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Preface

The motivation of writing this book is two folded:
(I) Giving Foundations on Superanalysis:

Though there are so many mathematico-physico papers with the prefix “super”, but their foundation
is not so familiar to mathematicians. Therefore, we need to develop from scratch the superanalysis, that
is, the elementary analysis (elementary calculus, linear algebra, etc) and real analysis (Fourier analysis,
pseudo-differential operators, Fourier integral operators, etc) on the superspace.

Here, the superspace is the space based on the oco-dimensional Fréchet-Grassmann algebra R or €

which play the role of R or C, respectively. On the other hand, because the so-called differential calculus
is not extended freely from Euclidian space to the Fréchet space, we need a care to develop such theory.

The Part I is devoted to this foundation. Though this part is partially presented in Inoue-Maeda [117],
I rewrite it here because not only the journal containing that paper is unfamiliar but also the contents
of it shows the unmatureness of our thought at that time, especially the estimates of error terms should
be modified completely.

(IT) Giving Applications of Supernalysis:

If there were no application of the superanalysis, it had been possibly a useless artifact to develop
such analysis.

We give some applications, hoping that these provide the evidence of the superanalysis being an
indespensable tool for the future mathematical study;

(a) a new treatise of systems of PDEs(=Partial Differential Equations) which includes the resolution
of the Feynman’s problem, a system version of Egorov’s theorem, and also an explanation of Atiyah-
Singer’s index theorem as the super-version of Weyl thoerem, which is based on the idea of Witten in
1980’s, etc.

(b) new treatise of RMT(=Random Matrix Theory) using the “slowness variables” represented by

matrices with elements in €.

(IIT) In explaining these applications, I list some problems, hoping those not so trivial, which I have
interest but probably not enough time to solve.
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Chapter 1

Introduction

1.1 A new treatise of systems of PDEs

In the theory of linear PDE(=Partial Differential Equation) of scalar type, the main problem is to reduce

the non-commutativity inherited from the so-called Heisenberg’s uncertainty principle

ho |_nhs
Zaqj’Qk - i Jk>

to the one where commutative algebraic calculation is available. This is done using Fourier transforma-
tions, that is, the non-commutativity caused by the Heisenberg’s uncertainty, is reduced to the commuta-
tive one with error terms on the phase space by Fourier transformation, and then this transformed one is
analyzed there, and by the inverse Fourier transformation, it is transformed back to the original setting.
This procedure is done modulo error terms with suitable estimates.

This procedure is extended also to a system of PDEs if one may diagonalize that system and apply
the standard method to its component. If it is hard to diagonalize straightforwordly, then one imposes
certain conditions on the characteristic roots associated to that system in order to assure that one may
essentially reduce that system to the scalar pseudo differential operators. But if this procedure fails, is
there any detour? For example, if we need a “Hamilton flow” for the given system, how do we associate
that object without diagonalization?

On the other hand, if the phenomenon is truely describable using a system of PDEs, it seems natural
to adandone the idea of reducing it to the scalar one. Of course, treating that case, we need new idea to

attack the non-commutativity of matrices.

1.1.1 Feynman’s problem

Though the path integrals are now freely used by physicists, as there exists mathematically no non-

I on the path space, it is even now important to justify mathematically the

trivial Feynman measure
results obtained by manipulating path integrals. (See, Proposition 3.1 of Smolyanov and Fomin [205] for
the non-existence of the non-trivial, strongly quasi-invariant measure on an infinite dimensional barrelled
locally convex space, and p.435 of Abraham and Marsden [1] for the non-existence of the full-quantization.)

A certain part of this situation (relation between the Schrodinger equations and the Feynman’s ker-

nel representations by path-integrals) is now ameliorated slightly by Fujiwara [78, 79]. More precisely

1Feynman measure ~ Lebesgue-like Borel measure
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speaking, a fundamental solution or a parametrix of the Schrodinger equation with a suitable potential
(smooth and quadratic at oo) is constructed by using Feynman’s idea of path integral combined with the
L?-boundedness of certain Fourier integral operators. We may consider this construction as a mathemat-
ical procedure of quantization of certain Lagrangian or Hamiltonian functions (see, Feynman [74] and
also Inoue & Maeda [114]). One of the most characteristic thing of this construction is the very explicit
dependence on the Planck constant, in other word, the so-called Bohr correspondence principle is nicely
inherited assuming that the stationary phase method works well in that representation. Though Fujiwara
used the Lagrangian formulation, Kitada [132] and Intissar [120] tried to formulate it in the Hamiltonian

one. See also, Kumano-go [?], Inoue [112].

On the other hand, as is written in p.355 of Feynman & Hibbs [75], ‘spin’ has been the object outside

Feynman’s procedures at that time:

--- path integrals suffer grievously from a serious defect. They do not permit a discussion of

spin operators or other such operators in a simple and lucid way. They find their greatest use
in systems for which coordinates and their conjugate momenta are adequate. Nevertheless,
spin is a simple and vital part of real quantum-mechanical systems. It is a serious limitation
that the half-integral spin of the electron does not find a simple and ready representation.
It can be handled if the amplitudes and quantities are considered as quarternions instead
of ordinary complex numbers, but the lack of commutativity of such numbers is a serious

complication.

A part of our aim (II-a), explained in the preface, is to extend the idea of above mentioned works to
cover Schrodinger equations with spin (for example, the equations named after Dirac, Pauli and Weyl)
using analysis on the superspace, which answers partly the problem above raised by Feynman. Main

ingredient is, how to associate a Hamiltonian function and classical mechanics to a system of PDEs.
Roughly speaking, we proceed as follow:

By the general accordance with the formulation of quantum mechanics, in order to describe the
dynamics of a quantum spinning particle, we should construct a 1-parameter family of bounded invertible
linear operators on a certain Hilbert space associated with some inherent classical mechanics. To derive
such a mechanics for a system of PDEs, we use the special representation of the Clifford algebra to the
even part of the Grassmann algebra. Using that representation for a given Schrodinger equation with
spin, we may associate a function, called super Hamiltonian (or simply, Hamiltonian), on the cotangent
superspace 7*R™In = |j2mi2n (m is the dimension of the configuration space and n is related to the
size of matrices appeared in that system of PDEs). From that super Hamiltonian, we may construct
the classical mechanics on the cotangent superspace (called the pseudo mechanics by Casalbouni [45]),
which also defines an extended version of the Hamilton—Jacobi equation and the continuity equation.
Constructing phase and amplitude functions from these equations, we define an integral transformation
in Css ey (M™I") (=the algebra of even super smooth functions on 8™ and investigate the convergence
of its product integral with respect to the time slicing in the L?-norm. Furthermore, by making a
correspondence between Css ey (M™™) and T>°(S) (=the set of smooth spin fields on R™), we get a
desired 1-parameter family of bounded invertible linear operators on L?(S) (=the Hilbert space of square
integrable spin fields on R™). In order to make a general scheme similar to the one used in ordinary
Euclidean space, we must develop a some part of calculus of oscillatory integrals defined on the superspace

(called super oscillatory integrals).
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1.1.1.1 Free Weyl equation

We construct a fundamental solution of the initial value probelm of the free Weyl equation by using
“classical quantities” and we express that solution as explicitly as possible. This outlines not only a
solution of the problem posed by Feynman but also exhibitting the new treatise of the non-commutativity
caused by matrices. As a by-product, we develop a new road to extend the method of characteristic of
the first order PDE, to the one with matrix coefficients. (For more general system of PDEs, we present

a part of some examples.)

9 3
ihoet(t,q) = Hi(t.q), H= —ich o;

j=1

9
dq;’ (L.1)
¥(0,9) = ¥(q).

Here, 9 (t,q) = "(¢1(t, q), 12(t,q)) : R x R* — C?, Pauli matrices {0;}3_, are commonly represented by

0 1 0 —i 1 0
oo U e A B O
They satisfy the following Clifford relations:
00, +0,0; =20;,l>, (I, = m X m unit matrix) (1.2)
which satisfy also

0‘102:i03, 0'20'3=i0'1, 0301:i02.

Applying the Fourier transformation to (1.1) w.r.t. ¢ € R3, we get

St p) = (1, ). (13)

Here,

—1
= o;p; = c p3 b1 D2

p1 +ip2 —P3

] and M2 = ¢2[p|*L,.

Therefore, we get readily

Proposition 1.1.1 For anyt € R and ¢ € L?(R3 : C?), we have

e~ My (q) = (2mh) 3/ / dp e’ e (). (14)
RS B

Moreover, for i € S(R?: C?), we get

e Y () = Ex (t, q) = /RB dq'E(t,q — ¢")¢(q"), (1.5)
with . )
E(t,q) = (2ch) = [ dpe™ 97| cos(ch™ t|p|)Ts — iWH] € S'(R*: C?). (1.6)
R3

Pauli claimed one day that there exists no classical counter-part corresponding to quantum spinning
particle, and surely it is difficult to imagine from (1.6) the classical mechanics corresponding to (1.1). In
spite of these, we construct a classical mechanics corresponding to the right-hand side of (1.1). That is,
we may formulate Fourier integral operators whose phase function is defined by an action integral of that
classical mechanics, which gives a representation of the solution of (1.1) as follows:
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Theorem 1.1.2 (Path-integral representation of a solution for the Weyl equation)

vlt.a) =b(@0 ¥ [ deanD 50,6 men SR04 ) ) (1.7
|32 T - - _
rB=q
Here, S(t, 7,0, §,m) and D(t,z,0, &, ) are given by
S(t,7,€,0,m) = (Z|€) + [|€] cos(ch™t[E]) — i€, sin(ch—lt\g)]‘l [1£1(0]m) 18)
- ﬁsin(ch_lt@)(él + i§2)§1§2 + ! sin(ch_1t|§\)(§1 - i§2)E152].
D(t,z,¢, 0,7) = |§|_2[|§| cos(ch_lt@) — i§3 sin(ch_lt\§|)]2.
Moreover, S(t, 7,0, &) and D(t,z,0, £, ) are solutions of the Hamilton-Jacobi equation
0 = oS - 08\
&S(taxaévgvﬂ)""?_[(afa a%) Oa (19)
and the continuity equation,
0 0 OH 0 (.. OH
9 C(pZE) L L (pZt) =
50+ 5z (P g)*ae( 5x) =0 (1.10)

respectively. In the above, the argument of D is (t,z,¢, 0,7), while those of He and H, are (Sz,0,Sp),

respectively. F is the Fourier transformation for functions on the superspace R>12.

Remark 1. Notations such as R3I2, xp, 0, T, #, b, F, are explained in Part I. To treat matrices as
non-commutative scalar differential operators, we need these new notions, which are basic to analysis on
the superspace (alias superanalysis).

Remark 2. The difference between (27h)~3/2 in (1.4) and (27h)~3/2h in (1.7), is remarkable in the
sense that the singularity when A = 0 is apparently diminishes by the existence of odd variables. After
integrating w.r.t. odd variables w in (1.7), we get the representation which is equivalent to (1.4). But
from (1.5) we can’t get (1.7).

1.1.2 Problems for systems of PDEs
1.1.2.1 How should be the system version of Egorov’s theorem?

It is well-known that Egorov’s theorem concerning the conjugation of DO with FIO is a very powerfull
tool analysing properties of solutions of PDEs. Using superanalysis, we try to extend that theorem to
systems of PDOs.

Problem: Calculate the symbol of

eih_ltH(%Dq)IP’(qa Dq)efih_ltH(q’D")a Dy = —ihdy,

and find a relation to that of o(IP(¢, Dq)) composed of the flow induced by o(H(g, Dy)) -
Here H(q, Dy) is a 2 x 2 matriz of PDO, and P(q, Dy) is a 2 X 2-matriz valued PDO given by
al(q, D c(q, D
P(q,Dq) — (q q) ((] q) ,
d(g,Dg) (g, Dyg)
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and U(t) = e—ih™ ' tH(q,Dq) represents formally the solution operator of the initial value problem

ih%w =H(q, Do)y with ¥(0,q) =1(q)

To make this problem more concretely, we give an example here: Remarking that

(—ad? + B2%)e ™7 /% = [iay + (B + ar?)a?)e /2,
(c(x)0y + 61-8(.%))672-712/2 = (d(z) — Qic(x)rm;)e*i'yxz/z,

we have
¢ie?/2 0 —ad? + Bz 27 (e(2)0, + Ope(x e=i1a*/2 0
0 /2 |\ 271 (d(2)0, + Opd(x)) —ad? + f? e’ /2 )
1.11
_ iay + (B + ay?)ax? 271(d () — 2i7zc(z))er0 7)a? /2
— 27N (w) — 2iqad(x))e O/ i67 + (B + 67%)a” '

In February 2001, Bernardi? asked me whether it is possible to explain (1.11), especially the origin of
the off-diagonal part, using superanalysis. We re-interpret (1.11) as follows: For u,v € C*(R),

ene?/2 —ad? 4 fr? Ot Bac)\ [ p—ina? /2 0 "
0 e’ /2 w —&0? + fa? 0 e—i7z?/2 ) |,

v (1.12)
[ B+ oDz +iay + 2ivzad, — ad? 0TV /2(# + c(x)0y — iqze(x))\ [u
e=i0=N2%/2( L) 4 4(2)d, — iyad(x)) (B + G722 + idd + 27280, — GO '
Since (1.12) with u = v =1 gives (1.11), we should explain the meaning of (1.12) instead of (1.11).
Since we have
2.2 | . . 2 _ —1 i(e—y)e, [T + T+y
(B + ar®)a® +iay + 2iywad, — ad2)u(z) = (27) dédye a|l —=,¢& ) u(y),
R2
27 i(y =) v iz _ -1 i(z—y)¢ Tty
e (/24 Dy — iFzc)u(z) = (27) dédye c € ul(y)
R2
with Weyl symbols
a(z,€) = a(§ —yx)? + f2* = (B + ar?)z’® — 2aqa€ + ag?,
() =i " e(w) (s -1 %) :
we get the Weyl symbol of the right-hand side of (1.12), given by
(& —yw)? + fa? i =T () (€ — )
- —i(y—F)2? y ~ 5 3
ie = OTVT () (€ - ) (€ — qx)? + fa?
~ 2 3. A52
~ a+a§2—(a7+o~@)xf+ (B+ar) +(B+a5 )x2
2 2 o , (1.13)
Ja—a - B+ ay?)—(B+ay
~i] 258 o - agag + LD O T ) g
+ e N2 (1) (g 7 ;L Wx) 0105 + ie' ("1 2¢ () (g -7 ‘; Vx) .

2as a chairman of a session where I gave a talk
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Superspace interpretation: On the other hand, putting

ak? 22 ic(x 27 1yg? 0
a@)(x,«s):(id(z)i aﬁg) o<H><w>=< K 21&332),

we have
o(§P)(,€,0,m) = o(P)(x,€,0,m) = P(x,£,60,7)
a J2r 04§2 + B ; 5z2 iy, [a g 0452 + B ; ﬂﬁ} (O|7) + id(2)E0105 + ic(x)Emyma, (1.14)
R S\ 2 A2
o(4ED) (.0,7) = (). 0.7) = H(a,0.m) = LE DT O DT gy

Therefore, we have

i =He =0,

§o M, = —¥x +ils Y (6],
with  (2(0),£(0),6(0),7(0)) = (§7§7 0,m)

=020, (j=1,2),

0, = —Hn; = —1 1
= Mo =il LaPm, (j=1,2),
which yields the Hamilton flow corresponding to H as
C(t)(z,€,0,m) = (x(t),£(1),0(),7(t)) with
&) = €lt2.6,0,m) = €~ 5 Vot 17 Var(oi)

—i(y—7)tz? i(y=A)tz’ j
=TT A (t) = w(t, 2,0, 1) = 0TV A (j=1,2).

Hj(t) = ej(t>§7§aﬁ7l) =

Putting operators
0 0 —

v+ v Y= ~ A — B
B= =1-0,— —0,—— =A-B
xz 2 &t, g3 Ql an QQ 8Q27 €(t) 93,

with Weyl symbols

(A8 =6~ ut, oB)w="Tu
o€, &0m) = &~ T at -+ Tanlolm),  (0(0)Ix(1)) = (@I,

we have the following:

(4B + BAYw 9 = (- a6 - T3 at). o@0m) -1

Remark 1. Let a, b and ¢ be non-commutative or commutative “operators”. For monomials pa(z,y) =

xy and p3(x,y, z) = xyz, we define
paa(ab) = s(ab+ba)  if [a,b] #£0,

2, 9 -

’ ab if [a,b] = 0,

if a, b, ¢ are non-commutative each other,

3 (abc + acb + bea + bac + cba + cab)
p3s(a,b,¢) = ¢ L (abc + bea) if [a,b] # 0, but [a,¢c] =0 and [b,¢] =0,
abc if a, b, ¢ are commutative each other.
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From these, we get

—2

o(E®) )@, &0,m) =& — (v + )zt + YAT 2y 7 + Ve (v — 7)xt(0|x).
2

In fact,
€)= (A— B5s)(A— Boy) = A% — (AB + BA)g,s + B°52,

with

A7+ B? = -02 + iagc(7 ;r ﬁxt) + (7 _; %t) iy + @ﬁt%
and

o(A% + B?) = € —it(y + )t + @ft?
Since [§/(t\)2, (9(t/)mt)>] = 0, we have
(€D O 0)) (@&, 0, 7) = o (E(1) (0@ (1)) (z, &, 6, 7)
2 - Y+ 5, +5 - 1
=& —(v+A)zté + — 't ><9I m = l(ﬁ - wt) (v — v)xt(z + 291927T17T2>'

—

Though [&3,91/9\2] # 0 and [63,m17m2) # 0, we have [{(?),91@@] = 0 and [f/(t\)ﬂrl(t)ﬂg(t)} = 0.

Moreover, we get

()01 (1)0a(t) (g + u10,0,) = e~ O DZ (i, — Aut)ueh, s,
EOm (O)ma(t) (o + ur6,8,) = €ODEY2(id, — Fatyu,.

Therefore, we get

—

(ED0:()02(1)) (2, &, 0, 1) = o (E()01(1)02()) (., €, 0, 7)
(5_ aliniel t) —z(v—i)ﬁtﬂglg%

(f(t)ﬂ—l (t)WQ(t))(gvéa Q7 E) = U(/(\) ( )WZ(t))(ga é’ Q? ﬂ)
T\ -T2t/
= (é‘ 5 :L‘t) (y=mz"t/ T 7.

On the other hand, since [d@) £(t)] # 0 but [(/U) 01(t )Hg(t)] =0 and [@,91@&] =0, we
have

sl (D), E0), 6 08:(0) = 3 (daDEDO (D) + EDODB{)d()),

that is,

—

p.s(d(x(), £(1), 01(8)02(8)) (o +ua6,8,) = e~ O~ VL2 /2 d () (—i)y — yat) + (—i0s — vt d(z) buofly By

—_—

Analogous holds for pg)s(cm)f(t)m (t)ma(t)).
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From these, we have

Ple(a.e0.m] = €D + TP Em") -0 @D 0@y — 1%L @D e@D)

~ 2 2t2 ~ ~2t2
:a‘;ag_i_ﬁ;‘ﬁ&z_i_a’y ‘;OK’Y gQ—(avt—i—dﬁt)gé
= _ 2 2t2 _ ""2t2
—i{a 5 e+ b 5 B2 (ant —aFt)z€ + wﬁ] (0|z)
5 o t 4 At o

+id(x) (5 — ’Y;—th) e—z("/t—vt)§2/2Q1Q2 +ic(z) (5 _ ’Y;’Yx> ez('yt—'vt)@/ZElﬂzl

(1.15)
This equals to (1.13) after replacing v — ¢ and 4 — At.

Therefore, denoting x simply by z, etc, we have proved
ot Pe= 1) (3, €,0,7) = o(e P ) (a, ¢,0,7) = P[C(t) . £,0,7)]. O (116)

This is the interpretation of (1.13) using superanalysis and which is the typical example of a system
version of Egorov’s theorem.
1.1.2.2 WKB approach to Dirac equation by Pauli, de Broglie, Rubinow & Keller
The modified Dirac equation with an anomalous magnetic moment, may be written in the form

h 0

ieh

0 e
19 (9 ey o 2 Folafal — olar 11
i 8tw [w](iaqj p i) +e +,Bmc]w+g2mc w(a”a' —a'a”)y (1.17)
where
oA oA
M 8xl &ck

Pauli tried to have a solution of (1.17) in the following form:
P~ 62’}1_15 Z(*ih)nan,
n=0

where S is a scalar function, a,, are matrix-valued functions. Though Pauli didn’t calculate generic terms
completely, Rubinow & Keller [195] claimed that his procedure yields the correct result in inhomogeneous
field regions and fixed finite distances from them, but not at all distances of the order A~! from them.
Our problem is to apply our method to the superversion of (1.17) and to get the corresponding result
mathematically.
For the case of the free Dirac equation, that is, when A; = ® = 0, we have the result [110]: Given
¥(q), find a good representation of ¥(t,q) : R x R? — C*, satisfying

o (t,q) = Hy (1,0
$(0,0) = ¥(a)

(1.18)

with

H = —ihcozki + mc?B.
Oqr
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Here, A is the Planck’s constant, ¢, m are constants, ¥(t,q) = “(11(¢,q), ¥2(t, q), ¥3(t, q),%a(t, q)), the
summation with respect to k = 1,2, 3 is abbrebiated, and the matrices {ay, 8} satisfy the Clifford relation:

ajay +apa; =205, apB+Bar =0, B=1, jk=1,23. (1.19)

In the following, we use the Dirac representation of matrices

I[Q 0 0 O
= ) o = fi k= 1,2,3.
b (o —112> k (ak 0) or

Applying formally the Fourier transformation with respect to ¢ € R? to (1.18), we get

L0 4 5
where
me 0 P3 P1— ip2
0 ; —
H(p) = ca;p; + mc?B =c mc. Lt P2 b3 (1.21)
b3 p1—1ip2  —mc 0
p1+ip2 D3 0 —mc
Remarking H?(p) = ¢2||p||*14 with ||p|| = /m2c? + |p|2, we hawe7
) _
e~ ) = cos(ch™|pl|)Ly ” H sin(ch ™ tp[|)H(p)- (1.22)
Therefore, we have readily
Proposition 1.1.3 For anyt € R and ¢ € L*(R?: C)* = L?(R? : C*),
s —1 e —1 iy —1 ~
blt.) = Eu(q) = )2 [ dpett e D ), (1.23)
-
For ¢ € S(R3 : C)*, we have formally
P
() = [ g Bl - d)ta) (1.24)
with

E(t,q) = (27rh)’3/ dpeih_lqp[Cos(chflthH)]L; ” H sin(ch™'t[|p|)H(p)] € S'(R*: C)*.  (1.25)
R3
Applying our analysis on superspace, we have the following.

Theorem 1.1.4 (Path-integral representation of a solution for the free Dirac equation)

wltsa) = >((m) 2 [ deanD20,5,0,6 w508 F yy) €. m) (1.26)
R33 N o IB=q
Here, S(t, 7,0, §,m) and D(t, 7,0, &, m) are given by,
S(t,7,&,0,m) = (z[€) + (0|m) + B(¢)[2imchsms + (hO — idL)(05 + ih~ ' m)), (1.27)
D(t.2.6.0,7) = 6(1), |
where ~ B
B(t) = A(t)6(t), A(t) =a(t) — 2imeb(t), 6&(t)=1—2b(t)[¢]|* — 2imc A(t),
_sin2vt 1 —cos2ut L 9 9
a(t) 2l b(t) AR v=ch gl IE* = 1€ +mPe? and

= (§1 + Zéz)gl - §392? H = (§1 - léQ)EI - §3E2'

Moreover, they are solutions of Hamilton-Jacobi equation and continuity equation, respectively.

Problem. FEztend the procedure mentioned above for the free Dirac equation to (1.17) (hint: see [?, 7]

which treats the analogous case for the Weyl equation).
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1.1.2.3 Sung’s example for a system version of Melin’s inequality

Let H(q,p) = Z\a+ﬁ|§2 aapq®p® where anp € R and (g,p) € R¥™. Let Ha(q,p) = Z|a+3|:2 aapq®p?
and P((q,p),(q,p’)) be the polarized form of Hs(q,p). Let o(-,) be the standard symplectic form on
R?™, F is the Hamiltonian map of Hy defined by o((q,p), F(¢',p")) = P((q,p), (¢, p")) and tr T py is
defined as the sum of the positive eigenvalues of —iF'.

Let

/
" (0. Dula) = )2 [[ dq’de<q+2q7p) D) for ue SR™).
Theorem 1.1.5 (Melin []) (HY (¢, Dy)u,u) > 0 for any u € S(R™) if and only if inf H(q,p) +
tr T Hy > 0. In particular, if H(q,&) > 0, then HY (¢, D) > 0.

This claim is not generalized straight fowardly to the system of PDE:
Ezample.(Hormander [97]). Let

2
¢ qp

P(q,p) = | for (g,p) € R?
wp p

then P(g,p) > 0 but for u; = v, ug = i(v — qv’) and 0 # v € S(R),

(PY (g, Dy) (Z;) ; (Z:>> = —% /dq (v')? < 0.

Problem. Is it posssible to characterize vectors v such that (PV (q, D,)v,v) < 07
Let

2 b 2
Higp) =TT 2P ) for (qp)€R? a,b,c,d>0 and ad+be 0.
aqp cq” +dp

Theorem 1.1.6 (Sung [207]) Let a, b, ¢, d > 0 and ad + bc # 0. For HV (¢, D,) > 0, it is neccessary
and sufficient that (A1, A2) € Q or (Mg, A1) € Q where

_Vad—Vieta | Vad—Vie—a
M= == Q= {(@y) [N(e,y) > 0},
and
1 Gz 0 0 0 0
x 1 Gy O 0 0
Gy 1 Gx 0 0
2+ 1)(2n + 2)\ 1/2
N(z,y) = 0 Gz 1 Gy 0 with C”:(E4211;E4Zi5;>

Problems. (1) Construct a good parametriz for the following operators:

0 wl _ oW o ¢1
Zh& <¢2> =H" (¢, —ih0,) <¢2> ,

O (1| w . (1
ﬁ <'¢12> =H (Q7 _Zaq) <¢2> )
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0 (1 1
ot (w) =00, (%) '

(2) Extend the result of Sung to more general positive definite matrices? Find the condition like Melin’s

characterization.

1.1.2.4 Gelfand’s question for the meaning of ellipticity

2 2 )
B(p) — (pl %) p1p2>

2pip2 p— 13

which is weakly but not strongly elliptic system. How about the characteristic behavior of the solution

Let a matrix be given by

caused by “weakly but not strongly elliptic system” of the following equations?

L0 [\ _ow, 1
zha <¢2> =B" (—ihd,) <¢2> ,
62 'll)l W . 1/}1
or? <w2> —E ) (wz) ’
0 (Y1 W 1
— =B" (0 .
Z <w> o <w>

Problem. Can we characterize the ellipticity of the systems of PDE by checking the behavior of
solutions of the heat type fort — oco?

1.1.2.5 Is the Euler equation attackable by superanalysis?

The Euler equation on R? is given by
ug + (u-Vi)u+ Vp =0,
divu = 0, (1.28)
w(0,z) = u(z), where u="(ui(t,z),us(t,z),us(t,x)).

This equation is the one of the most charming one which is not solved for the long time.

Taking the rotation du = v, we get

v+ (u-V)v = (v-V)u,
¢+ (u-V)o=(v-V) (1.29)
v(0,z) = v(x).
U1 U2,3 — U3,2 ou.
Putting | vy | =du= |us1 —uis |, ui,; = a—z, we have, for each ¢ = 1,2, 3,
T
U3 U2 — U2,1 !
3 3 1
Zvjui,j = Zdijvj where dt] = i(um’ + Ujﬂ‘). (130)
j=1 j=1

D = (d;;) is called the deformation matrix of the fluid flow with Z?Zl di; =divu = 0.
Therefore

vy 3 vy din diz dis V1
g +) sl O | = [ dey oy 4 v (1.31)
7 | v2 )i 3890]- 2 o1 doa  da3 2 .
U3 i=1 U3 d31 d3p d33 U3
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Problem. The above equation (1.29) in R? has no right-hand side and solved nicely which garantees
the classical solution for (1.28) in dimension 2. In spite of this fact, whether one can make use of the
solution of this vorticity equation nicely to the Euler equation in R3 ?

On the other hand, it is well-known that we may apply the method of characteristics to

Zaj(q,u)ﬂlaa—;“f =br(q,u) for k=1,2,---,1, (1.32)

assuming (al (qa U), o, 0n (Qa U)) 7é 0.
Especially, we have the following:

Theorem 1.1.7 Let a;(t,q) be C* near (t,q), and let by(t,q,u) be C* near (t,q,u), u = ¢(q), and ¢ is
C! near q. If ¢ = x(t,t;q) is a solution of

qj:aj(t,qL Qj(ti?g):gj’

and U(t,q) = (Ui(t,q),--- ,Ui(t,q)) is a solution of

Up = bis(t,x(t,t39),U), Uk(t,q) = ¢x(q).

Putting u(t,q) = U(t,y(t,t;q)) where y = y(t,t;q) is the inverse function of ¢ = x(t,1;q), then it satisfies

O Zaj (L O™ = bi(t,q.0) with u(t,q) = 6(a) (1.33)

Probelm. Extends the above theorem to the case a;(t,q) are I x I-matrices.

1.1.2.6 The generalized Hopf-Cole transformation of Maslov

Let V(t,q) € C®°(R, x R?: R) be given. For a solution 1 € C?(R x R3 : R) satisfying

(1.34)

we put u(t,q) = —vVlog(t,q), that is, u = (uy, us, uz) = {(—v %, —V%, —V%) Then, u satisfies

u + (u-V)u+VV = Y Au,
2 (1.35)
u(0) = V.

Example. Let V(t,q) = Zj | 5w?q7. We have a solution of (1.34) as

Vit = (B)@) = 2m) ™ [ dg D(t.g.0)" e 5010y

3 1/2
=1 (5men /WfﬂWMW)
e 27w sin(wjt) RS -

Here, we put
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Therefore, we get

-1
u;i(t,q) = (/Rs dg (wjcot(w;t)g; — i q,)e—VIS(tvq,Q)z/,(q)) (/11@3 dqe‘”ls(t7q7‘Z)¢(q)>

= sin(w;t) =

-1
Wi 1 = 1 _
_ chot(wjt)(jj _ (/R dg Sin(;.t)gje S(t,q7q)w(q)> (/R d,e S(t,qu)w(q)> )
3 7 3

Taking especially

1
o(q) = §¢jkqjqk with  (¢;%): a symmetric, positive matrix,

we calculate u,;(t,q) explicitly which is linear w.r.t. ¢ and v-independent, moreover, it satisfies (1.35)
with v = 0.

Problem. Does there exists Ehrenfest type theorems for the above (1.34) and what does it imply in
(1.35)% (see, Hepp [?]).

1.1.2.7 Gelfand’s problem for dynamical systems

Outline of the problem: The study of dynamical systems geverned by

Ca0)=F@®), ) (=12 ) (1.30)

is related to that of a partial differential equation(PDE) of the first order

n

%U(t, 9)=Y_ Filq, ,qn)gu(t, q)- (1.37)

j=1 J

By the so-called spectral method of the theory of dynamical systems due to Koopman, the theory of
dynamical systems may to a significant degree be interpreted as a theory relative to a linear partial
differential equation of first order.

For example, if  is an invariant set of the flow defined by (1.36) (i.e. if T} is defined by ¢(t) = Tq(0),
Q) should satisfy T;2 = (), there exists an invariant measure p of the flow T} (i.e. for any Borel set
w C Q, w(T-yw) = w) such that i 37 Fj(q)d/dq; is self adjoint on L*(Q,dpu).

Gelfand [?] asked whether in the above story, we may replace (1.37) by

) d ) ,
au](t,q) = ZAng)(q)aiqkue(aq) for ]762 1727"' ;1 (138)
k=1

where A%) are nxn-matrices whose elemants are denoted by A;kg. Gelfand’s first question in this direction

is, whether there exists an invariant measure /i on an invariant set (2 such that i E(}i:l Ag{? (q) (%c becomes
self adjoint on L?(; dj1)?
Our formulation by an example: Here, we may take 2 x 2-systems of PDE and explain our
formulation for Gelfand’s problem.
We consider the initial value problem
9 <w1<t,q>> _y ( (a) (q)) K2 (%(uq)) with (wo,q)) _ (%/fl(q)) L)
ot \1hs(t, q) @ (q) V(q)) 04 \Ya(t,q) ¥2(0,q) ¥,(q)

=1

For the hyperbolicity, we assume

(a(q)p — b(q)p)* + 4(c(q)p)(d(q)p) = 0 for |p| =1. (1.40)
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Here, we abbribiate 2321 a’ (q)p; = a(q)p, etc.

For the matrix

H(q,p) = — (a(Q)p cgq;p>

d(q)p blg)p

a(glp+b(@)p  alg)p —blg)p oy — c(gp+dl@p  clg)p—dlgp o
2 2 2 ! 2 ’

we may associate a Hamiltonian H(x, &, 0, 7) on T*(%32) = RO given by

M. €.0.7) = —a(@)¢ + b()E0Im) — o(w)ébi6 — d(z)émime, (1.41)
with
I(x (z ; al(z) — v (x L °
/(@) = DOV oy = KD =P qge = S i, (@) = 3 W @),
j=1 j=1

It yields the superspace version of the equation (1.39) represented by
.0 .0 e .
zﬁu(t,xﬂ) = H(m, —za—x,H, —z%)u(t,xﬁ) with  u(0,z,0) = u(x, 0). (1.42)

As H is even, we may consider the classical mechanics corresponding to H(z,§,0,7):

d OH(z,§,0,)

%= T = —a/ (x) + b7 (z)(0|7) — I (2)0105 — d’ (z) 172, .
6=~ TSR o, (0 i, (DEOIR) + s, (2)60102 + b 2)emams
%91 = —%ﬁl’h) — ib(2)€0, + d(x)éms,
oy = - THEEOT) o0, — dayem,
%m _ —%51’9’”) — —ib(x)em + c(2)€0s, (58
= TSI (e, — (o,
and at time ¢ = 0, the initial data are given by
(2(0),£(0),6(0), 7(0)) = (z,&,0,m). (1.44)

If there exists a unique solution of (5.8) with (5.9), we denote it by

whether —iH (z, —i0,, 0, —idy) is self-adjoint on L? (Q[L)? Here, i is an invariant measure on Q related
to the symplectic measure dz A dé + df VV dm on T*R3I2.
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1.1.2.8 Another example

If we consider
P1:—CL1A+‘/1($), PQZ_GQA"_‘/Q(:.U)

P P 0
0 P

is self adjoint on L?(R™)? even if P; are not necessarily self-adjoint on L?(R™) ?

with Vj(x) are real-valued, we ask whether

1.1.3 Supersymmetry

After E. Witten re-explained Morse theory from his point of view, it is rather popular in mathematical
physics, to handle supersymmetry. Though it is easy to introduce the notion of supersymetric pairs in
quantum fields, but its classical correspondence is not so clear mathematically.

Let (M, g) be a Riemannian manifold with d, d* being usual exterior derivative and its adjoint. Let

¢ be a smooth real valued functions on M and A a real number. Define
dy = e der?,  dy = eMdre?

and put
Q1 Zd)\+d§\, Q2 Zi(d)\—d;), Hy Zd)\dj—l-did)\.

Then, a triplet (Q1x, Q2x,Hy) satisfies the algebra
QI =Q3\ =Hx, Qu\Q2x+ Q2Q1r =0.

Though these are rather easily recognized, but in [220], Witten claimed innocently that the triplet
(Q1x,Q2x,H,) is canonically obtained by quantizing the Lagrangian density

J dg® D _
{Zggk( ol + i) L >+iRjklm¢]¢l¢k¢m

dt dt Dt

— 22 Jkdiﬁ _ D2¢ —— = ik,
dq dg* Dq] Dg*
Here, ¢’ are local coordinates of M, 9jks Rjrim are the metric and curvature tensors of M, Y, ™ are
anticommuting fields tangent to M, which are the creation and annihilation operators after quantization.
Problem for us is to clarify why “the triplet (Q1x, Q2x,H)) is canonically obtained by quantizing

the Lagrangian density £)”.
In this book, we give a partial answer of this question, which is described as follows:

Let a Riemannian metric gjx(¢q) be given on R™. We may extend the euclidian space R™ to the super
euclidian space R™!™ and the supersymmetric extension gjr as follows:
For a given Lagrangian

1 i i od o0 m
L= 59@'(61)(1 ¢+ Aj(q)¢’ —V(qg) € C(TR™;R),

using Legendre transformation, we associate a Hamiltonian

1

=97 (q)(pi — Ai())(p; — Aj(q)) + V(g) € C*(T*R"™;R).

H(q:p) = 5
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To such a Hamiltonian, via extending formally that Lagrangian, we may associate a supersymmetric

extension
H(x,&,0,m)
= %Qij(@(fi - %(gik,l(l') — gue(2))0F7" — Ay(2)) (& — %(gjm,n(x) = Ginm ()0 7" — Aj(z))

1 ) . 1 . o
+ iRikjlajglﬂlﬂk + §9Jk($)Wj($)W,k(33) — Wij(x)0'n?

which belongs to Cgg(R>™12™; Rey ).
We study the properties of solutions of

%xj(t) = ;@H(ﬂs,&@,ﬂ),

GE0) =~ H(.6.0.7).
%gk(t) = _%H(xﬁ,@,ﬂ,
%m(t) = fa%ﬂw’f’“)

with
(7(0),&;(0), 61 (0), ™ (0)) = (27, €, 6y, m;,) € R,
After solving these equations, we apply the Feynman’s procedure explained before, and we produce a
triplet as above in this case. Supercharges are transformed into @Q’s and ‘H yields the Hamilton operator
H,.
We stress here that we apply the Feynman’s procedure only in imaginary time case because L2-
boundedness theorem of a Fourier integral operator with highly oscillating phase is not available in

general.

1.1.4 Atiyah-Singer Theorem

I want to give a model how to extend the given Lagrangian to a supersymmetric one, and calculate its
index.
I take a damped harmonic oscillator on R? as the simplest example:

. 1. . . . 1 1 -
L(q,q) = Q(Qf +43) + a1g2G1 — a2q2G1 — [§w12fﬁ +Aqige + §w22qg] € C=(TR?). (1.45)
Using Legendre transformation, we have a Hamiltonian H(q, p), ¢ = (q1,92), p = (p1,p2) given by
1 1 1 i}
H(q,p) = 5[(191 —a1q2)” + (p2 — az2qn)?] + 5(*}12(]% +Aq1g2 + §w22q§ € C>(T"R?). (1.46)

Then using Lagrangian path-integral method, we get a fundamental solution EF of the following initial
value problem:
0]
Zhiu(tv q) = Hhu(t7 q)a

ot (1.47)
u(0,q) = v(q).
That is,
1 - ,
u(t,q) = EtLU(Q) = m/ﬂ{dql Dy(t,q, q/)l/%m ‘Sultaa )v(q’). (1.48)

Or by Hamiltonian path-integral method, we have another expression as

1 - A
u(t,q) = Effv(q) = ﬁAdPDH(t,Qap)l/2elh S (ta2)j(p). (1.49)
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1.1.4.1 The index of the super extended damped harmonic oscillator

Introducing operators

0 .0 .
Da:%—zpaa with «a=1,2,
and €,3 = —€gq, €12 = 1, we extend L(q, §) as
- 1 ;
Ly = =7 (Da®)eas(Ds®) + %Apaeagpﬂcp —iW(®). (1.50)

In the above, A(q) is extended from g € R to ® = x + i(p1tha — path1) + ip1p2F € Rey as
A(®) = A(z) +i A (2) (132 — p2to1 + p1paF) + A" () p1p2i1 . (1.51)

with the Grassmann extension given by, for k =0,1,--- |
= 1
ok A(z) = Z EAUH_@ (x)2* where z=24+2¢cNRey, z=q€cR.
=0 "

W (®) is analogously extended from W (q) whose relation to V' (¢) will be given later.
Remark. The following relation will be worth noticing:

0 0

2 9
<6pa — ipa&) = —ia for each o =1, 2.

Now, we have

L6 = /ddepl io

: . , (1.52)
. . 1 ; ; .
= §x2 + A(z)d + 5F2 +5 (wrzwz - wlwl) + W' (2)F — iW" (2)¢11)s.
Assuming that the “auxilliary field F” should satisfy
oLy ,
0= a =F+ W, (1.53)
we arrived at 1 . 1
. . 1 ; ; .
Ly = §m2 + A(z)x + 3 (11121/)2 - 1/111/)1> — 51/1/’(3:)2 — W (x)h11hs. (1.54)

This is the desired Lagrangian with variables x, &, 1, 1/}a, but variables ¥, 1% are not independent each

other. In fact, they satisfy

(o, V5} = Yatbs + atha =0, {Ya,Ps} =0 and {ta, s} =0.

To find out “independent Grassmann variables” in (3.10), we introduce new variables by the following
two methods:

(I) Defining new variables as

S

g— T = j:‘i’ax,

x

Lo i (1.55)
o = —— = —=, for a=1,2,

0tha 2

we put

H(x7§a¢17¢2) = xé- +fl/)o¢¢a - LO

]‘ 1 !/ ' 1"
= S(§ = aa)? + W/ (@) + S W (@)acaptis.
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Rewriting the variables 1,9 as 6,7, respectively, we get
1 1
H(z,&,0,7) = 5(5 —ax)* + §W'(3:)2 +iW" (x)0r. (1.56)

(IT) In the above, we use the “real” odd variables ¢,. We “complexify” these variables by putting
1
V2

and then we rewrite Ly as

b= gy + i), zzziz(wl—wg, wlz%wwx Yr= ——(p—F),  (L5T)

1
V2

7 1. P 1 -
Lo = 53:2 + A(x)z + 5(1/)1/} + P)) — §W'(3:)2 — W (x)p. (1.58)
Introducing new variables as

_ Lo _, _SLo_ g o 0L i

we put

H(z,€,%,9) = i€ + v + ¢ — Lo
1 1 _
= S(E= A@)? + W (@) + W ().
Rewriting ¢ and v by 6 and 7, respectively, we get finally a function
H(r,6,6,m) = 5(6 — A@)) + 3 W/(@)? — W' (@)0r € Cas (9 : Ro) (1.60)

Here, (z,0) € R, (&, 7) € |,

Remarks.  (0) The difference between (3.12) and (3.16) is the existence of 4 in front of the term
W' (z)0m. This difference is rather significant when we consider Witten index for supersymmetric quan-
tum mechanics using the kernel representation of the corresponding evolution operator.

(1) As there is no preference at this stage to take m and 6 instead of § and 7, there is no significance of
the sign =+ in front of the terms iW" (z)fr in (3.12) or W ()07 in (3.16) in these cases.

(2) We may regard H(x,&,0, ) as a Hamiltonian in Cgs(T*R! : Rey).

(3) These Hamiltonians (3.12) and (3.16) are called supersymmetric extensions of (3.1) because they
give supersymmetric quantum mechanics after quantization (see §4). The procedure above is author’s
unmatured understanding of amalgam of physics papers such as Cooper and Freedman [CF], Davis, Mac-
farlane, Popat and van Holten [DMPvH] etc. But supersymmetry in superspace R will be studied
separately.

(4) On the other hand, using the identification (1.13), we have

Hi — % 0
H"(2,0,,0,8) = 2 b = #H%.

)

Moreover, in this case, the “complete Weyl symbol of the above H"(z,d,,0,9y)” is calculated by

o - 1 1
Ha(x,£,0,m) = (e 1(m5+0”)Hi(:L’,8m,9,89)em | (a&t0m) = 5({ —ar)’ + §b2z2 + IbOmw. (1.61)

h=0
H equals to (3.12) when A(q) = ag and W (z) = 3bz?, and H_ is obtained from (3.16) with A(q) = ag
and W (z) = —Lba?. These give the relation between W (q) and V(q). (See SUSY Q.M. defined in §4.)
(5) Witten [W1] considered as a quantum mechanical operator

Hla.00) = (5% + (@) (; ‘f) - el (f) _°1> . (1.62)
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This operator is supersymmetric when there exists a function (g) such that

=¢'(q)*, w(q) =v¢"(q).

1.2 Random Matrix Theory

(IT-b) has rather recent origin, that is in 1983, Efetov [69] published a paper entitled “Supersymmetry
and theory of disordered metals”. Moreover, there are other ramifications related to quantum colour
dynamics. By the limitation of author’s ability, we take an example which gives a precise remainder

estimate (which is also obtaind by the ordinary method) concerning the Wigner’s semi-circle law.

1.2.1 Wigner’s semi-circle law

Let $§ be a set of Hermitian N x N matrices, which is identified with RY *asa topological space. In

this set, we introduce a probability measure duy(H) on Hy by

N N
dun(H) = [ [ d(RHyx) [ [ dRH;1)d(SHjx) Py, s (H),
k=1 J<k (1.63)

_ N .
Py j(H) = Zyexp [ o7z tr HH]

where H = (Hjx), H* = (H};) = (Hy;) ='H, Hszl d(RHgy) H;-V<k d(RH ;i )d(SHji) being the Lebesgue
measure on RY" | and Zyl; is the normalizing constant given by Zy ; = 2V/2(J?r /N )3N/2,
Let E, = EL(H) (a=1,---,N) be real eigenvalues of H € Hy.

We put
N

pv(N) = pv(A\ H) = N71 Y " 6(A = Ea(H)), (1.64)

a=1

where 0 is the Dirac’s delta. Denoting

() = (FO), = / dyu (H) £(H),

NN

for a function f on Hy, we get
Theorem 1.2.1 (Wigner’s semi-circle law)

PR A <2
m (pn(N)) g = wee(A) = (2mJ*) =4 for | <27,

(1.65)
N—oo 0 for |A] >2J.

Seemingly, there exist several methods to prove this fact. Here, we want to explain a new derivation
of this fact using odd variables obtained by Efetov [?].
(A) One of the key expression obtained by introducing new auxiliary variables, is

{(pn(N))y = 7r_1%/ dQ ({(A —i0)I; — Q} 1), exp [-NL(Q)] (1.66)
where [,, stands for n x n-identity matrix and

L(Q) = str[(2J%)71Q? + log((X — i0) I, — Q)]

dl‘ldaig

dp1dpa, (1.67)

Q={Q= (Il p1> |21, %2 € Rev, p1.p2 € Rod } ~ R dQ =
P2 1T2

(/\ —130 — .’131)(/\ —130 — iafg) + p1p2

(A= 10)8 = Q))yy = =50~ 200 10 — i)
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Here in (1.66), the parameter N appears only in one place. This formula is formidably charming
but not yet directly justified, like Feynman’s expression of certain quantum objects using his measure.

(B) In physics literatures, for example in [?], [?], they claim without proof that they may apply the
method of steepest descent to (1.66) when N — co. More precisely, as

they seek solutions of

As a candidate of effective saddle points, they take

1 1
Q.= (5)\ + 5\/ A2 —4J2)1,,
and they have
Jim (pn (V) y =7 = Qo) = wae(A). O
Remark. Not only the expression (1.66) nor the applicability of the saddle point method to it are not
so clear. To get the mathematical rigour, we dare to loose such a beautiful expression like (1.66).

To prove that such expression holds for real A, I conjecture to develop new integration theorem such as

Henstock-Kurzweil’s integral.

1.2.2 Relation between RMT and Painlevé transcendents

It is known rather recently that there is a mysterious connection between RMT and Painlevé functions.
Let &, be a set of unitary n x n matrices with Haar measure. Then, the characteristic function of the
randomvariable tr U for U € i, is
B (et(tr U+tr U)
n

n

7—1, we have

For any g with Fourier coefficients {g;}, putting eigenvalues of U € l,, as {e**i}

N
En(H g(e™)) = det T (g)

where

) 1 s
Tn(9) = (9j-k)jk=0,n-1 With g1 = 3 e g(¢)ds.
™ St

In this case, for g(z,t) = etz+z")

Dy (t) = det Ty (g(-, 1)) = By (et UHtr U),

Now put
Un(t) = (Tn(g('at))71f+757) = (Tn(g(‘vt))ilfiv‘ﬁ)a q)n(t) =1- Un(t)z
where

1 0 fl fn
0 0 f2 fn—l

st=1:, st=|:|, A= |, =] :
0 0 fn—l f2
0 1 fn fl

Then, ®,, satisfies a variant of the Painlevé V equation:

" o__
o, =
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1.2.3 Matytsin’s procedure

(1) Putting

1 N
I(Xn, Y1) = o7 /U(N) dU exp (— 5 tr (X — UYNUT)2),

we have readily
N
I(Xn,Yn;t) = exp < -5t (X% + Yﬁ,))](

Since we have

OI(Xn,Yn;t) 1 §
2N = — [A(XN)I( XN, Y]
ot A(XN)l:ZlalL'%[ ( N)( N> Nat)]7
putting
I(Xn,Ynit) = AXN) (XN, YNit),
we get
(XN, Ynit) o 0% -
2N = I( XN, YNt
This yields
- 1 (21 —21)% + (w2 — 22)2 + - + (zn — 20)?
I(Xn,YNit) = ——————— d —

Introducing the Ansatz
I(X,Y;t) = exp (N*W(p,0,t))

we get
oW 1 LW N oW al oW
2— = — N — 2 )=
ot NZ 522+ Z (6acj) * Zv(mj)ﬁxj’
j=1 ~J j=1 j=1
where 1 1
Vixy)
J N vy Tj— Tp

Assuming that
lim W(p,o;t) = W(p,a;t),

N—oo

we have -
ow _1(o oW,
dr; N\ Oz ép(x) 99

oW N row al oW
QW = N; (&@) +2;V($j)87j,

1 1
W==5- WZIOgMj — x| — Wzlogh/j = Ykl
J#k J#k

aS N /o8 1L,
2&_N;(%>_N;V(%)’

1 1 1

— V2, = — -

N Z () N3 Z (xj —xp)?
Jj=1 J#k

21

(1.68)

(1.69)

(1.70)

(1.71)

(1.72)

~n

] (ZNaYN;S)a

(1.73)
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Elementary Analysis on superspaces
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Chapter 2

Superspaces based on the

Fréchet-Grassmann algebras

2.1 The oco-dimensional Fréchet-Grassmann algebras

2.1.1 The Grassmann generators

We prepare’ a set of countably infinite distinct letters {o;},en satisfying the Grassmann relation,
0,0j +0j0;, =0 forany 4,j=1,2,---. (2.1)

We consider following sets rather formally (but soon later “proved as meaningfull”):

€={X:ZXIUI|XI€C}, (2.2)

Iel
€)= ¢y = C,
Cijy = {X = Z X[O'I} and
1= (2.3)
¢y = {X = me} =€/ G-1);
1I|=j
where
T ={I = (ir,ig,- ,ig,-) € {0,V [ |I] = ix < o0},
k (2.4)

ol =olglz... with o0 =1, 0=(0,0,---).

Remark 2.1.1 If you are unfamiliar with the formal introduction of ‘letter’ {o;}jen with multiplication
satisfying (2.1), you may regard, for a while, o; as dz; (the differential of z;) with the exterior product
A as the multiplication where z = (21,29, -+) € H‘;il R = R*. An explicit construction of {o;};en s
given by Rogers in §2.1.4. Berezin [?] gave another realization of it as operators in the Fock space. See,

for more algebraic treatment, Kostant & Sternberg [135].

Ithat is, we may find or may construct such letters

25
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Sequence spaces and their topologies: To give the concrete meaning of the above
summation expressions in (2.2) and (2.3), we recall the sequence spaces w and ¢ in the
terminology of Kothe [136]. That is, we define

{ o= {; = (zx) = (1,22, , Tk, ") | xk € C and x) = 0 except for finitely many k} ,

w = {u: (uk) = (u1,ug, -+ U, ) | U EC}.
(2.5)
For any sequence space X containing ¢, we define the space X'* by
x* = {uz (uk) | Z|uk\|xk| < oo forany = (xx)€ X},
2
then, we get
¢ =w and w* = .
We introduce the (normal) topology in X and X* by defining the seminorms
pu(;):Z|uk||xk|:p;(u) forye X and u € X*. (2.6)

k
Especially, 1) converges to ¢ in ¢, that is, p,(x™ — 1) — 0 as n — oo for each u € w if

and only if for any ¢ > 0, there exist L and ng such that

(1) m,(cn) =x,=0 for k>L when n>ng, and 27)
(ii) |1:,(€n) —axg| <e for k<L when n>ng. .

Analogously, u(™ converges to u in w, that is, Dy (u(”) —u) — 0asn — oo for each ¢ € ¢
if and only if for any € > 0 and each k, there exists ng = ng(e, k) such that

(n)
k

lup,” —uk| <€ when n > ng. (2.8)

Clearly, w forms a Fréchet space because the above topology in w is equivalent to the one

defined by countable seminorms: {pi(u)}ren where pip(u) = |ug| for u = (ug,ug,---) =
J

—_—
doio uje; € w with ej:(6,~-- ,0,1,0,--- ) € w.

Now, we define the isomorphism from Z onto N (diadic-decomposition) defined by

1 o0
riI>I= (i) —r() = 1+522kik €N where i, =0or 1. (2.9)
k=1

Using r(I) in (2.9), we define a map
T: ol - ey for I =(ix)cT.
Extending this linearly, we put

T(X) = ZZ‘T(I)QT(I) cEw for X = Z XIO'I € Q:(j). (2.10)
[T]<j

More explicitely, we have the following first few terms:

Z Trryer(r) = (X(0,0,0, )5 X(1,0,0, ) X(0,1,0,-)> X(1,1,0,+ 5 X (0,0,1,- 1> X(1,0,1,-+ )5 X (01,1, )7+ )
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Then, we have

U7Tew) = Ty = (2.11)
=0 =0

because T'(€(;)) and T'(€)) are disjoint sets in w if j # k. Therefore, it is reasonable to write as in (2.2)
and more precisely,

¢ =a2,¢;, thatis, X = ZXU] with X[ = Z Xol. (2.12)
=0 I|=j

Here, X[;) is called the j-th degree component of X € € We have just given the meaning of the
summations in (2.2) and (2.3) by using the summation in w. By definition, we get

Cjy C €y for j <Kk, (2.13)
¢C= U?.;()Q:(j) with ﬂ?’;o < =C, '
€ -y © Cpyipry - and Cy - gy C Ejppy. (2.14)

Remark 2.1.2 The second relation with €,y in (2.14) also holds for the Clifford algebras but the first
one with € is specific to the Grassmann algebras satisfying (2.1). Here, the Clifford relation for {e;} is

defined by
eiej +eje; =20;1 forany i,5=1,2,---. (2.15)

Typical examples are the 2x 2-Pauli matrices e; = {0} j=1,2,3 and the 4 x 4-Dirac matrices {e;};=0,1,2,3 =

{ﬂvaj}'

2.1.2 Topology

We introduce the weakest topology in € which makes the map T continuous from € to w, that is,
X =Y,z Xi0! — 0 in € if and only if proj;(X) — 0 for each I € T with proj;(X) = Xp; it is
equivalent to the metric dist(X,Y) = dist(X — Y) defined by

: 1 | proj; (X)|
dist(X) = E f X ec. 2.16
) £ 2D 1+ | proj; (X)) o © (2.16)

For example, X = f(¢)oy---0, — 0 in € even if f(¢) — oo because dist(X ) < 2-2'+1,

2.1.3 Algebraic operations

For any X,Y € €, we define

X+Y = Z(X + Y)[j] with (X + Y)m = Xm + Y[j] for 7>0 (2.17)
=0
and '
0 J
XY = Z(XY)U] where  (XY)y; = ZX[j—k]Y[k] = Z (XY)ro'. (2.18)
J=0 k=0 171=j

Here, (XY); =Y, x (=1)"U/ KX,V € Cis well-defined because for any set I € Z, there exist only
finitely many decompositions by sets J, K satisfying I = J+K (i.e. [ = JUK, JN K = ). Here, the
indeces 7(I; J, K), or more generally 7(I; Jy, -+, Ji) are defined by

(_I)T(I;Ju'“ gl gt = ol with T = Jitdot - F g (2.19)
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But for notational simplicity, we will use (—1)7*) without specifying the decomposition if there occurs
no confusion.

Exercise 2.1.3 For sets J, K satisfying [ = J + K,

(71)|JHK‘(71)T(I;J,K) _ (71)T(I;K,J).

Moreover, we get
Lemma 2.1.4 The product defined by (2.18) is continuous from € x € — €.
Proof. Tt is simple by noting that there exist 2/ elements J € T satisfying J C I and that

< < or(D) .
I(XY)II_F;KIXJHYKI_Q (max | X, ) (max |Vic|) forany XY €€ O

To summarize, we get

Theorem 2.1.5 € forms a Fréchet-Grassmann algebra over C, that is, an associative, distributive and

non-commutative ring with degree, which is endowed with the Fréchet topology.

Proof. Clearly, we get
X(YZ2)=(XY)Z (associativity),
XY+2)=XY+XZ (distributivity).

Other properties have been proved. O

Comment. We may introduce another set denoted by AC as the projective limit of sets A%. Here,
A€ is defined by

AC:{X: > X,aI|X,e<c} with  Zp = {I = (1,49, ,i,0,---)} CT
1€y,

~ A(RE : C) (2.20)

= the exterior algebra of forms on RY with coefficients in C 2 c?’.

In fact, for M > L, defining maps ¥ : Zpy — Zp by wLM(ZIeIM Xrol) = ZIEZL Xro!, we have
the set (A(E, ) which forms a projective system and yields a projective limit A®. More precisely, the
topology of AC is defined as follows: Elements X (") converges to X in A€ if and only if for any € > 0 and
I, there exists an integer ng = ng(e€, I) such that \X}n) — X1| < € when n > ng.

Remark 2.1.6 We may consider that an element of X € € stands for the ‘state’ such that the position
labeled by o' is occupied by X; € C. In other word, considering {o;} as the countable indeterminate
letters, it seems reasonable to regard € as the set of certain formal power series 2 with simple topology.
Therefore, it is permitted to reorder the terms freely under ‘summation sign’. That is, the summation
Y orer Xrep(r) is ‘unconditionally (though not absolutely) convergent’ 3 and so is dorer Xiol. We use
such a big space € with rather weak topology because this algebra is considered as the ambient space for
reordering the places. We feel such a big ambient space will be prefarable and tractable for our future use.

2with the special property that same letter appears only once in each monomials
3diverting the terminology of the basis problem in the Banach spaces
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Remark 2.1.7 (1) As {€;)} forms a filter by (2.13) and (2.14), it gives a 0-neighbourhood base of the
linear topology of € which is equivalent to the above one defined by (2.8). (See [136] for the linear topology
of wector spaces.)

(2) We may introduce a stronger topology in € called the topology by degree, that is, XM 22X in & means
that

(i) there exists d > 0 such that X}n) = X1 =0 for any n and I when |I| > d and
(ii) \X}n) — X — 0 asn — oo when |I| <d.

2.1.4 Banach-Grassmann algebra

Let £' be a Banach space of sequences w = (wy,wy, - - ) satisfying w; € C and [|w] = 3272, |w;| < .

Denote by My, the set of sequences given by
Mp ={pp = (pa,p2, o), 1 <pn <pg <o <pp <L} and Moo = U7 M.

We regard () € My, and for any j € N, we put (j) € M. For each r € N, we may correspond a member
€ My, by using

1
r= 5(2u1 22 2, (2.21)
/—’TH
Conversely, for each p € M, we define e, as e, = (0,---,0,1,0,--- ) where r and p are related by

(2.21). Then, w = }_ wye,. Now, we introduce the multiplication by
enep = ege, =e, for pe My,
(i) €(j) = —€>H)€() for 1,7 €N, (2.22)
€n = €(uy)€(ua) " Euy)  Where = (un, pia, -, pk)-

That is, we identify

w = (Wi, wa, wa,wa, - ++) = Y wie(y) > (W), Wa), W 2), Weay ) = D Wyey
j=1 s

where

e(j) < 04y €)€(2) = €(1,2) <> 0102 =0, I(10) = (1,1,0,--),

€ = C(u1)C(p2) "~ " Cp) T T Opn " Oy = 0 I,u* (07"' ,0,1,0,--- 7071v05"')'

Therefore, the real Banach-Grassmann algebra introduced by Rogers consists of the absolutely con-

vergent sequence

X[ =>|1Xi| <00 for X =37 Xso! with X; € R, and it satisfies | XV[| < || X|[|[Y]].
IeT

Proposition 2.1.8 (Roger) (! with the above multiplication forms a Banach-Grassmann algebra with

countably infinite generators.
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2.1.5 The supernumber

€ is called the (complezx) supernumber algebra over C and any element X of € is called (complex) super-
number.
We introduce the parity in € by setting

0 if X = Z[EI,\I\:evenXIO—I’
1t X =3 e7 11=odd Xpo'.

X € € is called homogeneous if it satisfies p(X) = 0 or = 1. We put also

p(X) = (2.23)

Qev = @;.;OQ[QJ'] = {X ec | p(X) = 0}7
Coa = D720 211 = {X € €[ p(X) =1}, (2.24)
¢ Q:ev 2 Q:od = Q:ev X Q:od-

Moreover, it splits into its even and odd parts, called (complex) even number and (complex) odd

number, respectively :

X =Xev + Xoa = Z X,0%+ Z X, 0% = Z X[j]—‘r Z X[j]. (2.25)

|a|=even |a|=o0dd j=even j=odd
Using (2.25), we decompose

X=Xp+Xs where Xg= » Xy and Xp=X;=X[q (2.26)

1<j<0
and the number Xp is called the body (part) of X and the remainder Xg is called the soul (part) of X,
respectively. We define the map g from € to C by np(X) = Xp, called the body projection (or called

the augmentation map in [184]).

Important Remark. ¢ does not form a field because X2 = 0 for any X € €.,q. But, it is easily
proved that

(i) if X satisfies XY =0 for any Y € €4, then X =0, and

(ii) the decomposition of X with respect to degree in (2.12) is unique.
These properties are shared only if the number of Grassmann generators is infinite. For example, if
the number of Grassmann generators is finite, say n, then the number o035 - -0, is recognized 0 for the

multiplication of any odd number.

Example (the invertible elements). Let X € € with Xp # 0. Then there exists a unique element
Y € € such that XY =1 =Y X. In fact, decomposing X = Xg + Xg and Y = Y + Yg, we should have

XpYp =1, XpYs+ Xs¥p+ XgYs=0.

Therefore, putting Xs = 375 Xrol and Y = 21750 Y;0”7 and noting that olo’ = (—1)7(Kl )oK
for K =1+ J, we have

Y =Xg', Yk=-X5' > (-1)7"xy;
K=I+J

For example,
for |[K| =1, then Yx = —-Xg5'XgVYg,---,

for |K| =¥, then Yx =—Xg' Z (—1)TELD) Xy,
K=I+J
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If Xp =0, there exists no Y satisfying XY =1or YX = 1.

Now, we define our (real) supernumber algebra over R (but not over C) by

%:wBl(R)HQ—{X—ZXIJI| Xg€R and X;eC for |I|7é0}. (2.27)
1€

Defining as same as before, we have
R =Rev ®Roa, R = D7 Ry (2.28)
Analogous to €, we put

R={Xe€|mX R}, R = RN,
Rev = RNy, Roda =RNCoq = Coy, (2.29)
R = 9r{ev 2 SRod = 9{ev X 9c{0d~

Here, we introduced the body (projection) map mg by mgX = projg(X) = X5 = Xz.
R(;) and other terminologies are analogously introduced.

2.1.6 Conjugation

*

We define the operation * as follows: Denoting the complex conjugation of X; by X; and defining

ol = gin ..o for I = (iy,--- ,in), we put
* ~ _7T dr-=1) — I
X =) "Xl =) (-1)" 2 X0 (2.30)
IeT I€T
Then,

Lemma 2.1.9 For X,Y € € and A € C, we have
(X*)* =X, (XY)' =Y'X*, (AX)" =AX". (2.31)
Exercise 2.1.10 Prove olo/ = o7 ol. (Hint: Use (1.46))

%% %

oo = (—1)TELDGK = (—1)mUGLI) () HHF= K

qr—=1)
Pl

s
=1
pl

(1) 10 71=1) ool — (—1) (—1) L7100 71=1) (_1)7—(K;J,I)0_K’

(_1)\JIIKI(_1)T(1;J,K) _ (_1)T(I;K7J).

ool = (-1)

Therefore, we get the desired result. Onthe other hand, we prove also, if K =1 + J,

IKI(IK[=1) LI =1
2 = 2

(71)T(K;I,J)(71) 1 ul(‘;‘_l)(il)r(K;J,I).

% %%

Remark 2.1.11 We may introduce “real” as X* = X for X € €, or from purely aethetical point of view,
the set of “reals” may be defined by

R ={X =) X;0'| X; €R},
IeT
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but we don’t use this “real” in the sequel. Because the analysis is really done for the body part and the

soul part is used only for reordering the places, therefore, we imagine that the set

RK:{x:ZxIUI‘xBER and xIEK}

IeT

would be more natural as our ‘supernumber algebra’. Here, K should be an associative algebra such that

we may define seminorms analogously as before. This point of view will be discussed if necessity occurs.

Remark 2.1.12 There is another way of defining the conjugation: We define ¢; as a linear mapping
from € to C such that (5;,0k) = d;x, and by this, we may introduce the duality (-,-) between € and €
which is the Grassmann algebra generated by {G;}, and whose Fréchet topology is compatible with the

duality above. In this case, putting ol = Gir - .- 5? for I = (i1, -+ ,iy) and
— Lz =1) —
X :ZXIJI = Z(*l) - g - X](_TI,
Iez IeT

we have also (2.31).

Example(absolute value for £ € ®R™). For £ = (&, , &) € R™O = R we define the “absolute

ev?

value” |£| € Rey as follows:

€] =&l + I€ls, where|éls= > [€lio’, [l >0, €] €R,

|I|=even>2

and |¢|? satisfies

m m m

67 =) (&G +&9)(EB+86s) =D En+ D &GnEs+Gs)+ Y &sks,
=1 i i=1

1

§is = Z &, s = Z o'

|I|=even>2 |I|=even>2

j=1

(Here, &; s is the complex conjugate of &; 1). Therefore,

s ={>_&s?

Jj=1

2 kléls+ Y ELIEL(—1)TFID =23 "GRG )+ D D &g (=)D,

I+J=K j=1 I+J=K j=1
Each |¢|k is defined by the induction of the length |K| of K € Z. For example, when |K| = 2, we have
€1k = l€I5" ij,B@%fj,K)'
j=1
Using this, when |K| = 4, we have
21|k = \5|§1(225j,13(3%§j,1<) + Z Zé}',lé}?(—l)ﬂm[’” - Z Z €171 (1) T
j=1 I+J=K j=1 I+J=K j=1

etc.



2.2. THE SUPERSPACE 33

2.2 The superspace

Definition 2.2.1 The super Euclidean space or (real) superspace R of dimension m|n is defined by

R = RI x Ry 5 X = 'z, ),

(2.32)
where x =Yx1, -+ ,x) and 0 =10y, --,0,) with 2 € Rev, 0s € Rod.
Notation: In the following, we abbreviate the symbol ‘transposed’ {(x1,--- ,z,,) and denote z =
(1, ,&m), etc. unless there occurs confusion.

The topology of R™™ is induced from the metric defined by dist,,n (X, Y) = disty,,(X —Y) for
X, Y € R where we put

: e 1 |projs(z)| - L |proj;(6y)]
distmin(X) =D (Z 2r(D 1+ préj;(ﬂfj)) i ; <Z 2r(D 1+ Ipréjz(ﬁsﬂ)' (2:33)

j=1 “NIeT IeT

Clearly, distq) (X) = dist(X) for X € R = R C ¢. Analogously, the complex superspace of dimension
m|n is defined by
gmin — gm x ¢ny. (2.34)

We generalize the body map 7 from R or RMIO o R™ by mgX = gz = (71, , TBT,) € R™
for X = (z,0) € R™I". The (complex) superspace €™ is defined analogously.

Dual superspace. We denote the superspace 8" by mann whose point is presented by X =
(2,0) = (21, -+ ,&m,01,-- ,0,). We prepare another superspace %Em‘" whose point is denoted by = =

& m)= (&, ,&mn, T, -+ ,7n), such that they are “dual” each other by

(X[E)mpn = > _(@;1&) + D _(Oklmi) € (2.35)
k=1

Jj=1

We abbreviate (:|-).,|, above by (-|-) unless there occurs confusion.

Remark 2.2.2 (0) Defining R in (2.27), we used both R and C. The reason of this definition is explained
in §4 where we solve a certain Hamiltonian equation stemming from the Pauli equation.

(1) De Witt [60] introduces his space len (AR )™ < (AR))™. Here, AR, = limp_, o AR (RL) and AR, (RY)
is isomorphic to the exterior algebra of even forms on RL with real coefficients. AR, and A® = AR + AR,
are ‘defined’ analogously. In the above, the meaning of limyp_ o, " is not so clear. And his topology in
Rdmv‘&b is the weakest topology which makes continuous the projection wg from Rdmv‘[;b to R™. This does not

m|n

give the Hausdorff topology in R ;;, but he claims that non-Hausdorff property of his space is not serious
in his analysis.

(2) Rogers [184] defines her space R?}gln based on the real Banach-Grassmann algebra £* in order to develop
her theory of superanalysis, using the known differential calculus for functions on Banach spaces. But
we are not sure whether such a strong topology is really necessary. Or rather, we claim in the following
that though gemerally speaking, the differential calculus on locally convex spaces are rather troublesome,
see for example, Keller [129], Yamamuro [225], but we may carry out almost the same procedures as she
done in [184] using the ring structure directly in our Fréchet-Grassmann algebra.

(8) Matsumoto and Kakazu [158], Yagi [222] and Bryant [41], in order to refine the idea of De Witt,
defined a Fréchet space which is the projective limit of the Banach space modelled on the exterior algebra
of forms on RY with real coefficients, though the grading and the ring structure of it is obscured by their
construction.
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(4) See also the papers, [188], Jadczyk and Pilch [122] and Hoyos et al. [100] who use the Banach-
Grassmann algebra.



Chapter 3

Elements of the linear algebra on the

superspace

3.1 Matrix algebras on the superspace

Definition 3.1.1 A rectangular array M, whose cells are indexed by pairs consisting of a row number
and a column number, is called a supermatriz and denoted by M € Mat ((m|n) x (r|s) : €), if it satisfies

the following:

A C
1. A (m+mn)x (r+s) matrix M is decomposed blockwisely as M = (D B) where A, B, C and D

are m X r,nxs, mxs andn X r matrices with elements in &€, respectively.
2. One of the following conditions is satisfied: Either

o p(M) =0, that is, p(Ajr) = 0 = p(Byy) and p(Cjy) =1 = p(Dux) or
e p(M) =1, that is, p(Ajr) =1 = p(Buy) and p(Cj,) =0 = p(Dur).

We call M is even denoted by Mat o, ((m|n) x (r|s) : €) (resp. odd denoted by Mat oq((m|n) x (r|s) : €))
if p(M) =0 (resp. p(M) =1). Therefore, we have

Mat ((m|n) x (r]s) : €) = Mat oy ((m|n) x (r]s) : €) & Mat oq((m|n) x (r|s) : €).

Moreover, we may decompose M as M = My + Mg where

A 0
P when p(M) =0,
0 Bp

0 ¢
b when  p(M) = 1.
Dg 0

The summation of two matrices in Mat ¢, ((m|n) x (r|s) : €) or in Mat oq((m|n) X (r|s) : €) is defined
as usual, but the sum of Mat ¢, ((m|n) x (r|s) : €) and Mat oq((m|n) x (r|s) : €) is not defined except at

Mp

least one of them being zero matrix.

35
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It is clear that if M is the (m + n) X (r + s) matrix and N is the (r + s) x (p + ¢) matrix, then we
may define the product M N and its parity p(MN) as

ZMka]7 p(MN) =p(M) +p(N) mod 2.

Moreover, we define Mat [m|n : €] as the algebra of (m + n) x (m + n) supermatrices.

Matrices as Linear Transformations:

A C

Mat oy ((m|n) x (r|s) : €) > M = <D B

) . m'f‘|s _ 9am|n7

A
Mat oa((mln) x (rls) : €) 5 M = (D g) LT R xR

Mat od((n|m> X (mln) : Q:) > A"’m - (Hm 0

0 ]In> :mo ~ mn _ mn > mm mnhn.

If we introduce the duality between /™™ as in (2.35), we may define the transposed operator as
<MX|E>m|n = <X|M >r\s for any M € Mat oy ((m|n) x (r[s) : €),

for X = (z,0) € ®"* and Z = (¢, w) € R™"™. More precisely, we have

t
A At Dt

Mt = ¢ = and MU = M.
D B —Ct Bt

m\n

Analogously, if we define the duality between €7 mIn and ¢y

(Z]T) mln = Z ZJ|77] + Z eklpk or Z Zj|77j + Z 97|pk
=1 k=1 =1 k=1

for Z = (z,0) € €15, T = (n, p) € €"", we may introduce M*, the adjoint of matrix M, by

M* = 4 C = 4 D and M*™ = M.
D B -C* B*

The conjugation is defined by

Therefore, we have

MZ =DMZ forany M € Mat((m|n)x (r|s):€) and Ze ¢l

(76 7)

Lemma 3.1.2 For M € Mat ((m|n) x (r|s) : €) and N € Mat ((r|s) x (plq) : €), we have

That is, using (2.31), we have

(MN)* = N*M', (MN)*=N*M*, MN = MN,

_ I
(MY = AMA, (M)"'=M*, where Az(éﬂ ?I)
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If M € Mat[m|n : €] is even, denoted by M € Mat o, [m|n : €], then M acts on ™" linearly.
Denoting this by T, we call it super linear transformation on 8" and M is called the representative

matrix of Thy.

Proposition 3.1.3 Let M € Mat o, [m|n : €] and assume det Mg # 0. Then, for given Y € R™I",

TuX =Y
has the unique solution X € R™" which is denoted by X = MY .

Proof. Since Mp has the inverse matrix M];l, (3.1) is reduced to

X+NsX =Y, Y =M;'Y

(3.1)

where Ng = MglMs. Remark that NgX|; € Zz’;ﬂ_l ¢ for j > 0. Decomposing by degree, we get

X[j] = Y[;] — (NSX(j—l))[j] for j = 1,2, e
As Xy = X[ = Y[g], we get X[, from X(;_1) for j > 1 by induction. O

Exercise 3.1.4 How about M € Mat oq((m|n) x (njm) : €) 2

Definition 3.1.5 M € Mat,[m|n : €] is called invertible or non-singular if My is invertible, i.e

det Ag det Bg # 0, and denoted by M € GL o, [m|n : €].

3.2 Supertrace, superdeterminant and Paffian

Lemma 3.2.1 Let V, W be two rectangular matrices with odd elements, m x n, n X m, respectively. We

have
(1) tr (VW)E = —tr (WV)* for any k=1,2,---.
(2) det(I,, + VW) = det(L,, + WV)~*

Proof. Let V = (vi;), W = (wjx) with v, wjr € Coq.

k P .. . . . . “ e . . . .
- E :Uljlelbvhja v]k’—l]lw]kl
— Y T e oy — k
== E :w]1]2U]233 Vjy_yjx WiiVig, = — tr (WV)"

Using this, we have tr (WV)!~1WV) = —tr (V(WV)~1W) which yields

—1 441
log det(I,, + WV) = tr log(I, + WV) = Z ( ; tr (WY)W Y)
L
”1 £+1
= Z tr (V(WV)E W) Z

¢
= —logdet(L,, + VW). O

Comparison 3.2.2 If A= (a;;) € Mat (m x n:Ce), B = (bji) € Mat (n x m : &), then we have

(1) tr (AB)* = tr (BA)*,
(2) det(I,,, + AB) = det(I,, + BA).
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A C
Definition 3.2.3 Let M = <D B) € Mat [m|n : €]. We define the supertrace of M by

str M =tr A— (=1 tr B.
Using Lemma 3.2.1, we get readily
Proposition 3.2.4 (a) Let M, N € Mat [m|n : €] such that p(M) + p(N) = 0 mod 2. Then, we have
str (M + N) = str M + str N.
(b) M is a matriz of size (m 4+ n) X (r+s) and N is a matriz of size (r + s) X (m +n). Then,
str (MN) = (=1)PMPIN) gr (N M).

Definition 3.2.5 Let B = (Bji) be (¢ x {)-matriz with elements in Ce, denoted by, B € Mat [( : Cqy].

As €y is a commutative ring, we may define det B as usual:

det B = Z sgn (p)Bl p(1) """ ng(e).
PEPL

Then, we have, as ordinary case,
det(AB) = det Adet B, det(exp A) =exp (tr A) for A,B e Mat[l: €. (3.2)
Definition 3.2.6 Let M be a supermatriz. When det Bg # 0, we put
sdet M = (det(A — CB™'D))(det B)™*

and call it superdeterminant or Berezinian of M.

A A I
e 11 12) gy e 0 ,
Azr Agp —A22 Ao T,

be block matrices of even elements. Then, we have

Comparison 3.2.7 Let

Ay — A1 Ay Agr Asg

det A = det AM = det
0 Ago

) = det(Au — A12A521A21) det A22.

Corollary 3.2.8 When det Bg # 0 and sdet M # 0, then det Ag # 0.
Exercise 3.2.9 Prove the above corollary.
Remark 3.2.10 It seems meaningful to cite here the result of Dyson [68]:

Theorem 3.2.11 (Dyson) Let R be a ring with a unit element and without divisors of
zero. Assume that on the matriz ring A with n > 1, a mapping D exists satisfying the
following azioms:

Axiom 1. For any a € A, D(a) =0 if and only if there is a non-zero w € W with aw = 0.
Here, W is the set of single-column matrices with elements in R.

Aziom 2. D(a)D(b) = D(ab).
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Aziom 3. Let the elements of a be a;; 1,7 = 1,--- ,n, and similarly for b and c. If for
some row-index k we have
aij = bij =cij, 1 Fk
ai; + bij = cij, i =k,
then
D(a)+ D(b) = D(c).
Then, R is commutative.

This states that if the elements of matrix are taken from non-commutative algebra, then it
is impossible to define the determinant having above three properties. But, he claims a certain
‘determinant’ is defined for some class of matrices with elements in ‘quarternion’ requiring
only one or two properties above (By the way, Moore’s point of view, explaind in [68], should
be reconsidered significantly).

In fact, we may define “superdeterminant” for “supermatrix” as above which staisfies the

properties below.

Lemma 3.2.12 (1) Let L € Mat o, [¢ : €] such that the product of any two entries of it is zero. Then
(I, + L)' =1,— L, det(l,+L)=1+trL.
(2) Let M € Mat oy [m|n : €] such that the product of any two entries of it is zero. Then
sdet (Lyyqn, + M) = 1+ str M.
Proof. (1) Remarking
I, +L) =T, —L+L*~L%+--- and det(e”) =€ L,

we get the result readily.

A C
(2) For M = D Bl satisfying C'(I,, + B)"!D = 0 and tr Atr B = 0 garanteed by the product of any

two entries of M being zero,

sdet (Lyqn + M) = det(I,, + A — C(I, + B) "' D) det(I,, + B)~*
= det(L,, + A)det(l,, —B) =1+tr A—tr B=1+str M. O

Theorem 3.2.13 Let M, N € Mat [m/|n : €].
(1) If M is invertible, then we have sdet M # 0. Moreover, if A is nonsingular, then

(sdet M)~ = (det A)~*(det(B — DA™C)). (3.3)

(2) Multiplicativity of sdet :
sdet (M N) = sdet Msdet N. (3.4)

(3) str and sdet are matriz invariants. That is, if N is invertible, then

str M = (=1)PMTPMN) sty NMN™Y sdet M = sdet NMN L. (3.5)
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Proof (due to Leites [144]). (1) By

—1
i I B I O [P ) irderan 20, (3.6)
p B) \pat 1,) o B=pac)\o 1.

we have readily by definition, sdet M = det A(det(B — DA~1C))~, which yields (3.3).
(2) [Step 1]: Let G4, Go and G_ be subgroups of GL [m|n : €], given by

g+{(“g ]fl)}, -%{(81 J(é)}’ g-{@ H(D}'

Then, we have, M = M, MoM_ with M, € Gy, My € Go and M_ € G_. i.e., for any M € GL [m|n : €],

A I, B\ [A—CB-'D I
M= ¢y _ (Im © ¢ 0 m 0 et By £ 0. (3.7)
D B 0 I, 0 B) \BD T,

Remarking that
I, C " I, C"\ (I, C+C
0 I, o 1,) \o 1, )’

we introduce the notion of elemantary matrices having the form

I, E
0 I,
where E has only one non-zero entry.
[Step 2]: We claim sdet (M N) = sdet Msdet N whenever M € G, or M € Gy, and similarly, whenever
N € Gy or N € G_. For example, when

I, C A C
M= N —
(o Hn>€g+ (D B)’

’ , ,
sdet (M N) = sdet (Hm C) (A C) = sdet <A+OD C+CB>

we have

0 I,/\D B D B
=det(A+C'D — (C+ C'B)B™'D)(det D)~! = det(A — CB~'D)(det D)~ !
= sdet Msdet V.

Exercise 3.2.14 Check other cases analogously.

[Step 3]: We claim that sdet (M N) = sdet Msdet N for any elementary matrix N

Since we have

sdet (M N) = sdet (M My(M_N)) = sdet Mysdet (M_N),
sdet Msdet N = sdet Mysdet M_sdet N,

by Step 1 and Step 2, we need to prove

sdet (M_N) = sdet M_sdet N =1
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when N is an elementary matrix. By definition,

L, 0\ /(L, E I E
det | ™ m =gdet | ™ =det(1— E(1+ DE)"'D)det(1 + DE)™".
sde (D Hn) <0 ]In> sde (D Hn—i—DE) et( (1+ ) ) det(1 + )

As F has only one non-zero entry, the product of any two of the matrices E, DE, E(1+ DE)~!D is zero.
Applying Lemma, we get, by (1+ DE)™! =1~ DE and E- DE = 0,

sdet (M_N) = det(1 — DE)(det(1 + DE))™' = (1 — tr DE)(1 +tr DE)™".
Astr DE = —tr ED, we have
sdet (M_N) =1 = sdet M_sdet N.

[Step 4]: Put
G= {N € GL[m|n : R] | sdet (MN) = sdet Msdet N for any M € GL[m|n : 9‘{]}

For Ny, Ns € G, we have

sdet (M - N1 N3) = sdet ((M N7)N2) = sdet (M Ny)sdet Ny

3.8
= sdet M'sdet Nysdet No = sdet Msdet (N1 Na), (3.8)

which implies G froms a group. BY Steps 2 and 3, G contains G_ and Gy and all elementary matrices
N € G;. By Stepl, GL[m|n : €] is generated by these matrices, we have G = GL [m|n : €], that is,
sdet (M N) = sdet Msdet N.

(3) Let N, M be given. Then, using (3.8), we get

str NMN L = (—1)PMNpMNTY g0 NINTIN = (—1)PNFPOD) g1 D,

since p(MN~Y) = p(M) + p(N~1) mod 2 and 0 = p(NN~1) = p(N) + p(N~1) mod 2, we have
P(N)p(MN~") = p(N) + p(M) mod 2.
Using (3.8), we have sdet M N = sdet NM which implies sdet NMN ! = sdet N"'NM = sdet M.
(]

By simple calculation, we have

Lemma 3.2.15

A\ (a4 c\ [ (A-cB'D'  —AC(B-DAC)!
D B) \pb B) \-B'D(A-CB'D)! (B—DA'0)!

B (I, — A"'CB~'D)~tA~! —(I,, — A~'CB~'D)"'A"'CB~!
- \-(I, - B'DA"'C)"'B~'DA! (I, — B"'DA~'C)"'B~!
B A=Y, —CB~'DA"1)~! ~A~'CB~\(I, - DA"'CB~ 1)t
- \-B'DA'(I,, - CB~'DA 1)~! B~'(I, - DA"'CB~)~!

A
sdet (D g) = (det A)(det B)~* det(I,, — A~*CB~'D)

= (det A)(det B) "' det(I,,, - CB"'DA™') = (det A)~!(det B)~*
= (det A)(det B) ! det(I,, — B"'DA™'(C)
= (det A)(det B) "t det(I,, — DAT*CB™!) = (det A)(det B).
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Proof. The invertibility of matrices appeared (3.2.15) is garanteed by
A C\ (At 0 L, O A C\ (L, 0\ [(A-CB'D 0 0
p BJ\o B*')\o -I,J\D BJ\0o -I,) 0 B-DA™'C)’
(3.9)

Theorem 3.2.16 (Liouville’s theorem) Let M(t) € Mat [m|n : €] with a real parametert. Let X (t) €
Mat [m|n : €] satisfy

%X(t) =M@#®)X(®), X(0)=ILntn. (3.10)
Then X (t) € GL [m|n : €], and
sdet X (¢) = exp {/0 dsstr M(s)} . (3.11)

Proof (due to Berezin [20]). Let X (t) be a solution of

Then, since

%(X(t)X(t)) =0 with X(0)X(0) = L,

we have X (t)X (t) = I,4,, which implies X (t) € GL [m|n : €].

Let
M(t) = A(t) C(t) X(1) = X11(t) Xia(t)
D(t) B(t))’ Xor(t) Xoo(t)]

Then, putting Y (t) = X11(t) — X12(t) Xo5" (t) Xo1(t) and Z = X' (t), we have, by simple calculation from
(3.10),

d d
%Y: (A—X12X2_21D)Y; azz _Z(DX12X2_21 +B).

As all elements appeared in the above equations are even, we may apply the classical Liouville theorem
to have J J
pn detY = tr (A — X12X55' D) det Y, pr det Z = —tr (DX 12 X55" + B) det Z.

As tr (A — X19X55' D) = tr (A + DX12X5,'), we have

d d
ﬁsdetX = %(det YdetZ) =tr(A— B)detY det Z = str Msdet X with sdet X(0) = 1.
This yields the desired result. O

Corollary 3.2.17 For M,N € Mat o,[m/|n : €] we have

sdet (M N) = sdet Msdet N,
exp (str M) = sdet (exp M). (3.12)

Proof. (1) Put X(t) = (1 — t)lgn +tM and Y(¢) = (1 — )Lyn +tN. As X(t) and Y(t) are
differentiable in ¢ and invertible except at most one ¢, we my define
dX(t) dX(t)

At) = 7X(t)—l, B(t) = 7Y(vt)—l.
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Then
%(X(t)Y(t)) — (A1) + Bi(t)) X ()Y (t) where Bi(t) = X()B()X (1)

Applying above theorem, we have

1
sdet (MN) = sdet (X(1)Y = exp {/ dsstr (A(t) + By (t ))} = exp {/ ds(str A(t) + str B(t))}
0
= sdet X (1)sdet Y (1) = sdet Msdet N.
(2) Putting M (t) = M, X(t) = e and ¢t = 1 in theorem above, we get the desired result. O

Definition 3.2.18 For a skew-symmetric n X n matriz B = (Bjk) with even elements, we define Paffian
of B as

Pff | Z Sgn p(1) p(2) Bp(n—l)p(n) (313)
n/2 =

where @, is the permutation group of order n and sgn (p) stands for the signature of p € @y,.

Or classical result is given in [?]:

Definition 3.2.19 Let n = 2. Let A = (Aji) be a real skew-symmetric n x n-matriz. We define the
Paffian of A, Pt (A), as

4
P (A) = (2°) 7" D sen (p)Apn) p2)* * “Ap(n—1) p(m)
PEPN
= Y sen(pAusn A
1< <dg,

11<J1, 500 <Jje

Proposition 3.2.20 (a) If B is an arbitrary matriz and

Aij = BiuBjiAw = P (A) = det(B)PIf (A).
k,l

(b) Pff (A)? = det A.

Proof. (a) Let eq,- -, e, be the canonical basis for C" and view e; as elements of A*(C"). Let
a = ZAijei N €.
2]

Then the definition of Pff (A4) yields

f-times
AN Aa= (2P (A)er A--- Aen.

For B = (B;;), we have Be; =}, Bjiej and
a= Z/Ljei A €5 = ZAZJBBZ A Bej = A*(B)CL,
©,J 1,]

so we get
f-times {-times

an---Aa = A"(B)(aA - -Aa).

Since A™(B) on the n-dimensional space A™(C™) is just multiplication by det B, we get the result.
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(b) iA is a self-adjoint matrix whose eigenvalues are pure imaginary. If f € C™ is an eigenvector
for iA, with iAf = Af (A € R), then (i4)f = —iAf = —\f so A has eigenvalues i)y, ---, +i)\, with
orthonormal eigenvectors fo = fi, f1 = fs,---. Letting goj—1 = (fo;+ foj—1)/V2, 925 = (if2j—if2j-1)/V2
we obtain real orthonormal vectors g; with

Agaj = Njgaj—1, Agaj_1 = —X;92j;

so there exists an orthonormal matrix B so that

0 N\
“2 0
BAB™! = 0 A —

BN

Since B is orthonormal, det(B) = +1 and (B™!');; = By, so A and A are related as flij = Zk,l BixBj1 Ak,
Thus, Pff (A) = +Pff (4) = £A;---Ap. Thus, PIf (4)2 = [T°_, A2 = [T',(iA,)(=iA;) = det(A). 0

j=1" j=1

3.3 Diagonalization

A A
M = ¢ € Mat[m|n: €] with Mp=["" 0 :
D B 0 Bg

Let

Definition 3.3.1 A matriz M € Mat [m|n : €] is called generic if all eigenvalues of My as Mat [m+n : C]

are different each others.

Theorem 3.3.2 (Berezin[20]) Let M € Mat [m|n : €] be generic. Then, there exists a matric X €
GL [m|n : €] such that E = XM X~ is diagonal.

Proof. Decomposing the equality EX = XM with respect to the degree, we have

k k

(EX)wy =Y By Xp—j) = Y X(jiMp—j) = (X M) ). (3.14)
7=0 3=0

From this, we want to construct Xy and Ep: For k = 0, we have

Ejo) Xjo] = Xpo) M) (3.15)
By the assumption, there exist X1, Xjoje2, Ejoji1 = diag(--- ,/\EO],"')(l < i < m) and Epjpe =

diag(- - - ,)\ECO],-~-)(m+ 1 <k <m+ n) such that

Xioj114s = Epgi1 X1 and X228 = Ejg)22X[0)22-

X 0 E11 0
X[O] = 3 E[O] = 5
0 X[O]22 0 E[0]22

we have the desired one satisfying (3.15).
Assume that there exist X}; and Ep;) for 0 < j < k — 1 satisfying (3.14). Multiplying X[B]l from the
right to (3.14) for k, we have

Defining

-1 —1
oy X Xpop — X Xpg) Loy + Epy = Ky (3.16)
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where
k—1 k=1
Ky = QO XMy ) X = O Biyp X)) X -
=0 j=1

By inductive assumption, the matrix K is known and belongs to Mat [m|n : €]. From (3.16), we have

_ k
A = AP (X X g )i + A5 = (K )i (3.17)

This equation is uniquely solvable since )\EO] #+ )\g_o] and

k

)‘E I = (K[k])m

— Kir))is . )

(X[k]X[O]l)l] = ;[0][i]>)\[.0], for 7 # J-
J

i

Therefore, we define X[;) and Ep;) for any j > 0. Since Xj; is invertible, X € GL [m|n : €]. This implies
X and E are defined as desired. O

3.4 An example

Let

0
Q = (zl Z{L’1> with Ty, T2 € meva 013 02 c fy{OCl?
2 2

which maps R to0 RUL or Roq X iRey t0 Rog X iRey. This supermatrix appears in Efetov’s calculation
in Random Matrix Theory, which will be explained in Part II.

3.4.1 Invertibility of ().

Find Y for a given V such that

Qv =V with v= ("), v=(")enn
w2 P2

T1Y1 + 91(4)2 =1, 92y1 + i.1‘2u)2 = p2.

If (z122)p # 0, we have readily

i -0 -6
gy = 22U P2 P2 T RUL ih Dy = iz a0, 6s.
D_ D,
Analogously, for
V=) € Roa x Rey, V=[] €Roa x Rev,
Y2 V2
satisfying QY =V, we have
_dxgpr —Orve . x1v9 —Oapy
W= ——— "y = —————,

D_ D,

To relate the above quantity with the sdet ), we proceed as follows: Let

Y:<y1 ?"1> with QY =YQ = .

w2 1Y2
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Then, from QY = I, we have

z1y1 +bwa =1, z1w1 +1y20; =0,
92y1 + i$2w2 = 0, 920)1 — T2Y2 = 1.

izg 01 1 9%

_ [ D D- | _ —1 [ T2 a2
Y= 02 1 - (Sdet Q) 02 1394200105 |

5 3

Dy Dy 5 5

Therefore, we have

which yields Y@ = I also. Here, we used

sdet Q = det(zy — 6y (iz2) " 05)(det (iz)) " = W (sdet Q)! =

1 —6; ix2v1—61p2
v\ _ Dy [ EDE v\ _ Dy émzﬁ
- 2 —6> 12122 —2601602 - 2 —ix202v1+ Z‘Z1Z2720102)p2 ’
w2 1 (iz2)? (iz2)3 P2 7 (iz2)®
1 —0; ixap1 —101v2
wi\ _ Dy [ 73 (i72)? pr\ _ Dy (iz2)2
. ) —6, iy —26010 ) —iwe02p1+(ix122—2601602)vs | *
RE 1 (iz2)? (iz2)3 b2 ! (iz2)3

3.4.2 Eigenvalues.

’ixll'g -+ 9192
s E—
1

Therefore,

Let
QU =AU with U= (Z) ;U E Ry, w € Rody A € Rey.
Then,
(x1 = ANu+ 01w =0, Ou+ (izg — AN)w = 0.
Putting
Di(N) = (1 — AN)(izg — A) + 60102, D_(N) = (21 — N)(izg — X) — 0164,
we have

D_(Mu=0, Dy(MNw =0.
To garantee the existence of ug # 0 satisfying above, we take \ satisfying
D_(\) = A2 — (z1 + i) A + iz129 — 0105 = 0.
This yields

0.6
A=z + - (or A =ixg — 992 hut this is not fitted because ¢ Rev)
T — X9 &1 02
and
1 0.6
U={ , | QU=(1+—"0)U.
Tima L1 = Uy

Analogously, we seek A € iRey, U € Roaq X Rey satisfying QU = AU which is given

- =0 N 6,6 ~
U= (w—w> QU = (ixg + ———)U.

1 T, — 1T

0 __ 6 0162
Q < 91 il?lid?2> — ( 91 zlix2> <'T1 + xr1—1To 0 010 ) .
2 2 ; 102
T1—iTo 1 T1—iTo 1 0 12 + T1—1T2

Therefore,




3.4. AN EXAMPLE

3.4.3 Diagonalization.

We may diagonalize the matrix ) by using the change of variables

0,65 160160
Y=o +——, Yag=22— ——,
r1 — 122 1 — X2
0, 0,
PL= ", P2= ",
r1 — 122 T1 — 1T
or
{Il =y1 + p1p2(y1 — iy2), T2 = y2 — ip1p2(y1 — iy2),
01 = p1(y1 — iy2), O = —p2(y1 — iy2),
such that
0 2 0
GQGfl _ Y1 . 7 GQ2G71 _ Y1 )
0 2y 0 -y
where

G 1427 p1ps p1 a1 _ 1427 pipa —p1 .
p2 1—-271pipa )’ —p2 1—2"1p1po

It is clear that
str Q = 1 —ixg =y — iyo = str GQG™, and

str Q% = o7 + x5 + 20,00 = 33 + y3 = str (GG ).
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(3.18)

(3.19)

(3.20)






Chapter 4

Supersmooth functions and their

basic properties

4.1 The definition of supersmooth functions

Let ¢(q) be a €-valued function on an open set 2 C R™, that is,

9) = éilg)o’ with ¢;:9Q3q— ¢;(q) €C.

Iel

By the definition of the topology of €, we have

lim ¢(g) =Y _ ( lim ¢;(q))o”.

q9—qo0 q9—q0
1€

The differentiation and integration of such ¢(q) are defined by

3qj ; ’
/ dg ¢(q) =
Q

H(/ )

We say ¢ € C°(Q2:€)if ¢; € C°(Q2:C) for each I € T.

Remark 4.1.1 If we use Banach-Grassmann algebra instead of Fréchet-Grassmann algebra, we need to

check whether ), 7 |¢1(q)| < oo, etc., which seems rather cumbersome.

Lemma 4.1.2 Let ¢(t) and ®(t) be continuous €-valued functions on an interval [a,b] C R. Then,
(1) fab dt ¢(t) exists,

b
(2) if '(t) = ¢(t) on [a,b], then / dt ¢(t) = ®(b) — ®(a),
(3) if \ € € is a constant, then/bdt(d)(t)-)\) (/ dt o(t ) )\and/ dt (A )=/\-/bdt¢(t)

Moreover, we may generalize above lemma for a €-valued function ¢(g) on an open set @ C R™.

Definition 4.1.3 A set U,, C R™0 = R is called an even superdomain if Usy 3 = T3 (Uey) C R™ s
open and connected and Ty (71']3(Uev)) = U.,. When U C R"™" is represented by U = Ug, X R’ nowith a

even superdomain Ue, C R™O, U is called a superdomain in R™™.
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Remark 4.1.4 This definition of superdomain corresponds to the “saturated domain” which appears
in Jadczyk and Pilch [122] and Hoyos et al [100]. That is, a subset U in |™™ is called saturated
if it is G-connected (or convex), that is, for any X € U, {X} N U is connected (or convex) where
X = {(7n(X),0) |0 € R,

Not only this saturated domain but also the superdomain above doesn’t seem suitable to conmstruct

“supermanifolds with non-trivial fermion sectors”, though its existence is desired by Manin [152].

Proposition 4.1.5 Let U, C R0 be a even superdomain. Assume that f is a smooth mapping from
Uev,s = m8(Ueyv) into €, denoted simply by f € C®°(Uey,s : €). That is, we have the expression

Q):ZfJ(Q)CTJ with  f1(q) € C®°(Uevs : C) for each J € T. (4.1)
Jel

Then, we may define a mapping f of Uey into €, called the Grassmann continuation of f, by

z 1
f(z) = Z Jagf(x]g)xg‘ where  0f f(zp) = Za:;f-](xB) o (4.2)
la|>0 J
He'f’e, we pUt T= (1‘1,"' ,.137”)7 T =B+ Ts with B = (‘xl,Bv"' ,$m7B) = (q17"' aQ’rn) =qc U5U7Bv
zs = (1,8, ,Tms) and 2 =" - xlm.

Proof. [Main point of this proposition is to see whether this mapping (4.2) is well-defined. Therefore,
by using the degree argument, we need to define f[k], the k-th degree component of f ]
Denoting by 1 g [x,], the ki-th degree component of z; 5, we get

(@) ) = D (@18 )P e (@18,

Here, the summation is taken for all partitions of an integer ay into ay = pi1 + -+ + p1,¢ satisfying

Zle rip1,i = k1, 7 > 0. Using these notations, we put

. 1
fog(@) = 100 Dikol (28) (&7 8) ka1 - (2375) o) (4.3)
where

05 Niwoy(ws) = Y 05 fs(xn) o’

[J|=ko

Or more precisely, we have

fo (@) = fo)(aB),
fuy (@) = fuy(as),

fiy(@) = fizy(zs) +

M=

(Og; oy () (5.5) 21

Il
-

J

NgE

for (@) = fg(@B) + Y0, /i (x8) (21.8),

Il
—

J

fiy(x) = flg(zB) +

J

IV

I
—

(g, N2y () (2,82

1 m
+ 5205, (@) + D (0% 4 Do (@) (@8)p2) (2as)pz), et
Jj=1 J#k
Since f () # ( ) ( # k) in €, we may take the sum Zoio f[j]( ) € €= @72, which is denoted

by f z). The refore rearranging the above ‘summation’, we get rather the ‘familiar’ expression as in (4.2).
O



4.1. THE DEFINITION OF SUPERSMOOTH FUNCTIONS o1
Remark 4.1.6 (1) More primitively, we may represent f(x) =3 fu(x)o™ where

= T(* 1 e
fH(-T) = Z (—1) ( )aaq fj(xB)Z'lJil) s '1'm717(7?m>

H=J+I") 4o q1lom)
a=(ai,,am)

but this representation obscures the form of f comparing with (4.2).

(2) Defining H® -functions, Rogers [188] used C* -functions with values in R defined on an open connected
set U in her £*-topology.

(8) Even if f(q) € D'(R), we may define f rather easily. This point will be re-explained after defining

integration and suitable function spaces.

Corollary 4.1.7 If f and f be given as above, then (i) f is continuous and (ii) f(z) = 0 in Ue, implies
f(zg) =0 in Uey,B. Moreover, if we define the partial derivatives off by

J

. d -~ PN
Oa; f(2) = = f(@ +tep) where e(j = (0,--+,0,1,0,---,0) € R™°, (4.4)
t=0
then we get
O, f(x) =0y, f(x) for j=1,---,m. (4.5)

Proof. Let y; = y;8 + Yj.s € Rev- For 40y = yje) = yj8e() + ¥5,5€() = Y38 + ¥i).s € R™O, as

f( T +ty)) = jt {Z;v <Z 95 f1(zp +ty<j>,B)0J> (zs +ty<j>,s)°‘}a
« J

we get easily,

d 1 . 3
*f(x‘i‘ty(g) ) = Yo)B E § 0 fr(zB)o” | 2§ + y(j).s E — E 950q, fs(xB)o” | x§
dt a!

& ’ J

=y Z 04, f (wn) 2§ = y;0,, ().

Here & = (v, -+ ,5 — 1, ,app,). Putting y; = 1 in the above, we have (4.5). O
Remark 4.1.8 By the same argument as above, we get, for y = (y1, -+ ,Ym) € R0
d - " 1 i .
@ +ty) e DD 050, f(wn) o = D y;0s, f(a). (4.6)
=0 j=1 « j=1

Remark 4.1.9 Let (X,| - ||x) and (Y, || - ||y) be two Banach spaces. A function ® : X — Y is called
Gateaux-differentiable at x € X in the direction h € X if there exists an element ®y(x;h) € Y such
that

|®(z + th) — ®(z) — t®w(x;h)|ly — 0 when t— 0.

O’ (x; h) is also denoted by D (x)(h), (d®(x))(h). Moreover, ® : X — Y is called Fréchet-differentiable
at x € X if there exist a linear bounded operator ®(z) : X — Y and an element 7(z,h) € Y such that

[z, )l

O(z+h) — ®(x) — ®p(x)h = 7(x,h) with T

— 0 when 0#|h| — 0.
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Problem: How to extend these notion of differentiability for two Fréchet-Grassmann spaces? Replace
the norm by the distance in superspaces!

Therefore, in other word, (4.6) implies that f, the Grassmann extension of f, is super Fréchet-
differentiable at = in the direction y, that is, there exists Fj(z) € € such that for each y

flx+ty) — —tZyj in € when t— 0. (4.7)

That is, by super Fréchet-differentiability at x in the direction y, there exists a linear operator fl’;(x, OE
¢, — € such that when t — 0,

Fa ) — F@) — tu(e,) =0 in€ with Fa(ey) = 53%

Moreover, f, the Grassmann extension of f, satisfies the following (see Matsumoto & Kakazu [158]):

Lemma 4.1.10 Let f be real analytic on R™. Then, its Grassmann extension f is super G-differentiable
at z, i.e. there exist Fj(x) € € and €;(z,y) € € such that

f(ery +Zyj +Zejxyyj, with €j(z,y) =0 in € when y—0 inC.
- =

Proof. For the sake of simplicity, we consider only the case m = 1. Then, we have

- <1
flz+y)= Z Ef(n (zB +yB)(zs +ys)"
o_o 1 ole) 1 n
N 4 = Z+n) n—k, k 1Al
_ Z:: n (; a (x5 Z/B) (kz k: AP ATELS ys> by real analyticity of f(q),
o0 oo 1
_ IR (4
=2 (s k) (X bt
oo 1 "
:Zn< i/ emiad) (3 b
=1
:ZE Z]'f(”‘”) rp)x > (yg +ys)™ by putting n = ¢ + k,
n=0
1 -
=5 Ly
n=0
Therefore,
oo 1 - =1 - _
flz+y) Z I = W@y + D — " @)y,
n=1 n=2
with
oo 1 B
:Zﬁf(”)(m)ynflﬁ() in€ when y—0. ]

More generally,

Lemma 4.1.11 Let f(q) € C>*(R™), we have the Taylor expansion for f: For any N, there exists
7n(x,y) € € such that

f(:l) + y) = f~ ( )ya + 7~-N(l'vy)’ (48)

1
ol

M=

|a|]=0
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with

n(z,y) = (x—y /dtfl—tNaaf(yH(w—y))-
|a|= N+1

Proof. Put q=xp, ¢ = yg. For any N, we have

> (a=a) [ digg 1= + o =)

|a]=N+1

_ /0 dt@( d WAL +t(g—¢))

N! dt
1 Jo e (1-t)N-1 d
= X - aropr@+ [ el - o)
loe|=N
Yo
=)= > —la—d)f(d).
|a]=0
Extending both sides above, we have the desired result. (I

Notation: Hereafter, for the sake of notational simplicity, f is denoted simply by f unless there

occurs confusion.

Definition 4.1.12 (1) For a given even superdomain Uy, C RO a mapping f from Uy into € is called
a supersmooth function if f is the Grassmann continuation of a smooth mapping f from Uey B = m™8(Uev)
into €. We denote by Css(Uey : €), the set of supersmooth functions on Uey,.

(2) A mapping f from a superdomain U C R™™ to & is called supersmooth, if it has the following

= 3 fula)e” (4.9)

la|<n

with a = (a1,---ay) € {0,1}™, 0% = 07" --- 0% and f,(z) € Css(Uey : €). In the following, supersmooth

functions are assumed to be homogeneous (i.e., fo(x) is homogeneous for each a), unless otherwise men-

form:

tioned and we denote the set of them by Css(U : €). Moreover, we put

Cos = {f(x,0) € Css(U : €) | fa(z) € C}.

(8) For f € Css(U : €), j=1,2,--- ,m and s =1,2,--- ,n, we put
= > O, falx)0",
la|<n

Fopm(X) = Z (—=1)H@+p(a(@) £ ()gor ... g% L. .. gon

la|<n

(4.10)

where l(a) = ZJ 1a; and 071 = 0. F,(X) are called the partial derivatives of f with respect to X, at
X = (z,0) and are denoted by

F](X) = if(xaa) :aanjf(x79) :fabj(xve) for j=1,2,---.m,

7‘]0(55,9):agéf(l',e):fgé<$,9) fOT 521,2,"',7’1

(4.11)
FerS(X) =

or simply by
F.(X)=0x,f(X)=fx.(X) for k=1,--- ,m+n. (4.12)
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Remark 4.1.13 (1) We only use the derivatives defined above which are called the left derivatives with
respect to odd variables. Because, after bringing the variable 0, to the left in each monomial, we replace it
with 1. (Some people call these as right derivatives, cf. Vladimirov and Volovivh [214]etc.) Similarly, we
define the right derivatives with respect to odd variables as follows: For f € Css(U : €), j =1,2,--- ,m

and s =1,2,--- ,n, we put
F].(T)(X) = > 0u, fal)0",
la|<n
B (X) = 3 (—1) @ fu ()05 0270
la|<n

where r(a) = Z;-L:Sﬂ a;. F,gr)(X) are called the (right) partial derivatives of f with respect to X, at
X = (z,0) and are denoted by

5 «—

FOX) = 50 1(0,0) = 0, f(2,0), L) 0~ (w00,

. m-+s
Ox;

(X) = f(z,0)

forj=1,2,--- mands=1,2,--- ,n.

(2) As we use the infinite dimensional Grassmann algebras, the expression (4.10) is unique. In fact,
You fa(@)0* =0 on U implies fo(x) =0 (see, p 322 in Viadimirov and Volovich [214].)

(8) The higher derivatives are defined analogously and we use the following notations.

Oy =0y} -+ 0ym and 0y =g} - 94",
for multi-indeces a = (a1, -+ ,am) € (NU{O}™ and a = (a1, - ,ay) € {0,1}™.

Repeating the argument in proving Corollary 4.1.7, we get the following formula for f € Csg(U : €):

d
S (X 1Y)

t

:Zyji,f(XHZwsif(X) (4.13)
0 o Oz p 00,

where X = (,0),Y = (y,w) € R™" such that X +tY € U for any t € [0, 1].

Definition 4.1.14 A function f from a superdomain U C R™" to € is called G-differentiable at X =
(x,0) if
fl@+y,0+w) = f(2,0) =D (UiF; +wFo) + Y (yiRi + wsR),

d(R;,0) =0, d(Rs,0) =0, dp,((y,w),0)— 0.

To understand the meaning of supersmoothness, we consider the dependence with respect to the
“coordinate” more precisely.

Proposition 4.1.15 Let f(X) = 3, f1(X)o! € Css(U : €) where U is a superdomain in R™". Let
X = (X,) be represented by X, = > ; Xy 10! wherek =1,--- ,m+n, X, € C for|I| # 0 and X.0€R.
Then, f(X), considered as a function of countably many variables {X, 1} with values in €, satisfies the

following (Cauchy-Riemann type) equations.
0 ; 0

X)=ol——f(X 1<k<m, |I|=
8X“f( )=o0 ame( ) for 1<k <m, |I|=even,
9 9 (4.14)
K J _
o aXWf(X)JrU aX&Kf(X)—O

for m+1<k<m+n,|J|=odd=|K|
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Here, we define

) d
aT“f(X) = %f(X +tY(.,1)) .
/—L
with Y, 1y = (0,-++,0,07,0,---,0) € R™In,

Conversely, let a function f(X) =Y, f1(X)ol be given such that fi(X +tY) € C>([0,1] :
each fized X, Y € U and f(X) satisfies the following equations:

O_J

d
= %f(X + t}/(n,ﬁ)) —o

d
@f(X + tYV(K,J))

=0
for 1<x<m, and |J|= even

d
ot ZF(X + 1Y)

d
+ o’ — f(X + Y i) =0
t=0 dt t=0

for k=m+1,--- m+n, and |J|= odd=|K]|

K

J 7 N
where we put Y(,. 5y = (0,---,0,07,0,---,0) € R and Y0 = (0,---,0,1,0,---,0) € Rmin,

f S Css(U : (‘:).

K

95

(4.15)

C) for

(4.16)

Then,

Proof. Replacing Y with Y{,, 5y with 1 < x < m and |J| =even in (4.13), we get readily the first
equation of (4.14). Here, we have used (4.5). Considering Y(, sy or Y(, k) for m +1 < x < m +n and

|J| = odd = |K| in (4.13) and multiplying o% or ¢/ from left, respectively, we have the second equality

in (4.14) readily.
To prove the converse statement, we have to construct functions F;(1 < i < m + n) such that

m—+n

d
i=1

for X € U and H € R™I".
From the first equation of (4.16), we have

0

Fo(X) = 55—
~,0

f(X) for 1<k<mXeUl.

To define Fi,(X)(m + 1 < x <m +n), we need to prepare the following lemma.

Lemma 4.1.16 Let {F; € € : I € T;} (IT; = {I € T||I| = 1}) be a set of supernumbers such that

for each I € 7.

Fro? + Fyol =0 for any I1,J € I;. Then there exists a unique supernumber F € € such that Fy = Fol

Taking this lemma in granted and from the second equation of (4.16), we have an element F,,(X)(m+1 <

k <'m + n) such that
0

J _
F.(X)o’ = X,

f(X).

Using these, we claim that
m—+n

%f(X“H)!t:o = ; Fo(X)H".

Therefore, for m+1 < x < m+n and |J| = odd, putting H = X, s, we get the desired result.

O

Proof of Lemma. — Put {F; = Y ,c7, a%o;}. If this set satisfies the assumption in the lemma,

we have F(;y0; = 0 which implies Zig Jer abo; = 0. Therefore each F;) can be written uniquely as
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Fay = (Xigrer, b)o; with some b, € C. Then the condition that F(;0; = F(;0; holds for any i,
implies that b’ = b?] fori,j & J € Iy. Letting by =b% fori ¢ J €Ty, F = > jer o’ is well-defined and
F(i) = FO’I'. O

Remark 4.1.17 In order to obtain the converse statement of Proposition 4.1.15 (see Vladimirov and
Volovich [214], Yagi [222], it seems better to modify a general theory of differential calculus on locally
conver spaces developped in Keller [129], Yamamuro [225] etc. For example, we may introduce “k-
times super Fréchet or Gateaux-differentiability” as similar as proposed in Hoyos et al. [100], Boyer and
Gitler [35] or Jadczyk and Pilch [122].but this will not be pursued here.

The reason why we start with the Grassmann continuation of smooth functions is here because we don’t
know the results of differential calculus on locally conver spaces. Concerning this and the definition of
supermanifolds, we will study in our forthcoming works. This will clarify the relation with some notions,

G, H*° smoothness, developped by many others.

4.2 Elementary differential calculus

Definition 4.2.1 For a supersmooth function f, we define df by

m—+n

df (X) = dx f(X

or

)
E dgc] 833 -|- E d9 .
From Definition 4.1.12, we get readily

Proposition 4.2.2 Let U be a superdomain in R™™. For f,g € Css(U : @), the product fg belongs to
Css(U : €) and the differentials dx f(X) and dxg(X) may be regarded as continuous linear mappings
from R™I™ into €™+ Moreover, they satisfy the following:

(1) For any homogeneous elements A, ju € €, we have
dx (Af + ng)(X) = (=1)PNVPEONdx f(X) + (~1)P0P) pd g (X). (4.17)
(2) (Leibnitz formula)
Ox,. [f(X)g(X)] = (9x,.f(X))g(X) + (1) XU £(X) (9, 9(X)). (4.18)

Proof. (4.17) is obvious. For the product, as we get

(f9)(zB) <Z fr(z)o ) (ZQJ(xB)UJ> => hu(zp)o
7 H

where hp (z5) =Yy, (1) D fr(ag)gs(xp) € C°(Ug : C), so we have the desired result (4.18),
by using the formula (2.19). O

Proposition 4.2.3 (Taylor’s formula) Let X = (z,0),Y = (y,w) € U C R™" satisfying Y + t(X —
Y)eU for0<t<1. For f € Css(U : €), Taylor’s formula holds. That is, for any positive integer p,
we have

)= Y )0 - 0 00 f(yw) = (XY (4.19)

lal+lal<p, |a|<n
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where
1
1
(X,Y) = Z (:r,—y)a(Q—w)“/ dt —'(1—t)pagﬁgf(y—kt(x—y),w+t(9—w)). (4.20)
|l +lal=p+1, |al<n o P
Proof. Use the following equality

/oldt o (c(lit)pﬂf(y Hiz—y)w i -w)

p!

1
= Z (x—y)o‘(G—w)a/ dt%(l—t)paﬁagf(y—kt(x—y),w+t(9—w)).

|| +lal=p+1 0

Using the integration by parts in the left hand side, we get that of (4.20). O

Definition 4.2.4 Let U C R™" and U’ C R™'1"" be superdomains and let ¢ be a continuous mapping
from U to U’, denoted by o(X) = (£1(X), -+ @ (X), @ 41(X), -+ @ (X)) € RV 0 s called
a supersmooth mapping from U to U’ if each p(X) € Css(U : €) for k =1,---,m' +n' and o(U) C U".

Proposition 4.2.5 (Composition of supersmooth mappings) Let U C R™" and U’ ¢ R™ 1" be
superdomains and let ® : U — U’ and @' : U' — rmIn" pe supersmooth mappings. Then, the composition

U=0'0d:U — R gives a supersmooth mapping and

dx¥(X) = [dy(b’(Y)HY:q)( [dx ®(X)]. (4.21)

X)

Proof. (1) First of all, we prove our assertion for the case m, m’ are arbitrary, n = n’ = 0 and
m” =n" = 1: Let Uy, C ®™° and U., ¢ ®™1° be even superdomains and let ¢ : U, — U’ be a
supersmooth mapping represented by ¢(z) = (¢1(x), -, @m(z)) with ¢;(z) € Css(Uey : €). For any
f €Css(U., : €), we want to claim that (p*f)(x) = (f o ¢)(z) = f(¢(x)), is well-defined and belongs to
Css(Uey : €). Putting

y=o(rs) = pp(rs) +ps(rn) =y +ys with @s(zp) = > @s(es)o’,

[J]>1
we define, by using the supersmoothness of f and ¢,
1 Q 3] Am
fle(@s))m = > 1005 Do) (UB) W18y (W Do) : (4.22)
lal <k, ’ y=vp(zB)

ko+ky+-+hkm=k
By the same reasoning as in the proof of Proposition 4.1.5, f(¢(zB))x is well-defined and belongs to
C>®Us : Cpy), so fle(zp)) = Yoo fle(@s))r € C°(Us : €). Therefore, it has the Grassmann
continuation which should be denoted by (f o ¢)(z). On the other hand, as we get from (4.5),

Oz, 5 (f o)k (2B)

1 1o} a@, z aq a
= Y L@ e 22T e e

¢ jal<k, 0wjp
kotki+-+km=k

= > %(aﬁ‘awf)[ko] (48)

¢, |a|<k, :
(4.23)
ky+ky 4ot km =k

X (f‘h,ls)[kl]' . ~ozg(yz)§ 1)[%] — [ ]' : '(ymT'S)[km]
ky

y=¢(zB)

ij,B

> (usteew), (5),

ko=0

y=¢(zB)

R
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This is the desired result (4.21) in the case of (1).
(2) Now, we treat the case m, m’, n, n/ are arbitrary and m” =n” = 1: Let U C ™" and U’ C o
be superdomains and let ¢ : U — U’ and f : U’ — € be supersmooth mappings. Put ¢(z,0) = (¢.(x,0)),
1<k <m'+n' where g (z,0) = 3, pr.a(2)0% and f(y,w) = 32, fo(y)w? with b = (by, - -+, byr) € {0,137
We decompose

0i(x,0)=Y; = Yj(o) —|—Yj(1) for 1<j<m

where
= o) <V il 3 = a1,

= Zlg\(ﬂgn goj,a( )ea.

Then, we consider formally

F(:L’, 9) = Zfb(yla Y Ym’)(Ym’+1)b1' . '(Ym/+n’)bnl~

b

Remarking that Yj(l)Yj(l) = 0, we apply Taylor’s formula for f,(Y(© +Y M) at Y =Y© to get

YO +yW) = £y + 30, £y Oy

j=1 (4.24)
ot ByyDy Oy oy,
On the other hand, as
1
BV =37 08 (V) ()", (4.25)
[e%
we get easily
folpr(2,0), - o (x,0)) Zgbc (4.26)

where g, .(z) is a supersmooth function on U, composed by the products of supersmooth functions
0y f(p(7)) and ¢y o(x). Combining these, we get

= Z(Zgb,c(m)ec)(z (pm’+1,&1 9@1 bl Z(pm '+n',a,, ea /)
b c ay
= Fy(x)0*,
d
where d = (dy), ¢ = (¢5), as = (Gs,r), ds = Cs +b1a1,s + -+ bpap s with 1 <s <nand 1 <r <n'

Therefore, we get Fy(z) € Css(Usy : €), that is, F(x,0) = f(p(z,0)) € Css(U;€). To get (4.21) in case
(2), we differentiate (4.27) with respect to z,

(4.27)

~ . dp;i(x, 0
00 F(20) = D0 3 0, e, ) 82D (0,0
j=1 b
m Ops(z,0) (o)
F 2 hleamo) 3 (1 tten T T et 00
b s=m’+1

S

Here, Hf:? ) Omr40(2,0)° = @1 (2,0)° 1w+ s (2, 0)007 | e (0, 0) = (0 (z, 9));-”:/1 and @oq(x,0) =
(@m’-&-s(xae))?:l
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Taking derivatives with respect to 6,., we get the similar expression as above and combining these, we

have
D) 2B o) 0
dxr, 06, Y, w Y, w
[8IkF(x 9) 80 (.’L' 9)] 84,08(.13,9) . 8@5(-%‘70) 6yj ’ &us ’
aIk ’ ’ 89T

that is, (4.21) in the case of (2).
(3) For the general situation mentioned above, using the arguments in (2) repeatedly, we get the result

after tedious but straightfoward calculations. O

Definition 4.2.6 Let U C R™" and U’ c R™'1"" be superdomains and let o : U — U’ be a supersmooth
mapping represented by o(X) = (p1(X), -+, @m/4n (X)) with ¢ (X) € Css(U; €).
(1) ¢ is called a supersmooth diffeomorphism if

(i) ¢ is a homeomorphism between U and U’ and

(ii) ¢ and =1 are supersmooth mappings.
(2) For any f € Css(U";€), (0*f)(X) = (fo)(X) = f(p(X)), called the pull back of f, is well-defined
and belongs to Cgs(U; €).

Remarks. (1) It is easy to see that if ¢ is a supersmooth diffeomorphism, then ¢p = 7 0 ¢ is an
(ordinary) C*° diffeomorphism from Ug to Uf;.
(2) If we introduce the topologies in Css(U’ : €) and Css(U : €) properly, ¢* gives a continuous linear
mapping from Css(U’ : €) to Css(U : €). Moreover, if p : U — U’ is a supersmooth diffeomorphism, then
©* defines an automorphism from Csg(U’ : €) to Cgs(U : €).

Proposition 4.2.7 (Inverse function theorem) Let U be a superdomain in R™" and let G(X) :
U c R — "™ be a supersmooth mapping. We assume the super matriz [dxG(X)] is invertible at
X = Xp € ma(U) . Then, there exists a superdomain U’, a neighbourhood of Y = G(X) and a unique
supersmooth mapping F satisfying F(G(X)) = X and we have

dy F(Y) = (dxG(X in U (4.28)

)~ |X=F(Y)

Proof. (1) First of all, we treat the case m = 1 and n = 0, that is, Ue,, U., C R0, Let g : U., — U,

be a supersmooth function represented by

y=g(zs) = g(zB) + Z gs(zr)o” = ys + ys.
| J|=even>2
Here, gg(zp) € C*(Up : R) and g (zp) € C°(Up : C). By assumption that g5(Zp) # 0, there exists
a smooth function fg such that fg(gg(xp)) = B near xg = Tp. We want to construct a family of

functions f; € C°(Uy : C) such that f(ys) = fa(ys) + fs(us), fs(UB) = X\ r1—cvens2 1(yn)o” satistying
f(g(zp)) = zp near g = Tp. As we should have

zg = fe(ys +ys) + fs(yB + vs)

= fe(ys) + Y %f]gk)(yB)ySk +Y %fée)(yB)ysf,

k>1 >0

(4.29)

we get

Z Mypyst =Y .f(k) . (4.30)

k>1 ! k>1
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We prove our statement using the induction with respect to the degree. The degree 2 part of (4.30) is
given by
fs(y)p = —fis(ye)ys,2)- (4.31)

In other word, for I such that |I| = 2, we may define functions f7(yg) by

frys) = —fu(ys) 91(fs(yB))(= —fa(9B(2B)) 91(2B)).

Assuming that fs are defined for degrees less than 2i, we put,

fs (yB [2i42] = Z L1/B (k) yB ys)21+2] sz fs (yB))[QJ](ys)[2z+2 241 (4.32)

k>1 E>1 =0

So, we may define f(ys) = X300 f(yn)ps) = fo(us) + 50, fs(us)zy) € C(Uh : €). Taking the
Grassmann continuation of f(yp) and remarking 9, f(g(x)) = 1, we get the desired result.

(2) We next consider the case m = n = 1, that is, U, U’ € R'*. Let G(x,0) = (gev(z,0), goa(z,0)) : U —
U’ be a supersmooth mapping given by

gev(xa 0) = gev,O(x) + gev,l(z)aa god(L 9) = god,l(x) + god,O(I)g- (4~33)

For simplicity, we put

YB = geU,O,B(Z‘B), Ys = Z\H:evenZQ gev707]($B)O'I,

Jev(rB,0) = yp +ys + 70 where B .
= Z|f|=odd21 Jev1,1(TB)O",

and

w = Z|ﬂ:odd21 god,l,f(mB)ala
Jod(zB,0) = w + @6 where @ = wp + @s
= god,O,B(-TB) + Z\ﬂ:evenZZ god’()"]({ITB)JI.
From Y = G(X) and the invertibility of dxG(X)|x_x, we get
9ev0.B(ZB) = UBs  Geu,05(TB) God,0.8(ZB) # 0. (4.34)
Now, we seek a function F(Y) = F(y,w) = (fev(y,w), foa(y,w)) : U" — U represented by

feo(y,w) = fev,O(y) + fev,l(y)wv fod(y,w) = fod,l(y) + fod,O(y)w

which satifies F(G(X)) = X near X = (z,0) = (%,0) = X. Here, we put
fe'u,O(yB) = fev,O,B(yB) + Z\I\:evenZQ fev,O,I(yB>UIu
feml(yB) = E|f|:odd21 fev,l,l_(yB)UIa
fod,l(yB) = Zm:oddzl fod,l,f(yB)Uly
foa,0(yB) = foa,0.B(UB) + X2 11=cven>2 foa,0,1(yB)

As F(G(zp,0)) = (zB, 0), we should have the relations

fev(gev(xBae)agod(xBa9>) = IB, fod(gev(sze)agod(xBae)) =40. (435)
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From the first equation in (4.29) and the supersmoothness, we have
25 = fevo(yB +ys + ﬂe) + fev1(yB + ys + y0)(w + w0)

*fevO yB Z fevO yB yS+ky gﬂ)

|k|>1
+ Z fe(v L (yB) (s + tys™ ' 90) (w + @0)
l¢|>0 o (4.36)
_erO yB Z fe'uO YB yS+ Z e'ul yB)ySw
|k\>1 \e|>0
1o 1 _
+ Z (k ) (fev O(yB> fvl(yB) ) ]g 1y+ Z Efe(v)ﬂ(yB)ygw 0.
|k[>1 lej>0
Therefore )
o = fevonlu) + fevoss) + D2 i Shumd + 3 71 (vl (4.37)
\k\>1 g >0
and

0=Z(k_11)!(f£fo( B) + £ (e )w)yd g+ Z £ )y (s + @s). (4.38)

[k|>1 1£]>0 ¢!
As géu,o,B(iB) # 0 by (4.34), using the standard inverse function theorem, there exists a function
fev,0.8(yB) such that
fev,0,B(Gev,08(zB)) = =B (4.39)

near xp = Zg. Therefore, we get from (4.37),

fev 0, yB Z k|fe'u O(yB)yS + fev l(yB) Z fe(:f)l( ) w=0. (440)

k|>1 |k|>1

For each I satisfying |I| = 1, we pick up the term of degree 1 from (4.38) to get

fev1,1(UB)9od,0.8(¥B) + fiy0,8(9ev,0B(TB))gev,1,1(rB) = 0. (4.41)

As gév707B(xB)god70’B(xB) # 0 by (4.34), there exists a function fe, 1,7(ys) such that the above equation
is satisfied when yg = gev,0,8(xB). Equations (4.39) and (4.40) correspond to the degree 0 and 1 part of
(4.37) and (4.38), respectively.

Using these, we may solve the degree 2 part of (4.37) and then the degree 3 part of (4.38). Doing
recursively, we may construct functions fe, 0 and fe, 1.

From the second equation of (4.36), we get

0 = foa1(ys +ys + 70) + foao(ys +ys + §6)(w + &0)

1 4 1 ¢
= Z Efzgd),l(yB)yé + Z Eféd),o(yg)yéw

le>0 >0 (4.42)
k _ k
+ Z (k; 1)! (fzgd)l( B) + fodo( ylg ! Z o(d)o (yB) l/sw 0.
|k|>1 |k|>1 !
That is,
0= foars(ys) + k'f"d LB)ys + D 5 fodo (yB)ysw (4.43)

|k|>1 |€|>0
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and

1= )+ F o) g+ S 2 f ke (4.44)

k[>1 (k 1)! k|>1
By the same arguments as above, we may construct functions f,q1(ys) and foq,0(ys) which satisfy the
desired properties. O

Exercise 4.2.8 Do analogously as above for general m,n but with more patience.

Moreover, we have

Proposition 4.2.9 (Implicit function theorem) Let ®(X,Y) : U x U’ — €™ " be a supersmooth
mapping and ()N(j/) € U x U', where U and U’ are superdomains of R™" and 9‘1’"/|"/, respectively.
Suppose ®(X,Y) =0 and Oy ® = [0y, ®,0,,®] is a continuous and invertible supermatriz at (Xg, YB) €
mp(U)xmp(U’). Then, there exist a superdomain V. C U satisfying Xg € (V) and a unique supersmooth
mapping Y = f(X) on V such that Y = f(X) and ®(X, f(X)) =0 in V. Moreover, we have

Ox (X) = — Dy (X, YV) 7 Ox P )] |y (4.45)
Proof. (4.45) is easily obtained by
0= Ox (X, [(X)) = (OxB(X,Y) + Oy (X, Y)x S(X))ly_ s (x)

The existence proof is omitted here because the arguments in proving Proposition 4.2.7 work well in this
situation. g

4.3 Global Inverse Mapping Theorem

It is known that

Theorem 4.3.1 (Global Inverse Mapping Theorem for Banach spaces) Let X, Y be two Ba-
nach spaces. ¢ is a continuously Fréchet differentiable mapping from X — Y such that ¢’ is invertible
for any x € X and |[¢'(z)] 7| < K < oo uniformly in X. Then, ¢ is homeomorphic from X onto Y.

Here, we want to have an anologous theorem in our case:

Theorem 4.3.2 (Global Inverse Mapping Theorem for Superspaces) Let ® = (P4)a=1,... min :
%mln 9% ™" pe g supersmooth mapping satisfying

0D 4 (X mln
|7mg (sdet (;X()>) >0>0 forany X € %X‘ , (4.46)
c
and for I € T with |I| > 1,
0P 4 (X mln
|pr0j1(8§((0)>|<’yj<oo for any X € Ry " and AC=1,---,m+n. (4.47)

Then, ® gives a supersmooth diffeomorphism from %?‘n onto ERT{}ITL.
To prove this, we prepare

Lemma 4.3.3 Let ® be as above. Put A =[0,1] x [0,1]> (s,t). Let a continuous function F(s,t) from
A to 9{?}'" be given which satisfies; (i) For each s € [0,1], F(s,t) is C*- differentiable in t. (ii) There
exist points YO, Y € 9%;,”‘" such that F(s,0) = Y° and F(s,1) =Y for any s € [0,1]. Then, there exists
a continuous function G(s,t) from A to %;ln which is C*°- differentiable in t for each s € [0,1] and
satisfies ®(G(s,t)) = F(s,t) for every (s,t) € A.
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Proof. (I) By (4.46) and Proposition 4.2.7, for X0 € %" and Y° € R/ satisfying ®(X°) = Y,
there exist a neighbourhood U of X° and a neighbourhood V of Y° such that ® : U — V gives an
onto supersmooth diffeomorphism. Therefore, there exists a positive number e such that a function
G(s,t) = @~ 1(F(s,t)) is well-defined on [0, €] x [0, 1].

(IT) Let a be the largest values such that the function G(s,t) is defined on [0,a) x [0,1]. Now, we
want to claim ¢ = 1. Assume a < 1.

(I1.1) We assume that G(s,t) is extendable at ¢ = a for any s € [0, 1]. Then by Proposition 4.2.7, for each
s, there exist a neighbourhood Uy of G(s,a) and a neighbourhood V; of F(s,a) such that ® : Us; — V;

gives an onto supersmooth diffeomorphism. As the set Usepp,1] G(s,a) is compact in Ry ", there exists

a finite covering such that Usep,1) G(s,a) C Ur_,G(s,t;). Applying once more Proposition 4.2.7, there
exists a positive number ¢; such that G(s,a) is extendable in U; for 0 < t < a + ¢;. This contradicts the
definition of a because G(s,t) is extendable on [0, a + min, €;) x [0, 1].

(IL.2) Put F(s,t) = (Fa(s,t)) a=1,... m+n and G(s,t) = (Gc(s,t))c=1,- ,m+n- As B(G(s,t)) = F(s,t) on

[0,a) x [0, 1], we may differentiate this with respect to t which yields

1o} d
ZGe P4

5iCc (1) g (s, 1) = %FA(S, ). (4.48)

On the other hand, we get, for to,t; € [0, a),

t1 a
Gc(s,tl)—Gc(s,to):/ dt Ge(s. ). (4.49)
to

We claim that G(s,t) is a Lipshitz continuous function with respect to ¢ € [0,a) for fixed s. That is,
representing G(s,t) = (Go(s,t))c=1, ,m+n, We have

|proj; (Ge(s,t1) — Ge(s, to))| < Coglts —to| forany Ie€Z. (4.50)

For notational simplicity, we put F = (2 Fa(s,t)), G = (£Gc(s,t)) and M = (g%c‘(G(s,t))). Then,
rewriting (4.48) by

F[ = Z G'JMK forany [ €7, (4.51)
I=J+K
we get, for I € 7 with |[I| =0,
Fg =GgMg on [0,a) x [0,1]. (4.52)

As Mg has a bounded inverse for any (s,t) € A by (4.46), and Fg is bounded in (s,t) € A by (i), so
Gg(s,t) is bounded in (s,t) € [0,a) x [0,1]. For I € Z with |I| =1, we get

F[ = GIMB + GBM] on [0, a) X [07 1] (453)

Therefore, using (4.46), (4.47) and (4.52), G;(s,t) is bounded in (s,t) € [0,a) x [0,1]. Proceeding
inductively with respect to the degree |I|, G1(s,t) is bounded in (s,t) € [0,a) x [0,1] for any I € Z. Using
(4.48) and (4.49), we get (4.50). O

Proof of Theorem 4.5.2. (I) Put Y° = ®(0). For any Y € ‘Dﬁi;f‘", define Y(t) = (1 —t)Y? +tY. As
the special case of Lemma A.2, there exists a curve X (t) € %”Xl‘n such that ®(X(t)) = Y (¢). Therefore,
®(X(1)) =Y, and ® is onto.
(I) Put Y° = ®(0). We assume that there exist two different points X% and X! in SR;’;‘” satisfying
P(XY) = ®(X1) =Y Let {XJ(t)};=12 be curves connecting 0 at t = 0 to X7 at ¢t = 1. Put YI(t) =
O(XI(t)). As 9‘{@” is simply-connected, there exists a continuous function F(s,t) from A — 9‘1;?‘“ which
satisfies (i) for each s € [0, 1], F(s,t) is C>- differentiable in ¢, and (ii) there exist points Y0, Y1 € R/
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such that F(s,0) = Y and F(s,1) = Y! for any s € [0,1]. By Lemma A.2, there exists a continuous
function G(s, t) from A — R2/" satisfying ®(G(s, 1)) = F(s,t). Therefore, a curve G(s, 1) which connects
X0 and X' is mapped onto Y'! and this contradicts Proposition 4.2.7 unless X = X!. This implies that
® is one-to-one.

(IIT) Supersmoothness of ®~! has been proved in Proposition 4.2.7. O

Corollary 4.3.4 Let ¢ € Css.eo(R™™ 1 M) satisfying that (i) for any multi-index a with |a| > 2,
D$(Yg) € Bss(R™™; €), i.e. proj;(DL¢(YR)) is a bounded function of Yg € R™ and for any I € T and
(i) |7p(sdet ((Hess ¢)(Xg)))| > 8 >0 for any X € R™™. Then, we have

- 6¢ _ 8¢ / 2 _ /12
2 Iro g, (o) = g, (KR = €10 — X3

Proof. Define ®(X) = (0x,¢(X))a=1,... m+n- Then, applying Theorem 4.46, we get X = X(Y) =
®~1(Y). Each entry of Jacobian matrix (9X/0Y) has an ‘upper bound’ by (i) and (ii), so we get

mB(X(Y) = X(Y"))” < C|Ys — Yg[*.
Put X’ = X(Y’), then Y/ = ®(X"’). This implies the desired inequality. O

Proposition 4.3.5 Let ® = (Pa)i=A,... m+n : R — "™ be a diffeomorphism of class Bss, that

is, ®; € Bss(R™"™ : R) fori = 1,---,m + n. Then, ®° sends a function f € Bgg(R™" : &) to
O f = fod € Bsg(R"": ).

Proposition 4.3.6 Let ® = (Pa)a=1,... m+n : Eﬁﬂxlln — m;?}ln be a diffeomorphism of class Bss. Assume

0P 4(X)

X ) >d>0 forany XG%;M,

|7 (sdet (

then, ®~1 gives a diffeomorphism of class Bss.

Corollary 4.3.7 Let ® be given as above. Then, ®* gives an isomorphism between BSS(ER;ITL : @) to
Bss(,‘ﬁ@n 1 ).

Remarks. (1) Proof of Theorem 4.3.2 using Lemma 4.3.3 is essentially due to Schwartz [200] except
(I1.2) in proof of Lemma 4.3.3.
(2) Propositions and Corolaries 4.3.4-4.3.7 are proved as same as in Asada and Fujiwara [8] with slight
modifications.

4.4 Elementary Integral Calculus

4.4.1 Integration (even case)

Now, we define the integration of a supersmooth function u(x) on an even superdomain U, C R0, which

is similar to the integral of holomorphic functions on a complex domain. (See, Rogers [186, 187, 189, 190].)

Definition 4.4.1 Let u(z) be a supersmooth function defined on a even super domain Ue, C RO Let
A=A + As, p=up + pus € Uey, and let a continuous and piecewise Ct-curve ¢ : A, uB] — Uey be given
such that c(Ag) = A, c(up) = p. We define

/ dvu(z) = [ dtu(e)et) € ¢ (4.54)

AB

and call it the integral of u along the curve c.
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Using the integration by parts, we get the following fundamental result (see de Witt [61]).

Proposition 4.4.2 Let u(t) € C®([Ag,us] : €) and let u(z) be the Grassmann continuation of u(t).
Suppose that there exists a function U(t) € C*°([Ag, pus] : €) satisfying U'(t) = u(t) on [Ap,us] . Then,
for any continuous and piecewise C*-curve ¢ : (A\g, ps] — Uey C RO such that c(Ap) = N, c¢(us) = u,

we have

/ doulz) = U — Up). (4.55)

(&

Proof. By definition, we get

"t u(e(t)i(t) = A Ty %um(CB (#))es():(én(t) + és(8)

AB B >0

HB . 1B 1 )
_ A dtu(es(t)és(t) + / at Y ) (en () n(B)es()"

B AB k>1

+ [T Y G enmesto)esto

B >0

e [T -0 (0

Corollary 4.4.3 Let u(x) be a supersmooth function defined on a even superdomain Us, C RO into €.
Let ¢1,c2 be continuous and piecewise C*-curves from [Ag, up] — Uey such that A = c1(Ag) = ca(AB)
and p = c1(up) = ca(us). If c1 is homotopic to cq, then

/Cldxu(x) - /C2dxu(x). (4.56)

Thus, if Mg, pB] C m8(Uey), we have

1% H“B
/ dru(z) = / dt u(t). (4.57)
A AB

Because of (4.57), we have

Definition 4.4.4 (1) Let I.,, be a even superdomain in R™° such that 7(I.,) = HT:l(aj»bj) Cc R™
with —oo < aj < bj < 0o, which is called a even supercube. For u € Css(ley : &), we define

by bm
/ dru(z) = / dgy -+ / dgmu(q1, -+ ,Gm) = / dxg u(zp). (4.58)
I ay a B (Lewv)

ev m

(2) For any even superdomain Ue, C R™0 such that ng(Uey) is of definite area, we may put

/U evdx u(r) = /ﬂ B(Uev)de u(zp) (4.59)

foru € Csg(Uey : €).

Remarks. (1) The formula (4.59) stemms easily from the well-known procedures to define multiple
integrals in Riemannian integration.
(2) The reason why we should use ‘contour integration’ is explained precisely in Rogers [189]. As we treat
only even superdomains here, her arguments there are simplified considerably. But we should change the
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role of the ‘body’ in our treatment, if we need to catch up all arguments of Rogers, which is noted in the

remark after Propositon 77.

Super p-forms w: In order to define “super”’-form w of degree p over a p-dimensional singular
manifold L, Volvich-Vladimirov [215] introduced the following:

Let M be a p-dimensional oriented manifold of the class C' and the mapping ¢ : M — U C R™
be of the class C!. The set L = ¢(M), or, more precisely, the pair (M, ), is called a p-dimensional
singular manifold. That is, every p-dimensional manifold M C R™ is a p-dimensional singular manifold
with respect to the identity mapping.

The pairs (M, ¢) and (Mi, 1) are said to be equivalent if L = ¢(M) = ¢1(M;) and there exists a
diffeomorphism f : M — M; such that ¢ = @7 0 f.

-/go*w:/ piw. (4.60)
M My

We may interprete the equation (4.60) as a change of variables as follows:

4.4.2 Integration (odd case)

It seems natural to put formally
do; = Y dojof for ;= > 60
I€Z,|I|=0dd I€Z,|I|=0dd

Then, we have
do; A doy, = doy, A db;.

This make us imagine that even if there exists the notion of integration, it differs much from the ordinary
one.
Let v be a polynomial of odd variables 6§ = (61, -- ,0,) € R}, such that

v(01,---,0,) = Z v,0°  with homogeneous v,0° € € for each b.
[b|<n

Denote by P, (€) the set of all v as above.

Definition 4.4.5 For v € P, (<), we put

dev(a) = den e del ’U(ela U 7971) = (69n e 8911})(0)
ROIn MROIn

and we call it the integral of v on ROI™.
Above definition yields readily that

dbp---df10y---6, =1.
ROIn
Moreover, we have
Proposition 4.4.6 Given v, w € P,(€) , we have the following:
(1) (€-linearity ) For any homogeneous A, p € €,

/da(wiw)(e):(—nw@u/ d9v(9)+(—1)"p(“)u/ a6 w(6). (4.61)
R R R

o|n o|n oln
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2) (Translational invariance) For an e RO we have
(: yp ,

/ dov(0+ p) = / dov(9). (4.62)
MOIn ROIn
(3) (Integration by parts) For v € P,(€) such that p(v) =1 or 0, we have
dOv(0)p, w(0) = —(=1)P®) [ do (9g,v(6))w(B). (4.63)
MROIn ROIn

(4) (Linear change of variables) Let A = (Aji) with Aji € Rev be invertible. Then,

/d@v(@):(detA)*l/ dwv(A - w). (4.64)
R R

O|n 0|n

(5) (Iteration of integrals)

/dav(e):/ A0y -+ dfp s (/ dek-.-dalv(el,.-.,ak,em,--.,9n)>. (4.65)
R R R

oln oln—k 0|k

(6) (Odd change of variables) Let = 0(w) be an odd change of variables such that 6(0) = 0 and

det 9(w) # 0. Then, for any v € P,(€),
Ow |,_
dov(0) = dwv(e(w))deflw. (4.66)
RoIn 9R0[n Ow
(7) For v € P,(€) and w € RI",
/ 40 (01— w1) -+ (B — wp)o(6) = v(w). (4.67)
ROIn

Remarks. (1) All above assertions are easily obtained by following the arguments in pp.755-757 of
Vladimirov and Volovivh [215], so proofs are omitted here.
(2) (4.67) allows us to put 6(0 —w)= (01 —w1) -+ (6, — wy), though §(—0) = (—1)"6().

4.4.3 Integration (mixed case)

Finally, we define

Definition 4.4.7 Let U = U, x R}y C R™" be a superdomain and let v € Csg(U : €), that is,
u(z,0) = > ug ()0 with ug(x) € Css(Uey : €). Then, we define

/Udmdeu(x,e) = /ijx{/aaogQU(x’e)}

:/ drgui(rg) with 1= (1,---,1) (4.68)
7B (Uew)

_ AOlge{/[]eizxu(x79)},

More generally, we consider the following situation.

Definition 4.4.8 Let Q be a domain in R™.
(1) Let p € C®(Q: ML) with image L= 9(Q), 9(0) = Xrex j1j=cven P1(0)0" s 91(g) € CZ(Q: R™).
For f(x,0) = 324 <, Ja()0® with fo(x) being the Grassmann extension of fo(xs) such that f(x,0) is
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integrable in L. In this case, we call the following expression “the integral of the function f(x,6) over
the manifold S = L x R}, ” where

/dedﬁf(x,@):/dﬁ {/Ldmf(:v,e)].

[t s.0)= [ dasota) aen (P52),

/dedef(x,e)z/gdqa(zn.-.;el (o), 0) det (aggq))

In this case, it is clear that
/dxd@f(x,@) = / dx {/dﬂf(x,@)}
s L

(2) For 6 € RY,, we put a set p(Q,0) (called, a singular manifold) in R, by

Since we define, for each 0,

we have

0(Q,0) = {z € R, ‘ x=p(q,0),q € QCR™} for 0e R

Here,
@0 =wl@+ Y.  pu@)® with 9(q),a(g) € C(Q:R).

2<|a|=even<n

We call a set in R™" of the form
§=5(p,2) = {(z,0) e R"I" [ 0 € Ry, 2 € 0(2,0)}

a foliated singular manifold. In this case, we define

/dedﬁf(x,ﬁ):/de{ " dxf(x,e)}

Let f(x,0) be a function with values in € defined on S. We define the integral of f on S as

/dedH f(z,0) = /mOgG l/vm,ac)ix f(xﬁ)]

Here, the inner integral is understood in the following sense:

L dz f(z,0) = /dqf(cp(qﬁ),@) det (&pgz 9)>

(Q,0) Q

4.4.4 Change of variables under integral sign (Berezin case)
If an integrand has compact support, we have the following:

Theorem 4.4.9 Let
r=a(y,w), 0=0(yw)
be a supersmooth diffeomorphism from %?ln to %;ln. Put
ox ox
A=—, C=_—
M= A C oy’ ow’
D B/’ D 00 00
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Then, for any function f € Csg (Eﬁ?gln : €) with compact support, we have the change of variables formula
?R;;L\n

/m‘"dmde f(z,0) = / dydw f(x(y,w), 0(y,w))(sdet M)(y,w).
mx

Proof. [The proof borrowed from Berezin [20]]. First of all, we consider two simple cases:

(i) Let a linear coordinate change be given by

v =Y Awyk, 0; =Y Bjuwr
k=1 =1
with Ak, Bje € €ey. Then, C = D =0 and

sdet (8(3:,9)) = det Adet ' B.
Ny, w)

In this case, we get our result easily.

(ii) For more general linear transformation,

zi= Y Apyr+ Y Ciwe = zi(y,w), 0, =3 Djsyk+ »_ Bjowr = 0;(y,w)
k=1 =1 k=1 =1

with Ak, Bje € Cov and Cye, Dji, € €oq, we have

8(1'79) -1 -1
det = A B—-DA .
sde <8(y,w)> det Adet™ " ( )

/dydw f(Ay + Cw, Dy + Bw) (y — Ay, w — Bw)
=det™A detB/dydw fly+CB 'w, DA 'y +w) ((y,w) — (y,w + DA 1y))
=det A det B / dydw f(y + CB™ Y (w — DA™ 1y),w) ((y,w) — (y — CB™'DA 'y, w))
= det ' A det Bdet ™ '(1 — CB*IDAfl)/dydwf(y +CB 'w,w) ((y,w) — (y + OB w,w))

= det Bdet ' (A — CB—1D)/dydwf(y,w).

(iii) We consider the change of variables of the forms

z=z(y), 0 =w, (4.69)
or

x=y, 0 =0(w). (4.70)

For (4.69), we may use the ordinary change of variable formula which yields our result.
In case (4.70), we consider a transformation 7" which can be included in a 1-parameter group T; of

transformations of form (4.70). Set

H(t) = Ttw,

o(t) = /dwf(x,@(t))sdet (agg)).

e (P _ g (0 ) g (210,

Since
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we have

glt+s) = /dw f(z,0(t + s))sdet <80(;:S)> = /dw f(z,0(t + s))sdet <89§25)8)> sdet (agc(u))

Puttin
° B 06(t + s)
A(s) = sdet (89(t) ),

/dw [ ;j ) (SHJZ)A(s) + f;SA(s)} sdet (8275?). (4.71)

Noting that

A(s) = det J(s) ! = exp (—tr log J(s)) where J(s)= (W)
we get
) ) o - / d 90;(t + s)
%A(S) =0 —tr (J'(s)J 7 (s)) exp (— tr log J(5))] _, = — tr J'(0) = dSW =0

The expression in the square brackets in the right-hand side of (4.73) transforms into

, Of 39’ T
S (%5, - 130) =~ S0

J

Since Tyw; = 6,(t), we have
05(t) = —@;4(0).

‘(t) = /dw Z aaej(@jf)sdet (agg))

We should remark that (i) ¢’(¢) has the same form as g(t) by replacing f in g(t) with Zj 07 (®;f), and
(ii) ¢’(0) = 0 because for ¢t = 0, 6,(0) = w; and sdet (aa(t

- [ ij;w(w» ~0.

Therefore,

)|t=0 = 1, therefore

Repeating this process, we get ¢(™ (0) = 0 for any n > 0.

(iv) The change of variables of the form
x=z(y,w), § =w, (4.72)
or
x=y, 0=0(y,w). (4.73)
The case (4.73) can easily be reduced to (4.70).
For the case (4.72), we first consider the special type:

=y +tfrwl, T ={ig, o}, = Wiy Wises (4.74)

Oizwi
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xl:yZ+ZZfI<y)wla I:{i17"'7i/€}7 = Wiy Wiy,
k

01‘ = W;

(v) The change of variables of the forms

r=2(y,w), 0 =0(y,w)

71

(4.75)

(4.76)

Ezample 1 [The ambiguity in the Berezin integral]. Tt is known that if U = 75" (Ug) x |2, C R

with Up = (0,1), we have

1
/ D(x,Q)(x -‘1-9192) = / dx/d@leg(x—i— 9192) =1.
U 0
But, if we use the coordinate change
y=x+60103, wp =0, :U—>U

whose Berezinian is

1 —Wy W1
sdet (ZEZ’Z))) =1 where g((Z’z)) =10 1 0|,
’ ’ 0 0 1

then we have

1 32
D(y,w)y = [ d =0
/U (y,w)y /0 Y Soar?

This is a serious descrepancy! How to resolve this?

Ezample 2 [An ambiguity of Q-integration]. Let

0
Q_{Q_ (ml -1> |xlax2€mc\m 01702€m0d}§%2|2

92 129

with the volume element dQ = %d&l dfsy. It is known that

s

/ 40 e Q> _ / dzidzo 010y e~ @I HE3+20102) _ 1
5 R2(2

We may diagonalize the matrix ) by using the change of variables

9192 Z'9192
y=1+——, Yo=T2 — ———,
T1 — 122 L1 —1T2
0, 02
wi=———— W=,
X1 — 12 r1 — 1T
or
1 =y +wiwa(y1 — 1y2), T2 = Yo — iwiwa (Y1 — iy2),
01 = wi(y1 — iy2), O = —wa(y1 — iy2),
such that

_ 0 _ y? 0
GOG 1_ n , G 2G 1_ 1
N (o iy2> N <0 3

(4.77)

(4.78)

(4.79)

(4.80)
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G— 1+ 271601(4)2 w1 Gil . 1+ 271(411(4)2 —w1
N Wo 1—2"twwy )’ N —ws 1—2"Ywwy )

It is clear that

where

w1 —imy =y —iys, and str Q% =] + a3 + 20102 = yi + 5.

On the other hand, the so-called Berezinian is given by

dQ = d0,dy = dwidws (y1 — iy2) 2.

dridzs _ dy1dys
2T

“An ambiguity” related to the formula for the integration under the change of variables, occurs because

dy1d 2,2
_/ y; P dundwn (y1 — i) 2~ WiHD) = 0,
™

Remark. An explanation given in Fyodorov [82] (pp. 501-502) or Constantinescu and de Groote [52]
(p-991) is at least outside of my comprehension.

To resolve these ambiguity, there exist two methods which are apparently no relation.

(I) First of all, we give the approach due to Vladimirov and Volovich [215] in pp.759-760.

Theorem 4.4.10 Let
z=a(y,w), 0=0(yw) (4.81)

be a supersmooth diffeomorphism from the neighbourhood Oy of the foliated singular manifold Sy (p1, )
in WM™ onto the neighbourhood O of the foliated singular manifold S(p,Q) in R™"™: We denote L() =
©(Q,0), L1 (w) = ¢1(2,w), where the function ¢y is related to ¢ by v(q,w) = x(¢1,w). Putting

Oz ox

B A C - 87y7 = %7
M=o B \p_o p_o
oy’ ow’

we assume that
(1) either det A|,—o and det(B — DA™1C)|, =0, or det Bl,—o and det(A — CB~1D)|,—o, are invertible
for ally € L1(0) and
(2) L(0) = L does not depend on 6.
Then, for any function f € Css(O : €) which is integrable on S, we have the change of variables

formula
j/dxdG.f(x,9)::j[ dydes f(2(y, ), 0(y, ))(sdet M)(y, ). (4.82)
S S1

Proof. We fix an arbitrary € L = ¢(G). Then from the first equation of (4.81), using the implicit
function theorem, we have
y=glaw), e =a(jew)w) (4.83)

because the matrix A is invertible for all § € R”;. Then from the second equation of (4.81), we have
0=0(y(z,w),w) =0(z,w). (4.84)

Using this change of variables in the integral [ df f(x,0) and assuming that the matrix 00 /0w is invertible
for all w € MYy, we find, from (?7),

00

/d@f(:z:,@) :/dwf(x,é(x,w))det o
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From (4.84), we obtain
90 00 969y

=2y 7 4.
ow  Ow + Yy Ow (4.85)
Moreover, by (4.83),
0y Oz, _, 0z _
0= (5 5 =~ A7 Cly=p(e0)-
Ow Ay 0wy gizw)
Therefore (4.85) takes the form
o0 -
For fixed x, we have
/d@ flz,0) = /dw f(x,0(z,w))det™ (B — DAT'C)|y—g(a.w)- (4.86)

/Sda:dOf(x,G):/de[/dHf(x,Q)]

= /de[/dw f(z,0(z,w))det™ (B — DA_lc)y—y(r’w)]
- /dw {/def(x,ﬁ_(:r,w))det_l(B—DA_lC)|y_y(m,w)}
Making the inner integral the change of variables = z(y,w) for fixed w, we have
/dede f(z,0) = /dw [/L ( )dy f(z(y,w),0(y,w))det ™ (B — DALC) det A}
= [ dyds (0,0), 60,0 sdet A1)

where L1 (w) = ¢1(G,w), ¢1(t,w) = §(p(t),w). O

Using this theorem, we have

Ezample 1'. Let S = L x 2 be a singular foliated manifold in M2 where L = »(@), G =(0,1),
©(t) = ct. Under the change of variables

T =y+ww: =2(y,w), 0 =w =01(w), 02 = wy = Oa(w),

we have
sdet M =1, Li(w) = ¢1(G,w), p1(t,w) = ct —wiwa,t € (0,1),

St ={(y,w) |y € Li(w),w € R2y}.

In this case, we have

/dedef(x,e):/de [/Gdtf(w(t),e)det&g(:)] :/01 dt/dﬁf(et,e)
Lo

0
01 (t,w)

= /dw [/Gdtf(gol(t,wﬁw)detat} :/s dydw f(y + wiws,w). O

w=0

Ezample 3. Let S be the manifold in R'1? defined by

G = (a,b), o(t,0) = et + 6102, L(0) = o(G,0).
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The change of variables

r=vy, 01 =ywy, 03 =yws with sdet M = sdet

= y_2

carries S to S; C R!? defined by o1(t,w) from et + P3wiws = @1, i.e. @1(t,w) = et + t2wiwy. In this

case, we have

/dedof(z,e) :/abdt ;Cf(:ao)h—et—i-/abdt [/def(et,e)]

=/ dydw f(y, yw)y >

(IT) We use the prescription of Rothstein [193] (see also Martellini and Teofilatto [155], Zirnbauer [?])
to remedy this ambiguity by altering the notion of the volume form on the superspace.

The change of variables (4.79), which is called degree increasing in [193] or non-splitting in [155], may

be generated by a vector field Y (y,w) with (z,0) = ¥ @) (y, w), given by

BY(

o Y2

By the prescription given in [193] and more precisely in [155], we should have

dzidzs dy dys
df,df, = —
2 102 2w oy

Using this, we have

s

/ df”;d@ 0, dfy ¢~ (@i raiT200:) _ / dy;d?ﬂ dusrdws (y1 — i)~ 26~ Wi 9D)
Y3

dy,d . 0
+ / y; Y2 ooy dews wiwa (y1 — iy2) (
™ Y1

. 0 . . 0 .
V) =1 4 wiws(y1 — iy2) = — iwiwa(y1 — iya) =— + (y1 — iya — Dwy

dwldwg[l — (wlwg(yl — Zyg)i — i(JJlWQ

= i
0y

0 .
Y (iUl — Y2
w1

0
1)wg —.
+ )WQ 3w2

(y1 — Z'y2)5,iy2)](yl —iys) 2.

. o (2.2
)(yl_ZyQ) 26 (y1+92).

Though the singularity (y; —iy2) =2 must be treated by deleting |y| < € from the integration domain and

making € — 0, after calculating w.r.t. odd variables, we have

dy,d _ g .0 N2 (242
- [ i) () ) e <

27 Y1 Oyo

In fact,

e—0
and
dy dy i 8 ) 8 i o (2 2
/l |> ;W (o _ZyQ)(aiyl _Z@)(yl — i) 2e Witv2)
YB|=Z€
dy1dys 1= (y24y2) / dy1dy: e, 0 0
= Y1 —iy2) e TR — — (1 —iy2) (5 —in
/fj’{lysze} 2 (v 2) lys|>e 2T ( ) (8y1 Oy2
with
2m —r2
/ M(yﬁim)*e*@fﬂ%):/ dp|—S—— || =0 when
o{lysl>e) 2T 0 cos ¢ —isin¢
and
. dy1dyo . \—2 0] .0 . (g2 4yl
1 = == — i _ y1+ys) =1.
=0 Jiyg iz 2 (=) (3y1 Zayg)((yl 2)e )

dyd
1im/ y; 92 dwidws (y1 — iyg)*Qe*(yHyg) =0 where U.={(y,w) e R? | lys| = €},
U ™

) (g1 — iyo)e” Witsd))

e—0
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