1

Notation. Since on the superspace the meaning of HE©S is transparent, we use ®. On the other
hand, the meaning of matrix HS is not so clear or dark, therefore we use .

Therefore, we have the matrix-version of Hamilton-Jacobi equation:

0
@S(t q,p) + HkS(t,q,p) =0,

» (7)
S(0,¢,p) = (qlp)l2 —io3 = (<qu <Q|P?+ Z) '

Remark. When we treat the matrix structures using diagonalization, we need to treat the dependence
of each component of matrices in very condensed form. That is, the degeneracy or non-smoothness
of eigenvalues depends very subtly to each components of matrices and to check every possibility is
cumbersome. Moreover, diagonalizability of matrices is not always garanteed.



Claim Our method treats each component of matrices as equally as it is, though we need to introduce
new notion to decompose matrix structure as admitting non-commutative but scalar-like treatise. There-
fore may we say that the superspace formulation is finer than only treating matrices using diagonalization.

A Fundamentals of superanalysis

A.1 Supernumbers and Superspaces

Supernumbers: Preparing letters {Uj};')il satisfying the Grassmann relation ojor + opo; = 0 for
7, k=1,2,---, we put
C={X=) X;0'|X;€C}, €€ B Ca=CyxCsq
IeT
Cw={X= >  Xio'|X;ecC}
I€Z,|I|=even
¢0d:{X: Z XIO'I|X[€C},
I€Z,|I|=0dd

where
T {1 = (in) € {0, 1N | 1] = 3 ix < o0},
k

0120?0;2... , I = (iy,i9,---), 0=1(0,0,---).

Proposition 1 (Inoue and Maeda [?]) € forms a oco-dimensional Fréchet-Grassmann algebra over
C, that is, an associative, distributive and non-commutative ring with degree, which is endowed with the
Fréchet topology.

Remarks. (0-0) The space € is identified topologically with the sequence space w of Kothe [?]:
¢ = {;: (zx) = (21,22, , Tk, ) ’xk € C and zp = 0 effm k},
w= {u = (ug) = (ug,ug, -+, Up,y ) ‘ u € (C} 0 effm=except for finitely many).

For any sequence space X containing ¢, we define the space X'* by

k

X —{u—(uk)| > Julleg] < oo for any X—(%)EX},

then, we get
¢* =w and w* =¢.

(0-1) Degree in € is defined by introducing subspaces
={X= >  Xpof} for j=0,1,--
I€T,|I|=j
which satisfy
C=0Z0C) - Cy © Cpjivn-

(1) Define proj;(X) = Xy for X = ZX]JI € €. The topology in € is given by; X — 0 in € iff for
IeT
any I € Z, proj;(X) — 0in C.

This topology is equivalent to the one introduced by the metric dist (X,Y) = dist (X — Y") where
dist (X) is defined by

: 1 [proj;(X)| . 1ok
dist (X) =Y th r(I)=1+5Y 2%, for I€T.
ist (X) 22 T+ [proj,(X)] rd) +2k_:1 e dor Le



(2) We introduce parity in € by setting

pX)=0if X = > X0l lif X= Y X0’ undefinedif otherwise.
I€Z,|I|=ev I€Z,|I|=0d
X € ¢ is called homogeneous if it satisfies p(X) =0 or = 1. We put
Cow = {X € €|p(X) =0},
cod = {X € Q:|p(X) = 1}7
c= Q:cv @ Q:od = Q:cv X Q:od~

Superspaces: Introducing the body (projection) map g by
X =proj5(X) = X = Xg forany X e€¢,

we put
R={Xe|mpXcR}
9{ev :%HQevy 9{od :mﬂcod = c0d7
R iy’icv 2 9%od = ERcv X mod~

We define the (real) superspace /™" by

R = R R 5 X = (x,0).

Here,
= (T1, " Tm), T;= g zrol € Moy and

I,|I|=even

9:(917"'7971)7 9/{:: Z 9[97[0'[69{0(1,

|I|=o0dd
r=a+xs=(T1B+ 218, TmB + Tms) € R, with
— o — ~ . —_— . I
.Tj,B = ﬂij = xj,O’ ZELS = E 1'37[0' .
|I|=even>2

We call Xg = X — Xp as the soul part of X.

A.2 Grassmann extension and supersmooth functions

For f(q) € C*(R™ : C), we may put

o0

Fla)= 0 05 flew)a,

lor]=0

which is called the Grassmann continuation of f(g).

We define a class of supersmooth functions ¢ g (R™™) with value in C by

u(X) =u(z,0) = Z uq(x)0°,

jal<n

with u, () is the Grassmann continuation of u,(q) € C*°(R™ : C).

Ezample. For & = (&1, ,&,) € R™O = R we define €] € R.y as follows: Putting

€l =léls +1€ls with [Els= > [Elro’, [l 20, €7 R,

|I|=even>2



we should have

m

€7 =D (&m +&5)(En + Es) ZfaBJFZfJB §is + &) +Z§JS§JS’

=1
I
§js = E &rol, &s= E &ro!

|I|=even>2 |I|=even>2

with &; ; being the complex conjugate of ¢; ; in C.

Therefore,
s =) _ et
j*l
2¢lkléls + Y [ElIEL (-1 K’”—Z%B%m > Zm“ (L)
I+J=K I+J=K j=1

which are solved by induction with respect to the length |K]|.

For example, if |K| = 2, we have

€l =1€5" D& RE k-

j=1

If | K| = 4,

2/¢] = €57 ( 2533%531(4- Z Zéﬂ@J 1)TUGLI) Z Z\§|I|§|J T(KI]) etc.

I+J=K j=1 I+J=K j=1

Proceeding analogously, we may define sin |£|, cos || as

o oo

. 1 1
sin [¢] = Z — sin (|5 + *)I&Is, cos [§] = Z — cos (|¢] + *)Ifls
n= 0 n= O
A.3 Derivatives
For a given supersmooth function u(X) on K™ we define its derivatives as follows: For j =1,2,---,m

and k=1,2,---,n, we put
= > Onjta(x)6?,
la|]<n
Uppm(X) = Z (=)@ gy (2)09r- - 0% 0n

lal<n

where [ (a) = Zf;ll a; and 0,1 = 0. U,(X) are called the partial derivatives of u with respect to X, at
X = (z,0) and are denoted by

U;j(X) = %u(m 0) = 0z, u(x,0) for j=1,2,---,m
J

= 8(2 u(z,0) =g u(z,0) for s=1,2,---n

or simply by
Ug(X)=0x,u(X) for k=1,---,m+n.



For
a=(a,a), a= (a1, - ,am) € N™ a=(ay, - ,a,) € {0,1}",

m n
lal =) aj, lal = ax, la| = |af+|al,
j=1 k=1

we put
0% = 0005, 00 = -9m, 9 = 0L -On

T )

Though Taylor expansion and Implicit function theorem hold for supersmooth functions, we don’t
mention them here.

A.4 Integration
Using the integration by parts, we get the following fundamental result.

Proposition 2 Let u(t) € C°([Ag, pus] : €) and let u(x) be the Grassmann continuation of u(t). Suppose
that there exists a function U(t) € C*°([Ap, pus] : €) satisfying U’ (t) = u(t) on [Ag,us] . Then, for any
continuous and piecewise C'-curve ¢ : [Ag, up] — Uep C RO such that c(Ag) = N, c(up) = p, we have

/da:u N =U(p). (8)

Remark. This proposition comes from the very definition of the Grassmann continuation which
looks-like “analytic in soul direction”.

The integration w.r.t. odd variables: There exists a well-known formula (Berezin integral),

- dfr 0y -0, = 1, dfy -+~ dfr 1= 0.
ROIn ROIn

The integration w.r.t. even and odd variables:

/mm‘n dxzdfu(z, 0) Z/mm%ix{/moiwu(x’e)}
= Aoge{A7n§xu(x,0)} :/mmm dfdx u(x,0).

A.5 Fourier transformation

(Pa)(€) = a2 [ w00, (Fan)(a) = (2r) 2 [ gt ),

m|0

(F,)(n) = B2, / dg e~ My (0),  (Fw)(0) = B2, / dr et Oy ().
ROIn MRO|n

LUlf ZxJ§J7 9|7T Zekﬂ‘k, by = e—%in(n—Q).

k=1

Putting also,
(X|2) = (2|€) + (B]7) € Rev, Cmopn = (2h) "™/ 2072,

we rewrite

(Fu)(€.7) =Cmm / 4X e~ Xy (xX) = S (Fo) (©))[(Fo07) (7)),

m|n
hiydd a

(Fv)(z,0) :Cm,n/ d= em71<X|E>U(E) = Z[(Feva)(x)][(poﬁa)(eﬂ-

m|n
higdd @

10



B The free Weyl equation—an example

B.1 Hamilton-Jacobi equation corresponding to ( pitips | 1_;?2)

From the free Weyl equation

0 0 .
zhaz/} = —zcjgloj a—qu with (0, q) = ¥(q), (9)
putting ¢ = 1 = A, we may derive H(g,p) as

D3 p1 — ip2
H = . .
(¢:7) (pl + 1p2 —D3 )
Then the superspace version corresponding to H(g, p) is denoted by
H(E 0, m) = (6102 + mim2)&1 + (0162 — mima)€o — i(01my + O2m2)Es
= (&1 +1i62)0102 + (§1 — i&2)mime — i§3(01m1 + Oama).

In this case, S(t,7, ¢, 0, ) is obtained as

S(t,z,€,0,m) = (z|€) + 07 [|E[(f]m) — (&, +1€,) sin(t]€)016> — (€, — i&,) sin(¢[¢))my 7],
where
6 = |€] cos(t[€]) — i€, sin(t[¢]).
Therefore, we have
H(Si7§7 Sé) = (§1 + i§2)é1§2 + (él - i§2)8§18§2 - iég(é18§1 + 92892)
= [€[?072[(€, +i€,)0102 — (|€] sin(tI]) + i€, cos(tEN){O]m) + (€, — i&,)mym, ],
and

Se = [€[7072(I€| sin(tlg]) + i€, cos(t|&]))(Olm) — [€]*072 (€, +i€,)0102 + (€, — i€, )m 5]

Rewriting above with ¢ = |p| cos(t[p|) — ip, sin(t|p[), we have

. qgp 0 - ilp| —(p, —ip,) sin(t[p|)
stan = (F 1)+ 1<<p1+z‘p2>sin<t|p|> ),
_ o asso (W(lplsin(t|p]) + ip, cos(t[p])) —(p, —ip,)
Silt.0-p) = e ( ~(p, + i) z'<|p|sin<t|f>+z'p3cos<t|p|>>)’
and
_ oo (ilplsin(¢[p]) + ip, cos(t|p])) —(p, —ip,)
H*S(t,q,p) = —[p[*6 2( —(Ql—ki]é;) —i(|psin(t|p)+ip3cos(t|p|))>'
That is,

Si(t,2,0) + H(Sz,0,S5) = 0 <= S(t,q,p) + HkS(t, 4,p) = 0. (10)

For reader’s sake, we give a “quantum” version on ROI4 = 7T*M3/2: Now, we put

9%Ss 9%s
_ = OT O o O _ . .
D(t,z,,0,m) = sdet ( afsé a_2s> = [¢| 2[\§| cos(t|¢]) — z§3 s1n(t|§|)]2. (11)
960 900x

where “sdet” stands for the super-determinant. Then, it satisfies the following continuity equation:

0 0 0 0 0
{ sl t oz (Dai;) * o0 (D%) =0, (12)

D(0,2,¢,6,m) = 1.
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In the above, the argument of D is (¢, 7, ¢, 0,), those of OH/0¢ and OH /0w are (Sz,0,Sp), respectively.

We define a Fourier integral operator

U(tyu)(z,0) = (2nh) /%R / / dedn DV2(t,7,0,€,m)e!SEP08T) Fu (e ), (13)

where F stands for the Fourier transformation defined for functions on the superspace. The function
u(t,z,0) = (U(t)u)(z,0) will be shown as a desired solution for (?7).

Theorem 3 (Path-integral representation of a solution for the free Weyl equation)

wita) = 5((n) 7 [ dednD (k20,6 1S 0D Py €. m)

(14)

TB=(q

Here, S(t, 7,0, &) and D(t, z, 0, &, ) are solutions of the Hamilton-Jacobi and continuity equations, (77)
and (?77?) respectively.

Remark. We may extend the expression above for the Weyl equation with external electro-magnetic
potentials, at least in the parametrix level, see [?].

B.2 Structure change of matrices

Putting
o1(t) = 01(£)02(t) + m1 (t)m2 (1), 01(0) = 0,05 + mm,
oa(t) = i(01(t)02(t) — m(t)me(t)),  with { 02(0) = i(6,0y — ),
o3(t) = —i(0 ()i (t) + O2(t)m2 (1)), 03(0) = —i(bym; + Ooms),

and differentiating with respect to ¢, we get easily

d O1 01 0 _53 52
T oo | =2Y | o9 where Y = | &3 0 =&
o3 o3 =& & 0
As
—£3 — &3 §261 §3&1
Y? = §162 - -8 && and Y® = —[¢?Y,
§1€3 §283 -6 - &
we have

¥ =I5+ [€] 7 sin(2t[))Y + €72 (1 — cos(2t[¢])) Y2
This implies

o1(s) = oy +sin(2s[€))|€] 7 (—E, 00 + £,03)

+ (1= cos(2s[€])[€] 72 [ — (& + £y + £,€,00 + £,€,03),
o2(s) = aa + sin(2s|€))[€] 71 (E,01 — €, 03)

+ (1 — cos(2s|€]))I€]™ Lf‘ﬁ f +§)‘72+€503]
03(s) = a5 + sin(2s[¢])|€ | H=&,01 +&,05)

+ (1= cos(2s£]))[€] 72 [€, 6,01 +£,6,00 — (7 + E)as).

Remark. In this sense, we give the change in time of the each matrix ¢;(t) compared with the one
at time t = ¢, i.e. {0;(t)}3_; may be considered as “moving frame” if we regard {o;}3_, as frame of
matrix structure as explained before.
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