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5.2 Integration on the superspace

Integration (even case) Now, we define the integration of a supersmooth function u(z) on an even
superdomain Uy, C, which is similar to the integral of holomorphic functions on a complex domain. (See,

Rogers [?, 7, 7, ?].)

Definition 5.1 Let u(x) be a supersmooth function defined on a even super domain Ue, C RO Let \=
AB + s, =pup + ps € Uey, and let a continuous and piecewise Ct-curve c : [A\g, up] — Uey be given such
that ¢(AB) = A, c(up) = u. We define

/ do u(z) = /A " dtulc()e(t) (5.1)

B

and call it the integral of u along the curve c.



Using the integration by parts, we get the following fundamental result (see de Witt [?]).

Porposition 5.1 Let u(t) € C®([Ag,ps] : €) and let u(z) be the Grassmann continuation of u(t).
Suppose that there exists a function U(t) € C®([ g, us] : €) satisfying U'(t) = u(t) on [Ag, us] . Then,
for any continuous and piecewise C*-curve c : [A\p, ] — Uep C RO such that c(Ag) = A, c(us) = u,

we have

/ dou(z) = UN) — Up). (5.2)
Proof. By definition, we get
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Corollary 5.1 Let u(x) be a supersmooth function defined on a even superdomain Ue, C RUO into . Let
c1,c2 be continuous and piecewise C-curves from [Ag, ug] — Ueyw such that X = c1(A\g) = c2(A) and

w=ci(pus) = ca(puB). If ¢1 is homotopic to co, then

/Cldx u(z) = /czd;v u(z). (5.3)

Thus, if [Ag, pB] C m8(Uey), we have

1B

A dwulz) = /A ) dt u(t). (5.4)

Because of (5.4), we have

Definition 5.2 (1) Let I, be a even superdomain in such that mp(le,) = [[;2,(a;,b;) C R™ with

—00 < a; < bj < 0o, which is called o even supercube. For u € Csg(Iley : €), we define

by bm
/ dru(z) = / dgy -+ / dgmu(qr, -+ ,Gm) = / drp u(zp). (5.5)
Iy ay a B (Lew)

m

(2) For any even superdomain Ue, C such that mg(Usy) is of definite area, we may put

/U drutr) = /ﬂ ot o) (5.6)

for u € Csg(Usy : @).

Remarks. (1) The formula (5.6) stemms easily from the well-known procedures to define multiple
integrals in Riemannian integration.

(2) The reason why we should use ‘contour integration’ is explained precisely in Rogers [?]. As we treat



only even superdomains here, her arguments there are simplified considerably. But we should change the
role of the ‘body’ in our treatment, if we need to catch up all arguments of Rogers, which is noted in the

remark after Propositon 77.

Super p-forms w: In order to define “super”’-form w of degree p over a p-dimensional singular

manifold L, Volvich-Vladimirov [?] introduced the following:

Let M be a p-dimensional oriented manifold of the class C! and the mapping ¢ : M — U C R™
be of the class C'. The set L = (M), or, more precisely, the pair (M, ), is called a p-dimensional
singular manifold. That is, every p-dimensional manifold M C R™ is a p-dimensional singular manifold

with respect to the identity mapping.

The pairs (M, ¢) and (M, @) are said to be equivalent if L = (M) = ¢1(M;) and there exists a
diffeomorphism f : M — Mj such that ¢ = ¢; o f.

/ap*w:/ plw. (5.7)
M M,

We may interprete the equation (5.7) as a change of variables as follows:

7777

Integration (odd case) It seems natural to put formally

d0] = Z dej’IO'I for 9] = Z 9]’,]0-1‘

I€T,|I|=0dd I€T,|I|=0dd

Then, we have
do; A dfy, = doy N db;.

This make us imagine that even if there exists the notion of integration, it differs much from the ordinary

one.

Let v be a polynomial of odd variables § = (1, --- ,6,) € R®7, such that

v(01,-+-,0,) = Z vp#®  with homogeneous v,0° € € for each b.
[b|<n

Denote by P, (€) the set of all v as above.

Definition 5.3 For v € P, (<), we put

/dﬁv(ﬂ) - /den o dBy 001, 10n) = (6,0, v)(0)

and we call it the integral of v on .

Above definition yields readily that
fgn...d(gl(gl...gn = 1.

Moreover, we have



Porposition 5.2 Given v, w € P,(€) , we have the following:

(1) (C-linearity ) For any homogeneous A\, u € €,

/de(m ) (0) = (—1)" )\ /d&v(&) =1y, /dew(e). (5.8)
(2) (Translational invariance) For any p €, we have
/d@v(@ +p) = /dau(e). (5.9)
(3) (Integration by parts) For v € P, (€) such that p(v) =1 or 0, we have
fﬂv(@)esw(ﬁ = — (-1’ fe(asv(ﬂ)ﬁU(H) (5.10)
(4) (Linear change of variables) Let A = (Aji) with Aj, € be invertible. Then,
JQ’U(Q) = (det A)~! %UU(A w). (5.11)
(5) (Iteration of integrals)
/dev(e) - / d6,, - - i1 </ A0y - dOy v(0y, - O, O, - ,en)) . (5.12)
MOIn—k ROk
(6) (Odd change of variables) Let 0 = 0(w) be an odd change of variables such that 0(0) = 0 and
det 96(w) # 0. Then, for any v € P,(2),
Ow w=0
/d@v(&) - /dwv(@(w)) det—1 20w (5.13)
w
(7) For v € P,(€) and w €,
/d9 (01— w1) -+~ (B — wn)0(6) = v(w). (5.14)

Remarks. (1) All above assertions are easily obtained by following the arguments in pp.755-757 of
Vladimirov and Volovivh [?], so proofs are omitted here.
(2) (5.14) allows us to put §(f —w)= (01 — w1) -+ (6, — wy), though §(—0) = (—1)"5(9).

Integration (mixed case) Finally, we define

Definition 5.4 Let U = U., x R?y C R™" be a superdomain and let u € Css(U : €), that is, u(z,0) =
> g ()0 with ug(x) € Css(Uey : €). Then, we define

/U dedd u(z, 0) = /U jx{feu(x,a)}

= / drgui(zp) with I=(1,---,1) (5.15)
7B (Uev)

fif g}



More generally, we consider the following situation.

Definition 5.5 Let Q) be a domain in R™.

(1) Let ¢ € C=(Q : RY) with image L = p(Q), 9(@) = X 1e1,1j=even 1(0)0" 01(q) € CZ(Q
R™). For f(z,0) = 3|4 <n fa(®)0" with fa(z) being the Grassmann extension of fo(wp) such that f(x,0)
is integrable in L. In this case, we call the following expression “the integral of the function f(x,0) over
the manifold S = L x R, ” where

/Sdmdef(x,e) :/de [/Lda:f(xﬁ)}
/dxfx& /dqf det<qq)>,

_ 0 ... 9 9ela)
/dedef(%e)—/ﬂdq% 891f(<p(q),0)det< a4 )

In this case, it is clear that
/dwd@f(x,&) = / dx [/d@f(x,@)].
S L

(2) For 0 €™, we put a set p(2,0) (called, a singular manifold) in RT b

Since we define, for each 0,

we have

P(2,0) = {2 € R | 2= p(q,0), g € QCR™} for 6 € Ry,

Here,
@) =v@+ Y.  pd@)f" with 9(q),a(g) € C*(Q:R).

2<|a|=even<n

We call a set in R™" of the form
§=5(p, Q) = {(z,0) e R"I" | 0 € WYy, 2 € 9(2,0)}
a foliated singular manifold. In this case, we define

/dedﬁf(x,@) = /dﬂ [/L(G) dxf(x,@)].

Let f(x,0) be a function with values in € defined on S. We define the integral of f on S as

/dxd@fx@ fﬂ[/@(ﬂ;)lex@)]

Here, the inner integral is understood in the following sense:
9¢(q,0
[ dose.0)= [dn(eta.0.0 e (2280,
»(Q,0) Q q

Change of variables under integral sign (Berezin case) If an integrand has compact support, we

have the following;:



Theorem 5.1 Let
r=2z(y,w), 0=0(yw)

be a supersmooth diffeomorphism from 9%;7‘” to SRT;M. Put

ox ox

Azi = —

w4 C oy “ T o
D B) |p-% p_%

oy’ Ow

Then, for any function f € Css(ﬂ“‘u}l‘n : €) with compact support, we have the change of variables formula

[ w0 1(.0) = [ dyds fal,0),6(3.)) (st M) ).
R

g min
X ERY

Proof. [The proof borrowed from Berezin [?]]. First of all, we consider two simple cases:

(i) Let a linear coordinate change be given by

m n
;= Z Airyr, 05 = ZBjewe
k=1 =1

with Ak, Bje € €ey. Then, C = D =0 and

sdet (3(“3’9)) — det Adet ! B.

In this case, we get our result easily.
(ii) For more general linear transformation,

n

wi =Y Awyp+ Y Cuwr = wi(y,w), ;=Y Djxyr+ Y _ Bjuws = 0;(y,w)
k=1 =1 k=1 =1

with A, Bje € €oy and Ciyp, Dji, € €oq, we have

6(x,0) -1 —1
d = A B—-DA .
sdet (8(y7w)> det Adet™ " ( )

/dydw f(Ay + Cw, Dy + Bw) (y — Ay, w — Bw)
=det™'A detB/dydw fly+CB'w,DA 'y +w) ((y,w) — (y,w+ DA™ 'y))
=det™'A detB/dydw fly+CB Hw— DA y),w) ((y,w) — (y — OB *DA y,w))
— det ™' A det Bdet (1 — CB-1DAY) / dydw f(y + CB~w,w) ((1,0) — (y + CB~w,w))
= det Bdet (A — CB™'D) / dydw f(y,w).
(iii) We consider the change of variables of the forms
x=2x(y), 0 =w, (5.16)

or

x=y, 0 =0(w). (5.17)

For (5.16), we may use the ordinary change of variable formula which yields our result.



In case (5.17), we consider a transformation 7" which can be included in a 1-parameter group 7} of

transformations of form (5.17). Set

0(t) = Thw,

o) = /dw F(@, 0(t))sdet (8255)).
" s (P _ g (P (0)
we have

gt +s) = /dw f(x,0(t + s))sdet <69(2:8)> = /dw f(z,0(t+ s))sdet (%)Sdet <ag£f))

Putting

0= s (L),

we get

:/dw{ZW(?é)A(s)—i—fiA(s)] sdet(%(j)). (5.18)

d
! —_
g(t) = Tolt+5) _

s=0

Noting that

A(s) = det J(s) ™" = exp(—tr log J(s)) where J(s) = (W)’
we get
J / . , d 69] t S
00) = —tr (J'(s)J 7 (s)) exp(—tr log J(s))|,_, = —tr J'(0) = — dsaéj(t)) o0

The expression in the square brackets in the right-hand side of (5.20) transforms into

/ af o0 _ 0 /
S0 ) S hen

J

Since Tyw; = 6,(t), we have

0 (t) = —@;(0).

Therefore,
J(t) = /dw 3 ;gj(@jf)sdet (3;3)).
J

We should remark that (i) ¢g'(¢) has the same form as g(¢) by replacing f in g(t) with 3~ a%j(i)jf), and
(ii) ¢’(0) = 0 because for t =0, 0;(0) = w; and sdet (%S))hzo =1, therefore

9'(0) = /dw Z (;;(wjf(w)) =0.

Repeating this process, we get ¢(™ (0) = 0 for any n > 0.

(iv) The change of variables of the form

z=z(y,w), 0 =w, (5.19)



or
z=y, 0=0(y,w). (5.20)

The case (5.20) can easily be reduced to (5.17).

For the case (5.19), we first consider the special type:

zi =y +tfrw', T={ir, i}, = wi, Wiy,
{ } 1 2k (5'21)
9i = Wj
xzzyl—'_zz.f](y)w[a I:{ilv"'vik}v = Wiyt Wiy
R (5.22)
01‘ = W;
(v) The change of variables of the forms
x=2xz(y,w), 0 =0(y,w) (5.23)

Porposition 5.3 (0000000000 0O0O) OO
V=(@yw—X=(0), v=yw), 0=0yuw)

oxRY"oo R O00OD0O0DO00O00000

ox ox

A== - -

M — A C oy’ ¢ ow’
D B) |p_9 5_00

oy’ Ow

oooobooooboobooooooo fGCss(fR;‘":Q)DDDDDDDDDDDDDDDDD

/mlndxde f(z,0) :/mlndydw fz(y,w),0(y,w))(sdet M) (y,w).
R R

oooobooooboobooooboboooooboobooboOoboooono

Porposition 5.4 (Gaussian 00 0) AODO Nx N-OOODODOOOO00z =z, 2y) €CNDOOD
00000 2= (&, -2v) €eC¥N 000D00DO

- 1
an d[z, 2] e %A% = Tt A’ d[z, 2] = (=2mi) " Ndz1dz - - -dZydzy.

=61, --6y)eR) 0000000000 A=(F, -0y eR) 000000

/ d[6,0)e 04 = det A, d[f, 0] = dOydby- - -d,db;.
ROV 5 ROIN
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5.3 Fourier OO

OO0 Fowdler 00O D0O0OO0O0O00O0DODOOOO0ODOOOOO0DMODOODOOOOOODDOOOOO
0000 Fourier DO OOODO

(Fov)(€) = (2mh) ™/ /dze*"h”@‘@v(zx (Fow)(x) = (2rh)~™/? /ds e @l ),

(F,v)(n) = K", /d&e*ih_1<9|”>v(0), (F,w)(0) = K"/, /dmih‘l<9\”>w(7r).

(@le) = i, (Olm) =3 O, 1y = e ED),
Jj=1 k=1
googo
<X‘E> = <ZC|£> + <9|7T> S S}{6V7 Cm"n, = (27Th)_m/2hn/2[/n7

gbooooooo

(Fu)(&,m) =Cm,n/ dX e BN y(X) = Y [(Foua) ()[(F,6°) ()],

min
R a

(Fo)(@0) =6 [ a2 OE(E) = Y (o) @ For)0)]

a

Integration: We define

/WM dadfu(z, 0) = fx {feu(x, 9)}

:/gXB(aen-“aelu)(XB) (m8() =R™)

_ Z{fxu(x,@)} :/DW d8dz u(z, ).

Especially for odd integration, we have the following curious looking but well-known relations

f@n coodfr1601---0, =1 and f@n -+-df#1 1 =0 (Berezin integral).

Remarks for the need of co number of Grassmann generators.

(i) Though € does not form a field because X2 = 0 for any X € €oq, but if X,Y € € satisfy XY =0
for any Y € €uq, then X = 0. This property holds only when the number of generators is infinite. By

this, we may determine the derivative 0y u(X) uniquely.

(ii) In general, we need at least countable number of operations in doing analysis. If the number of

Grassmann generators is finite, then the effect of odd variables may vanish after finitely many operations.

Remark. Though the differential calculus on Fréchet spaces has some difficulties in general, such
calculus on Fréchet-Grassmann algebra holds safely in our case. For example, the implicit and inverse

function theorems, and the chain rule for differentiation. See, Inoue and Maeda [?], Inoue [?, 7].

gboooooobooooobooboo



