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Preface

The motivation of writing this book is two folded:

(I) Giving Foundations on Superanalysis:

Though there are so many mathematico-physico papers with the prefix “super”, but their foundation
is not so familiar to mathematicians. Therefore, we need to develop from scratch the superanalysis, that
is, the elementary analysis (elementary calculus, linear algebra, etc) and real analysis (Fourier analysis,
pseudo-differential operators, Fourier integral operators, etc) on the superspace.

Here, the superspace is the space based on the ∞-dimensional Fréchet-Grassmann algebra R or C

which play the role of R or C, respectively. On the other hand, because the so-called differential calculus
is not extended freely from Euclidian space to the Fréchet space, we need a care to develop such theory.

The Part I is devoted to this foundation. Though this part is partially presented in Inoue-Maeda [117],
I rewrite it here because not only the journal containing that paper is unfamiliar but also the contents
of it shows the unmatureness of our thought at that time, especially the estimates of error terms should
be modified completely.

(II) Giving Applications of Supernalysis:
If there were no application of the superanalysis, it had been possibly a useless artifact to develop

such analysis.
We give some applications, hoping that these provide the evidence of the superanalysis being an

indespensable tool for the future mathematical study;
(a) a new treatise of systems of PDEs(=Partial Differential Equations) which includes the resolution

of the Feynman’s problem, a system version of Egorov’s theorem, and also an explanation of Atiyah-
Singer’s index theorem as the super-version of Weyl thoerem, which is based on the idea of Witten in
1980’s, etc.

(b) new treatise of RMT(=Random Matrix Theory) using the “slowness variables” represented by
matrices with elements in C.

(III) In explaining these applications, I list some problems, hoping those not so trivial, which I have
interest but probably not enough time to solve.
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Chapter 1

Introduction

1.1 A new treatise of systems of PDEs

In the theory of linear PDE(=Partial Differential Equation) of scalar type, the main problem is to reduce
the non-commutativity inherited from the so-called Heisenberg’s uncertainty principle[

~
i

∂

∂qj
, qk

]
=

~
i
δjk,

to the one where commutative algebraic calculation is available. This is done using Fourier transforma-
tions, that is, the non-commutativity caused by the Heisenberg’s uncertainty, is reduced to the commuta-
tive one with error terms on the phase space by Fourier transformation, and then this transformed one is
analyzed there, and by the inverse Fourier transformation, it is transformed back to the original setting.
This procedure is done modulo error terms with suitable estimates.

This procedure is extended also to a system of PDEs if one may diagonalize that system and apply
the standard method to its component. If it is hard to diagonalize straightforwordly, then one imposes
certain conditions on the characteristic roots associated to that system in order to assure that one may
essentially reduce that system to the scalar pseudo differential operators. But if this procedure fails, is
there any detour? For example, if we need a “Hamilton flow” for the given system, how do we associate
that object without diagonalization?

On the other hand, if the phenomenon is truely describable using a system of PDEs, it seems natural
to adandone the idea of reducing it to the scalar one. Of course, treating that case, we need new idea to
attack the non-commutativity of matrices.

1.1.1 Feynman’s problem

Though the path integrals are now freely used by physicists, as there exists mathematically no non-
trivial Feynman measure1 on the path space, it is even now important to justify mathematically the
results obtained by manipulating path integrals. (See, Proposition 3.1 of Smolyanov and Fomin [205] for
the non-existence of the non-trivial, strongly quasi-invariant measure on an infinite dimensional barrelled
locally convex space, and p.435 of Abraham and Marsden [1] for the non-existence of the full-quantization.)

A certain part of this situation (relation between the Schrödinger equations and the Feynman’s ker-
nel representations by path-integrals) is now ameliorated slightly by Fujiwara [78, 79]. More precisely

1Feynman measure ∼ Lebesgue-like Borel measure

1
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speaking, a fundamental solution or a parametrix of the Schrödinger equation with a suitable potential
(smooth and quadratic at ∞) is constructed by using Feynman’s idea of path integral combined with the
L2-boundedness of certain Fourier integral operators. We may consider this construction as a mathemat-
ical procedure of quantization of certain Lagrangian or Hamiltonian functions (see, Feynman [74] and
also Inoue & Maeda [114]). One of the most characteristic thing of this construction is the very explicit
dependence on the Planck constant, in other word, the so-called Bohr correspondence principle is nicely
inherited assuming that the stationary phase method works well in that representation. Though Fujiwara
used the Lagrangian formulation, Kitada [132] and Intissar [120] tried to formulate it in the Hamiltonian
one. See also, Kumano-go [?], Inoue [112].

On the other hand, as is written in p.355 of Feynman & Hibbs [75], ‘spin’ has been the object outside
Feynman’s procedures at that time:

· · · path integrals suffer grievously from a serious defect. They do not permit a discussion of
spin operators or other such operators in a simple and lucid way. They find their greatest use
in systems for which coordinates and their conjugate momenta are adequate. Nevertheless,
spin is a simple and vital part of real quantum-mechanical systems. It is a serious limitation
that the half-integral spin of the electron does not find a simple and ready representation.
It can be handled if the amplitudes and quantities are considered as quarternions instead
of ordinary complex numbers, but the lack of commutativity of such numbers is a serious
complication.

A part of our aim (II-a), explained in the preface, is to extend the idea of above mentioned works to
cover Schrödinger equations with spin (for example, the equations named after Dirac, Pauli and Weyl)
using analysis on the superspace, which answers partly the problem above raised by Feynman. Main
ingredient is, how to associate a Hamiltonian function and classical mechanics to a system of PDEs.

Roughly speaking, we proceed as follow:

By the general accordance with the formulation of quantum mechanics, in order to describe the
dynamics of a quantum spinning particle, we should construct a 1-parameter family of bounded invertible
linear operators on a certain Hilbert space associated with some inherent classical mechanics. To derive
such a mechanics for a system of PDEs, we use the special representation of the Clifford algebra to the
even part of the Grassmann algebra. Using that representation for a given Schrödinger equation with
spin, we may associate a function, called super Hamiltonian (or simply, Hamiltonian), on the cotangent
superspace T ∗Rm|n ≡ R2m|2n (m is the dimension of the configuration space and n is related to the
size of matrices appeared in that system of PDEs). From that super Hamiltonian, we may construct
the classical mechanics on the cotangent superspace (called the pseudo mechanics by Casalbouni [45]),
which also defines an extended version of the Hamilton–Jacobi equation and the continuity equation.
Constructing phase and amplitude functions from these equations, we define an integral transformation
in CSS,ev(Rm|n) (=the algebra of even super smooth functions on Rm|n) and investigate the convergence
of its product integral with respect to the time slicing in the L2-norm. Furthermore, by making a
correspondence between CSS,ev(Rm|n) and Γ∞(S) (=the set of smooth spin fields on Rm), we get a
desired 1-parameter family of bounded invertible linear operators on L2(S) (=the Hilbert space of square
integrable spin fields on Rm). In order to make a general scheme similar to the one used in ordinary
Euclidean space, we must develop a some part of calculus of oscillatory integrals defined on the superspace
(called super oscillatory integrals).
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1.1.1.1 Free Weyl equation

We construct a fundamental solution of the initial value probelm of the free Weyl equation by using
“classical quantities” and we express that solution as explicitly as possible. This outlines not only a
solution of the problem posed by Feynman but also exhibitting the new treatise of the non-commutativity
caused by matrices. As a by-product, we develop a new road to extend the method of characteristic of
the first order PDE, to the one with matrix coefficients. (For more general system of PDEs, we present
a part of some examples.) 

i~
∂

∂t
ψ(t, q) = Hψ(t, q), H = −ic~

3∑
j=1

σσσj
∂

∂qj
,

ψ(0, q) = ψ(q).

(1.1)

Here, ψ(t, q) = t(ψ1(t, q), ψ2(t, q)) : R × R3 → C2, Pauli matrices {σσσj}3
j=1 are commonly represented by

σσσ1 =

[
0 1
1 0

]
, σσσ2 =

[
0 −i

i 0

]
, σσσ3 =

[
1 0
0 −1

]
.

They satisfy the following Clifford relations:

σσσjσσσk + σσσkσσσj = 2δjkI2, (Im = m × m unit matrix) (1.2)

which satisfy also
σσσ1σσσ2 = iσσσ3, σσσ2σσσ3 = iσσσ1, σσσ3σσσ1 = iσσσ2.

Applying the Fourier transformation to (1.1) w.r.t. q ∈ R3, we get

i~
∂

∂t
ψ̂(t, p) = Ĥψ̂(t, p). (1.3)

Here,

Ĥ = cσσσjpj = c

[
p3 p1 − ip2

p1 + ip2 −p3

]
and Ĥ2 = c2|p|2I2.

Therefore, we get readily

Proposition 1.1.1 For any t ∈ R and ψ ∈ L2(R3 : C2), we have

e−i~−1tHψ(q) = (2π~)−3/2

∫
R3

dp ei~−1qpe−i~−1tĤψ̂(p). (1.4)

Moreover, for ψ ∈ S(R3 : C2), we get

e−i~−1tHψ(q) = E ∗ ψ(t, q) =
∫

R3
dq′ E(t, q − q′)ψ(q′), (1.5)

with

E(t, q) = (2π~)−3

∫
R3

dp ei~−1qp
[
cos(c~−1t|p|)I2 − i

sin(c~−1t|p|)
c|p|

Ĥ
]
∈ S ′(R3 : C2). (1.6)

Pauli claimed one day that there exists no classical counter-part corresponding to quantum spinning
particle, and surely it is difficult to imagine from (1.6) the classical mechanics corresponding to (1.1). In
spite of these, we construct a classical mechanics corresponding to the right-hand side of (1.1). That is,
we may formulate Fourier integral operators whose phase function is defined by an action integral of that
classical mechanics, which gives a representation of the solution of (1.1) as follows:
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Theorem 1.1.2 (Path-integral representation of a solution for the Weyl equation)

ψ(t, q) = [
(
(2π)−3/2~−1/2

∫∫
R3|2

dξdπD1/2(t, x̄, θ̄, ξ, π)ei~−1S(t,x̄,θ̄,ξ,π)F(#ψ)(ξ, π)
)∣∣∣∣∣

x̄B=q

. (1.7)

Here, S(t, x̄, θ̄, ξ, π) and D(t, x̄, θ̄, ξ, π) are given by

S(t, x̄, ξ, θ̄, π) = 〈x̄|ξ〉 +
[
|ξ| cos(c~−1t|ξ|) − iξ

3
sin(c~−1t|ξ|)

]−1[|ξ|〈θ̄|π〉
− ~ sin(c~−1t|ξ|)(ξ

1
+ iξ

2
)θ̄1θ̄2 + ~−1 sin(c~−1t|ξ|)(ξ

1
− iξ

2
)π1π2

]
.

(1.8)

D(t, x̄, ξ, θ̄, π) = |ξ|−2
[
|ξ| cos(c~−1t|ξ|) − iξ

3
sin(c~−1t|ξ|)

]2
.

Moreover, S(t, x̄, θ̄, ξ, π) and D(t, x̄, θ̄, ξ, π) are solutions of the Hamilton-Jacobi equation
∂

∂t
S(t, x̄, ξ, θ̄, π) + H

(∂S
∂x̄

, θ̄,
∂S
∂θ̄

)
= 0,

S(0, x̄, ξ, θ̄, π) = 〈x̄|ξ〉 + 〈θ̄|π〉,
(1.9)

and the continuity equation, 
∂

∂t
D +

∂

∂x̄

(
D∂H

∂ξ

)
+

∂

∂θ̄

(
D∂H

∂π

)
= 0,

D(0, x̄, ξ, θ̄, π) = 1,

(1.10)

respectively. In the above, the argument of D is (t, x̄, ξ, θ̄, π), while those of Hξ and Hπ are (Sx̄, θ̄,Sθ̄),
respectively. F is the Fourier transformation for functions on the superspace R3|2.

Remark 1. Notations such as R3|2, xB, θ̄, π, #, [, F , are explained in Part I. To treat matrices as
non-commutative scalar differential operators, we need these new notions, which are basic to analysis on
the superspace (alias superanalysis).

Remark 2. The difference between (2π~)−3/2 in (1.4) and (2π~)−3/2~ in (1.7), is remarkable in the
sense that the singularity when ~ = 0 is apparently diminishes by the existence of odd variables. After
integrating w.r.t. odd variables π in (1.7), we get the representation which is equivalent to (1.4). But
from (1.5) we can’t get (1.7).

1.1.2 Problems for systems of PDEs

1.1.2.1 How should be the system version of Egorov’s theorem?

It is well-known that Egorov’s theorem concerning the conjugation of ΨDO with FIO is a very powerfull
tool analysing properties of solutions of PDEs. Using superanalysis, we try to extend that theorem to
systems of PDOs.

Problem: Calculate the symbol of

ei~−1tH(q,Dq)P(q,Dq)e−i~−1tH(q,Dq), Dq = −i~∂q,

and find a relation to that of σ(P(q,Dq)) composed of the flow induced by σ(H(q,Dq)) .
Here H(q,Dq) is a 2 × 2 matrix of PDO, and P(q,Dq) is a 2 × 2-matrix valued PDO given by

P(q,Dq) =

(
a(q,Dq) c(q,Dq)
d(q,Dq) b(q,Dq)

)
,
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and U(t) = e−i~−1tH(q,Dq) represents formally the solution operator of the initial value problem

i~
∂

∂t
ψ = H(q,Dq)ψ with ψ(0, q) = ψ(q)

To make this problem more concretely, we give an example here: Remarking that

(−α∂2
x + βx2)e−iγx2/2 = [iαγ + (β + αγ2)x2]e−iγx2/2,

(c(x)∂x + ∂xc(x))e−iγx2/2 = (c′(x) − 2ic(x)γx)e−iγx2/2,

we have(
eiγx2/2 0

0 eiγ̃x2/2

) (
−α∂2

x + βx2 2−1(c(x)∂x + ∂xc(x))
2−1(d(x)∂x + ∂xd(x)) −α̃∂2

x + β̃x2

)(
e−iγx2/2 0

0 e−iγ̃x2/2

)

=

(
iαγ + (β + αγ2)x2 2−1(c′(x) − 2iγ̃xc(x))ei(γ−γ̃)x2/2

2−1(d′(x) − 2iγxd(x))e−i(γ−γ̃)x2/2 iα̃γ̃ + (β̃ + α̃γ̃2)x2

)
.

(1.11)

In February 2001, Bernardi2 asked me whether it is possible to explain (1.11), especially the origin of
the off-diagonal part, using superanalysis. We re-interpret (1.11) as follows: For u, v ∈ C∞(R),(

eiγx2/2 0
0 eiγ̃x2/2

)(
−α∂2

x + βx2 c(x)∂x+∂xc(x)
2

d(x)∂x+∂xd(x)
2 −α̃∂2

x + β̃x2

) (
e−iγx2/2 0

0 e−iγ̃x2/2

)(
u

v

)

=

(
(β + αγ2)x2 + iαγ + 2iγxα∂x − α∂2

x ei(γ−γ̃)x2/2( c′(x)
2 + c(x)∂x − iγ̃xc(x))

e−i(γ−γ̃)x2/2(d′(x)
2 + d(x)∂x − iγxd(x)) (β̃ + α̃γ̃2)x2 + iα̃γ̃ + 2iγ̃xα̃∂x − α̃∂2

x

)(
u

v

)
.

(1.12)

Since (1.12) with u = v = 1 gives (1.11), we should explain the meaning of (1.12) instead of (1.11).
Since we have(

(β + αγ2)x2 + iαγ + 2iγxα∂x − α∂2
x

)
u(x) = (2π)−1

∫
R2

dξdy ei(x−y)ξa

(
x + y

2
, ξ

)
u(y),

e2−1i(γ−γ̃)x2
(c′/2 + c∂x − iγ̃xc)u(x) = (2π)−1

∫
R2

dξdy ei(x−y)ξc

(
x + y

2
, ξ

)
u(y)

with Weyl symbols

a(x, ξ) = α(ξ − γx)2 + βx2 = (β + αγ2)x2 − 2αγxξ + αξ2,

c(x, ξ) = ie2−1i(γ−γ̃)x2
c(x)

(
ξ − γ + γ̃

2
x

)
,

we get the Weyl symbol of the right-hand side of (1.12), given by(
α(ξ − γx)2 + βx2 iei(γ−γ̃)x2/2c(x)(ξ − γ+γ̃

2 x)
ie−i(γ−γ̃)x2/2d(x)(ξ − γ+γ̃

2 x) α̃(ξ − γ̃x)2 + β̃x2

)

∼ α + α̃

2
ξ2 − (αγ + α̃γ̃)xξ +

(β + αγ2) + (β̃ + α̃γ̃2)
2

x2

− i

[
α − α̃

2
ξ2 − (αγ − α̃γ̃)xξ +

(β + αγ2) − (β̃ + α̃γ̃2)
2

x2

]
〈θ|π〉

+ ie−i(γ−γ̃)x2/2d(x)
(

ξ − γ + γ̃

2
x

)
θ1θ2 + iei(γ−γ̃)x2/2c(x)

(
ξ − γ + γ̃

2
x

)
π1π2.

(1.13)

2as a chairman of a session where I gave a talk
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Superspace interpretation: On the other hand, putting

σ(P)(x, ξ) =

(
αξ2 + βx2 ic(x)ξ

id(x)ξ α̃ξ2 + β̃x2

)
, σ(H)(x) =

(
2−1γx2 0

0 2−1γ̃x2

)
,

we have

σ(]P[)(x, ξ, θ, π) = σ(P̂)(x, ξ, θ, π) = P(x, ξ, θ, π)

=
α + α̃

2
ξ2 +

β + β̃

2
x2 − i

[
α − α̃

2
ξ2 +

β − β̃

2
x2

]
〈θ|π〉 + id(x)ξθ1θ2 + ic(x)ξπ1π2,

σ(]H[)(x, θ, π) = σ(Ĥ)(x, θ, π) = H(x, θ, π) =
(γ + γ̃)x2

4
− i

(γ − γ̃)x2

4
〈θ|π〉.

(1.14)

Therefore, we have

ẋ = Hξ = 0,

ξ̇ = −Hx = −γ + γ̃

2
x + i

γ − γ̃

2
x〈θ|π〉,

θ̇j = −Hπj = −i
γ − γ̃

4
x2θj (j = 1, 2),

π̇j = −Hθ1 = i
γ − γ̃

4
x2πj (j = 1, 2),

with (x(0), ξ(0), θ(0), π(0)) = (x, ξ, θ, π)

which yields the Hamilton flow corresponding to H as

C(t)(x, ξ, θ, π) = (x(t), ξ(t), θ(t), π(t)) with

x(t) = x(t, x, ξ, θ, π) = x, ξ(t) = ξ(t, x, ξ, θ, π) = ξ − γ + γ̃

2
xt + i

γ − γ̃

2
xt〈θ|π〉,

θj(t) = θj(t, x, ξ, θ, π) = e−i(γ−γ̃)tx2/4θj , πj(t) = π(t, x, ξ, θ, π) = ei(γ−γ̃)tx2/4πj (j = 1, 2).

Putting operators

Â = −i∂x − γ + γ̃

2
xt, B̂ =

γ − γ̃

2
xt, σ̂3 = 1 − θ1

∂

∂θ1

− θ2

∂

∂θ2

, ξ̂(t) = Â − B̂σ̂3,

with Weyl symbols

σ(Â)(x, ξ) = ξ − γ + γ̃

2
xt, σ(B̂)(x, ξ) =

γ − γ̃

2
xt, σ(σ̂3)(θ, π) = −i〈θ|π〉,

σ(ξ̂(t))(x, ξ, θ, π) = ξ − γ + γ̃

2
xt + i

γ − γ̃

2
xt〈θ|π〉, 〈θ(t)|π(t)〉 = 〈θ|π〉,

we have the following:

σ(ÂB̂ + B̂Â)(x, ξ) = (γ − γ̃)xt

(
ξ − γ + γ̃

2
xt

)
, σ(σ̂2

3)(θ, π) = 1.

Remark 1. Let a, b and c be non-commutative or commutative “operators”. For monomials p2(x, y) =
xy and p3(x, y, z) = xyz, we define

p2,s(a, b) =

 1
2! (ab + ba) if [a, b] 6= 0,

ab if [a, b] = 0,

p3,s(a, b, c) =


1
3! (abc + acb + bca + bac + cba + cab) if a, b, c are non-commutative each other,
1
2! (abc + bca) if [a, b] 6= 0, but [a, c] = 0 and [b, c] = 0,

abc if a, b, c are commutative each other.
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From these, we get

σ
(
ξ̂(t)

2)
(x, ξ, θ, π) = ξ2 − (γ + γ̃)xtξ +

γ2 + γ̃2

2
x2t2 + i

(
ξ − γ + γ̃

2
xt

)
(γ − γ̃)xt〈θ|π〉.

In fact,

ξ̂(t)
2

= (Â − B̂σ̂3)(Â − B̂σ̂3) = Â2 − (ÂB̂ + B̂Â)σ̂3 + B̂2σ̂2
3 ,

with

Â2 + B̂2 = −∂2
x + i∂x

(
γ + γ̃

2
xt

)
+

(
γ + γ̃

2
xt

)
i∂x +

γ2 + γ̃2

2
x2t2,

and

σ(Â2 + B̂2) = ξ2 − iξ(γ + γ̃)xt +
γ2 + γ̃2

2
x2t2.

Since [ξ̂(t)
2
, ̂〈θ(t)|π(t)〉] = 0, we have

(
ξ̂(t)

2 ̂〈θ(t)|π(t)〉
)
(x, ξ, θ, π) = σ

(
ξ̂(t)

2 ̂〈θ(t)|π(t)〉
)
(x, ξ, θ, π)

=
(

ξ2 − (γ + γ̃)xtξ +
γ2 + γ̃2

2
x2t2

)
〈θ|π〉 − i

(
ξ − γ + γ̃

2
xt

)
(γ − γ̃)xt

(
1
2

+ 2θ1θ2π1π2

)
.

Though [σ̂3, θ̂1θ2] 6= 0 and [σ̂3, π̂1π2] 6= 0, we have [ξ̂(t), ̂θ1(t)θ2(t)] = 0 and [ξ̂(t), ̂π1(t)π2(t)] = 0.
Moreover, we get

ξ̂(t) ̂θ1(t)θ2(t)(u0 + u1θ1θ2) = e−i(γ−γ̃)x2t/2(−i∂x − γxt)u0θ1θ2,

ξ̂(t) ̂π1(t)π2(t)(u0 + u1θ1θ2) = ei(γ−γ̃)x2t/2(−i∂x − γ̃xt)u1.

Therefore, we get

(
ξ̂(t) ̂θ1(t)θ2(t)

)
(x, ξ, θ, π) = σ

(
ξ̂(t) ̂θ1(t)θ2(t)

)
(x, ξ, θ, π)

=
(

ξ − γ + γ̃

2
xt

)
e−i(γ−γ̃)x2t/2θ1θ2,(

ξ̂(t) ̂π1(t)π2(t)
)
(x, ξ, θ, π) = σ

(
ξ̂(t) ̂π1(t)π2(t)

)
(x, ξ, θ, π)

=
(

ξ − γ + γ̃

2
xt

)
ei(γ−γ̃)x2t/2π1π2.

On the other hand, since [d̂(x(t)), ξ̂(t)] 6= 0 but [d̂(x(t)), ̂θ1(t)θ2(t)] = 0 and [ξ̂(t), ̂θ1(t)θ2(t)] = 0, we
have

p3,s(d̂(x(t)), ξ̂(t), ̂θ1(t)θ2(t)) =
1
2
(d̂(x(t))ξ̂(t) ̂θ1(t)θ2(t) + ξ̂(t) ̂θ1(t)θ2(t)d̂(x(t))),

that is,

p3,s(d̂(x(t)), ξ̂(t), ̂θ1(t)θ2(t))(u0 +u1θ1θ2) = e−i(γ−γ̃)x2t/2/2{d(x)(−i∂x −γxt)+(−i∂x −γxt)d(x)}u0θ1θ2.

Analogous holds for p3,s(ĉ(x(t))ξ̂(t) ̂π1(t)π2(t)).
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From these, we have

P
[
C(t)(x, ξ, θ, π)

]
=

α + α̃

2
(ξ̂(t)

2
) +

β + β̃

2
(x̂(t)

2
) − i

α − α̃

2
(ξ̂(t)

2 ̂〈θ(t)|π(t)〉) − i
α − α̃

2
(x̂(t)

2 ̂〈θ(t)|π(t)〉)

+ i(d̂(x(t))ξ̂(t) ̂θ1(t)θ2(t)) + i(ĉ(x(t))ξ̂(t) ̂π1(t)π2(t))(x, ξ, θ, π)

=
α + α̃

2
ξ2 +

β + β̃

2
x2 +

αγ2t2 + α̃γ̃2t2

2
x2 − (αγt + α̃γ̃t)xξ

− i

[
α − α̃

2
ξ2 +

β − β̃

2
x2 − (αγt − α̃γ̃t)xξ +

αγ2t2 − α̃γ̃2t2

2
x2

]
〈θ|π〉

+ id(x)
(

ξ − γ + γ̃

2
xt

)
e−i(γt−γ̃t)x2/2θ1θ2 + ic(x)

(
ξ − γt + γ̃t

2
x

)
ei(γt−γ̃t)x2/2π1π2.

(1.15)

This equals to (1.13) after replacing γ → γt and γ̃ → γ̃t.
Therefore, denoting x simply by x, etc, we have proved

σ(]eitHPe−itH[)(x, ξ, θ, π) = σ(eitĤP̂e−itĤ)(x, ξ, θ, π) = P
[
C(t)(x, ξ, θ, π)

]
. ¤ (1.16)

This is the interpretation of (1.13) using superanalysis and which is the typical example of a system
version of Egorov’s theorem.

1.1.2.2 WKB approach to Dirac equation by Pauli, de Broglie, Rubinow & Keller

The modified Dirac equation with an anomalous magnetic moment, may be written in the form

i~
∂

∂t
ψ = [cαααj(

~
i

∂

∂qj
− e

c
Aj) + eΦ + βββmc2]ψ + g

ie~
2mc

Fkl(αααkαααl −αααlαααk)ψ (1.17)

where

Fkl =
∂Ak

∂xl
− ∂Al

∂xk
.

Pauli tried to have a solution of (1.17) in the following form:

ψ ∼ ei~−1S
∞∑

n=0

(−i~)nan,

where S is a scalar function, an are matrix-valued functions. Though Pauli didn’t calculate generic terms
completely, Rubinow & Keller [195] claimed that his procedure yields the correct result in inhomogeneous
field regions and fixed finite distances from them, but not at all distances of the order ~−1 from them.

Our problem is to apply our method to the superversion of (1.17) and to get the corresponding result
mathematically.

For the case of the free Dirac equation, that is, when Aj = Φ = 0, we have the result [110]: Given
ψ(q), find a good representation of ψ(t, q) : R × R3 → C4, satisfying i~

∂

∂t
ψ(t, q) = Hψ(t, q)

ψ(0, q) = ψ(q)
(1.18)

with

H = −i~cαααk
∂

∂qk
+ mc2βββ.
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Here, ~ is the Planck’s constant, c, m are constants, ψ(t, q) = t(ψ1(t, q), ψ2(t, q), ψ3(t, q), ψ4(t, q)), the
summation with respect to k = 1, 2, 3 is abbrebiated, and the matrices {αααk,βββ} satisfy the Clifford relation:

αααjαααk + αααkαααj = 2δjkI4, αααkβββ + βββαααk = 0, βββ2 = I4 j, k = 1, 2, 3. (1.19)

In the following, we use the Dirac representation of matrices

βββ =

(
I2 0
0 −I2

)
, αααk =

(
0 σσσk

σσσk 0

)
for k = 1, 2, 3.

Applying formally the Fourier transformation with respect to q ∈ R3 to (1.18), we get

i~
∂

∂t
ψ̂(t, p) = H(p)ψ̂(t, p) (1.20)

where

H(p) = cαααjpj + mc2βββ = c


mc 0 p3 p1 − ip2

0 mc p1 + ip2 −p3

p3 p1 − ip2 −mc 0
p1 + ip2 −p3 0 −mc

 . (1.21)

Remarking H2(p) = c2‖p‖2I4 with ‖p‖ =
√

m2c2 + |p|2, we have,

e−i~−1tH(p) = cos(c~−1t‖p‖)I4 −
i

c‖p‖
sin(c~−1t‖p‖)H(p). (1.22)

Therefore, we have readily

Proposition 1.1.3 For any t ∈ R and ψ ∈ L2(R3 : C)4 = L2(R3 : C4),

ψ(t, q) = e−i~−1tHψ(q) = (2π~)−3/2

∫
R3

dp ei~−1qpe−i~−1tH(p)ψ̂(p). (1.23)

For ψ ∈ S(R3 : C)4, we have formally

e−i~−1tHψ(q) =
∫

R3
dq′ E(t, q − q′)ψ(q′) (1.24)

with

E(t, q) = (2π~)−3

∫
R3

dp ei~−1qp
[
cos(c~−1t‖p‖)I4 −

i

c‖p‖
sin(c~−1t‖p‖)H(p)

]
∈ S ′(R3 : C)4. (1.25)

Applying our analysis on superspace, we have the following.

Theorem 1.1.4 (Path-integral representation of a solution for the free Dirac equation)

ψ(t, q) = [
(
(2π)−3/2eπi/4

∫∫
R3|3

dξdπD1/2(t, x̄, θ̄, ξ, π)ei~−1S(t,x̄,θ̄,ξ,π)F(]ψ)(ξ, π)
)∣∣∣∣

x̄B=q

. (1.26)

Here, S(t, x̄, θ̄, ξ, π) and D(t, x̄, θ̄, ξ, π) are given by,

S(t, x̄, ξ, θ̄, π) = 〈x̄|ξ〉 + 〈θ̄|π〉 + B̄(t)[2imcθ̄3π3 + (~Θ̄ − iΠ)(θ̄3 + i~−1π3)],

D(t, x̄, ξ, θ̄, π) = δ̄(t),
(1.27)

where
B̄(t) = Ā(t)δ̄−1(t), Ā(t) = a(t) − 2imcb(t), δ̄(t) = 1 − 2b(t)|ξ|2 − 2imc Ā(t),

a(t) =
sin 2νt

2‖ξ‖
, b(t) =

1 − cos 2νt

4‖ξ‖2
ν = c~−1‖ξ‖, ‖ξ‖2 = |ξ|2 + m2c2 and

Θ̄ = (ξ
1

+ iξ
2
)θ̄1 − ξ

3
θ̄2, Π = (ξ

1
− iξ

2
)π1 − ξ

3
π2.

Moreover, they are solutions of Hamilton-Jacobi equation and continuity equation, respectively.

Problem. Extend the procedure mentioned above for the free Dirac equation to (1.17) (hint: see [?, ?]
which treats the analogous case for the Weyl equation).
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1.1.2.3 Sung’s example for a system version of Melin’s inequality

Let H(q, p) =
∑

|α+β|≤2 aαβqαpβ where aαβ ∈ R and (q, p) ∈ R2m. Let H2(q, p) =
∑

|α+β|=2 aαβqαpβ

and P ((q, p), (q′, p′)) be the polarized form of H2(q, p). Let σ(·, ·) be the standard symplectic form on
R2m. F is the Hamiltonian map of H2 defined by σ((q, p), F (q′, p′)) = P ((q, p), (q′, p′)) and tr + p2 is
defined as the sum of the positive eigenvalues of −iF .

Let

HW (q,Dq)u(q) = (2π)−2m

∫∫
dq′dpH

(
q + q′

2
, p

)
ei(q−q′)pu(q′) for u ∈ S(Rm).

Theorem 1.1.5 (Melin []) 〈HW (q,Dq)u, u〉 ≥ 0 for any u ∈ S(Rm) if and only if inf H(q, p) +
tr + H2 ≥ 0. In particular, if H(q, ξ) ≥ 0, then HW (q,D) ≥ 0.

This claim is not generalized straight fowardly to the system of PDE:
Example.(Hörmander [97]). Let

P(q, p) =

(
q2 qp

qp p2

)
for (q, p) ∈ R2,

then P(q, p) ≥ 0 but for u1 = v′′, u2 = i(v − qv′) and 0 6≡ v ∈ S(R),

〈PW (q,Dq)

(
u1

u2

)
,

(
u1

u2

)
〉 = −1

2

∫
dq (v′)2 < 0.

Problem. Is it posssible to characterize vectors v such that 〈PW (q,Dq)v, v〉 ≤ 0?
Let

H(q, p) =

(
aq2 + bp2 αqp

αqp cq2 + dp2

)
for (q, p) ∈ R2, a, b, c, d ≥ 0 and ad + bc 6= 0.

Theorem 1.1.6 (Sung [207]) Let a, b, c, d ≥ 0 and ad + bc 6= 0. For HW (q,Dq) ≥ 0, it is neccessary
and sufficient that (λ1, λ2) ∈ Ω or (λ2, λ1) ∈ Ω where

λ1 =

√
ad −

√
bc + α√

ad +
√

bc
, λ2 =

√
ad −

√
bc − α√

ad +
√

bc
, Ω = {(x, y) |N(x, y) ≥ 0},

and

N(x, y) =



1 ζ0x 0 0 0 0 · · ·
ζ0x 1 ζ1y 0 0 0 · · ·
0 ζ1y 1 ζ2x 0 0 · · ·
0 0 ζ2x 1 ζ3y 0 · · ·
0 0 0 ζ3y 1 ζ4x · · ·
0 0 0 0 ζ4x 1 · · ·
· · · · · · · · · · · · · · · · · · · · ·


with ζn =

( (2n + 1)(2n + 2)
(4n + 1)(4n + 5)

)1/2

.

Problems.(1) Construct a good parametrix for the following operators:

i~
∂

∂t

(
ψ1

ψ2

)
= HW (q,−i~∂q)

(
ψ1

ψ2

)
,

∂2

∂t2

(
ψ1

ψ2

)
= HW (q,−i∂q)

(
ψ1

ψ2

)
,
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∂

∂t

(
ψ1

ψ2

)
= HW (q, ∂q)

(
ψ1

ψ2

)
.

(2) Extend the result of Sung to more general positive definite matrices? Find the condition like Melin’s
characterization.

1.1.2.4 Gelfand’s question for the meaning of ellipticity

Let a matrix be given by

B(p) =

(
p2
1 − p2

2 −2p1p2

2p1p2 p2
1 − p2

2

)
which is weakly but not strongly elliptic system. How about the characteristic behavior of the solution
caused by “weakly but not strongly elliptic system” of the following equations?

i~
∂

∂t

(
ψ1

ψ2

)
= BW (−i~∂q)

(
ψ1

ψ2

)
,

∂2

∂t2

(
ψ1

ψ2

)
= BW (−i∂q)

(
ψ1

ψ2

)
,

∂

∂t

(
ψ1

ψ2

)
= BW (∂q)

(
ψ1

ψ2

)
.

Problem. Can we characterize the ellipticity of the systems of PDE by checking the behavior of
solutions of the heat type for t → ∞?

1.1.2.5 Is the Euler equation attackable by superanalysis?

The Euler equation on R3 is given by
ut + (u · ∇)u + ∇p = 0,

divu = 0,

u(0, x) = u(x), where u = t(u1(t, x), u2(t, x), u3(t, x)).

(1.28)

This equation is the one of the most charming one which is not solved for the long time.
Taking the rotation du = v, we get {

vt + (u · ∇)v = (v · ∇)u,

v(0, x) = v(x).
(1.29)

Putting

v1

v2

v3

 = du =

u2,3 − u3,2

u3,1 − u1,3

u1,2 − u2,1

, ui,j =
∂ui

∂xj
, we have, for each i = 1, 2, 3,

3∑
j=1

vjui,j =
3∑

j=1

dijvj where dij =
1
2
(ui,j + uj,i). (1.30)

D = (dij) is called the deformation matrix of the fluid flow with
∑3

i=1 dii = divu = 0.
Therefore

∂

∂t

v1

v2

v3

 +
3∑

j=1

ujI3
∂

∂xj

v1

v2

v3

 =

d11 d12 d13

d21 d22 d23

d31 d32 d33


v1

v2

v3

 . (1.31)
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Problem. The above equation (1.29) in R2 has no right-hand side and solved nicely which garantees
the classical solution for (1.28) in dimension 2. In spite of this fact, whether one can make use of the
solution of this vorticity equation nicely to the Euler equation in R3 ?

On the other hand, it is well-known that we may apply the method of characteristics to

n∑
j=1

aj(q, u)Il
∂uk

∂qj
= bk(q, u) for k = 1, 2, · · · , l, (1.32)

assuming (a1(q, u), · · · , an(q, u)) 6= 0.
Especially, we have the following:

Theorem 1.1.7 Let aj(t, q) be C1 near (t, q), and let bk(t, q, u) be C1 near (t, q, u), u = φ(q), and φ is
C1 near q. If q = x(t, t ; q) is a solution of

q̇j = aj(t, q), qj(t, t ; q) = q
j
,

and U(t, q) = (U1(t, q), · · · , Ul(t, q)) is a solution of

U̇k = bk(t, x(t, t ; q), U), Uk(t, q) = φk(q).

Putting u(t, q̄) = U(t, y(t, t ; q̄)) where y = y(t, t ; q̄) is the inverse function of q̄ = x(t, t ; q), then it satisfies

∂uk

∂t
+

n∑
j=1

aj(t, q)Il
∂uk

∂qj
= bk(t, q, u) with u(t, q) = φ(q) (1.33)

Probelm. Extends the above theorem to the case aj(t, q) are l × l-matrices.

1.1.2.6 The generalized Hopf-Cole transformation of Maslov

Let V (t, q) ∈ C∞(R+ × R3 : R) be given. For a solution ψ ∈ C2(R × R3 : R) satisfying νψt =
ν2

2
∆ψ + V ψ,

ψ(0) = ψ = e−ν−1φ,

(1.34)

we put u(t, q) = −ν∇ log ψ(t, q), that is, u = t(u1, u2, u3) = t(−ν
ψq1
ψ ,−ν

ψq2
ψ ,−ν

ψq3
ψ ). Then, u satisfiesut + (u · ∇)u + ∇V =

ν

2
∆u,

u(0) = ∇φ.
(1.35)

Example. Let V (t, q) =
∑3

j=1
1
2ω2

j q2
j . We have a solution of (1.34) as

ψ(t, q̄) = (Etψ)(q̄) = (2πν)−3/2

∫
R3

dq D(t, q̄, q)1/2e−ν−1S(t,q̄,q)ψ(q)

=
3∏

j=1

(
ωj

2πν sin(ωjt)

)1/2 ∫
R3

dq e−ν−1S(t,q̄,q)ψ(q).

Here, we put

S(t, q̄, q) =
3∑

j=1

[
ωj

2
(cot(ωjt))(q2

j
+ q̄2

j ) − ωj

sin(ωjt)
q

j
q̄j

]
and D(t, q̄, q) =

3∏
j=1

ωj

ν sin(ωjt)
.
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Therefore, we get

uj(t, q̄) =
(∫

R3
dq (ωjcot(ωjt)q̄j −

ωj

sin(ωjt)
q

j
)e−ν−1S(t,q̄,q)ψ(q)

)(∫
R3

dq e−ν−1S(t,q̄,q)ψ(q)
)−1

= ωjcot(ωjt)q̄j −
(∫

R3
dq

ωj

sin(ωjt)
q

j
e−ν−1S(t,q̄,q)ψ(q)

)( ∫
R3

dq e−ν−1S(t,q̄,q)ψ(q)
)−1

.

Taking especially

φ(q) =
1
2
φjkqjqk with (φjk): a symmetric, positive matrix,

we calculate uj(t, q̄) explicitly which is linear w.r.t. q̄ and ν-independent, moreover, it satisfies (1.35)
with ν = 0.

Problem. Does there exists Ehrenfest type theorems for the above (1.34) and what does it imply in
(1.35)? (see, Hepp [?]).

1.1.2.7 Gelfand’s problem for dynamical systems

Outline of the problem: The study of dynamical systems geverned by

d

dt
qj(t) = Fj(q1(t), · · · , qn(t)) (j = 1, 2, · · · , n) (1.36)

is related to that of a partial differential equation(PDE) of the first order

∂

∂t
u(t, q) =

n∑
j=1

Fj(q1, · · · , qn)
∂

∂qj
u(t, q). (1.37)

By the so-called spectral method of the theory of dynamical systems due to Koopman, the theory of
dynamical systems may to a significant degree be interpreted as a theory relative to a linear partial
differential equation of first order.

For example, if Ω is an invariant set of the flow defined by (1.36) (i.e. if Tt is defined by q(t) = Ttq(0),
Ω should satisfy TtΩ = Ω), there exists an invariant measure µ of the flow Tt (i.e. for any Borel set
ω ⊂ Ω, µ(T−tω) = ω) such that i

∑n
j=1 Fj(q)∂/∂qj is self adjoint on L2(Ω, dµ).

Gelfand [?] asked whether in the above story, we may replace (1.37) by

∂

∂t
uj(t, q) =

d∑
k=1

A
(k)
j,` (q)

∂

∂qk
u`(t, q) for j, ` = 1, 2, · · · , n, (1.38)

where A(k) are n×n-matrices whose elemants are denoted by A
(k)
j,` . Gelfand’s first question in this direction

is, whether there exists an invariant measure µ̃ on an invariant set Ω̃ such that i
∑d

k=1 A
(k)
j,` (q) ∂

∂qk
becomes

self adjoint on L2(Ω̃; dµ̃)?
Our formulation by an example: Here, we may take 2 × 2-systems of PDE and explain our

formulation for Gelfand’s problem.
We consider the initial value problem

∂

∂t

(
ψ1(t, q)
ψ2(t, q)

)
=

3∑
j=1

(
aj(q) cj(q)
dj(q) bj(q)

)
∂

∂qj

(
ψ1(t, q)
ψ2(t, q)

)
with

(
ψ1(0, q)
ψ2(0, q)

)
=

(
ψ

1
(q)

ψ
2
(q)

)
. (1.39)

For the hyperbolicity, we assume

(a(q)p − b(q)p)2 + 4(c(q)p)(d(q)p) ≥ 0 for |p| = 1. (1.40)
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Here, we abbribiate
∑3

j=1 aj(q)pj = a(q)p, etc.
For the matrix

H(q, p) = −

(
a(q)p c(q)p
d(q)p b(q)p

)

= −a(q)p + b(q)p
2

− a(q)p − b(q)p
2

σσσ3 −
c(q)p + d(q)p

2
σσσ1 −

c(q)p − d(q)p
2

σσσ2,

we may associate a Hamiltonian H(x, ξ, θ, π) on T ∗(R3|2) = R6|4 given by

H(x, ξ, θ, π) = −a(x)ξ + ib(x)ξ〈θ|π〉 − c(x)ξθ1θ2 − d(x)ξπ1π2, (1.41)

with

aj(x) =
aj(x) + bj(x)

2
, bj(x) =

aj(x) − bj(x)
2

, a(x)ξ =
3∑

j=1

aj(x)ξj , b(x)ξ =
3∑

j=1

bj(x)ξj .

It yields the superspace version of the equation (1.39) represented by

i
∂

∂t
u(t, x, θ) = H

(
x,−i

∂

∂x
, θ,−i

∂

∂θ

)
u(t, x, θ) with u(0, x, θ) = u(x, θ). (1.42)

As H is even, we may consider the classical mechanics corresponding to H(x, ξ, θ, π):
d

dt
xj =

∂H(x, ξ, θ, π)
∂ξj

= −aj(x) + ibj(x)〈θ|π〉 − cj(x)θ1θ2 − dj(x)π1π2,

d

dt
ξj = −∂H(x, ξ, θ, π)

∂xj
= axj (x)ξ − ibxj (x)ξ〈θ|π〉 + cxj (x)ξθ1θ2 + dxj (x)ξπ1π2

(5.8)ev



d

dt
θ1 = −∂H(x, ξ, θ, π)

∂π1
= ib(x)ξθ1 + d(x)ξπ2,

d

dt
θ2 = −∂H(x, ξ, θ, π)

∂π2
= ib(x)ξθ2 − d(x)ξπ1,

d

dt
π1 = −∂H(x, ξ, θ, π)

∂θ1
= −ib(x)ξπ1 + c(x)ξθ2,

d

dt
π2 = −∂H(x, ξ, θ, π)

∂θ2
= −ib(x)ξπ2 − c(x)ξθ1

(5.8)od

and at time t = 0, the initial data are given by

(x(0), ξ(0), θ(0), π(0)) = (x, ξ, θ, π). (1.44)

If there exists a unique solution of (5.8) with (5.9), we denote it by

Tt(x, ξ, θ, π) = (x(t), ξ(t), θ(t), π(t)) = (x(t ;x, ξ, θ, π), ξ(t ;x, ξ, θ, π), θ(t ;x, ξ, θ, π), π(t ;x, ξ, θ, π)).

Therefore, it is natural to ask whether there exists a set Ω̃ ⊂ R6|4 = T ∗R3|2 such that

TtΩ̃ = Ω̃ ?

whether −iH(x,−i∂x, θ,−i∂θ) is self-adjoint on L2(Ω̃, µ̃)? Here, µ̃ is an invariant measure on Ω̃ related
to the symplectic measure dx ∧ dξ + dθ ∨ dπ on T ∗R3|2.
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1.1.2.8 Another example

If we consider
P1 = −a1∆ + V1(x), P2 = −a2∆ + V2(x)

with Vj(x) are real-valued, we ask whether

P =

(
P1 0
0 P2

)

is self adjoint on L2(Rm)2 even if Pj are not necessarily self-adjoint on L2(Rm) ?

1.1.3 Supersymmetry

After E. Witten re-explained Morse theory from his point of view, it is rather popular in mathematical
physics, to handle supersymmetry. Though it is easy to introduce the notion of supersymetric pairs in
quantum fields, but its classical correspondence is not so clear mathematically.

Let (M, g) be a Riemannian manifold with d, d∗ being usual exterior derivative and its adjoint. Let
φ be a smooth real valued functions on M and λ a real number. Define

dλ = e−λφdeλφ, d∗λ = eλφd∗e−λφ

and put
Q1λ = dλ + d∗

λ, Q2λ = i(dλ − d∗
λ), Hλ = dλd∗λ + d∗

λdλ.

Then, a triplet (Q1λ, Q2λ, Hλ) satisfies the algebra

Q2
1λ = Q2

2λ = Hλ, Q1λQ2λ + Q2λQ1λ = 0.

Though these are rather easily recognized, but in [220], Witten claimed innocently that the triplet
(Q1λ, Q2λ, Hλ) is canonically obtained by quantizing the Lagrangian density

Lλ =
1
2

[ ∑
jk

gjk

(
dqj

dt

dqk

dt
+ iψ̄j Dψk

Dt

)
+

1
4
Rjklmψ̄jψlψ̄kψm

− λ2gjk dφ

dqj

dφ

dqk
− λ

D2φ

DqjDqk
ψ̄jψk

]
.

Here, qj are local coordinates of M , gjk, Rjklm are the metric and curvature tensors of M , ψ̄k, ψm are
anticommuting fields tangent to M , which are the creation and annihilation operators after quantization.

Problem for us is to clarify why “the triplet (Q1λ, Q2λ, Hλ) is canonically obtained by quantizing
the Lagrangian density Lλ”.

In this book, we give a partial answer of this question, which is described as follows:

Let a Riemannian metric gjk(q) be given on Rm. We may extend the euclidian space Rm to the super
euclidian space Rm|m and the supersymmetric extension g̃jk as follows:

For a given Lagrangian

L =
1
2
gij(q)q̇iq̇j + Aj(q)q̇j − V (q) ∈ C∞(TRm; R),

using Legendre transformation, we associate a Hamiltonian

H(q, p) =
1
2
gij(q)(pi − Ai(q))(pj − Aj(q)) + V (q) ∈ C∞(T ∗Rm; R).
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To such a Hamiltonian, via extending formally that Lagrangian, we may associate a supersymmetric
extension

H(x, ξ, θ, π)

=
1
2
gij(x)

(
ξi −

i

2
(gik,l(x) − gil,k(x))θkπl − Ai(x)

)(
ξj −

i

2
(gjm,n(x) − gjn,m(x))θmπn − Aj(x)

)
+

1
2
Rikjlθ

jθlπiπk +
1
2
gjk(x)W,j(x)W,k(x) − W;ij(x)θiπj

which belongs to CSS(R2m|2m;Rev).
We study the properties of solutions of

d

dt
xj(t) =

∂

∂ξj
H(x, ξ, θ, π),

d

dt
ξj(t) = − ∂

∂xj
H(x, ξ, θ, π),

d

dt
θk(t) = − ∂

∂πk
H(x, ξ, θ, π),

d

dt
πk(t) = − ∂

∂θk
H(x, ξ, θ, π)

with
(xj(0), ξj(0), θk(0), πk(0)) = (xj , ξj , θk, πk) ∈ R2m|2m.

After solving these equations, we apply the Feynman’s procedure explained before, and we produce a
triplet as above in this case. Supercharges are transformed into Q’s and H yields the Hamilton operator
Hλ.

We stress here that we apply the Feynman’s procedure only in imaginary time case because L2-
boundedness theorem of a Fourier integral operator with highly oscillating phase is not available in
general.

1.1.4 Atiyah-Singer Theorem

I want to give a model how to extend the given Lagrangian to a supersymmetric one, and calculate its
index.

I take a damped harmonic oscillator on R2 as the simplest example:

L(q, q̇) =
1
2
(q̇2

1 + q̇2
2) + a1q2q̇1 − a2q2q̇1 − [

1
2
ω1

2q2
1 + λq1q2 +

1
2
ω2

2q2
2 ] ∈ C∞(TR2). (1.45)

Using Legendre transformation, we have a Hamiltonian H(q, p), q = (q1, q2), p = (p1, p2) given by

H(q, p) =
1
2
[(p1 − a1q2)2 + (p2 − a2q1)2] +

1
2
ω1

2q2
1 + λq1q2 +

1
2
ω2

2q2
2 ∈ C∞(T ∗R2). (1.46)

Then using Lagrangian path-integral method, we get a fundamental solution EL
t of the following initial

value problem:  i~
∂

∂t
u(t, q) = H~u(t, q),

u(0, q) = v(q).
(1.47)

That is,

u(t, q) = EL
t v(q) =

1√
2πi~

∫
R

dq′ DL(t, q, q′)1/2ei~−1SL(t,q,q′)v(q′). (1.48)

Or by Hamiltonian path-integral method, we have another expression as

u(t, q) = EH
t v(q) =

1√
2π~

∫
R

dpDH(t, q, p)1/2ei~−1SH(t,q,p)v̂(p). (1.49)
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1.1.4.1 The index of the super extended damped harmonic oscillator

Introducing operators

Dα =
∂

∂ρα
− iρα

∂

∂t
with α = 1, 2,

and εαβ = −εβα, ε12 = 1, we extend L(q, q̇) as

L̃0 = −1
4
(DαΦ)εαβ(DβΦ) +

i

2
AραεαβDβΦ − iW (Φ). (1.50)

In the above, A(q) is extended from q ∈ R to Φ = x + i(ρ1ψ2 − ρ2ψ1) + iρ1ρ2F ∈ Rev as

A(Φ) = A(x) + iA′(x)(ρ1ψ2 − ρ2ψ1 + ρ1ρ2F ) + A′′(x)ρ1ρ2ψ1ψ2. (1.51)

with the Grassmann extension given by, for k = 0, 1, · · · ,

∂k
xA(x) =

∞∑
`=0

1
`!

A(k+`)(x)x` where x = x + x ∈ Rev, x = q ∈ R.

W (Φ) is analogously extended from W (q) whose relation to V (q) will be given later.
Remark. The following relation will be worth noticing:(

∂

∂ρα
− iρα

∂

∂t

)2

= −i
∂

∂t
for each α = 1, 2.

Now, we have

L′
0 :=

∫
dρ2dρ1 L̃0

=
1
2
ẋ2 + A(x)ẋ +

1
2
F 2 +

i

2

(
ψ2ψ̇2 − ψ̇1ψ1

)
+ W ′(x)F − iW ′′(x)ψ1ψ2.

(1.52)

Assuming that the “auxilliary field F” should satisfy

0 =
δL′

0

δF
= F + W ′, (1.53)

we arrived at
L0 =

1
2
ẋ2 + A(x)ẋ +

i

2

(
ψ2ψ̇2 − ψ̇1ψ1

)
− 1

2
W ′(x)2 − iW ′′(x)ψ1ψ2. (1.54)

This is the desired Lagrangian with variables x, ẋ, ψα, ψ̇α, but variables ψα, ψ̇α are not independent each
other. In fact, they satisfy

{ψα, ψβ} = ψαψβ + ψβψα = 0, {ψα, ψ̇β} = 0 and {ψ̇α, ψ̇β} = 0.

To find out “independent Grassmann variables” in (3.10), we introduce new variables by the following
two methods:

(I) Defining new variables as 
ξ =

δL0

δẋ
= ẋ + ax,

φα =
δL0

δψ̇α

= − i

2
ψα for α = 1, 2,

(1.55)

we put
H(x, ξ, ψ1, ψ2) = ẋξ + ψ̇αφα − L0

=
1
2
(ξ − ax)2 +

1
2
W ′(x)2 +

i

2
W ′′(x)ψαεαβψβ .
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Rewriting the variables ψ1, ψ2 as θ, π, respectively, we get

H(x, ξ, θ, π) =
1
2
(ξ − ax)2 +

1
2
W ′(x)2 + iW ′′(x)θπ. (1.56)

(II) In the above, we use the “real” odd variables ψα. We “complexify” these variables by putting

ψ =
1√
2
(ψ1 + iψ2), ψ̄ =

1√
2
(ψ1 − iψ2), i.e. ψ1 =

1√
2
(ψ + ψ̄), ψ2 =

1√
2i

(ψ − ψ̄), (1.57)

and then we rewrite L0 as

L̄0 =
1
2
ẋ2 + A(x)ẋ +

i

2
(ψ ˙̄ψ + ψ̄ψ̇) − 1

2
W ′(x)2 − W ′′(x)ψ̄ψ. (1.58)

Introducing new variables as

ξ =
δL̄0

δẋ
= ẋ + A(x), φ =

δL̄0

δψ̇
= − i

2
ψ̄, φ̄ =

δL̄0

δ ˙̄ψ
= − i

2
ψ, (1.59)

we put
H(x, ξ, ψ, ψ̄) := ẋξ + ψ̇φ + ˙̄ψφ̄ − L̄0

=
1
2
(ξ − A(x))2 +

1
2
W ′(x)2 + W ′′(x)ψ̄ψ.

Rewriting ψ and ψ̄ by θ and π, respectively, we get finally a function

H(x, ξ, θ, π) =
1
2
(ξ − A(x))2 +

1
2
W ′(x)2 − W ′′(x)θπ ∈ CSS(R2|2 : Rev). (1.60)

Here, (x, θ) ∈ R1|1, (ξ, π) ∈ R1|1.
Remarks. (0) The difference between (3.12) and (3.16) is the existence of i in front of the term

W ′′(x)θπ. This difference is rather significant when we consider Witten index for supersymmetric quan-
tum mechanics using the kernel representation of the corresponding evolution operator.
(1) As there is no preference at this stage to take π and θ instead of θ and π, there is no significance of
the sign ± in front of the terms iW ′′(x)θπ in (3.12) or W ′′(x)θπ in (3.16) in these cases.
(2) We may regard H(x, ξ, θ, π) as a Hamiltonian in CSS(T ∗R1|1 : Rev).
(3) These Hamiltonians (3.12) and (3.16) are called supersymmetric extensions of (3.1) because they
give supersymmetric quantum mechanics after quantization (see §4). The procedure above is author’s
unmatured understanding of amalgam of physics papers such as Cooper and Freedman [CF], Davis, Mac-
farlane, Popat and van Holten [DMPvH] etc. But supersymmetry in superspace Rm|n will be studied
separately.
(4) On the other hand, using the identification (1.13), we have

H~
±(x, ∂x, θ, ∂θ) = #

(
H~

± − ~
2 b 0

0 H~
± + ~

2 b

)
[ = #H~,b

± [.

Moreover, in this case, the “complete Weyl symbol of the above H~(x, ∂x, θ, ∂θ)” is calculated by

H±(x, ξ, θ, π) = (e−i~−1(xξ+θπ)H~
±(x, ∂x, θ, ∂θ)ei~−1(xξ+θπ)

∣∣∣
~=0

=
1
2
(ξ − ax)2 ± 1

2
b2x2 + Ibθπ. (1.61)

H+ equals to (3.12) when A(q) = aq and W (x) = 1
2bx2, and H− is obtained from (3.16) with A(q) = aq

and W (x) = − i
2bx2. These give the relation between W (q) and V (q). (See SUSY Q.M. defined in §4.)

(5) Witten [W1] considered as a quantum mechanical operator

H(q, ∂q) =
(
−1

2
∂2

q + v(q)
)(

1 0
0 1

)
− 1

2
w(q)

(
1 0
0 −1

)
. (1.62)
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This operator is supersymmetric when there exists a function ψ(q) such that

v(q) =
1
2
ψ′(q)2, w(q) = ψ′′(q).

1.2 Random Matrix Theory

(II-b) has rather recent origin, that is in 1983, Efetov [69] published a paper entitled “Supersymmetry
and theory of disordered metals”. Moreover, there are other ramifications related to quantum colour
dynamics. By the limitation of author’s ability, we take an example which gives a precise remainder
estimate (which is also obtaind by the ordinary method) concerning the Wigner’s semi-circle law.

1.2.1 Wigner’s semi-circle law

Let HN be a set of Hermitian N × N matrices, which is identified with RN2
as a topological space. In

this set, we introduce a probability measure dµN (H) on HN by

dµN (H) =
N∏

k=1

d(<Hkk)
N∏

j<k

d(<Hjk)d(=Hjk)PN,J(H),

PN,J (H) = Z−1
N,J exp

[
− N

2J2
tr H∗H

] (1.63)

where H = (Hjk), H∗ = (H∗
jk) = (Hkj) = tH,

∏N
k=1 d(<Hkk)

∏N
j<k d(<Hjk)d(=Hjk) being the Lebesgue

measure on RN2
, and Z−1

N,J is the normalizing constant given by ZN,J = 2N/2(J2π/N)3N/2.
Let Eα = Eα(H) (α = 1, · · · , N) be real eigenvalues of H ∈ HN .
We put

ρN (λ) = ρN (λ;H) = N−1
N∑

α=1

δ(λ − Eα(H)), (1.64)

where δ is the Dirac’s delta. Denoting〈
f
〉

N
=

〈
f(·)

〉
N

=
∫

HN

dµN (H) f(H),

for a function f on HN , we get

Theorem 1.2.1 (Wigner’s semi-circle law)

lim
N→∞

〈
ρN (λ)

〉
N

= wsc(λ) =

(2πJ2)−1
√

4J2 − λ2 for |λ| < 2J,

0 for |λ| > 2J.
(1.65)

Seemingly, there exist several methods to prove this fact. Here, we want to explain a new derivation
of this fact using odd variables obtained by Efetov [?].

(A) One of the key expression obtained by introducing new auxiliary variables, is〈
ρN (λ)

〉
N

= π−1=
∫

Q

dQ
(
{(λ − i0)I2 − Q}−1

)
bb

exp [−NL(Q)] (1.66)

where In stands for n × n-identity matrix and

L(Q) = str [(2J2)−1Q2 + log((λ − i0)I2 − Q)],

Q =
{
Q =

(
x1 ρ1

ρ2 ix2

) ∣∣ x1, x2 ∈ Rev, ρ1, ρ2 ∈ Rod

} ∼= R2|2, dQ =
dx1dx2

2π
dρ1dρ2,

(
((λ − i0)I2 − Q)−1

)
bb

=
(λ − i0 − x1)(λ − i0 − ix2) + ρ1ρ2

(λ − i0 − x1)2(λ − i0 − ix2)
.

(1.67)
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Here in (1.66), the parameter N appears only in one place. This formula is formidably charming
but not yet directly justified, like Feynman’s expression of certain quantum objects using his measure.

(B) In physics literatures, for example in [?], [?], they claim without proof that they may apply the
method of steepest descent to (1.66) when N → ∞. More precisely, as

δL(Q)Q̃ =
d

dε
L(Q + εQ̃)

∣∣∣∣
ε=0

,

they seek solutions of

δL(Q) = str
( Q

J2
− 1

λ − Q

)
= 0.

As a candidate of effective saddle points, they take

Qc = (
1
2
λ +

1
2

√
λ2 − 4J2)I2,

and they have
lim

N→∞

〈
ρN (λ)

〉
N

= π−1=(λ − Qc)−1
bb = wsc(λ). ¤

Remark. Not only the expression (1.66) nor the applicability of the saddle point method to it are not
so clear. To get the mathematical rigour, we dare to loose such a beautiful expression like (1.66).
To prove that such expression holds for real λ, I conjecture to develop new integration theorem such as
Henstock-Kurzweil’s integral.

1.2.2 Relation between RMT and Painlevé transcendents

It is known rather recently that there is a mysterious connection between RMT and Painlevé functions.
Let Un be a set of unitary n×n matrices with Haar measure. Then, the characteristic function of the

randomvariable tr U for U ∈ Un is
En(et(tr U+tr Ū)

For any g with Fourier coefficients {gl}, putting eigenvalues of U ∈ Un as {eiλj}n
j=1, we have

En(
N∏

j=1

g(eiλj )) = det Tn(g)

where
Tn(g) = (gj−k)j,k=0,···,n−1 with gl =

1
2π

∫
S1

e−ilφg(φ)dφ.

In this case, for g(z, t) = et(z+z−1)

Dn(t) = det Tn(g(·, t)) = En(et(tr U+tr Ū).

Now put

Un(t) = (Tn(g(·, t))−1f+, δ−) = (Tn(g(·, t))−1f−, δ+), Φn(t) = 1 − Un(t)2

where

δ+ =



1
0
...
0
0

 , δ+ =



0
0
...
0
1

 , f+ =



f1

f2

...
fn−1

fn

 , f+ =



fn

fn−1

...
f2

f1

 .

Then, Φn satisfies a variant of the Painlevé V equation:

Φ′′
n =
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1.2.3 Matytsin’s procedure

(1) Putting

I(XN , YN ; t) =
1

tN2/2

∫
U(N)

dU exp
(
− N

2t
tr (XN − UYNU†)2

)
, (1.68)

we have readily

I(XN , YN ; t) = exp
(
− N

2t
tr (X2

N + Y 2
N )

)
I

(
XN√

t
,
YN√

t

)
. (1.69)

Since we have

2N
∂I(XN , YN ; t)

∂t
=

1
∆(XN )

N∑
i=1

∂2

∂x2
i

[∆(XN )I(XN , YN ; t)], (1.70)

putting
Ĩ(XN , YN ; t) = ∆(XN )I(XN , YN ; t), (1.71)

we get

2N
∂Ĩ(XN , YN ; t)

∂t
=

N∑
i=1

∂2

∂x2
i

[Ĩ(XN , YN ; t)]. (1.72)

This yields

Ĩ(XN , YN ; t) =
1

((t − s)/N)N/2

∫
RN

dx exp [− (x1 − z1)2 + (x2 − z2)2 + · · · + (xN − zn)2

2t/N
]Ĩ(ZN , YN ; s),

(1.73)
Introducing the Ansatz

I(X,Y ; t) = exp (N2W (ρ, σ, t))

we get

2
∂W

∂t
=

1
N

N∑
j=1

∂2W

∂x2
j

+ N
N∑

j=1

(
∂W

∂xj

)
+ 2

N∑
j=1

V (xj)
∂W

∂xj
,

where
V (xj) =

1
N

∑
k 6=j

1
xj − xk

.

Assuming that
lim

N→∞
W (ρ, σ; t) = W̃ (ρ, σ; t),

we have
∂W

∂xj
=

1
N

(
∂

∂x

δW̃

δρ(x)
bigg)

∣∣∣∣
x=xj

2
∂W

∂t
= N

N∑
j=1

(
∂W

∂xj

)
+ 2

N∑
j=1

V (xj)
∂W

∂xj
,

W = S − 1
2N2

∑
j 6=k

log |xj − xk| −
1

2N2

∑
j 6=k

log |yj − yk|

2
∂S

∂t
= N

N∑
j=1

(
∂S

∂xj

)
− 1

N

N∑
j=1

V 2(xj),

1
N

N∑
j=1

V 2(xj) =
1

N3

∑
j 6=k

1
(xj − xk)2
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Chapter 2

Superspaces based on the

Fréchet-Grassmann algebras

2.1 The ∞-dimensional Fréchet-Grassmann algebras

2.1.1 The Grassmann generators

We prepare1 a set of countably infinite distinct letters {σj}j∈N satisfying the Grassmann relation,

σiσj + σjσi = 0 for any i, j = 1, 2, · · · . (2.1)

We consider following sets rather formally (but soon later “proved as meaningfull”):

C =

{
X =

∑
I∈I

XIσ
I

∣∣ XI ∈ C

}
, (2.2)



C(0) = C[0] = C,

C(j) =
{

X =
∑
|I|≤j

XIσ
I

}
and

C[j] =
{

X =
∑
|I|=j

XIσ
I

}
= C(j)/C(j−1),

(2.3)

where
I = {I = (i1, i2, · · · , ik, · · · ) ∈ {0, 1}N ∣∣ |I| =

∑
k

ik < ∞},

σI = σi1
1 σi2

2 · · · with σ0̃ = 1, 0̃ = (0, 0, · · · ).
(2.4)

Remark 2.1.1 If you are unfamiliar with the formal introduction of ‘letter’ {σj}j∈N with multiplication
satisfying (2.1), you may regard, for a while, σj as dzj (the differential of zj) with the exterior product
∧ as the multiplication where z = (z1, z2, · · · ) ∈

∏∞
j=1 R = R∞. An explicit construction of {σj}j∈N is

given by Rogers in §2.1.4. Berezin [?] gave another realization of it as operators in the Fock space. See,
for more algebraic treatment, Kostant & Sternberg [135].

1that is, we may find or may construct such letters

25
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Sequence spaces and their topologies: To give the concrete meaning of the above
summation expressions in (2.2) and (2.3), we recall the sequence spaces ω and φ in the
terminology of Köthe [136]. That is, we define{

φ =
{
x = (xk) = (x1, x2, · · · , xk, · · · )

∣∣ xk ∈ C and xk = 0 except for finitely many k
}

,

ω =
{
u = (uk) = (u1, u2, · · · , uk, · · · )

∣∣ uk ∈ C
}

.

(2.5)
For any sequence space X containing φ, we define the space X× by

X× =

{
u = (uk)

∣∣ ∑
k

|uk||xk| < ∞ for any x = (xk) ∈ X

}
,

then, we get
φ× = ω and ω× = φ.

We introduce the (normal) topology in X and X× by defining the seminorms

pu (x) =
∑

k

|uk||xk| = px (u) for x ∈ X and u ∈ X×. (2.6)

Especially, x(n) converges to x in φ, that is, pu(x(n) − x) → 0 as n → ∞ for each u ∈ ω if
and only if for any ε > 0, there exist L and n0 such that (i) x

(n)
k = xk = 0 for k > L when n ≥ n0, and

(ii) |x(n)
k − xk| < ε for k ≤ L when n ≥ n0.

(2.7)

Analogously, u(n) converges to u in ω, that is, px(u(n) − u) → 0 as n → ∞ for each x ∈ φ

if and only if for any ε > 0 and each k, there exists n0 = n0(ε, k) such that

|u(n)
k − uk| < ε when n ≥ n0. (2.8)

Clearly, ω forms a Fréchet space because the above topology in ω is equivalent to the one
defined by countable seminorms: {pk(u)}k∈N where pk(u) = |uk| for u = (u1, u2, · · · ) =∑∞

j=1 ujej ∈ ω with ej = (

j︷ ︸︸ ︷
0, · · · , 0, 1, 0, · · · ) ∈ ω.

Now, we define the isomorphism from I onto N (diadic-decomposition) defined by

r : I 3 I = (ik) → r(I) = 1 +
1
2

∞∑
k=1

2kik ∈ N where ik = 0 or 1. (2.9)

Using r(I) in (2.9), we define a map

T : σI → er(I) for I = (ik) ∈ I.

Extending this linearly, we put

T (X) =
∑

xr(I)er(I) ∈ ω for X =
∑
|I|≤j

XIσ
I ∈ C(j). (2.10)

More explicitely, we have the following first few terms:∑
xr(I)er(I) = (X(0,0,0,··· ), X(1,0,0,··· ), X(0,1,0,··· ), X(1,1,0,··· ), X(0,0,1,··· ), X(1,0,1,··· ), X(0,1,1,··· ), · · · ).
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Then, we have
∞⋃

j=0

T (C(j)) =
∞∑

j=0

T (C[j]) = ω (2.11)

because T (C[j]) and T (C[k]) are disjoint sets in ω if j 6= k. Therefore, it is reasonable to write as in (2.2)
and more precisely,

C = ⊕∞
j=0C[j], that is, X =

∞∑
j=0

X[j] with X[j] =
∑
|I|=j

XIσ
I . (2.12)

Here, X[j] is called the j-th degree component of X ∈ C. We have just given the meaning of the
summations in (2.2) and (2.3) by using the summation in ω. By definition, we get{

C(j) ⊂ C(k) for j ≤ k,

C = ∪∞
j=0C(j) with ∩∞

j=0 C(j) = C,
(2.13)

C[j] · C[k] ⊂ C[j+k] and C(j) · C(k) ⊂ C(j+k). (2.14)

Remark 2.1.2 The second relation with C(∗) in (2.14) also holds for the Clifford algebras but the first
one with C[·] is specific to the Grassmann algebras satisfying (2.1). Here, the Clifford relation for {ej} is
defined by

eiej + ejei = 2δijI for any i, j = 1, 2, · · · . (2.15)

Typical examples are the 2×2-Pauli matrices ej = {σσσj}j=1,2,3 and the 4×4-Dirac matrices {ej}j=0,1,2,3 =
{βββ,αααj}.

2.1.2 Topology

We introduce the weakest topology in C which makes the map T continuous from C to ω, that is,
X =

∑
I∈I XIσ

I → 0 in C if and only if projI(X) → 0 for each I ∈ I with projI(X) = XI ; it is
equivalent to the metric dist(X,Y ) = dist(X − Y ) defined by

dist(X) =
∑
I∈I

1
2r(I)

|projI(X)|
1 + |projI(X)|

for any X ∈ C. (2.16)

For example, X(`) = f(`)σ1 · · ·σ` → 0 in C even if f(`) → ∞ because dist(X(`)) ≤ 2−2`+1.

2.1.3 Algebraic operations

For any X,Y ∈ C, we define

X + Y =
∞∑

j=0

(X + Y )[j] with (X + Y )[j] = X[j] + Y[j] for j ≥ 0 (2.17)

and

XY =
∞∑

j=0

(XY )[j] where (XY )[j] =
j∑

k=0

X[j−k]Y[k] =
∑
|I|=j

(XY )Iσ
I . (2.18)

Here, (XY )I =
∑

I=J+K(−1)τ(I;J,K)XJYK ∈ C is well-defined because for any set I ∈ I, there exist only
finitely many decompositions by sets J, K satisfying I = J+̇K (i.e. I = J ∪ K, J ∩ K = ∅). Here, the
indeces τ(I;J,K), or more generally τ(I;J1, · · · , Jk) are defined by

(−1)τ(I;J1,··· ,Jk)σJ1 · · ·σJk = σI with I = J1+̇J2+̇· · ·+̇Jk. (2.19)
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But for notational simplicity, we will use (−1)τ(∗) without specifying the decomposition if there occurs
no confusion.

Exercise 2.1.3 For sets J, K satisfying I = J + K,

(−1)|J||K|(−1)τ(I;J,K) = (−1)τ(I;K,J).

Moreover, we get

Lemma 2.1.4 The product defined by (2.18) is continuous from C × C → C.

Proof. It is simple by noting that there exist 2|I| elements J ∈ I satisfying J ⊂ I and that

|(XY )I | ≤
∑

I=J+K

|XJ ||YK | ≤ 2r(I)(max
J⊂I

|XJ |)(max
K⊂I

|YK |) for any X,Y ∈ C. ¤

To summarize, we get

Theorem 2.1.5 C forms a Fréchet-Grassmann algebra over C, that is, an associative, distributive and
non-commutative ring with degree, which is endowed with the Fréchet topology.

Proof. Clearly, we get X(Y Z) = (XY )Z (associativity),

X(Y + Z) = XY + XZ (distributivity).

Other properties have been proved. ¤

Comment. We may introduce another set denoted by ΛC as the projective limit of sets ΛC
L. Here,

ΛC
L is defined by

ΛC
L =

{
X =

∑
I∈IL

XIσ
I |XI ∈ C

}
with IL = {I = (i1, i2, · · · , iL, 0, · · · )} ⊂ I

∼= Λ(RL : C)

= the exterior algebra of forms on RL with coefficients in C ∼= C2L

.

(2.20)

In fact, for M > L, defining maps ψLM : IM → IL by ψLM (
∑

I∈IM
XIσ

I) =
∑

I∈IL
XIσ

I , we have
the set (ΛC

L, ψLM ) which forms a projective system and yields a projective limit ΛC. More precisely, the
topology of ΛC is defined as follows: Elements X(n) converges to X in ΛC if and only if for any ε > 0 and
I, there exists an integer n0 = n0(ε, I) such that |X(n)

I − XI | < ε when n > n0.

Remark 2.1.6 We may consider that an element of X ∈ C stands for the ‘state’ such that the position
labeled by σI is occupied by XI ∈ C. In other word, considering {σi} as the countable indeterminate
letters, it seems reasonable to regard C as the set of certain formal power series 2 with simple topology.
Therefore, it is permitted to reorder the terms freely under ‘summation sign’. That is, the summation∑

I∈I XIer(I) is ‘unconditionally (though not absolutely) convergent’ 3 and so is
∑

I∈I XIσ
I . We use

such a big space C with rather weak topology because this algebra is considered as the ambient space for
reordering the places. We feel such a big ambient space will be prefarable and tractable for our future use.

2with the special property that same letter appears only once in each monomials
3diverting the terminology of the basis problem in the Banach spaces



2.1. THE ∞-DIMENSIONAL FRÉCHET-GRASSMANN ALGEBRAS 29

Remark 2.1.7 (1) As {C(j)} forms a filter by (2.13) and (2.14), it gives a 0-neighbourhood base of the
linear topology of C which is equivalent to the above one defined by (2.8). (See [136] for the linear topology
of vector spaces.)
(2) We may introduce a stronger topology in C called the topology by degree, that is, X(n) s→X in C means
that

(i) there exists d ≥ 0 such that X
(n)
I = XI = 0 for any n and I when |I| > d and

(ii) |X(n)
I − XI | → 0 as n → ∞ when |I| ≤ d.

2.1.4 Banach-Grassmann algebra

Let `1 be a Banach space of sequences w = (w1, w2, · · · ) satisfying wj ∈ C and ‖w‖ =
∑∞

j=1 |wj | < ∞.
Denote by ML the set of sequences given by

ML = {µ;µ = (µ1, µ2, · · · , µk), 1 ≤ µ1 < µ2 < · · · < µk ≤ L} and M∞ = ∪∞
L=1ML.

We regard ∅ ∈ ML and for any j ∈ N, we put (j) ∈ M∞. For each r ∈ N, we may correspond a member
µ ∈ M∞ by using

r =
1
2
(2µ1 + 2µ2 + · · · + 2µk). (2.21)

Conversely, for each µ ∈ M∞, we define eµ as eµ = (

r︷ ︸︸ ︷
0, · · · , 0, 1, 0, · · · ) where r and µ are related by

(2.21). Then, w =
∑

µ wµeµ. Now, we introduce the multiplication by
eµe∅ = e∅eµ = eµ for µ ∈ M∞,

e(i)e(j) = −e(j)e(i) for i, j ∈ N,

eµ = e(µ1)e(µ2) · · · e(µk) where µ = (µ1, µ2, · · · , µk).

(2.22)

That is, we identify

w = (w1, w2, w3, w4, · · · ) =
∑
j=1

wje(j) ←→ (w(1), w(2), w(1,2), w(3), · · · ) =
∑

µ

wµeµ

where
e(j) ↔ σj , e(1)e(2) = e(1,2) ↔ σ1σ2 = σI , I(1,2) = (1, 1, 0, · · · ),

eµ = e(µ1)e(µ2) · · · e(µk) ↔ σµ1σµ2 · · ·σµk
= σI , Iµ = (

µ1︷ ︸︸ ︷
0, · · · , 0, 1, 0, · · · , 0, 1︸ ︷︷ ︸

µk

, 0, · · · ).

Therefore, the real Banach-Grassmann algebra introduced by Rogers consists of the absolutely con-
vergent sequence

‖X‖ =
∑
I∈I

|XI | < ∞ for X =
∑

I∈I XIσ
I with XI ∈ R, and it satisfies ‖XY ‖ ≤ ‖X‖‖Y ‖.

Proposition 2.1.8 (Roger) `1 with the above multiplication forms a Banach-Grassmann algebra with
countably infinite generators.



30 CHAPTER 2. SUPERSPACES BASED ON THE FRÉCHET-GRASSMANN ALGEBRAS

2.1.5 The supernumber

C is called the (complex) supernumber algebra over C and any element X of C is called (complex) super-
number.

We introduce the parity in C by setting

p(X) =

0 if X =
∑

I∈I,|I|=even XIσ
I ,

1 if X =
∑

I∈I,|I|=odd XIσ
I .

(2.23)

X ∈ C is called homogeneous if it satisfies p(X) = 0 or = 1. We put also
Cev = ⊕∞

j=0C[2j] = {X ∈ C | p(X) = 0},

Cod = ⊕∞
j=0C[2j+1] = {X ∈ C | p(X) = 1},

C ∼= Cev ⊕ Cod
∼= Cev × Cod.

(2.24)

Moreover, it splits into its even and odd parts, called (complex) even number and (complex) odd
number, respectively :

X = Xev + Xod =
∑

|a|=even

Xaσa +
∑

|a|=odd

Xaσa =
∑

j=even

X[j] +
∑

j=odd

X[j]. (2.25)

Using (2.25), we decompose

X = XB + XS where XS =
∑

1≤j<∞

X[j] and XB = X0̃ = X[0] (2.26)

and the number XB is called the body (part) of X and the remainder XS is called the soul (part) of X,
respectively. We define the map πB from C to C by πB(X) = XB, called the body projection (or called
the augmentation map in [184]).

Important Remark. C does not form a field because X2 = 0 for any X ∈ Cod. But, it is easily
proved that

(i) if X satisfies XY = 0 for any Y ∈ Cod, then X = 0, and
(ii) the decomposition of X with respect to degree in (2.12) is unique.

These properties are shared only if the number of Grassmann generators is infinite. For example, if
the number of Grassmann generators is finite, say n, then the number σ1σ2· · ·σn is recognized 0 for the
multiplication of any odd number.

Example (the invertible elements). Let X ∈ C with XB 6= 0. Then there exists a unique element
Y ∈ C such that XY = 1 = Y X. In fact, decomposing X = XB + XS and Y = YB + YS, we should have

XBYB = 1, XBYS + XSYB + XSYS = 0.

Therefore, putting XS =
∑

|I|>0 XIσ
I and YS =

∑
|J|>0 YJσJ and noting that σIσJ = (−1)τ(K;I,J)σK

for K = I + J , we have

YB = X−1
B , YK = −X−1

B

∑
K=I+J

(−1)τ(K;I,J)XIYJ .

For example,
for |K| = 1, then YK = −X−1

B XKYB, · · · ,

for |K| = `, then YK = −X−1
B

∑
K=I+J

(−1)τ(K;I,J)XIYJ .
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If XB = 0, there exists no Y satisfying XY = 1 or Y X = 1.

Now, we define our (real) supernumber algebra over R (but not over C) by

R = π−1
B (R) ∩ C =

{
X =

∑
I∈I

XIσ
I | XB ∈ R and XI ∈ C for |I| 6= 0

}
. (2.27)

Defining as same as before, we have

R = Rev ⊕ Rod, R = ⊕∞
j=0R[j]. (2.28)

Analogous to C, we put 
R = {X ∈ C | πBX ∈ R}, R[j] = R ∩ C[j],

Rev = R ∩ Cev, Rod = R ∩ Cod = Cod,

R ∼= Rev ⊕ Rod
∼= Rev × Rod.

(2.29)

Here, we introduced the body (projection) map πB by πBX = projB(X) = X0̃ = XB.
R(j) and other terminologies are analogously introduced.

2.1.6 Conjugation

We define the operation ∗ as follows: Denoting the complex conjugation of XI by XI and defining
σI = σin

n · · ·σi1
1 for I = (i1, · · · , in), we put

X∗ =
∑
I∈I

XIσI =
∑
I∈I

(−1)
|I|(|I|−1)

2 XIσ
I . (2.30)

Then,

Lemma 2.1.9 For X,Y ∈ C and λ ∈ C, we have

(X∗)∗ = X, (XY )∗ = Y ∗X∗, (λX)∗ = λ̄X∗. (2.31)

Exercise 2.1.10 Prove σIσJ = σJ σI . (Hint: Use (1.46))

%%%

σIσJ = (−1)τ(K;I,J)σK = (−1)τ(K;I,J)(−1)
|K|(|K|−1)

2 σK ,

σJ σI = (−1)
|I|(|I|−1)

2 (−1)
|J|(|J|−1)

2 σJσI = (−1)
|I|(|I|−1)

2 (−1)
|J|(|J|−1)

2 (−1)τ(K;J,I)σK ,

(−1)|J||K|(−1)τ(I;J,K) = (−1)τ(I;K,J).

Therefore, we get the desired result. Onthe other hand, we prove also, if K = I + J ,

(−1)τ(K;I,J)(−1)
|K|(|K|−1)

2 = (−1)
|I|(|I|−1)

2 (−1)
|J|(|J|−1)

2 (−1)τ(K;J,I).

%%%

Remark 2.1.11 We may introduce “real” as X∗ = X for X ∈ C, or from purely aethetical point of view,
the set of “reals” may be defined by

RR = {X =
∑
I∈I

XIσ
I | XI ∈ R},
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but we don’t use this “real” in the sequel. Because the analysis is really done for the body part and the
soul part is used only for reordering the places, therefore, we imagine that the set

RK =

{
x =

∑
I∈I

xIσ
I

∣∣ xB ∈ R and xI ∈ K

}

would be more natural as our ‘supernumber algebra’. Here, K should be an associative algebra such that
we may define seminorms analogously as before. This point of view will be discussed if necessity occurs.

Remark 2.1.12 There is another way of defining the conjugation: We define σ̄j as a linear mapping
from C to C such that 〈σ̄j , σk〉 = δjk, and by this, we may introduce the duality 〈·, ·〉 between C and C̄

which is the Grassmann algebra generated by {σ̄j}, and whose Fréchet topology is compatible with the
duality above. In this case, putting σI = σ̄in

n · · · σ̄i1
1 for I = (i1, · · · , in) and

X∗ =
∑
I∈I

XIσI =
∑
I∈I

(−1)
|I|(|I|−1)

2 XI σ̄
I ,

we have also (2.31).

Example(absolute value for ξ ∈ Rm
ev). For ξ = (ξ1, · · · , ξm) ∈ Rm|0 = Rm

ev, we define the “absolute
value” |ξ| ∈ Rev as follows:

|ξ| = |ξ|B + |ξ|S, where |ξ|S =
∑

|I|=even≥2

|ξ|IσI , |ξ|B ≥ 0, |ξ|I ∈ R,

and |ξ|2 satisfies

|ξ|2 =
m∑

j=1

(ξj,B + ξj,S)(ξj,B + ξj,S) =
m∑

j=1

ξ2
j,B +

m∑
j=1

ξj,B(ξj,S + ξj,S) +
m∑

j=1

ξj,Sξj,S,

ξj,S =
∑

|I|=even≥2

ξj,Iσ
I , ξj,S =

∑
|I|=even≥2

ξj,Iσ
I .

(Here, ξj,I is the complex conjugate of ξj,I). Therefore,

|ξ|B = {
m∑

j=1

ξ2
j,B}1/2,

2|ξ|K |ξ|B +
∑

I+J=K

|ξ|I |ξ|J(−1)τ(K;I,J) = 2
m∑

j=1

ξj,B(<ξj,K) +
∑

I+J=K

m∑
j=1

ξj,Iξj,J(−1)τ(K;I,J).

Each |ξ|K is defined by the induction of the length |K| of K ∈ I. For example, when |K| = 2, we have

|ξ|K = |ξ|−1
B

m∑
j=1

ξj,B(<ξj,K).

Using this, when |K| = 4, we have

2|ξ|K = |ξ|−1
B

(
2

m∑
j=1

ξj,B(<ξj,K) +
∑

I+J=K

m∑
j=1

ξj,Iξj,J(−1)τ(K;I,J) −
∑

I+J=K

m∑
j=1

|ξ|I |ξ|J(−1)τ(K;I,J)
)
,

etc.
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2.2 The superspace

Definition 2.2.1 The super Euclidean space or (real) superspace Rm|n of dimension m|n is defined by

Rm|n = Rm
ev × Rn

od 3 X = t(tx, tθ),

where x = t(x1, · · · , xm) and θ = t(θ1, · · · , θn) with xj ∈ Rev, θs ∈ Rod.
(2.32)

Notation: In the following, we abbreviate the symbol ‘transposed’ t(x1, · · · , xm) and denote x =
(x1, · · · , xm), etc. unless there occurs confusion.

The topology of Rm|n is induced from the metric defined by distm|n(X,Y ) = distm|n(X − Y ) for
X,Y ∈ Rm|n, where we put

distm|n(X) =
m∑

j=1

( ∑
I∈I

1
2r(I)

|projI(xj)|
1 + |projI(xj)|

)
+

n∑
s=1

( ∑
I∈I

1
2r(I)

|projI(θs)|
1 + |projI(θs)|

)
. (2.33)

Clearly, dist1|1(X) = dist(X) for X ∈ R1|1 ∼= R ⊂ C. Analogously, the complex superspace of dimension
m|n is defined by

Cm|n = Cm
ev × Cn

od. (2.34)

We generalize the body map πB from Rm|n or Rm|0 to Rm by πBX = πBx = (πBx1, · · · , πBxm) ∈ Rm

for X = (x, θ) ∈ Rm|n. The (complex) superspace Cm|n is defined analogously.
Dual superspace. We denote the superspace Rm|n by R

m|n
X whose point is presented by X =

(x, θ) = (x1, · · · , xm, θ1, · · · , θn). We prepare another superspace R
m|n
Ξ whose point is denoted by Ξ =

(ξ, π) = (ξ1, · · · , ξm, π1, · · · , πn), such that they are “dual” each other by

〈X|Ξ〉m|n =
m∑

j=1

〈xj |ξj〉 +
n∑

k=1

〈θk|πk〉 ∈ Rev. (2.35)

We abbreviate 〈·|·〉m|n above by 〈·|·〉 unless there occurs confusion.

Remark 2.2.2 (0) Defining R in (2.27), we used both R and C. The reason of this definition is explained
in §4 where we solve a certain Hamiltonian equation stemming from the Pauli equation.
(1) De Witt [60] introduces his space Rm|n

dW = (ΛR
ev)m×(ΛR

od)n. Here, ΛR
ev = limL→∞ ΛR

ev(RL) and ΛR
ev(RL)

is isomorphic to the exterior algebra of even forms on RL with real coefficients. ΛR
od and ΛR = ΛR

ev +ΛR
od

are ‘defined’ analogously. In the above, the meaning of ‘limL→∞’ is not so clear. And his topology in
Rm|n

dW is the weakest topology which makes continuous the projection πB from Rm|n
dW to Rm. This does not

give the Hausdorff topology in Rm|n
dW but he claims that non-Hausdorff property of his space is not serious

in his analysis.
(2) Rogers [184] defines her space Rm|n

R based on the real Banach-Grassmann algebra `1 in order to develop
her theory of superanalysis, using the known differential calculus for functions on Banach spaces. But
we are not sure whether such a strong topology is really necessary. Or rather, we claim in the following
that though generally speaking, the differential calculus on locally convex spaces are rather troublesome,
see for example, Keller [129], Yamamuro [225], but we may carry out almost the same procedures as she
done in [184] using the ring structure directly in our Fréchet-Grassmann algebra.
(3) Matsumoto and Kakazu [158], Yagi [222] and Bryant [41], in order to refine the idea of De Witt,
defined a Fréchet space which is the projective limit of the Banach space modelled on the exterior algebra
of forms on RL with real coefficients, though the grading and the ring structure of it is obscured by their
construction.
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(4) See also the papers, [188], Jadczyk and Pilch [122] and Hoyos et al. [100] who use the Banach-
Grassmann algebra.



Chapter 3

Elements of the linear algebra on the

superspace

3.1 Matrix algebras on the superspace

Definition 3.1.1 A rectangular array M , whose cells are indexed by pairs consisting of a row number
and a column number, is called a supermatrix and denoted by M ∈ Mat ((m|n) × (r|s) : C), if it satisfies
the following:

1. A (m + n) × (r + s) matrix M is decomposed blockwisely as M =

(
A C

D B

)
where A, B, C and D

are m × r, n × s, m × s and n × r matrices with elements in C, respectively.

2. One of the following conditions is satisfied: Either

• p(M) = 0, that is, p(Ajk) = 0 = p(Buv) and p(Cjv) = 1 = p(Duk) or

• p(M) = 1, that is, p(Ajk) = 1 = p(Buv) and p(Cjv) = 0 = p(Duk).

We call M is even denoted by Mat ev((m|n) × (r|s) : C) (resp. odd denoted by Mat od((m|n) × (r|s) : C))
if p(M) = 0 (resp. p(M) = 1). Therefore, we have

Mat ((m|n) × (r|s) : C) = Mat ev((m|n) × (r|s) : C) ⊕ Mat od((m|n) × (r|s) : C).

Moreover, we may decompose M as M = MB + MS where

MB =



AB 0

0 BB

 when p(M) = 0,

 0 CB

DB 0

 when p(M) = 1.

The summation of two matrices in Mat ev((m|n)× (r|s) : C) or in Mat od((m|n)× (r|s) : C) is defined
as usual, but the sum of Mat ev((m|n) × (r|s) : C) and Mat od((m|n) × (r|s) : C) is not defined except at
least one of them being zero matrix.

35
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It is clear that if M is the (m + n) × (r + s) matrix and N is the (r + s) × (p + q) matrix, then we
may define the product MN and its parity p(MN) as

(MN)ij =
∑

k

MikNkj , p(MN) = p(M) + p(N) mod 2.

Moreover, we define Mat [m|n : C] as the algebra of (m + n) × (m + n) supermatrices.

Matrices as Linear Transformations:

Mat ev((m|n) × (r|s) : C) 3 M =

(
A C

D B

)
: Rr|s → Rm|n,

Mat od((m|n) × (r|s) : C) 3 M =

(
A C

D B

)
: Rr|s → Rm

od × Rn
ev,

Mat od((n|m) × (m|n) : C) 3 Λn,m =

(
0 In

Im 0

)
: Rm

od × Rn
ev → Rn

ev × Rm
od = Rn|m.

If we introduce the duality between Rm|n as in (2.35), we may define the transposed operator as

〈MX|Ξ〉m|n = 〈X|M t Ξ〉r|s for any M ∈ Mat ev((m|n) × (r|s) : C),

for X = (x, θ) ∈ Rr|s and Ξ = (ξ, ω) ∈ Rm|n. More precisely, we have

M t =

(
A C

D B

)t

=

(
At Dt

−Ct Bt

)
and M tttt = M.

Analogously, if we define the duality between C
m|n
Z and C

m|n
Υ by

〈Z|Υ〉m|n =
m∑

j=1

〈zj |ηj〉 +
n∑

k=1

〈θk|ρk〉, or =
m∑

j=1

〈zj |ηj〉 +
n∑

k=1

〈θk|ρk〉,

for Z = (z, θ) ∈ Cr|s, Υ = (η, ρ) ∈ Cm|n, we may introduce M∗, the adjoint of matrix M , by

〈MZ|Υ〉m|n = 〈Z|M∗Υ〉r|s.

Therefore, we have

M∗ =

(
A C

D B

)∗

=

(
A∗ D∗

−C∗ B∗

)
and M∗∗∗∗ = M.

The conjugation is defined by

MZ = M̄Z̄ for any M ∈ Mat ((m|n) × (r|s) : C) and Z ∈ Cr|s.

That is, using (2.31), we have

M̄ =

(
A C

D B

)
=

(
Ā −C̄

D̄ B̄

)
.

Lemma 3.1.2 For M ∈ Mat ((m|n) × (r|s) : C) and N ∈ Mat ((r|s) × (p|q) : C), we have

(MN)t = N t M t, (MN)∗ = N∗M∗, MN = M̄N̄ ,

(M t)t = ΛMΛ, (M̄)t = M∗, where Λ =

(
Im 0
0 −In

)
.
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If M ∈ Mat [m|n : C] is even, denoted by M ∈ Mat ev[m|n : C], then M acts on Rm|n linearly.
Denoting this by TM , we call it super linear transformation on Rm|n and M is called the representative
matrix of TM .

Proposition 3.1.3 Let M ∈ Mat ev[m|n : C] and assume det MB 6= 0. Then, for given Y ∈ Rm|n,

TMX = Y (3.1)

has the unique solution X ∈ Rm|n, which is denoted by X = M−1Y .

Proof. Since MB has the inverse matrix M−1
B , (3.1) is reduced to

X + NSX = Y ′, Y ′ = M−1
B Y

where NS = M−1
B MS. Remark that NSX[j] ∈

∑∞
k≥j+1 C[k] for j ≥ 0. Decomposing by degree, we get

X[j] = Y ′
[j] − (NSX(j−1))[j] for j = 1, 2, . . . .

As X(0) = X[0] = Y ′
[0], we get X[j] from X(j−1) for j ≥ 1 by induction. ¤

Exercise 3.1.4 How about M ∈ Mat od((m|n) × (n|m) : C) ?

Definition 3.1.5 M ∈ Mat ev[m|n : C] is called invertible or non-singular if MB is invertible, i.e.
det AB detBB 6= 0, and denoted by M ∈ GL ev[m|n : C].

3.2 Supertrace, superdeterminant and Paffian

Lemma 3.2.1 Let V , W be two rectangular matrices with odd elements, m×n, n×m, respectively. We
have
(1) tr (V W )k = − tr (WV )k for any k = 1, 2, · · · .
(2) det(Im + V W ) = det(In + WV )−1.

Proof. Let V = (vij), W = (wjk) with vij , wjk ∈ Cod.

tr (V W )k =
∑

vij1wj1j2vj2j3 · · · vjk−1j`
wjki

= −
∑

wj1j2vj2j3 · · · vj`−1jk
wjkivij1 = − tr (WV )k.

Using this, we have tr ((WV )`−1WV ) = − tr (V (WV )`−1W ) which yields

log det(In + WV ) = tr log(In + WV ) =
∑

`

(−1)`+1

`
tr ((WV )`−1WV )

=
∑

`

(−1)`+1

`

[
− tr (V (WV )`−1W )

]
= −

∑
`

(−1)`+1

tr
(V W )`

= − log det(Im + V W ). ¤

Comparison 3.2.2 If A = (aij) ∈ Mat (m × n : Cev), B = (bjk) ∈ Mat (n × m : Cev), then we have
(1) tr (AB)k = tr (BA)k,
(2) det(Im + AB) = det(In + BA).
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Definition 3.2.3 Let M =

(
A C

D B

)
∈ Mat [m|n : C]. We define the supertrace of M by

str M = tr A − (−1)p(M) tr B.

Using Lemma 3.2.1, we get readily

Proposition 3.2.4 (a) Let M,N ∈ Mat [m|n : C] such that p(M) + p(N) ≡ 0 mod 2. Then, we have

str (M + N) = str M + str N.

(b) M is a matrix of size (m + n) × (r + s) and N is a matrix of size (r + s) × (m + n). Then,

str (MN) = (−1)p(M)p(N) str (NM).

Definition 3.2.5 Let B = (Bjk) be (` × `)-matrix with elements in Cev, denoted by, B ∈ Mat [` : Cev].
As Cev is a commutative ring, we may define det B as usual:

det B =
∑
ρ∈℘`

sgn (ρ)B1 ρ(1) · · ·B` ρ(`).

Then, we have, as ordinary case,

det(AB) = det Adet B, det(exp A) = exp (tr A) for A,B ∈ Mat [` : Cev]. (3.2)

Definition 3.2.6 Let M be a supermatrix. When det BB 6= 0, we put

sdetM = (det(A − CB−1D))(detB)−1

and call it superdeterminant or Berezinian of M .

Comparison 3.2.7 Let

A =

(
A11 A12

A21 A22

)
, M =

(
Im 0

−A−1
22 A21 In

)
,

be block matrices of even elements. Then, we have

det A = det AM = det

(
A11 − A12A

−1
22 A21 A12

0 A22

)
= det(A11 − A12A

−1
22 A21) det A22.

Corollary 3.2.8 When det BB 6= 0 and sdetM 6= 0, then detAB 6= 0.

Exercise 3.2.9 Prove the above corollary.

Remark 3.2.10 It seems meaningful to cite here the result of Dyson [68]:

Theorem 3.2.11 (Dyson) Let R be a ring with a unit element and without divisors of
zero. Assume that on the matrix ring A with n > 1, a mapping D exists satisfying the
following axioms:

Axiom 1. For any a ∈ A, D(a) = 0 if and only if there is a non-zero w ∈ W with aw = 0.
Here, W is the set of single-column matrices with elements in R.

Axiom 2. D(a)D(b) = D(ab).
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Axiom 3. Let the elements of a be aij i, j = 1, · · · , n, and similarly for b and c. If for
some row-index k we have aij = bij = cij , i 6= k

aij + bij = cij , i = k,

then

D(a) + D(b) = D(c).

Then, R is commutative.
This states that if the elements of matrix are taken from non-commutative algebra, then it

is impossible to define the determinant having above three properties. But, he claims a certain
‘determinant’ is defined for some class of matrices with elements in ‘quarternion’ requiring
only one or two properties above (By the way, Moore’s point of view, explaind in [68], should
be reconsidered significantly).
In fact, we may define “superdeterminant” for “supermatrix” as above which staisfies the
properties below.

Lemma 3.2.12 (1) Let L ∈ Mat ev[` : Cev] such that the product of any two entries of it is zero. Then

(I` + L)−1 = I` − L, det(I` + L) = 1 + tr L.

(2) Let M ∈ Mat ev[m|n : C] such that the product of any two entries of it is zero. Then

sdet (Im+n + M) = 1 + str M.

Proof. (1) Remarking

(I` + L)−1 = I` − L + L2 − L3 + · · · and det(eL) = etr L,

we get the result readily.

(2) For M =

(
A C

D B

)
, satisfying C(In +B)−1D = 0 and tr A tr B = 0 garanteed by the product of any

two entries of M being zero,

sdet (Im+n + M) = det(Im + A − C(In + B)−1D) det(In + B)−1

= det(Im + A) det(In − B) = 1 + tr A − tr B = 1 + str M. ¤

Theorem 3.2.13 Let M,N ∈ Mat [m|n : C].
(1) If M is invertible, then we have sdetM 6= 0. Moreover, if A is nonsingular, then

(sdet M)−1 = (det A)−1(det(B − DA−1C)). (3.3)

(2) Multiplicativity of sdet :

sdet (MN) = sdet MsdetN. (3.4)

(3) str and sdet are matrix invariants. That is, if N is invertible, then

str M = (−1)p(M)+p(N) str NMN−1, sdetM = sdet NMN−1. (3.5)
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Proof (due to Leites [144]). (1) By(
A C

D B

)
=

(
Im 0

DA−1 In

) (
A 0
0 B − DA−1C

) (
Im A−1C

0 In

)
if detAB 6= 0, (3.6)

we have readily by definition, sdetM = det A(det(B − DA−1C))−1, which yields (3.3).
(2) [Step 1]: Let G+, G0 and G− be subgroups of GL [m|n : C], given by

G+ =
{(

Im C

0 In

) }
, G0 =

{(
A 0
0 B

) }
, G− =

{(
Im 0
D In

) }
.

Then, we have, M = M+M0M− with M+ ∈ G+, M0 ∈ G0 and M− ∈ G−. i.e., for any M ∈ GL [m|n : C],

M =

(
A C

D B

)
=

(
Im CB−1

0 In

) (
A − CB−1D 0

0 B

) (
Im 0

B−1D In

)
if detBB 6= 0. (3.7)

Remarking that (
Im C

0 In

)
×

(
Im C ′

0 In

)
=

(
Im C + C ′

0 In

)
,

we introduce the notion of elemantary matrices having the form(
Im E

0 In

)

where E has only one non-zero entry.
[Step 2]: We claim sdet (MN) = sdet MsdetN whenever M ∈ G+ or M ∈ G0, and similarly, whenever

N ∈ G0 or N ∈ G−. For example, when

M =

(
Im C ′

0 In

)
∈ G+ N =

(
A C

D B

)
,

we have

sdet (MN) = sdet

(
Im C ′

0 In

)(
A C

D B

)
= sdet

(
A + C ′D C + C ′B

D B

)
= det(A + C ′D − (C + C ′B)B−1D)(det D)−1 = det(A − CB−1D)(detD)−1

= sdetMsdetN.

Exercise 3.2.14 Check other cases analogously.

[Step 3]: We claim that sdet (MN) = sdet MsdetN for any elementary matrix N

N =

(
Im E

0 In

)
∈ G+.

Since we have
sdet (MN) = sdet (M+M0(M−N)) = sdet M0sdet (M−N),

sdetMsdetN = sdet M0sdetM−sdetN,

by Step 1 and Step 2, we need to prove

sdet (M−N) = sdet M−sdetN = 1
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when N is an elementary matrix. By definition,

sdet

(
Im 0
D In

)(
Im E

0 In

)
= sdet

(
Im E

D In + DE

)
= det(1 − E(1 + DE)−1D) det(1 + DE)−1.

As E has only one non-zero entry, the product of any two of the matrices E, DE, E(1+DE)−1D is zero.
Applying Lemma, we get, by (1 + DE)−1 = 1 − DE and E · DE = 0,

sdet (M−N) = det(1 − DE)(det(1 + DE))−1 = (1 − tr DE)(1 + tr DE)−1.

As tr DE = − tr ED, we have

sdet (M−N) = 1 = sdet M−sdetN.

[Step 4]: Put

G =
{

N ∈ GL [m|n : R] | sdet (MN) = sdet MsdetN for any M ∈ GL [m|n : R]
}

.

For N1, N2 ∈ G, we have

sdet (M · N1N2) = sdet ((MN1)N2) = sdet (MN1)sdet N2

= sdet MsdetN1sdetN2 = sdet Msdet (N1N2),
(3.8)

which implies G froms a group. BY Steps 2 and 3, G contains G− and G0 and all elementary matrices
N ∈ G+. By Step1, GL [m|n : C] is generated by these matrices, we have G = GL [m|n : C], that is,
sdet (MN) = sdet MsdetN .

(3) Let N,M be given. Then, using (3.8), we get

str NMN−1 = (−1)p(N)p(MN−1) str MN−1N = (−1)p(N)+p(M) str M,

since p(MN−1) = p(M) + p(N−1) mod 2 and 0 = p(NN−1) = p(N) + p(N−1) mod 2, we have
p(N)p(MN−1) = p(N) + p(M) mod 2.

Using (3.8), we have sdetMN = sdet NM which implies sdetNMN−1 = sdet N−1NM = sdet M .
¤

By simple calculation, we have

Lemma 3.2.15(
Ã C̃

D̃ B̃

)
=

(
A C

D B

)−1

=

(
(A − CB−1D)−1 −A−1C(B − DA−1C)−1

−B−1D(A − CB−1D)−1 (B − DA−1C)−1

)

=

(
(Im − A−1CB−1D)−1A−1 −(Im − A−1CB−1D)−1A−1CB−1

−(In − B−1DA−1C)−1B−1DA−1 (In − B−1DA−1C)−1B−1

)

=

(
A−1(Im − CB−1DA−1)−1 −A−1CB−1(In − DA−1CB−1)−1

−B−1DA−1(Im − CB−1DA−1)−1 B−1(In − DA−1CB−1)−1

)
.

sdet

(
A C

D B

)
= (detA)(det B)−1 det(Im − A−1CB−1D)

= (detA)(det B)−1 det(Im − CB−1DA−1) = (det Ã)−1(detB)−1

= (detA)(det B)−1 det(In − B−1DA−1C)

= (detA)(det B)−1 det(In − DA−1CB−1) = (det A)(det B̃).
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Proof. The invertibility of matrices appeared (3.2.15) is garanteed by(
A C

D B

)(
A−1 0
0 B−1

)(
Im 0
0 −In

)(
A C

D B

)(
Im 0
0 −In

)
=

(
A − CB−1D 0

0 B − DA−1C

)
. ¤

(3.9)

Theorem 3.2.16 (Liouville’s theorem) Let M(t) ∈ Mat [m|n : C] with a real parameter t. Let X(t) ∈
Mat [m|n : C] satisfy

d

dt
X(t) = M(t)X(t), X(0) = Im+n. (3.10)

Then X(t) ∈ GL [m|n : C], and

sdetX(t) = exp
{∫ t

0

ds str M(s)
}

. (3.11)

Proof (due to Berezin [20]). Let X̃(t) be a solution of

d

dt
X̃(t) = −X̃(t)M(t), X̃(0) = Im+n.

Then, since
d

dt
(X̃(t)X(t)) = 0 with X̃(0)X(0) = Im+n,

we have X̃(t)X(t) = Im+n which implies X(t) ∈ GL [m|n : C].
Let

M(t) =

(
A(t) C(t)
D(t) B(t)

)
, X(t) =

(
X11(t) X12(t)
X21(t) X22(t)

)
.

Then, putting Y (t) = X11(t)−X12(t)X−1
22 (t)X21(t) and Z = X−1

22 (t), we have, by simple calculation from
(3.10),

d

dt
Y = (A − X12X

−1
22 D)Y,

d

dt
Z = −Z(DX12X

−1
22 + B).

As all elements appeared in the above equations are even, we may apply the classical Liouville theorem
to have

d

dt
det Y = tr (A − X12X

−1
22 D) det Y,

d

dt
det Z = − tr (DX12X

−1
22 + B) det Z.

As tr (A − X12X
−1
22 D) = tr (A + DX12X

−1
22 ), we have

d

dt
sdetX =

d

dt
(detY detZ) = tr (A − B) det Y det Z = str MsdetX with sdetX(0) = 1.

This yields the desired result. ¤

Corollary 3.2.17 For M,N ∈ Mat ev[m|n : C] we have

sdet (MN) = sdet MsdetN,

exp (str M) = sdet (exp M). (3.12)

Proof. (1) Put X(t) = (1 − t)Im+n + tM and Y (t) = (1 − t)Im+n + tN . As X(t) and Y (t) are
differentiable in t and invertible except at most one t, we my define

A(t) =
dX(t)

dt
X(t)−1, B(t) =

dX(t)
dt

Y (t)−1.
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Then
d

dt
(X(t)Y (t)) = (A(t) + B1(t))X(t)Y (t) where B1(t) = X(t)B(t)X(t)−1.

Applying above theorem, we have

sdet (MN) = sdet (X(1)Y (1)) = exp
{∫ 1

0

ds str (A(t) + B1(t))
}

= exp
{∫ 1

0

ds(str A(t) + str B(t))
}

= sdet X(1)sdetY (1) = sdet MsdetN.

(2) Putting M(t) = M , X(t) = etM and t = 1 in theorem above, we get the desired result. ¤

Definition 3.2.18 For a skew-symmetric n×n matrix B̃ = (B̃jk) with even elements, we define Paffian
of B as

Pff (B̃) =
1

(n/2)!

∑
ρ∈℘n

sgn (ρ)B̃ρ(1) ρ(2) · · · B̃ρ(n−1) ρ(n) (3.13)

where ℘n is the permutation group of order n and sgn (ρ) stands for the signature of ρ ∈ ℘n.

Or classical result is given in [?]:

Definition 3.2.19 Let n = 2`. Let A = (Ajk) be a real skew-symmetric n × n-matrix. We define the
Paffian of A, Pff (A), as

Pff (A) = (2``!)−1
∑

ρ∈℘n

sgn (ρ)Aρ(1) ρ(2)· · ·Aρ(n−1) ρ(n)

=
∑

i1<···<i`,
i1<j1,···,i`<j`

sgn (ρ)Ai1j1 · · ·Ai`j`
.

Proposition 3.2.20 (a) If B is an arbitrary matrix and

Āij =
∑
k,l

BikBjlAkl =⇒ Pff (Ā) = det(B)Pff (A).

(b) Pff (A)2 = det A.

Proof. (a) Let e1, · · ·, en be the canonical basis for Cn and view ei as elements of Λ∗(Cn). Let

a =
∑
i,j

Aijei ∧ ej .

Then the definition of Pff (A) yields

`-times︷ ︸︸ ︷
a ∧ · · · ∧ a = (2``!)Pff (A)e1 ∧ · · · ∧ en.

For B = (Bij), we have Bei =
∑

j Bjiej and

ā =
∑
i,j

Āijei ∧ ej =
∑
i,j

AijBei ∧ Bej = Λ∗(B)a,

so we get
`-times︷ ︸︸ ︷
ā∧· · ·∧ā = Λn(B)(

`-times︷ ︸︸ ︷
a∧· · ·∧a).

Since Λn(B) on the n-dimensional space Λn(Cn) is just multiplication by detB, we get the result.
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(b) iA is a self-adjoint matrix whose eigenvalues are pure imaginary. If f ∈ Cn is an eigenvector
for iA, with iAf = λf (λ ∈ R), then (iA)f̄ = −iAf = −λf̄ so A has eigenvalues ±iλ1, · · ·,±iλ` with
orthonormal eigenvectors f2 = f̄1, f4 = f̄3, · · ·. Letting g2j−1 = (f2j +f2j−1)/

√
2, g2j = (if2j−if2j−1)/

√
2

we obtain real orthonormal vectors gj with

Ag2j = λjg2j−1, Ag2j−1 = −λjg2j ;

so there exists an orthonormal matrix B so that

BAB−1 =



0 λ1

−λ1 0
0 λ2

−λ2 0
. . .

 = Ā.

Since B is orthonormal, det(B) = ±1 and (B−1)ij = Bji, so Ā and A are related as Āij =
∑

k,l BikBjlAkl,
Thus, Pff (A) = ±Pff (Ā) = ±λ1· · ·λ`. Thus, Pff (A)2 =

∏`
j=1 λ2

j =
∏`

j=1(iλj)(−iλj) = det(A). ¤

3.3 Diagonalization

Let

M =

(
A C

D B

)
∈ Mat [m|n : C] with MB =

(
AB 0
0 BB

)
.

Definition 3.3.1 A matrix M ∈ Mat [m|n : C] is called generic if all eigenvalues of MB as Mat [m+n : C]
are different each others.

Theorem 3.3.2 (Berezin[20]) Let M ∈ Mat [m|n : C] be generic. Then, there exists a matrix X ∈
GL [m|n : C] such that E = XMX−1 is diagonal.

Proof. Decomposing the equality EX = XM with respect to the degree, we have

(EX)[k] =
k∑

j=0

E[j]X[k−j] =
k∑

j=0

X[j]M[k−j] = (XM)[k]. (3.14)

From this, we want to construct X[k] and E[k]: For k = 0, we have

E[0]X[0] = X[0]M[0]. (3.15)

By the assumption, there exist X[0]11, X[0]22, E[0]11 = diag(· · · , λ
[0]
i , · · · )(1 ≤ i ≤ m) and E[0]22 =

diag(· · · , λ
[0]
k , · · · )(m + 1 ≤ k ≤ m + n) such that

X[0]11AB = E[0]11X[0]11 and X[0]22BB = E[0]22X[0]22.

Defining

X[0] =

(
X[0]11 0

0 X[0]22

)
, E[0] =

(
E[0]11 0

0 E[0]22

)
,

we have the desired one satisfying (3.15).
Assume that there exist X[j] and E[j] for 0 ≤ j ≤ k − 1 satisfying (3.14). Multiplying X−1

[0] from the
right to (3.14) for k, we have

E[0]X[k]X
−1
[0] − X[k]X

−1
[0] E[0] + E[k] = K[k] (3.16)
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where

K[k] = (
k−1∑
j=0

X[j]M[k−j])X−1
[0] − (

k−1∑
j=1

E[j]X[k−j])X−1
[0] .

By inductive assumption, the matrix K[k] is known and belongs to Mat [m|n : C]. From (3.16), we have

(λ[0]
i − λ

[0]
j )(X[k]X

−1
[0] )ij + λ

[k]
i δij = (K[k])ij . (3.17)

This equation is uniquely solvable since λ
[0]
i 6= λ

[0]
j andλ

[k]
i = (K[k])ii,

(X[k]X
−1
[0] )ij = (K[k])ij

λ
[0]
i −λ

[0]
j

, for i 6= j.

Therefore, we define X[j] and E[j] for any j ≥ 0. Since X[0] is invertible, X ∈ GL [m|n : C]. This implies
X and E are defined as desired. ¤

3.4 An example

Let

Q =

(
x1 θ1

θ2 ix2

)
with x1, x2 ∈ Rev, θ1, θ2 ∈ Rod,

which maps R1|1 to R1|1 or Rod × iRev to Rod × iRev. This supermatrix appears in Efetov’s calculation
in Random Matrix Theory, which will be explained in Part II.

3.4.1 Invertibility of Q.

Find Y for a given V such that

QY = V with Y =

(
y1

ω2

)
, V =

(
v1

ρ2

)
∈ R1|1,

x1y1 + θ1ω2 = v1, θ2y1 + ix2ω2 = ρ2.

If (x1x2)B 6= 0, we have readily

y1 =
ix2v1 − θ1ρ2

D−
, ω2 =

x1ρ2 − θ2v1

D+
with D± = ix1x2±θ1θ2.

Analogously, for

Ỹ =

(
ω1

iy2

)
∈ Rod × iRev, Ṽ =

(
ρ1

v2

)
∈ Rod × Rev,

satisfying QỸ = Ṽ , we have

ω1 =
ix2ρ1 − θ1v2

D−
, iy2 =

x1v2 − θ2ρ1

D+
.

To relate the above quantity with the sdet Q, we proceed as follows: Let

Y =

(
y1 ω1

ω2 iy2

)
with QY = Y Q = I2.
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Then, from QY = I2, we have

x1y1 + θ1ω2 = 1, x1ω1 + iy2θ1 = 0,

θ2y1 + ix2ω2 = 0, θ2ω1 − x2y2 = 1.

Therefore, we have

Y =

(
ix2
D−

− θ1
D−

− θ2
D+

x1
D+

)
= (sdet Q)−1

(
1

ix2

θ1
x2
2

θ2
x2
2

−x1x2+2iθ1θ2
x3
2

)
,

which yields Y Q = I2 also. Here, we used

sdet Q = det(x1 − θ1(ix2)−1θ2)(det(ix2))−1 =
ix1x2 − θ1θ2

(ix2)2
, (sdet Q)−1 =

ix1x2 + θ1θ2

x2
1

.

Therefore, (
y1

ω2

)
=

D+

x2
1

(
1

ix2

−θ1
(ix2)2

−θ2
(ix2)2

ix1x2−2θ1θ2
(ix2)3

)(
v1

ρ2

)
=

D+

x2
1

(
ix2v1−θ1ρ2

(ix2)2

−ix2θ2v1+(ix1x2−2θ1θ2)ρ2
(ix2)3

)
,

(
ω1

iy2

)
=

D+

x2
1

(
1

ix2

−θ1
(ix2)2

−θ2
(ix2)2

ix1x2−2θ1θ2
(ix2)3

) (
ρ1

v2

)
=

D+

x2
1

(
ix2ρ1−iθ1v2

(ix2)2

−ix2θ2ρ1+(ix1x2−2θ1θ2)v2
(ix2)3

)
.

3.4.2 Eigenvalues.

Let

QU = λU with U =

(
u

ω

)
, u ∈ Rev, ω ∈ Rod, λ ∈ Rev.

Then,
(x1 − λ)u + θ1ω = 0, θ2u + (ix2 − λ)ω = 0.

Putting
D+(λ) = (x1 − λ)(ix2 − λ) + θ1θ2, D−(λ) = (x1 − λ)(ix2 − λ) − θ1θ2,

we have
D−(λ)u = 0, D+(λ)ω = 0.

To garantee the existence of uB 6= 0 satisfying above, we take λ satisfying

D−(λ) = λ2 − (x1 + ix2)λ + ix1x2 − θ1θ2 = 0.

This yields

λ = x1 +
θ1θ2

x1 − ix2
(or λ = ix2 − θ1θ2

x1−ix2
, but this is not fitted because 6∈ Rev)

and

U =

(
1
θ2

x1−ix2

)
, QU = (x1 +

θ1θ2

x1 − ix2
)U.

Analogously, we seek λ̃ ∈ iRev, Ũ ∈ Rod × Rev satisfying QŨ = λ̃Ũ which is given

Ũ =

(
−θ1

x1−ix2

1

)
, QŨ = (ix2 +

θ1θ2

x1 − ix2
)Ũ .

Therefore,

Q

(
1 − θ1

x1−ix2
θ2

x1−ix2
1

)
=

(
1 − θ1

x1−ix2
θ2

x1−ix2
1

)(
x1 + θ1θ2

x1−ix2
0

0 ix2 + θ1θ2
x1−ix2

)
.



3.4. AN EXAMPLE 47

3.4.3 Diagonalization.

We may diagonalize the matrix Q by using the change of variables
y1 = x1 +

θ1θ2

x1 − ix2
, y2 = x2 −

iθ1θ2

x1 − ix2
,

ρ1 =
θ1

x1 − ix2
, ρ2 = − θ2

x1 − ix2
,

(3.18)

or {
x1 = y1 + ρ1ρ2(y1 − iy2), x2 = y2 − iρ1ρ2(y1 − iy2),

θ1 = ρ1(y1 − iy2), θ2 = −ρ2(y1 − iy2),
(3.19)

such that

GQG−1 =

(
y1 0
0 iy2

)
, GQ2G−1 =

(
y2
1 0
0 −y2

2

)
(3.20)

where

G =

(
1 + 2−1ρ1ρ2 ρ1

ρ2 1 − 2−1ρ1ρ2

)
, G−1 =

(
1 + 2−1ρ1ρ2 −ρ1

−ρ2 1 − 2−1ρ1ρ2

)
.

It is clear that
str Q = x1 − ix2 = y1 − iy2 = str GQG−1, and

str Q2 = x2
1 + x2

2 + 2θ1θ2 = y2
1 + y2

2 = str (GQG−1)2.





Chapter 4

Supersmooth functions and their

basic properties

4.1 The definition of supersmooth functions

Let φ(q) be a C-valued function on an open set Ω ⊂ Rm, that is,

φ(q) =
∑
I∈I

φI(q)σI with φI : Ω 3 q → φI(q) ∈ C.

By the definition of the topology of C, we have

lim
q→q0

φ(q) =
∑
I∈I

(
lim

q→q0
φI(q)

)
σI .

The differentiation and integration of such φ(q) are defined by

∂

∂qj
φ(q) =

∑
I∈I

∂

∂qj
φI(q)σI ,∫

Ω

dq φ(q) =
∑
I∈I

( ∫
Ω

dq φI(q)
)

σI .

We say φ ∈ C∞(Ω : C) if φI ∈ C∞(Ω : C) for each I ∈ I.

Remark 4.1.1 If we use Banach-Grassmann algebra instead of Fréchet-Grassmann algebra, we need to
check whether

∑
I∈I |φI(q)| < ∞, etc., which seems rather cumbersome.

Lemma 4.1.2 Let φ(t) and Φ(t) be continuous C-valued functions on an interval [a, b] ⊂ R. Then,
(1)

∫ b

a
dt φ(t) exists,

(2) if Φ′(t) = φ(t) on [a, b], then
∫ b

a

dt φ(t) = Φ(b) − Φ(a),

(3) if λ ∈ C is a constant, then
∫ b

a

dt (φ(t) · λ) =
( ∫ b

a

dt φ(t)
)
· λ and

∫ b

a

dt (λ · φ(t)) = λ ·
∫ b

a

dt φ(t).

Moreover, we may generalize above lemma for a C-valued function φ(q) on an open set Ω ⊂ Rm.

Definition 4.1.3 A set Uev ⊂ Rm|0 = Rm
ev is called an even superdomain if Uev,B = πB(Uev) ⊂ Rm is

open and connected and π−1
B (πB(Uev)) = Uev. When U ⊂ Rm|n is represented by U = Uev × Rn

od with a
even superdomain Uev ⊂ Rm|0, U is called a superdomain in Rm|n.

49
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Remark 4.1.4 This definition of superdomain corresponds to the “saturated domain” which appears
in Jadczyk and Pilch [122] and Hoyos et al [100]. That is, a subset U in Rm|n is called saturated
if it is G-connected (or convex), that is, for any X ∈ U , {X̃} ∩ U is connected (or convex) where
X̃ = {(πB(X), θ) | θ ∈ Rm

od}.
Not only this saturated domain but also the superdomain above doesn’t seem suitable to construct

“supermanifolds with non-trivial fermion sectors”, though its existence is desired by Manin [152].

Proposition 4.1.5 Let Uev ⊂ Rm|0 be a even superdomain. Assume that f is a smooth mapping from
Uev,B = πB(Uev) into C, denoted simply by f ∈ C∞(Uev,B : C). That is, we have the expression

f(q) =
∑
J∈I

fJ(q) σJ with fJ(q) ∈ C∞(Uev,B : C) for each J ∈ I. (4.1)

Then, we may define a mapping f̃ of Uev into C, called the Grassmann continuation of f , by

f̃(x) =
∑
|α|≥0

1
α!

∂α
q f(xB)xα

S where ∂α
q f(xB) =

∑
J

∂α
q fJ(xB) σJ . (4.2)

Here, we put x = (x1, · · · , xm), x = xB + xS with xB = (x1,B, · · · , xm,B) = (q1, · · · , qm) = q ∈ Uev,B,

xS = (x1,S, · · · , xm,S) and xα = xα1
1 · · ·xαm

m .

Proof. [Main point of this proposition is to see whether this mapping (4.2) is well-defined. Therefore,
by using the degree argument, we need to define f̃[k], the k-th degree component of f̃ .]

Denoting by x1,S,[k1], the k1-th degree component of x1,S, we get

(xα1
1,S)[k1] =

∑
(x1,S,[r1])

p1,1 · · · (x1,S,[r`])
p1,` .

Here, the summation is taken for all partitions of an integer α1 into α1 = p1,1 + · · · + p1,` satisfying∑`
i=1 rip1,i = k1, ri ≥ 0. Using these notations, we put

f̃[k](x) =
∑ 1

α!
(∂α

q f)[k0](xB) (xα1
1,S)[k1] · · · (x

αm

m,S)[km] (4.3)

where
(∂α

q f)[k0](xB) =
∑

|J|=k0

∂α
q fJ(xB) σJ .

Or more precisely, we have

f̃[0](x) = f[0](xB),

f̃[1](x) = f[1](xB),

f̃[2](x) = f[2](xB) +
m∑

j=1

(∂qj f)[0](xB)(xj,S)[2],

f̃[3](x) = f[3](xB) +
m∑

j=1

(∂qj
f)[1](xB)(xj,S)[2],

f̃[4](x) = f[4](xB) +
m∑

j=1

(∂qj f)[2](xB)(xj,S)[2]

+
1
2

m∑
j=1

(∂2
qj

f)[0](xB)(x2
j,S)[4] +

∑
j 6=k

(∂2
qj qk

f)[0](xB)(xj,S)[2](xk,S)[2], etc.

Since f̃[j](x) 6= f̃[k](x) (j 6= k) in C, we may take the sum
∑∞

j=0 f̃[j](x) ∈ C = ⊕∞
k=0C[k], which is denoted

by f̃(x). Therefore, rearranging the above ‘summation’, we get rather the ‘familiar’ expression as in (4.2).
¤
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Remark 4.1.6 (1) More primitively, we may represent f̃(x) =
∑

H f̃H(x)σH where

f̃H(x) =
∑

H=J+I
(1)
1 +···+I(αm)

m

α=(α1,··· ,αm)

(−1)τ(∗) 1
α!

∂α
q fJ(xB)x

1,I
(1)
1

· · ·x
m,I

(αm)
m

but this representation obscures the form of f̃ comparing with (4.2).
(2) Defining H∞-functions, Rogers [188] used C∞-functions with values in R defined on an open connected
set U in her `1-topology.
(3) Even if f(q) ∈ D′(R), we may define f̃ rather easily. This point will be re-explained after defining
integration and suitable function spaces.

Corollary 4.1.7 If f and f̃ be given as above, then (i) f̃ is continuous and (ii) f̃(x) = 0 in Uev implies
f(xB) = 0 in Uev,B. Moreover, if we define the partial derivatives of f̃ by

∂xj
f̃(x) =

d

dt
f̃(x + te(j))

∣∣∣∣
t=0

where e(j) = (

j︷ ︸︸ ︷
0, · · · , 0, 1, 0, · · · , 0) ∈ Rm|0, (4.4)

then we get

∂xj
f̃(x) = ∂̃qj f(x) for j = 1, · · · ,m. (4.5)

Proof. Let yj = yj,B + yj,S ∈ Rev. For y(j) = yje(j) = yj,Be(j) + yj,Se(j) = y(j),B + y(j),S ∈ Rm|0, as

d

dt
f̃(x + ty(j)) =

d

dt

{∑
α

1
α!

(∑
J

∂α
q fJ(xB + ty(j),B)σJ

)
(xS + ty(j),S)α

}
,

we get easily,

d

dt
f̃(x + ty(j))

∣∣∣
t=0

= y(j),B

∑
α

1
α!

(∑
J

∂α
q fJ(xB)σJ

)
xα

S + y(j),S

∑
α̌

1
α̌!

(∑
J

∂α̌
q ∂qj fJ(xB)σJ

)
xα̌

S

= yj

∑
α

1
α!

∂α
q ∂qj f(xB) xα

S = yj ∂̃qj f(x).

Here α̌ = (α1, · · · , αj − 1, · · · , αm). Putting yj = 1 in the above, we have (4.5). ¤

Remark 4.1.8 By the same argument as above, we get, for y = (y1, · · · , ym) ∈ Rm|0,

d

dt
f̃(x + ty)

∣∣∣∣
t=0

=
m∑

j=1

yj

∑
α

1
α!

∂α
q ∂qj f(xB)xα

S =
m∑

j=1

yj∂xj
f̃(x). (4.6)

Remark 4.1.9 Let (X, ‖ · ‖X) and (Y, ‖ · ‖Y ) be two Banach spaces. A function Φ : X → Y is called
Gâteaux-differentiable at x ∈ X in the direction h ∈ X if there exists an element Φ′

G(x;h) ∈ Y such
that

‖Φ(x + th) − Φ(x) − tΦ′
F (x;h)‖Y → 0 when t → 0.

Φ′
F (x;h) is also denoted by Φ′

G(x)(h), (dΦ(x))(h). Moreover, Φ : X → Y is called Fréchet-differentiable
at x ∈ X if there exist a linear bounded operator Φ′

F (x) : X → Y and an element τ(x, h) ∈ Y such that

Φ(x + h) − Φ(x) − Φ′
F (x)h = τ(x, h) with

‖τ(x, h)‖
‖h‖

→ 0 when 0 6= ‖h‖ → 0.
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Problem: How to extend these notion of differentiability for two Fréchet-Grassmann spaces? Replace
the norm by the distance in superspaces!

Therefore, in other word, (4.6) implies that f̃ , the Grassmann extension of f , is super Fréchet-
differentiable at x in the direction y, that is, there exists Fj(x) ∈ C such that for each y

f̃(x + ty) − f̃(x) − t
m∑

j=1

yjFj(x) → 0 in C when t → 0. (4.7)

That is, by super Fréchet-differentiability at x in the direction y, there exists a linear operator f̃ ′
F (x, ·) :

Cm
ev → Cm

ev such that when t → 0,

f̃(x + ty) − f̃(x) − tf̃ ′
F (x, y) → 0 in C with f̃ ′

F (x, y) =
m∑

j=1

yjFj(x).

Moreover, f̃ , the Grassmann extension of f , satisfies the following (see Matsumoto & Kakazu [158]):

Lemma 4.1.10 Let f be real analytic on Rm. Then, its Grassmann extension f̃ is super G-differentiable
at x, i.e. there exist Fj(x) ∈ C and εj(x, y) ∈ C such that

f̃(x + y) = f̃(x) +
m∑

j=1

yjFj(x) +
m∑

j=1

εj(x, y)yj , with εj(x, y) → 0 in C when y → 0 in C.

Proof. For the sake of simplicity, we consider only the case m = 1. Then, we have

f̃(x + y) =
∞∑

n=0

1
n!

f (n)(xB + yB)(xS + yS)n

=
∞∑

n=0

1
n!

( ∞∑
`=0

1
`!

f (`+n)(xB)y`
B

)( n∑
k=0

n!
k!(n − k)!

xn−k
S yk

S

)
by real analyticity of f(q),

=
∞∑

n=0

( ∞∑
`=0

1
`!

f (`+j+k)(xB)y`
B

)( ∑ 1
k!j!

xj
Syk

S

)

=
∞∑

n=0

1
n!

( ∞∑
j=0

1
j!

f (n+j)(xB)xj
S

)( ∑ n!
`!k!

y`
Byk

S

)

=
∞∑

n=0

1
n!

( ∞∑
j=0

1
j!

f (n+j)(xB)xj
S

)
(yB + yS)n by putting n = ` + k,

=
∞∑

n=0

1
n!

f̃ (n)(x)yn.

Therefore,

f̃(x + y) − f̃(x) =
∞∑

n=1

1
n!

f̃ (n)(x)yn = f̃ (1)(x)y + [
∞∑

n=2

1
n!

f̃ (n)(x)yn−1]y,

with

ε(x, y) =
∞∑

n=2

1
n!

f̃ (n)(x)yn−1 → 0 in C when y → 0. ¤

More generally,

Lemma 4.1.11 Let f(q) ∈ C∞(Rm), we have the Taylor expansion for f̃ : For any N , there exists
τ̃N (x, y) ∈ C such that

f̃(x + y) =
N∑

|α|=0

1
α!

f̃α(x)yα + τ̃N (x, y), (4.8)
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with

τ̃N (x, y) =
∑

|α|=N+1

(x − y)α

∫ 1

0

dt
1

N !
(1 − t)N∂α

x f̃(y + t(x − y)).

Proof. Put q = xB, q′ = yB. For any N , we have∑
|α|=N+1

(q − q′)α

∫ 1

0

dt
1
N !

(1 − t)N∂α
q f(q′ + t(q − q′))

=
∫ 1

0

dt
(1 − t)N

N !
(

d

dt
)N+1f(q′ + t(q − q′))

= − 1
N !

∑
|α|=N

(q − q′)α∂α
q f(q) +

∫ 1

0

dt
(1 − t)N−1

(N − 1)!
(

d

dt
)Nf(q′ + t(q − q′))

= f(q) −
N∑

|α|=0

1
α!

(q − q′)α∂α
q f(q′).

Extending both sides above, we have the desired result. ¤
Notation: Hereafter, for the sake of notational simplicity, f̃ is denoted simply by f unless there

occurs confusion.

Definition 4.1.12 (1) For a given even superdomain Uev ⊂ Rm|0, a mapping f̃ from Uev into C is called
a supersmooth function if f̃ is the Grassmann continuation of a smooth mapping f from Uev,B = πB(Uev)
into C. We denote by CSS(Uev : C), the set of supersmooth functions on Uev.

(2) A mapping f from a superdomain U ⊂ Rm|n to C is called supersmooth, if it has the following
form:

f(x, θ) =
∑
|a|≤n

fa(x)θa (4.9)

with a = (a1, · · · an) ∈ {0, 1}n, θa = θa1
1 · · · θan

n and fa(x) ∈ CSS(Uev : C). In the following, supersmooth
functions are assumed to be homogeneous (i.e., fa(x) is homogeneous for each a), unless otherwise men-
tioned and we denote the set of them by CSS(U : C). Moreover, we put

/CSS = {f(x, θ) ∈ CSS(U : C) | fa(x) ∈ C}.

(3) For f ∈ CSS(U : C), j = 1, 2, · · · , m and s = 1, 2, · · · , n, we put
Fj(X) =

∑
|a|≤n

∂xj fa(x)θa,

Fs+m(X) =
∑
|a|≤n

(−1)l(a)+p(fa(x))fa(x)θa1
1 · · · θas−1

s · · · θan
n

(4.10)

where l(a) =
∑s−1

j=1 aj and θ−1
s = 0. Fκ(X) are called the partial derivatives of f with respect to Xκ at

X = (x, θ) and are denoted by
Fj(X) =

∂

∂xj
f(x, θ) = ∂xj f(x, θ) = fxj (x, θ) for j = 1, 2, · · · ,m,

Fm+s(X) =
∂

∂θs
f(x, θ) = ∂θsf(x, θ) = fθs(x, θ) for s = 1, 2, · · · , n

(4.11)

or simply by
Fκ(X) = ∂Xκf(X) = fXκ(X) for κ = 1, · · · ,m + n. (4.12)



54 CHAPTER 4. SUPERSMOOTH FUNCTIONS AND THEIR BASIC PROPERTIES

Remark 4.1.13 (1) We only use the derivatives defined above which are called the left derivatives with
respect to odd variables. Because, after bringing the variable θk to the left in each monomial, we replace it
with 1. (Some people call these as right derivatives, cf. Vladimirov and Volovivh [214]etc.) Similarly, we
define the right derivatives with respect to odd variables as follows: For f ∈ CSS(U : C), j = 1, 2, · · · ,m

and s = 1, 2, · · · , n, we put
F

(r)
j (X) =

∑
|a|≤n

∂xj
fa(x)θa,

F
(r)
s+m(X) =

∑
|a|≤n

(−1)r(a)fa(x)θa1
1 · · · θas−1

s · · · θan
n

where r(a) =
∑n

j=s+1 aj. F
(r)
κ (X) are called the (right) partial derivatives of f with respect to Xκ at

X = (x, θ) and are denoted by

F
(r)
j (X) =

∂

∂xj
f(x, θ) = ∂xj f(x, θ), F

(r)
m+s(X) = f(x, θ)

←
∂

∂θs
= f(x, θ)

←
∂θs

for j = 1, 2, · · · ,m and s = 1, 2, · · · , n.

(2) As we use the infinite dimensional Grassmann algebras, the expression (4.10) is unique. In fact,∑
a fa(x)θa ≡ 0 on U implies fa(x) ≡ 0 (see, p 322 in Vladimirov and Volovich [214].)

(3) The higher derivatives are defined analogously and we use the following notations.

∂α
x = ∂α1

x1
· · · ∂αm

xm
and ∂a

θ = ∂a1
θ1

· · · ∂an

θn
,

for multi-indeces α = (α1, · · · , αm) ∈ (N ∪ {0})m and a = (a1, · · · , an) ∈ {0, 1}n.

Repeating the argument in proving Corollary 4.1.7, we get the following formula for f ∈ CSS(U : C):

d

dt
f(X + tY )

∣∣∣∣
t=0

=
m∑

j=1

yj
∂

∂xj
f(X) +

m∑
s=1

ωs
∂

∂θs
f(X) (4.13)

where X = (x, θ), Y = (y, ω) ∈ Rm|n such that X + tY ∈ U for any t ∈ [0, 1].

Definition 4.1.14 A function f from a superdomain U ⊂ Rm|n to C is called G-differentiable at X =
(x, θ) if

f(x + y, θ + ω) − f(x, θ) =
∑

(yiFi + ωsFs) +
∑

(yiRi + ωsRs),

d(Ri, 0) → 0, d(Rs, 0) → 0, dm|n((y, ω), 0) → 0.

To understand the meaning of supersmoothness, we consider the dependence with respect to the
“coordinate” more precisely.

Proposition 4.1.15 Let f(X) =
∑

I fI(X)σI ∈ CSS(U : C) where U is a superdomain in Rm|n. Let
X = (Xκ) be represented by Xκ =

∑
I Xκ,Iσ

I where κ = 1, · · · ,m+n, Xκ,I ∈ C for |I| 6= 0 and Xκ,0̃ ∈ R.
Then, f(X), considered as a function of countably many variables {Xκ,I} with values in C, satisfies the
following (Cauchy-Riemann type) equations.

∂

∂Xκ,I
f(X) = σI ∂

∂Xκ,0̃

f(X) for 1 ≤ κ ≤ m, |I| = even,

σK ∂

∂Xκ,J
f(X) + σJ ∂

∂Xκ,K
f(X) = 0

for m + 1 ≤ κ ≤ m + n, |J | = odd = |K|.

(4.14)
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Here, we define
∂

∂Xκ,I
f(X) =

d

dt
f(X + tY(κ,I))

∣∣∣∣
t=0

, (4.15)

with Y(κ,I) = (

κ︷ ︸︸ ︷
0, · · · , 0, σI , 0, · · · , 0) ∈ Rm|n.

Conversely, let a function f(X) =
∑

I fI(X)σI be given such that fI(X + tY ) ∈ C∞([0, 1] : C) for
each fixed X,Y ∈ U and f(X) satisfies the following equations:

d

dt
f(X + tY(κ,J))

∣∣∣∣
t=0

=
d

dt
f(X + tY(κ,0̃))

∣∣∣∣
t=0

σJ

for 1 ≤ κ ≤ m, and |J | = even

σK d

dt
f(X + tY(κ,J))

∣∣∣∣
t=0

+ σJ d

dt
f(X + tY(κ,K))

∣∣∣∣
t=0

= 0

for κ = m + 1, · · · ,m + n, and |J | = odd = |K|

(4.16)

where we put Y(κ,J) = (

κ︷ ︸︸ ︷
0, · · · , 0, σJ , 0, · · · , 0) ∈ Rm|n and Y(κ,0) = (

κ︷ ︸︸ ︷
0, · · · , 0, 1, 0, · · · , 0) ∈ Rm|n. Then,

f ∈ CSS(U : C).

Proof. Replacing Y with Y(κ,J) with 1 ≤ κ ≤ m and |J | =even in (4.13), we get readily the first
equation of (4.14). Here, we have used (4.5). Considering Y(κ,J) or Y(κ,K) for m + 1 ≤ κ ≤ m + n and
|J | = odd = |K| in (4.13) and multiplying σK or σJ from left, respectively, we have the second equality
in (4.14) readily.

To prove the converse statement, we have to construct functions Fi(1 ≤ i ≤ m + n) such that

d

dt
f(X + tH)

∣∣
t=0

=
m+n∑
i=1

Fi(X)Hi

for X ∈ U and H ∈ Rm|n.
From the first equation of (4.16), we have

Fκ(X) =
∂

∂Xκ,0̃

f(X) for 1 ≤ κ ≤ m X ∈ U.

To define Fκ(X)(m + 1 ≤ κ ≤ m + n), we need to prepare the following lemma.

Lemma 4.1.16 Let {FI ∈ C : I ∈ I1} (I1 = {I ∈ I | |I| = 1}) be a set of supernumbers such that
FIσ

J + FJσI = 0 for any I, J ∈ I1. Then there exists a unique supernumber F ∈ C such that FI = FσI

for each I ∈ I1.

Taking this lemma in granted and from the second equation of (4.16), we have an element Fκ(X)(m+1 ≤
κ ≤ m + n) such that

Fκ(X)σJ =
∂

∂Xκ,J
f(X).

Using these, we claim that
d

dt
f(X + tH)

∣∣
t=0

=
m+n∑
κ=1

Fκ(X)Hκ.

Therefore, for m + 1 ≤ κ ≤ m + n and |J | = odd, putting H = Xκ,J , we get the desired result. ¤
Proof of Lemma. Put {F(i) =

∑
J∈I1

ai
Jσi}. If this set satisfies the assumption in the lemma,

we have F(i)σi = 0 which implies
∑

i6∈J∈I1
ai

Jσi = 0. Therefore each F(i) can be written uniquely as
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F(i) = (
∑

i6∈J∈I1
bi
J)σi with some bi

J ∈ C. Then the condition that F(i)σj = F(j)σi holds for any i, j

implies that bi
J = bj

J for i, j 6∈ J ∈ I1. Letting bJ = bi
J for i 6∈ J ∈ I1, F =

∑
J∈I1

σJ is well-defined and
F(i) = Fσi. ¤

Remark 4.1.17 In order to obtain the converse statement of Proposition 4.1.15 (see Vladimirov and
Volovich [214], Yagi [222], it seems better to modify a general theory of differential calculus on locally
convex spaces developped in Keller [129], Yamamuro [225] etc. For example, we may introduce “k-
times super Fréchet or Gâteaux-differentiability” as similar as proposed in Hoyos et al. [100], Boyer and
Gitler [35] or Jadczyk and Pilch [122].but this will not be pursued here.

The reason why we start with the Grassmann continuation of smooth functions is here because we don’t
know the results of differential calculus on locally convex spaces. Concerning this and the definition of
supermanifolds, we will study in our forthcoming works. This will clarify the relation with some notions,
G∞, H∞ smoothness, developped by many others.

4.2 Elementary differential calculus

Definition 4.2.1 For a supersmooth function f , we define df by

df(X) = dXf(X) =
m+n∑
κ=1

dXκ
∂f(X)
∂Xκ

,

or

df(x, θ) =
m∑

j=1

dxj
∂f(x, θ)

∂xj
+

n∑
s=1

dθs
∂f(x, θ)

∂θs
.

From Definition 4.1.12, we get readily

Proposition 4.2.2 Let U be a superdomain in Rm|n. For f, g ∈ CSS(U : C), the product fg belongs to
CSS(U : C) and the differentials dXf(X) and dXg(X) may be regarded as continuous linear mappings
from Rm|n into Cm+n. Moreover, they satisfy the following:

(1) For any homogeneous elements λ, µ ∈ C, we have

dX(λf + µg)(X) = (−1)p(λ)p(X)λdXf(X) + (−1)p(µ)p(X)µdXg(X). (4.17)

(2) (Leibnitz formula)

∂Xκ [f(X)g(X)] = (∂Xκf(X))g(X) + (−1)p(Xκ)p(f(X))f(X)(∂Xκg(X)). (4.18)

Proof. (4.17) is obvious. For the product, as we get

(fg)(xB) =

(∑
I

fI(xB)σI

)(∑
J

gJ(xB)σJ

)
=

∑
H

hH(xB)σH

where hH(xB) =
∑

H=I+J(−1)τ(H;I,J)fI(xB)gJ(xB) ∈ C∞(UB : C), so we have the desired result (4.18),
by using the formula (2.19). ¤

Proposition 4.2.3 (Taylor’s formula) Let X = (x, θ), Y = (y, ω) ∈ U ⊂ Rm|n satisfying Y + t(X −
Y ) ∈ U for 0 ≤ t ≤ 1. For f ∈ CSS(U : C), Taylor’s formula holds. That is, for any positive integer p,
we have

f(x, θ) −
∑

|α|+|a|≤p, |a|≤n

1
α!

(x − y)α(θ − ω)a∂α
x ∂a

θ f(y, ω) = τp(X,Y ) (4.19)



4.2. ELEMENTARY DIFFERENTIAL CALCULUS 57

where

τp(X,Y ) =
∑

|α|+|a|=p+1, |a|≤n

(x − y)α(θ − ω)a

∫ 1

0

dt
1
p!

(1 − t)p∂α
x ∂a

θ f(y + t(x − y), ω + t(θ − ω)). (4.20)

Proof. Use the following equality∫ 1

0

dt
(1 − t)p

p!

(
d

dt

)p+1

f(y + t(x − y), ω + t(θ − ω))

=
∑

|α|+|a|=p+1

(x − y)α(θ − ω)a

∫ 1

0

dt
1
p!

(1 − t)p∂α
x ∂a

θ f(y + t(x − y), ω + t(θ − ω)).

Using the integration by parts in the left hand side, we get that of (4.20). ¤

Definition 4.2.4 Let U ⊂ Rm|n and U ′ ⊂ Rm′|n′
be superdomains and let ϕ be a continuous mapping

from U to U ′, denoted by ϕ(X) = (ϕ1(X), · · ·, ϕm′(X), ϕm′+1(X), · · ·, ϕm′+n′(X)) ∈ Rm′|n′
. ϕ is called

a supersmooth mapping from U to U ′ if each ϕκ(X) ∈ CSS(U : C) for κ = 1, · · ·,m′ + n′ and ϕ(U) ⊂ U ′.

Proposition 4.2.5 (Composition of supersmooth mappings) Let U ⊂ Rm|n and U ′ ⊂ Rm′|n′
be

superdomains and let Φ : U → U ′ and Φ′ : U ′ → Rm′′|n′′
be supersmooth mappings. Then, the composition

Ψ = Φ′ ◦ Φ : U → Rm′′|n′′
gives a supersmooth mapping and

dXΨ(X) = [dY Φ′(Y )]
∣∣
Y =Φ(X)

[dXΦ(X)]. (4.21)

Proof. (1) First of all, we prove our assertion for the case m, m′ are arbitrary, n = n′ = 0 and
m′′ = n′′ = 1: Let Uev ⊂ Rm|0 and U ′

ev ⊂ Rm′|0 be even superdomains and let ϕ : Uev → U ′
ev be a

supersmooth mapping represented by ϕ(x) = (ϕ1(x), · · ·, ϕm′(x)) with ϕj(x) ∈ CSS(Uev : C). For any
f ∈ CSS(U ′

ev : C), we want to claim that (ϕ∗f)(x) = (f ◦ ϕ)(x) = f(ϕ(x)), is well-defined and belongs to
CSS(Uev : C). Putting

y = ϕ(xB) = ϕB(xB) + ϕS(xB) = yB + yS with ϕS(xB) =
∑
|J|≥1

ϕJ(xB)σJ ,

we define, by using the supersmoothness of f and ϕ,

f(ϕ(xB))[k] =
∑

|α|≤k,
k0+k1+···+km=k

1
α!

(∂α
y f)[k0](yB)(yα1

1,S)[k1]· · ·(y
αm

m,S)[km]

∣∣∣∣
y=ϕ(xB)

. (4.22)

By the same reasoning as in the proof of Proposition 4.1.5, f(ϕ(xB))[k] is well-defined and belongs to
C∞(UB : C[k]), so f(ϕ(xB)) =

∑∞
k=0 f(ϕ(xB))[k] ∈ C∞(UB : C). Therefore, it has the Grassmann

continuation which should be denoted by (f ◦ ϕ)(x). On the other hand, as we get from (4.5),

∂xj,B(f ◦ ϕ)[k](xB)

=
∑

`, |α|≤k,
k0+k1+···+km=k

1
α!

(∂α
y ∂y`

f)[k0](yB)
∂ϕ`,B(xB)

∂xj,B
(yα1

1,S)[k1]· · ·(y
αm

m,S)[km]

∣∣∣∣
y=ϕ(xB)

=
∑

`, |α|≤k,
k0+k1+···+

k′
`
+k′′

`
+···+km=k

1
α!

(∂α
y ∂y`

f)[k0](yB)

× (yα1
1,S)[k1]· · ·α`(yα`−1

`,S )[k′
`]

∂ϕ`,S(xB)
∂xj,B

)
[k′′

` ]

· · ·(yαm

m,S)[km]

∣∣∣∣
y=ϕ(xB)

=
∑

`

k∑
k0=0

(
∂y`

f(ϕ(xB))
)

[k0]

(
∂ϕ`(xB)
∂xj,B

)
[k−k0]

.

(4.23)
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This is the desired result (4.21) in the case of (1).
(2) Now, we treat the case m, m′, n, n′ are arbitrary and m′′ = n′′ = 1: Let U ⊂ Rm|n and U ′ ⊂ Rm′|n′

be superdomains and let ϕ : U → U ′ and f : U ′ → C be supersmooth mappings. Put ϕ(x, θ) = (ϕκ(x, θ)),
1 ≤ κ ≤ m′+n′ where ϕκ(x, θ) =

∑
a ϕκ,a(x)θa and f(y, ω) =

∑
b fb(y)ωb with b = (b1, · · ·, bn′) ∈ {0, 1}n′

.
We decompose

ϕj(x, θ) = Yj = Y
(0)
j + Y

(1)
j for 1 ≤ j ≤ m′

where Y
(0)
j = ϕj,0̃(x) = Y

(0)
j,B + Y

(0)
j,S with Y

(0)
j,B = ϕj,0̃,B(x), Y (0)

j,S = ϕj,0̃,S(x),

Y
(1)
j =

∑
1≤|a|≤n ϕj,a(x)θa.

Then, we consider formally

F̃ (x, θ) =
∑

b

fb(Y1, · · ·, Ym′)(Ym′+1)b1 · · ·(Ym′+n′)bn′ .

Remarking that Y
(1)
j Y

(1)
j = 0, we apply Taylor’s formula for fb(Y (0) + Y (1)) at Y = Y (0) to get

fb(Y (0) + Y (1)) = fb(Y (0)) +
m′∑
j=1

∂yj fb(Y (0))Y (1)
j

+ · · · + ∂y1 · · ·∂ym′ fb(Y (0))Y (1)
1 · · ·Y (1)

m′ .

(4.24)

On the other hand, as

fb(Y (0)) =
∑
α

1
α!

∂α
Y fb(Y

(0)
B )(Y (0)

S )α, (4.25)

we get easily
fb(ϕ1(x, θ), · · ·, ϕm′(x, θ)) =

∑
c

gb,c(x)θc (4.26)

where gb,c(x) is a supersmooth function on Uev composed by the products of supersmooth functions
∂α

y f(ϕB(x)) and ϕκ,a(x). Combining these, we get

F̃ (x, θ) =
∑

b

(
∑

c

gb,c(x)θc)(
∑
ã1

ϕm′+1,ã1(x)θã1)b1(
∑
ãn′

ϕm′+n′,ãn′ (x)θãn′ )bn′

=
∑

d

F̃d(x)θd,
(4.27)

where d = (ds), c = (cs), ãs = (ãs,r), ds = cs + b1ã1,s + · · · + bn′ ãn′,s with 1 ≤ s ≤ n and 1 ≤ r ≤ n′.
Therefore, we get F̃d(x) ∈ CSS(Uev : C), that is, F̃ (x, θ) = f(ϕ(x, θ)) ∈ CSS(U ;C). To get (4.21) in case
(2), we differentiate (4.27) with respect to xk,

∂xk
F̃ (x, θ) =

m′∑
j=1

∑
b

∂yj fb(ϕev(x, θ))
∂ϕj(x, θ)

∂xk
(ϕod(x, θ))b

+
∑

b

fb(ϕev(x, θ))
m′+n′∑

s=m′+1

(−1)b1+···+bs−1bs
∂ϕs(x, θ)

∂xk

(s,n′)∏
`=1

ϕm′+`(x, θ)b` .

Here,
∏(s,n′)

`=1 ϕm′+`(x, θ)b` =

s︷ ︸︸ ︷
ϕm′+1(x, θ)b1 · · ·1 · · ·ϕm′+n′(x, θ)bn′ , ϕev(x, θ) = (ϕj(x, θ))m′

j=1 and ϕod(x, θ) =
(ϕm′+s(x, θ))n′

s=1.
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Taking derivatives with respect to θr, we get the similar expression as above and combining these, we
have

[∂xk
F̃ (x, θ), ∂θr F̃ (x, θ)] =

∂ϕj(x, θ)
∂xk

, · · ·, ∂ϕj(x, θ)
∂θr

∂ϕs(x, θ)
∂xk

, · · ·, ∂ϕs(x, θ)
∂θr

 [
∂f(y, ω)

∂yj
,
∂f(y, ω)

∂ωs

]
,

that is, (4.21) in the case of (2).
(3) For the general situation mentioned above, using the arguments in (2) repeatedly, we get the result
after tedious but straightfoward calculations. ¤

Definition 4.2.6 Let U ⊂ Rm|n and U ′ ⊂ Rm′|n′
be superdomains and let ϕ : U → U ′ be a supersmooth

mapping represented by ϕ(X) = (ϕ1(X), · · ·, ϕm′+n′(X)) with ϕκ(X) ∈ CSS(U ;C).
(1) ϕ is called a supersmooth diffeomorphism if

(i) ϕ is a homeomorphism between U and U ′ and
(ii) ϕ and ϕ−1 are supersmooth mappings.

(2) For any f ∈ CSS(U ′;C), (ϕ∗f)(X) = (f ◦ ϕ)(X) = f(ϕ(X)), called the pull back of f , is well-defined
and belongs to CSS(U ;C).

Remarks. (1) It is easy to see that if ϕ is a supersmooth diffeomorphism, then ϕB = πB ◦ ϕ is an
(ordinary) C∞ diffeomorphism from UB to U ′

B.
(2) If we introduce the topologies in CSS(U ′ : C) and CSS(U : C) properly, ϕ∗ gives a continuous linear
mapping from CSS(U ′ : C) to CSS(U : C). Moreover, if ϕ : U → U ′ is a supersmooth diffeomorphism, then
ϕ∗ defines an automorphism from CSS(U ′ : C) to CSS(U : C).

Proposition 4.2.7 (Inverse function theorem) Let U be a superdomain in Rm|n and let G(X) :
U ⊂ Rm|n → Rm|n be a supersmooth mapping. We assume the super matrix [dXG(X)] is invertible at
X = X̃B ∈ πB(U) . Then, there exists a superdomain U ′, a neighbourhood of Ỹ = G(X̃) and a unique
supersmooth mapping F satisfying F (G(X)) = X and we have

dY F (Y ) = (dXG(X))−1
∣∣
X=F (Y )

in U ′. (4.28)

Proof. (1) First of all, we treat the case m = 1 and n = 0, that is, Uev, U
′
ev ⊂ R1|0. Let g : Uev → U ′

ev

be a supersmooth function represented by

y = g(xB) = gB(xB) +
∑

|J|=even≥2

gJ(xB)σJ = yB + yS.

Here, gB(xB) ∈ C∞(UB : R) and gJ(xB) ∈ C∞(UB : C). By assumption that g′B(x̃B) 6= 0, there exists
a smooth function fB such that fB(gB(xB)) = xB near xB = x̃B. We want to construct a family of
functions fI ∈ C∞(U ′

B : C) such that f(yB) = fB(yB)+fS(yB), fS(yB) =
∑

|I|=even≥2 fI(yB)σI satisfying
f(g(xB)) = xB near xB = x̃B. As we should have

xB = fB(yB + yS) + fS(yB + yS)

= fB(yB) +
∑
k≥1

1
k!

f
(k)
B (yB)yS

k +
∑
`≥0

1
`!

f
(`)
S (yB)yS

`,
(4.29)

we get

fS(yB) = −
∑
k≥1

1
k!

f
(k)
B (yB)yS

k −
∑
k≥1

1
k!

f
(k)
S (yB)yS

k. (4.30)
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We prove our statement using the induction with respect to the degree. The degree 2 part of (4.30) is
given by

fS(yB)[2] = −f ′
B(yB)yS,[2]. (4.31)

In other word, for I such that |I| = 2, we may define functions fI(yB) by

fI(yB) = −f ′
B(yB) gI(fB(yB))(= −f ′

B(gB(xB)) gI(xB)).

Assuming that fS are defined for degrees less than 2i, we put,

fS(yB)[2i+2] = −
∑
k≥1

1
k!

f
(k)
B (yB)(yk

S)[2i+2] −
∑
k≥1

i∑
j=0

1
k!

(f (k)
S (yB))[2j](yk

S)[2i+2−2j]. (4.32)

So, we may define f(yB) =
∑∞

j=0 f(yB)[2j] = fB(yB) +
∑∞

j=1 fS(yB)[2j] ∈ C∞(U ′
B : C). Taking the

Grassmann continuation of f(yB) and remarking ∂xf(g(x)) = 1, we get the desired result.
(2) We next consider the case m = n = 1, that is, U,U ′ ⊂ R1|1. Let G(x, θ) = (gev(x, θ), god(x, θ)) : U →
U ′ be a supersmooth mapping given by

gev(x, θ) = gev,0(x) + gev,1(x)θ, god(x, θ) = god,1(x) + god,0(x)θ. (4.33)

For simplicity, we put

gev(xB, θ) = yB + yS + ȳθ where

yB = gev,0,B(xB), yS =
∑

|I|=even≥2 gev,0,I(xB)σI ,

ȳ =
∑

|Ī|=odd≥1 gev,1,Ī(xB)σĪ ,

and

god(xB, θ) = ω + ω̄θ where


ω =

∑
|Ī|=odd≥1 god,1,Ī(xB)σĪ ,

ω̄ = ω̄B + ω̄S

= god,0,B(xB) +
∑

|I|=even≥2 god,0,I(xB)σI .

From Ỹ = G(X̃) and the invertibility of dXG(X)|X=X̃ , we get

gev,0,B(x̃B) = ỹB, g′ev,0,B(x̃B) god,0,B(x̃B) 6= 0. (4.34)

Now, we seek a function F (Y ) = F (y, ω) = (fev(y, ω), fod(y, ω)) : U ′ → U represented by

fev(y, ω) = fev,0(y) + fev,1(y)ω, fod(y, ω) = fod,1(y) + fod,0(y)ω

which satifies F (G(X)) = X near X = (x, θ) = (x̃, θ̃) = X̃. Here, we put
fev,0(yB) = fev,0,B(yB) +

∑
|I|=even≥2 fev,0,I(yB)σI ,

fev,1(yB) =
∑

|Ī|=odd≥1 fev,1,Ī(yB)σĪ ,

fod,1(yB) =
∑

|Ī|=odd≥1 fod,1,Ī(yB)σĪ ,

fod,0(yB) = fod,0,B(yB) +
∑

|I|=even≥2 fod,0,I(yB)σI .

As F (G(xB, θ)) = (xB, θ), we should have the relations

fev(gev(xB, θ), god(xB, θ)) = xB, fod(gev(xB, θ), god(xB, θ)) = θ. (4.35)
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From the first equation in (4.29) and the supersmoothness, we have

xB = fev,0(yB + yS + ȳθ) + fev,1(yB + yS + ȳθ)(ω + ω̄θ)

= fev,0(yB) +
∑
|k|≥1

1
k!

f
(k)
ev,0(yB)(yk

S + kyk−1
S ȳθ)

+
∑
|`|≥0

1
`!

f
(`)
ev,1(yB)(y`

S + `y`−1
S ȳθ)(ω + ω̄θ)

= fev,0(yB) +
∑
|k|≥1

1
k!

f
(k)
ev,0(yB)yk

S +
∑
|`|≥0

1
`!

f
(`)
ev,1(yB)y`

Sω

+

 ∑
|k|≥1

1
(k − 1)!

(f (k)
ev,0(yB) + f

(k)
ev,1(yB)ω)yk−1

S ȳ +
∑
|`|≥0

1
`!

f
(`)
ev,1(yB)y`

Sω̄

 θ.

(4.36)

Therefore
xB = fev,0,B(yB) + fev,0,S(yB) +

∑
|k|≥1

1
k!

f
(k)
ev,0(yB)yk

S +
∑
|`|≥0

1
`!

f
(`)
ev,1(yB)y`

Sω (4.37)

and
0 =

∑
|k|≥1

1
(k − 1)!

(f (k)
ev,0(yB) + f

(k)
ev,1(yB)ω)yk−1

S ȳ +
∑
|`|≥0

1
`!

f
(`)
ev,1(yB)y`

S(ω̄B + ω̄S). (4.38)

As g′ev,0,B(x̃B) 6= 0 by (4.34), using the standard inverse function theorem, there exists a function
fev,0,B(yB) such that

fev,0,B(gev,0,B(xB)) = xB (4.39)

near xB = x̃B. Therefore, we get from (4.37),

fev,0,S(yB) +
∑
|k|≥1

1
k!

f
(k)
ev,0(yB)yk

S +

fev,1(yB) +
∑
|k|≥1

1
k!

f
(k)
ev,1(yB)yk

S

 ω = 0. (4.40)

For each I satisfying |I| = 1, we pick up the term of degree 1 from (4.38) to get

fev,1,I(yB)god,0,B(xB) + f ′
ev,0,B(gev,0,B(xB))gev,1,I(xB) = 0. (4.41)

As g′ev,0,B(xB)god,0,B(xB) 6= 0 by (4.34), there exists a function fev,1,I(yB) such that the above equation
is satisfied when yB = gev,0,B(xB). Equations (4.39) and (4.40) correspond to the degree 0 and 1 part of
(4.37) and (4.38), respectively.

Using these, we may solve the degree 2 part of (4.37) and then the degree 3 part of (4.38). Doing
recursively, we may construct functions fev,0 and fev,1.

From the second equation of (4.36), we get

θ = fod,1(yB + yS + ȳθ) + fod,0(yB + yS + ȳθ)(ω + ω̄θ)

=
∑
|`|≥0

1
`!

f
(`)
od,1(yB)y`

S +
∑
|`|≥0

1
`!

f
(`)
od,0(yB)y`

Sω

+

 ∑
|k|≥1

1
(k − 1)!

(f (k)
od,1(yB) + f

(k)
od,0(yB)ω)yk−1

S ȳ +
∑
|k|≥1

1
k!

f
(k)
od,0(yB)yk

Sω̄

 θ.

(4.42)

That is,

0 = fod,1,S(yB) +
∑
|k|≥1

1
k!

f
(k)
od,1(yB)yk

S +
∑
|`|≥0

1
`!

f
(`)
od,0(yB)y`

Sω (4.43)
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and
1 =

∑
|k|≥1

1
(k − 1)!

(f (k)
od,1(yB) + f

(k)
od,0(yB)ω)yk−1

S ȳ +
∑
|k|≥1

1
k!

f
(k)
od,0(yB)yk

Sω̄. (4.44)

By the same arguments as above, we may construct functions fod,1(yB) and fod,0(yB) which satisfy the
desired properties. ¤

Exercise 4.2.8 Do analogously as above for general m,n but with more patience.

Moreover, we have

Proposition 4.2.9 (Implicit function theorem) Let Φ(X,Y ) : U × U ′ → Cm′|n′
be a supersmooth

mapping and (X̃, Ỹ ) ∈ U × U ′, where U and U ′ are superdomains of Rm|n and Rm′|n′
, respectively.

Suppose Φ(X̃, Ỹ ) = 0 and ∂Y Φ = [∂yj Φ, ∂ωrΦ] is a continuous and invertible supermatrix at (X̃B, ỸB) ∈
πB(U)×πB(U ′). Then, there exist a superdomain V ⊂ U satisfying X̃B ∈ πB(V ) and a unique supersmooth
mapping Y = f(X) on V such that Ỹ = f(X̃) and Φ(X, f(X)) = 0 in V. Moreover, we have

∂Xf(X) = − [∂Y Φ(X,Y )]−1[∂XΦ(X,Y )]
∣∣
Y =f(X)

. (4.45)

Proof. (4.45) is easily obtained by

0 = ∂XΦ(X, f(X)) = (∂XΦ(X,Y ) + ∂Y Φ(X,Y )∂Xf(X))|Y =f(X) .

The existence proof is omitted here because the arguments in proving Proposition 4.2.7 work well in this
situation. ¤

4.3 Global Inverse Mapping Theorem

It is known that

Theorem 4.3.1 (Global Inverse Mapping Theorem for Banach spaces) Let X, Y be two Ba-
nach spaces. φ is a continuously Fréchet differentiable mapping from X → Y such that φ′ is invertible
for any x ∈ X and |[φ′(x)]−1| ≤ K < ∞ uniformly in X. Then, φ is homeomorphic from X onto Y .

Here, we want to have an anologous theorem in our case:

Theorem 4.3.2 (Global Inverse Mapping Theorem for Superspaces) Let Φ = (ΦA)A=1,··· ,m+n :
R

m|n
X → R

m|n
Y be a supersmooth mapping satisfying

|πB(sdet
(

∂ΦA(X)
∂XC

)
)| ≥ δ > 0 for any X ∈ R

m|n
X , (4.46)

and for I ∈ I with |I| ≥ 1,

|projI

(
∂ΦA(X)

∂XC

)
| ≤ γI < ∞ for any X ∈ R

m|n
X and A,C = 1, · · · , m + n. (4.47)

Then, Φ gives a supersmooth diffeomorphism from R
m|n
X onto R

m|n
Y .

To prove this, we prepare

Lemma 4.3.3 Let Φ be as above. Put ∆ = [0, 1] × [0, 1]3 (s, t). Let a continuous function F (s, t) from
∆ to R

m|n
Y be given which satisfies; (i) For each s ∈ [0, 1], F (s, t) is C∞- differentiable in t. (ii) There

exist points Y 0, Y 1 ∈ R
m|n
Y such that F (s, 0) = Y 0 and F (s, 1) = Y 1 for any s ∈ [0, 1]. Then, there exists

a continuous function G(s, t) from ∆ to R
m|n
X which is C∞- differentiable in t for each s ∈ [0, 1] and

satisfies Φ(G(s, t)) = F (s, t) for every (s, t) ∈ ∆.
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Proof. (I) By (4.46) and Proposition 4.2.7, for X0 ∈ R
m|n
X and Y 0 ∈ R

m|n
Y satisfying Φ(X0) = Y 0,

there exist a neighbourhood U of X0 and a neighbourhood V of Y 0 such that Φ : U → V gives an
onto supersmooth diffeomorphism. Therefore, there exists a positive number ε such that a function
G(s, t) = Φ−1(F (s, t)) is well-defined on [0, ε] × [0, 1].

(II) Let a be the largest values such that the function G(s, t) is defined on [0, a) × [0, 1]. Now, we
want to claim a = 1. Assume a < 1.
(II.1) We assume that G(s, t) is extendable at t = a for any s ∈ [0, 1]. Then by Proposition 4.2.7, for each
s, there exist a neighbourhood Us of G(s, a) and a neighbourhood Vs of F (s, a) such that Φ : Us → Vs

gives an onto supersmooth diffeomorphism. As the set ∪s∈[0,1] G(s, a) is compact in R
m|n
X , there exists

a finite covering such that ∪s∈[0,1] G(s, a) ⊂ ∪k
i=1G(s, ti). Applying once more Proposition 4.2.7, there

exists a positive number εi such that G(s, a) is extendable in Ui for 0 ≤ t < a + εi. This contradicts the
definition of a because G(s, t) is extendable on [0, a + mini εi) × [0, 1].
(II.2) Put F (s, t) = (FA(s, t))A=1,··· ,m+n and G(s, t) = (GC(s, t))C=1,··· ,m+n. As Φ(G(s, t)) = F (s, t) on
[0, a) × [0, 1], we may differentiate this with respect to t which yields

∂

∂t
GC(s, t)

∂ΦA

∂XC
(G(s, t)) =

∂

∂t
FA(s, t). (4.48)

On the other hand, we get, for t0, t1 ∈ [0, a),

GC(s, t1) − GC(s, t0) =
∫ t1

t0

dt
∂

∂t
GC(s, t). (4.49)

We claim that G(s, t) is a Lipshitz continuous function with respect to t ∈ [0, a) for fixed s. That is,
representing G(s, t) = (GC(s, t))C=1,··· ,m+n, we have

|projI(GC(s, t1) − GC(s, t0))| ≤ CΦ,I |t1 − t0| for any I ∈ I. (4.50)

For notational simplicity, we put F̃ = ( ∂
∂tFA(s, t)), G̃ = ( ∂

∂tGC(s, t)) and M̃ = ( ∂ΦA

∂XC
(G(s, t))). Then,

rewriting (4.48) by
F̃I =

∑
I=J+K

G̃JM̃K for any I ∈ I, (4.51)

we get, for I ∈ I with |I| = 0,
F̃B = G̃BM̃B on [0, a) × [0, 1]. (4.52)

As M̃B has a bounded inverse for any (s, t) ∈ ∆ by (4.46), and F̃B is bounded in (s, t) ∈ ∆ by (i), so
G̃B(s, t) is bounded in (s, t) ∈ [0, a) × [0, 1]. For I ∈ I with |I| = 1, we get

F̃I = G̃IM̃B + G̃BM̃I on [0, a) × [0, 1]. (4.53)

Therefore, using (4.46), (4.47) and (4.52), G̃I(s, t) is bounded in (s, t) ∈ [0, a) × [0, 1]. Proceeding
inductively with respect to the degree |I|, G̃I(s, t) is bounded in (s, t) ∈ [0, a)× [0, 1] for any I ∈ I. Using
(4.48) and (4.49), we get (4.50). ¤

Proof of Theorem 4.3.2. (I) Put Y 0 = Φ(0). For any Y ∈ R
m|n
Y , define Y (t) = (1 − t)Y 0 + tY . As

the special case of Lemma A.2, there exists a curve X(t) ∈ R
m|n
X such that Φ(X(t)) = Y (t). Therefore,

Φ(X(1)) = Y , and Φ is onto.
(II) Put Y 0 = Φ(0). We assume that there exist two different points X0 and X1 in R

m|n
X satisfying

Φ(X0) = Φ(X1) = Y 1. Let {Xj(t)}j=1,2 be curves connecting 0 at t = 0 to Xj at t = 1. Put Y j(t) =
Φ(Xj(t)). As R

m|n
Y is simply-connected, there exists a continuous function F (s, t) from ∆ → R

m|n
Y which

satisfies (i) for each s ∈ [0, 1], F (s, t) is C∞- differentiable in t, and (ii) there exist points Y 0, Y 1 ∈ R
m|n
Y
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such that F (s, 0) = Y 0 and F (s, 1) = Y 1 for any s ∈ [0, 1]. By Lemma A.2, there exists a continuous
function G(s, t) from ∆ → R

m|n
X satisfying Φ(G(s, t)) = F (s, t). Therefore, a curve G(s, 1) which connects

X0 and X1 is mapped onto Y 1 and this contradicts Proposition 4.2.7 unless X0 = X1. This implies that
Φ is one-to-one.
(III) Supersmoothness of Φ−1 has been proved in Proposition 4.2.7. ¤

Corollary 4.3.4 Let φ ∈ CSS,ev(Rm|n : R) satisfying that (i) for any multi-index a with |a| ≥ 2,
Da

Y φ(YB) ∈ BSS(Rm|n;C), i.e. projI(Da
Y φ(YB)) is a bounded function of YB ∈ Rm and for any I ∈ I and

(ii) |πB(sdet ((Hess φ)(XB)))| ≥ δ > 0 for any X ∈ Rm|n. Then, we have
m∑

A=1

|πB(
∂φ

∂XA
(XB) − ∂φ

∂XA
(X ′

B))|2 ≥ C|XB − X ′
B|2.

Proof. Define Φ(X) = (∂XA
φ(X))A=1,··· ,m+n. Then, applying Theorem 4.46, we get X = X(Y ) =

Φ−1(Y ). Each entry of Jacobian matrix (∂X/∂Y ) has an ‘upper bound’ by (i) and (ii), so we get

|πB(X(Y ) − X(Y ′))|2 ≤ C|YB − Y ′
B|2.

Put X ′ = X(Y ′), then Y ′ = Φ(X ′). This implies the desired inequality. ¤

Proposition 4.3.5 Let Φ = (ΦA)i=A,··· ,m+n : Rm|n → Rm|n be a diffeomorphism of class BSS, that
is, Φi ∈ BSS(Rm|n : R) for i = 1, · · · ,m + n. Then, Φ∗ sends a function f ∈ BSS(Rm|n : C) to
Φ∗f = f ◦ Φ ∈ BSS(Rm|n : C).

Proposition 4.3.6 Let Φ = (ΦA)A=1,··· ,m+n : R
m|n
X → R

m|n
Y be a diffeomorphism of class BSS. Assume

|πB(sdet (
∂ΦA(X)

∂XC
)| ≥ δ > 0 for any X ∈ R

m|n
X ,

then, Φ−1 gives a diffeomorphism of class BSS.

Corollary 4.3.7 Let Φ be given as above. Then, Φ∗ gives an isomorphism between BSS(Rm|n
X : C) to

BSS(Rm|n
Y : C).

Remarks. (1) Proof of Theorem 4.3.2 using Lemma 4.3.3 is essentially due to Schwartz [200] except
(II.2) in proof of Lemma 4.3.3.
(2) Propositions and Corolaries 4.3.4-4.3.7 are proved as same as in Asada and Fujiwara [8] with slight
modifications.

4.4 Elementary Integral Calculus

4.4.1 Integration (even case)

Now, we define the integration of a supersmooth function u(x) on an even superdomain Uev ⊂ Rm|0, which
is similar to the integral of holomorphic functions on a complex domain. (See, Rogers [186, 187, 189, 190].)

Definition 4.4.1 Let u(x) be a supersmooth function defined on a even super domain Uev ⊂ R1|0. Let
λ= λB + λS, µ=µB + µS ∈ Uev and let a continuous and piecewise C1-curve c : [λB, µB] → Uev be given
such that c(λB) = λ, c(µB) = µ. We define∫

c

dxu(x) =
∫ µB

λB

dt u(c(t))ċ(t) ∈ C (4.54)

and call it the integral of u along the curve c.
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Using the integration by parts, we get the following fundamental result (see de Witt [61]).

Proposition 4.4.2 Let u(t) ∈ C∞([λB, µB] : C) and let u(x) be the Grassmann continuation of u(t).
Suppose that there exists a function U(t) ∈ C∞([λB, µB] : C) satisfying U ′(t) = u(t) on [λB, µB] . Then,
for any continuous and piecewise C1-curve c : [λB, µB] → Uev ⊂ R1|0 such that c(λB) = λ, c(µB) = µ,
we have ∫

c

dxu(x) = U(λ) − U(µ). (4.55)

Proof. By definition, we get∫ µB

λB

dt u(c(t))ċ(t) =
∫ µB

λB

dt
∑
`≥0

1
`!

u(`)(cB(t))cS(t)`(ċB(t) + ċS(t))

=
∫ µB

λB

dt u(cB(t))ċB(t) +
∫ µB

λB

dt
∑
k≥1

1
k!

u(k)(cB(t))ċB(t)cS(t)k

+
∫ µB

λB

dt
∑
`≥0

1
`!

u(`)(cB(t))cS(t)`ċS(t)

= U(µB) − U(λB) +
∑
`≥0

1
(` + 1)!

{
U (`+1)(µB)(µS)`+1 − U (`+1)(λB)(λS)`+1

}
= U(µ) − U(λ). ¤

Corollary 4.4.3 Let u(x) be a supersmooth function defined on a even superdomain Uev ⊂ R1|0 into C.
Let c1, c2 be continuous and piecewise C1-curves from [λB, µB] → Uev such that λ = c1(λB) = c2(λB)
and µ = c1(µB) = c2(µB). If c1 is homotopic to c2, then∫

c1

dxu(x) =
∫

c2

dxu(x). (4.56)

Thus, if [λB, µB] ⊂ πB(Uev), we have ∫ µ

λ

dxu(x) =
∫ µB

λB

dt u(t). (4.57)

Because of (4.57), we have

Definition 4.4.4 (1) Let Iev be a even superdomain in Rm|0 such that πB(Iev) =
∏m

j=1(aj , bj) ⊂ Rm

with −∞ < aj < bj < ∞, which is called a even supercube. For u ∈ CSS(Iev : C), we define∫
Iev

dxu(x) =
∫ b1

a1

dq1 · · ·
∫ bm

am

dqm u(q1, · · · , qm) =
∫

πB(Iev)

dxB u(xB). (4.58)

(2) For any even superdomain Uev ⊂ Rm|0 such that πB(Uev) is of definite area, we may put∫
Uev

dxu(x) =
∫

πB(Uev)

dxB u(xB) (4.59)

for u ∈ CSS(Uev : C).

Remarks. (1) The formula (4.59) stemms easily from the well-known procedures to define multiple
integrals in Riemannian integration.
(2) The reason why we should use ‘contour integration’ is explained precisely in Rogers [189]. As we treat
only even superdomains here, her arguments there are simplified considerably. But we should change the
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role of the ‘body’ in our treatment, if we need to catch up all arguments of Rogers, which is noted in the
remark after Propositon ??.

Super p-forms ω: In order to define “super”-form ω of degree p over a p-dimensional singular
manifold L, Volvich-Vladimirov [215] introduced the following:

Let M be a p-dimensional oriented manifold of the class C1 and the mapping ϕ : M → U ⊂ Rm

be of the class C1. The set L = ϕ(M), or, more precisely, the pair (M,ϕ), is called a p-dimensional
singular manifold. That is, every p-dimensional manifold M ⊂ Rm is a p-dimensional singular manifold
with respect to the identity mapping.

The pairs (M,ϕ) and (M1, ϕ1) are said to be equivalent if L = ϕ(M) = ϕ1(M1) and there exists a
diffeomorphism f : M → M1 such that ϕ = ϕ1 ◦ f .∫

M

ϕ∗ω =
∫

M1

ϕ∗
1ω. (4.60)

We may interprete the equation (4.60) as a change of variables as follows:

4.4.2 Integration (odd case)

It seems natural to put formally

dθj =
∑

I∈I,|I|=odd

dθj,Iσ
I for θj =

∑
I∈I,|I|=odd

θj,Iσ
I .

Then, we have
dθj ∧ dθk = dθk ∧ dθj .

This make us imagine that even if there exists the notion of integration, it differs much from the ordinary
one.

Let v be a polynomial of odd variables θ = (θ1, · · · , θn) ∈ Rn
od such that

v(θ1, · · · , θn) =
∑
|b|≤n

vbθ
b with homogeneous vbθ

b ∈ C for each b.

Denote by Pn(C) the set of all v as above.

Definition 4.4.5 For v ∈ Pn(C), we put∫
R0|n

dθ v(θ) =
∫

R0|n
dθn · · · dθ1 v(θ1, · · · , θn) = (∂θn · · · ∂θ1v)(0)

and we call it the integral of v on R0|n.

Above definition yields readily that∫
R0|n

dθn · · · dθ1 θ1 · · · θn = 1.

Moreover, we have

Proposition 4.4.6 Given v, w ∈ Pn(C) , we have the following:
(1) (C-linearity ) For any homogeneous λ, µ ∈ C,∫

R0|n
dθ(λv + µw)(θ) = (−1)np(λ)λ

∫
R0|n

dθ v(θ) + (−1)np(µ)µ

∫
R0|n

dθ w(θ). (4.61)
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(2) (Translational invariance) For any ρ ∈ R0|n, we have∫
R0|n

dθ v(θ + ρ) =
∫

R0|n
dθ v(θ). (4.62)

(3) (Integration by parts) For v ∈ Pn(C) such that p(v) = 1 or 0, we have∫
R0|n

dθ v(θ)∂θsw(θ) = −(−1)p(v)

∫
R0|n

dθ (∂θsv(θ))w(θ). (4.63)

(4) (Linear change of variables) Let A = (Ajk) with Ajk ∈ Rev be invertible. Then,∫
R0|n

dθ v(θ) = (det A)−1

∫
R0|n

dω v(A · ω). (4.64)

(5) (Iteration of integrals)∫
R0|n

dθ v(θ) =
∫

R0|n−k

dθn · · · dθk+1

(∫
R0|k

dθk · · · dθ1 v(θ1, · · · , θk, θk+1, · · · , θn)
)

. (4.65)

(6) (Odd change of variables) Let θ = θ(ω) be an odd change of variables such that θ(0) = 0 and

det
∂θ(ω)

∂ω

∣∣∣∣
ω=0

6= 0. Then, for any v ∈ Pn(C),

∫
R0|n

dθ v(θ) =
∫

R0|n
dω v(θ(ω)) det−1 ∂θ(ω)

∂ω
. (4.66)

(7) For v ∈ Pn(C) and ω ∈ R0|n,∫
R0|n

dθ (θ1 − ω1) · · · (θn − ωn)v(θ) = v(ω). (4.67)

Remarks. (1) All above assertions are easily obtained by following the arguments in pp.755-757 of
Vladimirov and Volovivh [215], so proofs are omitted here.
(2) (4.67) allows us to put δ(θ − ω)= (θ1 − ω1) · · · (θn − ωn), though δ(−θ) = (−1)nδ(θ).

4.4.3 Integration (mixed case)

Finally, we define

Definition 4.4.7 Let U = Uev × Rn
od ⊂ Rm|n be a superdomain and let u ∈ CSS(U : C), that is,

u(x, θ) =
∑

ua(x)θa with ua(x) ∈ CSS(Uev : C). Then, we define∫
U

dxdθ u(x, θ) =
∫

Uev

dx

{∫
R0|n

dθ u(x, θ)
}

=
∫

πB(Uev)

dxB u1̃(xB) with 1̃ = (1, · · · , 1)

=
∫

R0|n
dθ

{∫
Uev

dx u(x, θ)
}

.

(4.68)

More generally, we consider the following situation.

Definition 4.4.8 Let Ω be a domain in Rm.
(1) Let ϕ ∈ C∞(Ω : Rm

ev) with image L = ϕ(Ω), ϕ(q) =
∑

I∈I,|I|=even ϕI(q)σI , ϕI(q) ∈ C∞(Ω : Rm).
For f(x, θ) =

∑
|a|≤n fa(x)θa with fa(x) being the Grassmann extension of fa(xB) such that f(x, θ) is



68 CHAPTER 4. SUPERSMOOTH FUNCTIONS AND THEIR BASIC PROPERTIES

integrable in L. In this case, we call the following expression “the integral of the function f(x, θ) over
the manifold S = L × Rn

od” where∫
S

dxdθ f(x, θ) =
∫

dθ

[ ∫
L

dx f(x, θ)
]
.

Since we define, for each θ, ∫
L

dx f(x, θ) =
∫

Ω

dq f(ϕ(q)) det
(

∂ϕ(q)
∂q

)
,

we have ∫
S

dxdθ f(x, θ) =
∫

Ω

dq
∂

∂θn
· · · ∂

∂θ1
f(ϕ(q), 0) det

(
∂ϕ(q)

∂q

)
.

In this case, it is clear that ∫
S

dxdθ f(x, θ) =
∫

L

dx

[ ∫
dθ f(x, θ)

]
.

(2) For θ ∈ Rn
od, we put a set ϕ(Ω, θ) (called, a singular manifold) in Rm

ev by

ϕ(Ω, θ) = {x ∈ Rm
ev

∣∣ x = ϕ(q, θ), q ∈ Ω ⊂ Rm} for θ ∈ Rn
od.

Here,
ϕ(q, θ) = ϕ(q) +

∑
2≤|a|=even≤n

ϕa(q)θa with ϕ(q), ϕa(q) ∈ C∞(Ω : R).

We call a set in Rm|n of the form

S = S(ϕ,Ω) = {(x, θ) ∈ Rm|n ∣∣ θ ∈ Rn
od, x ∈ ϕ(Ω, θ)}

a foliated singular manifold. In this case, we define∫
S

dxdθ f(x, θ) =
∫

dθ

[ ∫
L(θ)

dx f(x, θ)
]
.

Let f(x, θ) be a function with values in C defined on S. We define the integral of f on S as∫
S

dxdθ f(x, θ) =
∫

R0|n
dθ

[∫
ϕ(Ω,θ)

dx f(x, θ)

]
Here, the inner integral is understood in the following sense:∫

ϕ(Ω,θ)

dx f(x, θ) =
∫

Ω

dq f(ϕ(q, θ), θ) det
(

∂ϕ(q, θ)
∂q

)
.

4.4.4 Change of variables under integral sign (Berezin case)

If an integrand has compact support, we have the following:

Theorem 4.4.9 Let
x = x(y, ω), θ = θ(y, ω)

be a supersmooth diffeomorphism from R
m|n
Y to R

m|n
X . Put

M =

(
A C

D B

)
,


A =

∂x

∂y
, C =

∂x

∂ω
,

D =
∂θ

∂y
, B =

∂θ

∂ω
.
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Then, for any function f ∈ CSS(Rm|n
X : C) with compact support, we have the change of variables formula∫

R
m|n
X

dxdθ f(x, θ) =
∫

R
m|n
Y

dydω f(x(y, ω), θ(y, ω))(sdet M)(y, ω).

Proof. [The proof borrowed from Berezin [20]]. First of all, we consider two simple cases:
(i) Let a linear coordinate change be given by

xi =
m∑

k=1

Aikyk, θj =
n∑

`=1

Bj`ω`

with Aik, Bj` ∈ Cev. Then, C = D = 0 and

sdet
(

∂(x, θ)
∂(y, ω)

)
= det Adet−1B.

In this case, we get our result easily.
(ii) For more general linear transformation,

xi =
m∑

k=1

Aikyk +
n∑

`=1

Ci`ω` = xi(y, ω), θj =
m∑

k=1

Djkyk +
n∑

`=1

Bj`ω` = θj(y, ω)

with Aik, Bj` ∈ Cev and Ci`, Djk ∈ Cod, we have

sdet
(

∂(x, θ)
∂(y, ω)

)
= det A det−1(B − DA−1C).

∫
dydω f(Ay + Cω,Dy + Bω) (y → Ay, ω → Bω)

= det−1A det B

∫
dydω f(y + CB−1ω,DA−1y + ω) ((y, ω) → (y, ω + DA−1y))

= det−1A det B

∫
dydω f(y + CB−1(ω − DA−1y), ω) ((y, ω) → (y − CB−1DA−1y, ω))

= det−1A det B det−1(1 − CB−1DA−1)
∫

dydω f(y + CB−1ω, ω) ((y, ω) → (y + CB−1ω, ω))

= det B det−1(A − CB−1D)
∫

dydω f(y, ω).

(iii) We consider the change of variables of the forms

x = x(y), θ = ω, (4.69)

or
x = y, θ = θ(ω). (4.70)

For (4.69), we may use the ordinary change of variable formula which yields our result.
In case (4.70), we consider a transformation T which can be included in a 1-parameter group Tt of

transformations of form (4.70). Set

θ(t) = Ttω,

g(t) =
∫

dω f(x, θ(t))sdet
(

∂θ(t)
∂ω

)
.

Since

sdet
(

∂θ(t + s)
∂ω

)
= sdet

(
∂θ(t + s)

∂θ(t)

)
sdet

(
∂θ(t)
∂ω

)
,
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we have

g(t + s) =
∫

dω f(x, θ(t + s))sdet
(

∂θ(t + s)
∂ω

)
=

∫
dω f(x, θ(t + s))sdet

(
∂θ(t + s)

∂θ(t)

)
sdet

(
∂θ(t)
∂ω

)
.

Putting

∆(s) = sdet
(

∂θ(t + s)
∂θ(t)

)
,

we get

g′(t) =
d

ds
g(t + s)

∣∣∣∣
s=0

=
∫

dω

[ ∑ dθj(t + s)
ds

(
∂f

∂θj

)
∆(s) + f

d

ds
∆(s)

]
s=0

sdet (
∂θ(t)
∂ω

). (4.71)

Noting that

∆(s) = detJ(s)−1 = exp (− tr log J(s)) where J(s) =
(

∂θj(t + s)
∂θk(t)

)
,

we get

d

ds
∆(s)

∣∣∣∣
s=0

= − tr (J ′(s)J−1(s)) exp (− tr log J(s))
∣∣
s=0

= − tr J ′(0) = −
∑ d

ds

∂θj(t + s)
∂θj(t)

∣∣∣∣
s=0

.

The expression in the square brackets in the right-hand side of (4.73) transforms into

∑
j

(
θ′j

∂f

∂θj
− f

∂θ′j
∂θj

)
= −

∑
j

∂

∂θj
(θ′jf).

Since Ttωj = θj(t), we have
θ′j(t) = −Φj(θ).

Therefore,

g′(t) =
∫

dω
∑

j

∂

∂θj
(Φjf)sdet

(
∂θ(t)
∂ω

)
.

We should remark that (i) g′(t) has the same form as g(t) by replacing f in g(t) with
∑

j
∂

∂θj
(Φjf), and

(ii) g′(0) = 0 because for t = 0, θj(0) = ωj and sdet (∂θ(t)
∂ω )|t=0 = 1, therefore

g′(0) =
∫

dω
∑

j

∂

∂ωj
(ωjf(ω)) = 0.

Repeating this process, we get g(n)(0) = 0 for any n > 0.

(iv) The change of variables of the form

x = x(y, ω), θ = ω, (4.72)

or
x = y, θ = θ(y, ω). (4.73)

The case (4.73) can easily be reduced to (4.70).
For the case (4.72), we first consider the special type:

xi = yi + tfIω
I , I = {i1, · · ·, i2k}, = ωi1 · · ·ωi2k

,

θi = ωi

(4.74)
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xi = yi +
∑

k

∑
fI(y)ωI , I = {i1, · · ·, ik}, = ωi1 · · ·ωik

,

θi = ωi

(4.75)

(v) The change of variables of the forms

x = x(y, ω), θ = θ(y, ω) (4.76)

Example 1 [The ambiguity in the Berezin integral]. It is known that if U = π−1
B (UB) × R2

od ⊂ R1|2

with UB = (0, 1), we have∫
U

D(x, θ)(x + θ1θ2) =
∫ 1

0

dx

∫
dθ1θ2(x + θ1θ2) = 1.

But, if we use the coordinate change

y = x + θ1θ2, ωk = θk : U → U

whose Berezinian is

sdet (
∂(x, θ)
∂(y, ω)

) = 1 where
∂(x, θ)
∂(y, ω)

=

1 −ω2 ω1

0 1 0
0 0 1

 ,

then we have ∫
U

D(y, ω)y =
∫ 1

0

dy
∂2

∂ω2∂ω1
y = 0.

This is a serious descrepancy! How to resolve this?
Example 2 [An ambiguity of Q-integration]. Let

Q =
{

Q =

(
x1 θ1

θ2 ix2

) ∣∣ x1, x2 ∈ Rev, θ1, θ2 ∈ Rod

}
∼= R2|2

with the volume element dQ = dx1dx2
2π dθ1dθ2. It is known that∫

Q

dQe− str Q2
=

∫
R2|2

dx1dx2

2π
dθ1dθ2 e−(x2

1+x2
2+2θ1θ2) = 1. (4.77)

We may diagonalize the matrix Q by using the change of variables
y1 = x1 +

θ1θ2

x1 − ix2
, y2 = x2 −

iθ1θ2

x1 − ix2
,

ω1 =
θ1

x1 − ix2
, ω2 = − θ2

x1 − ix2
,

(4.78)

or {
x1 = y1 + ω1ω2(y1 − iy2), x2 = y2 − iω1ω2(y1 − iy2),

θ1 = ω1(y1 − iy2), θ2 = −ω2(y1 − iy2),
(4.79)

such that

GQG−1 =

(
y1 0
0 iy2

)
, GQ2G−1 =

(
y2
1 0
0 −y2

2

)
(4.80)
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where

G =

(
1 + 2−1ω1ω2 ω1

ω2 1 − 2−1ω1ω2

)
, G−1 =

(
1 + 2−1ω1ω2 −ω1

−ω2 1 − 2−1ω1ω2

)
.

It is clear that
x1 − ix2 = y1 − iy2, and str Q2 = x2

1 + x2
2 + 2θ1θ2 = y2

1 + y2
2 .

On the other hand, the so-called Berezinian is given by

dQ =
dx1dx2

2π
dθ1dθ2 = −dy1dy2

2π
dω1dω2 (y1 − iy2)−2.

“An ambiguity” related to the formula for the integration under the change of variables, occurs because

−
∫

dy1dy2

2π
dω1dω2 (y1 − iy2)−2e−(y2

1+y2
2) = 0.

Remark. An explanation given in Fyodorov [82] (pp. 501-502) or Constantinescu and de Groote [52]
(p.991) is at least outside of my comprehension.

To resolve these ambiguity, there exist two methods which are apparently no relation.
(I) First of all, we give the approach due to Vladimirov and Volovich [215] in pp.759-760.

Theorem 4.4.10 Let
x = x(y, ω), θ = θ(y, ω) (4.81)

be a supersmooth diffeomorphism from the neighbourhood O1 of the foliated singular manifold S1(ϕ1,Ω)
in Rm|n onto the neighbourhood O of the foliated singular manifold S(ϕ,Ω) in Rm|n: We denote L(θ) =
ϕ(Ω, θ), L1(ω) = ϕ1(Ω, ω), where the function ϕ1 is related to ϕ by ϕ(q, ω) = x(ϕ1, ω). Putting

M =

[
A C

D B

]
,


A =

∂x

∂y
, C =

∂x

∂ω
,

D =
∂θ

∂y
, B =

∂θ

∂ω
,

we assume that
(1) either det A|ω=0 and det(B − DA−1C)|ω=0, or det B|ω=0 and det(A − CB−1D)|ω=0, are invertible
for all y ∈ L1(0) and
(2) L(θ) = L does not depend on θ.

Then, for any function f ∈ CSS(O : C) which is integrable on S, we have the change of variables
formula ∫

S

dxdθ f(x, θ) =
∫

S1

dydω f(x(y, ω), θ(y, ω))(sdet M)(y, ω). (4.82)

Proof. We fix an arbitrary x ∈ L = ϕ(G). Then from the first equation of (4.81), using the implicit
function theorem, we have

y = ȳ(x, ω), i.e. x = x(ȳ(x, ω), ω) (4.83)

because the matrix A is invertible for all θ ∈ Rn
od. Then from the second equation of (4.81), we have

θ = θ(ȳ(x, ω), ω) = θ̄(x, ω). (4.84)

Using this change of variables in the integral
∫

dθ f(x, θ) and assuming that the matrix ∂θ̄/∂ω is invertible
for all ω ∈ Rn

od, we find, from (??),∫
dθ f(x, θ) =

∫
dω f(x, θ̄(x, ω))det−1 ∂θ̄

∂ω
.
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From (4.84), we obtain
∂θ̄

∂ω
=

∂θ

∂ω
+

∂θ

∂y

∂ȳ

∂ω
. (4.85)

Moreover, by (4.83),
∂ȳ

∂ω
= −(

∂x

∂y
)−1 ∂x

∂ω

∣∣∣∣
y=ȳ(x,ω)

= −A−1C|y=ȳ(x,ω).

Therefore (4.85) takes the form
∂θ̄

∂ω
= (B − DA−1C)|y=ȳ(x,ω).

For fixed x, we have ∫
dθ f(x, θ) =

∫
dω f(x, θ̄(x, ω))det−1(B − DA−1C)|y=ȳ(x,ω). (4.86)

∫
S

dxdθ f(x, θ) =
∫

L

dx

[ ∫
dθ f(x, θ)

]
=

∫
L

dx

[ ∫
dω f(x, θ̄(x, ω))det−1(B − DA−1C)|y=ȳ(x,ω)

]
=

∫
dω

[ ∫
L

dx f(x, θ̄(x, ω))det−1(B − DA−1C)|y=ȳ(x,ω)

]
Making the inner integral the change of variables x = x(y, ω) for fixed ω, we have∫

S

dxdθ f(x, θ) =
∫

dω

[ ∫
L1(ω)

dy f(x(y, ω), θ(y, ω))det−1(B − DA−1C) det A

]
=

∫
S1

dydω f(x(y, ω), θ(y, ω))(sdet M)(y, ω)

where L1(ω) = ϕ1(G,ω), ϕ1(t, ω) = ȳ(ϕ(t), ω). ¤
Using this theorem, we have
Example 1′. Let S = L × R2

od be a singular foliated manifold in R1|2, where L = ϕ(G), G = (0, 1),
ϕ(t) = ct. Under the change of variables

x = y + ω1ω2 = x(y, ω), θ1 = ω1 = θ1(ω), θ2 = ω2 = θ2(ω),

we have
sdet M = 1, L1(ω) = ϕ1(G,ω), ϕ1(t, ω) = ct − ω1ω2, t ∈ (0, 1),

S1 = {(y, ω)
∣∣ y ∈ L1(ω), ω ∈ R2

od}.

In this case, we have∫
S

dxdθ f(x, θ) =
∫

dθ

[ ∫
G

dt f(ϕ(t), θ)det
∂ϕ(t)

∂t

]
=

∫ 1

0

dt

∫
dθ f(et, θ)

=
∫ 1

0

dt
∂

∂ω2

∂

∂ω1
f(et, ω)

∣∣∣∣
ω=0

=
∫

dω

[ ∫
G

dt f(ϕ1(t, ω), ω)det
∂ϕ1(t, ω)

∂t

]
=

∫
S1

dydω f(y + ω1ω2, ω). ¤

Example 3. Let S be the manifold in R1|2 defined by

G = (a, b), ϕ(t, θ) = et + θ1θ2, L(θ) = ϕ(G, θ).
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The change of variables

x = y, θ1 = yω1, θ2 = yω2 with sdet M = sdet

 1 0 0
ω1 y 0
ω2 0 y

 = y−2

carries S to S1 ⊂ R1|2 defined by ϕ1(t, ω) from et + ϕ2
1ω1ω2 = ϕ1, i.e. ϕ1(t, ω) = et + t2ω1ω2. In this

case, we have ∫
S

dxdθ f(x, θ) =
∫ b

a

dt
∂

∂x
f(x, 0)|x=et +

∫ b

a

dt [
∫

dθf(et, θ)]

=
∫

S1

dydω f(y, yω)y−2

(II) We use the prescription of Rothstein [193] (see also Martellini and Teofilatto [155], Zirnbauer [?])
to remedy this ambiguity by altering the notion of the volume form on the superspace.

The change of variables (4.79), which is called degree increasing in [193] or non-splitting in [155], may
be generated by a vector field Y (y, ω) with (x, θ) = eY (y,ω)(y, ω), given by

eY (y,ω) = 1 + ω1ω2(y1 − iy2)
∂

∂y1
− iω1ω2(y1 − iy2)

∂

∂y2
+ (y1 − iy2 − 1)ω1

∂

∂ω1
− (y1 − iy2 + 1)ω2

∂

∂ω2
.

By the prescription given in [193] and more precisely in [155], we should have

dx1dx2

2π
dθ1dθ2 = −dy1dy2

2π
dω1dω2[1 −

(
ω1ω2(y1 − iy2)

∂

∂y1
− iω1ω2(y1 − iy2)

∂

∂y2

)
](y1 − iy2)−2.

Using this, we have∫
dx1dx2

2π
dθ1dθ2 e−(x2

1+x2
2+2θ1θ2) = −

∫
dy1dy2

2π
dω1dω2 (y1 − iy2)−2e−(y2

1+y2
2)

+
∫

dy1dy2

2π
dω1dω2 ω1ω2(y1 − iy2)

( ∂

∂y1
− i

∂

∂y2

)
(y1 − iy2)−2e−(y2

1+y2
2).

Though the singularity (y1 − iy2)−2 must be treated by deleting |y| < ε from the integration domain and
making ε → 0, after calculating w.r.t. odd variables, we have

−
∫

dy1dy2

2π
(y1 − iy2)

( ∂

∂y1
− i

∂

∂y2

)
(y1 − iy2)−2e−(y2

1+y2
2) = 1.

In fact,

lim
ε→0

∫
Uε

dy1dy2

2π
dω1dω2 (y1 − iy2)−2e−(y2

1+y2
2) = 0 where Uε = {(y, ω) ∈ R2|2 ∣∣ |yB| ≥ ε},

and∫
|yB|≥ε

dy1dy2

2π
(y1 − iy2)

( ∂

∂y1
− i

∂

∂y2

)
(y1 − iy2)−2e−(y2

1+y2
2)

=
∫

∂{|yB|≥ε}

dy1dy2

2π
(y1 − iy2)−1e−(y2

1+y2
2) −

∫
|yB|≥ε

dy1dy2

2π
(y1 − iy2)−2

( ∂

∂y1
− i

∂

∂y2

)
((y1 − iy2)e−(y2

1+y2
2))

with ∫
∂{|yB|≥ε}

dy1dy2

2π
(y1 − iy2)−1e−(y2

1+y2
2) =

∫ 2π

0

dφ

[
re−r2

cos φ − i sin φ

]∣∣∣∣∞
r=ε

→ 0 when ε → 0

and
lim
ε→0

∫
|yB|≥ε

dy1dy2

2π
(y1 − iy2)−2

( ∂

∂y1
− i

∂

∂y2

)
((y1 − iy2)e−(y2

1+y2
2)) = 1.
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[57] J.A. de Azaárraga, Wess-Zumino terms, extended algebras and anomalies in classical physics, Con-
temporary Mathematics 132(1992), pp. 75-98.

[58] N.G. de Bruijn, Asymptotic Methods in Analysis, North-Holland Publ. 1961.

[59] J.B. Delos, Semiclassical calculation of quantum mechanical wave functions,
Adv.Chem,Phys.65(1986), pp. 161-214.

[60] B. DeWitt, Dynamical theory in curved spaces. I. A review of the classical and quantum action
principles, Reviews of modern physics 29(1984), pp. 377-397.

[61] , Supermanifolds, London, Cambridge Univ. Press, 1984.

[62] C. DeWitt-Morette, B. Nelson and T.R. Zhang, Causitics problems in quantum mechanics with
applications to scattering theory, Physical Review D 28 (1983), pp. 2526-2546.

[63] C. DeWitt-Morette and T.R. Zhang, Path integrals and conservation laws, Physical Review
D28(1983), pp. 2503-2516.

[64] , Feynman-Kac formula in phase space with application to coherent-state transition, Physical
Review D28(1983), pp. 2517-2525.

[65] E. D’Hoker and L. Vinet Spectrum (super-)symmetries of particles in a Coulomb potential, Nuclear
Physics B260(1985), pp. 79-102.

[66] J.J. Duistermaat, On the Morse index in variational calculus, Advances in Math.21(1976), pp.
173-195.

[67] I.H. Duru and H. Kleinert, Quantum mechanics of H-atom from path integrals, Fortschritte der
Physik 30(1982), pp. 401-435.

[68] F.J. Dyson, Quaternion determinants, Helvetica Physica Acta 45(1972), pp. 289-302.

[69] K.B. Efetov, Supersymmetry and theory of disordered metals, Advances in Physics 32(1983), pp.
53-127.

[70] A. Erdelyi et al. Tables of Integral Transformations, vol I, New York-Tronto-London, McGraw-Hill,
1954.

[71] L.D. Eskin, The heat equation and the Weierstrass transformation on certain symmetric Rieman-
nian spaces, AMS Translations(??), pp. 239-255.



BIBLIOGRAPHY 79

[72] M.V. Fedoryuk, The stationary phase method and pseudo differential operators, Russian
Math.Survey 26(1971),pp. 65-115.

[73] C. Fefferman, Recent developpment of real analysis, in “ICM at Van Couver” 1974.

[74] R. Feynman, Space-time approach to non-relativistic quantum mechanics, Rev. Modern Phys.
20(1948),pp. 367-387.

[75] R. Feynman and A.R. Hibbs, Quantum Mechanics and Path Integrals, New York, McGraw-Hill
Book Co. 1965.

[76] D. Friedan and P. Windey, Supersymmetric derivation of the Atiyah-Singer index and the chiral
anomaly, Nuclear Phys.B(FS 11)253(1984), pp. 395-416.

[77] L. Friedlander, An invariant measure for the equation utt − uxx + u3 = 0, Com-
mun.Math.Phys.98(1985), pp. 1-16.

[78] D. Fujiwara, A construction of the fundamental solution for the Schrödinger equation, J. D’Analyse
Math.35(1979), pp. 41-96.

[79] , Remarks on convergence of the Feynman path integrals, Duke Math. J.47(1980), pp. 559-
600.

[80] , Asymptotic Methods in Partial Differential Equations (in Japanese), Tokyo, Iwanami,
1982.

[81] D. Fujiwara and T. Tsuchida, The time slicing approximation of the fundamental solution for the
Schrödinger equation with electromagnetic fields, J.Math.Soc.Japan 49(1997), pp. 299-327.

[82] Y.V. Fydorov, Basic features of Efetov’s supersymmetry approach, in “Physique Quantique
Mésoscopique” (eds. E. Akkermans, G. Montambaux, J.L. Pichand and J. Zinn-Justin), Les
Houches, Session LXI, 1994 Elsevier pp. 493-532.

[83] I.M. Gelfand, Some questions of analysis and differential equations, Translation series II,
Amer.Math.Soc. 26(1963), pp. 201-219.

[84] D. Gelman and L. Spruch, Feynman path integrals and scattering theory, J.Math.Phys.10(1969),
pp. 2240-2254.

[85] P. Gerard and E. Leichtnam, Ergodic properties of eigenfunctions for the Dirichlet problem, Duke
Math.J 71(1993), pp. 559-607.

[86] F. Gesztesy, Scattering theory for one-dimensional systems with non-trivial spatial asymptotics in
Schrödinger operators, Springer LNM, ed. E. Balslev 1218(1986), pp. 93-123.

[87] E. Getzler, Pseudo-differential operators on supermanifolds and the Atiyah-Singer index theorem,
Commun. Math. Phys. 92(1983), pp. 163-178.

[88] , A short proof of the local Atiyah-Singer index theorem, Topology 25(1986), pp. 111-117.

[89] F. Giannoni, Bounce trajectories with one bounce point, Annali di Matematica pura ed applicata.
CLIX(1991), pp. 101-115.



80 BIBLIOGRAPHY

[90] M.C. Gutzwiller, Path integrals and the relation between classical and quantum mechanics, in
“Path Integrals”(eds. G.J. Papadopoulos and J.T. Devreese), pp. 163-200, New York, Plenum
Pub.Corp.1978.

[91] , Physiscs and Selberg’s trace formula, Contemporary Mathematics 53(1986), pp. 215-251.
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