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Comparison 5.1 Let a function f(z) from C to C be decomposed as
f(z) =ulz,y) +iv(z,y), ulz,y)=Rf(z) €R, v(z,y) =Sf(z) €R,
where z = x + 1y, |z| = V&2 + y? with 2o = xo + iyo. Since

£ (2) = f(20)] = u(z,y) + iv(z, y) — (u(zo, yo) + 10 (w0, Yo))|
=/ (u(@,y) — ulzo, y0))* + (v(z,y) — v(z0,%0))?,

we have that if f(2) is continuous at z = zy, then as real-valued 2 real variables function, u(x,y),v(z,y)

are continuous at (xo,Yo)-

Let a function f(z) from C to C be differentiable at z = zo, roughly expressed as
f(z0 + h) = f(20)

w

—~veC (jw—0, weC). (5.1)
Here, y = a+if (o, 3 € R) and denoted by v = f'(z0). In other word, we denote it as

[ (z0 + w) = f(z0) = yw| = ow])  (jw] = 0). (5.2)



Using the expression w = h+ik (h,k € R) and yw = (a+if)(h+ik) = (ha —kB) +i(ka+ hp), we have
|f (20 + w)—f(20) — yu|
= |u(zo + h,yo + k) — u(xo,y0) — (ha — kp)
+i(v(zo + s yo + k) — v(zo, yo) — (ka + hj3))|

- ([u<xo T hyo + K) — (o, o) — (ha — k)2

1/2
+ [v(wo + h,yo + k) — v(20,%0) — (ka + hﬁ)P) .

Therefore, when (h,k) — 0 (i.e. Vh%2+k? —0), we get
u(zo + Ry yo + k) — u(zo,y0) — (ha — kB)| = o(V h* + k?),
[v(zo + R, yo + k) — v(wo, yo) — (ka + hB)| = o(V h? + k2).

From the first equation above, putting h = 0, we have 3 = —uy(xo,yo) and putting k = 0, o = uy (X0, Yo)-
Using the 2nd equation above, we have o = vy(xo,yo) and B = vz(xo,y0). In other word, we have a
system of PDEs

Uy = Vy, Uy = —Uy. (5.3)

This is called the Cauchy-Riemann equation and the solution u(x,y) + iv(x,y) of this equation defines

the analytic function in z = x + iy. Moreover, we may denote, without notational confusion,

L) = £/(2) = a8 = g i, = v, + .

Problem: Does there exist a Cauchy-Riemann type equation corresponding supersmooth functions?

Bosonic case (Differentiablity for functions on R™° or €10 with values in €): Let Us, (or Viy) be

an even superdomain in R0 (or €™10),
Definition 5.1 (super Gdteaux- or Fréchet-differentiability and super analyticity) We assume

that g : R™O > Uyy — € (or g: €m0 5V, — €).

(i) A function g is said to be 1-time super Gateauz-differentiable at x in the direction y, there exists

an element g (z;-) : R™0 — & (or gl (x;-) : €™ — €) such that when t — 0,

. d
gz +ty) — g(x) —tgs(z;y) -0 in €, or gg(w +ty) = gu(z;y).
t=0

Analogously, g is said to be N-times super Gateauz-differentiable at x in the direction (y™,--- y(M)) €
(R™OVN | if there exists

o~ -, )
[ 2 \J
3t1...atNg(x+Ztﬂy )

j=1

= g (23

ty ==t ny=0

WLy,

(ii) A function f is said to be 1-time super Fréchet-differentiable at x, there exists a linear operator
fio(x) € LEA™O - €™) (or fl.(x) € L& €™)) such that

(i) f(a+h) = f(2) = (h|fp(2)) + (Ble(z, b)) for h e R™O(or €mI0),
(i1) e(x,h) — 0 in €™ when h— 0 in R™O(or ¢™I0),




[ is said to be 2-times super Fréchet-differentiable at x when fr from x € RO to €™ is also super
Fréchet-differentiable at x. Moreover, we may define N-times super Fréchet-differentiablity at x and we

say it supersmooth if it is co-times super Fréchet-differentiable.

(iii) When f : €0 — &, f is called to be superanalytic at z € Vo, C €™O iff there exists a function

e(z,w) € €™ and an element o = f.(z) € €™ such that

(i) f(z +w) — f(2) = (w|a) + (wle(z,w))  for we ™0

(i) e(z,w) — 0 in €™ when w — 0 in €O,

Remarks. (i) If f is super Fréchet-differentiable at x, we have

fo(@;h) = fe(x)h = Z h; fi(x) = (pI(f;(2)))

J m—j
with f](‘r) = a; ((ﬂ) = fé}(x;ej)’ € = (0""70’1707"'70)'
J

(i) It is clear that if f: €0 — & is superanalytic, then fg(z) for z € C™ is analytic in ordinary sense.

211 € superana 1C1 1§ anotner name o] super rrecnet-arfferentiaotil or Jjunctions jrom o C.
(iii) Th lyticity is anoth f Fréchet-differentiability for functions from €™l to €

Bosonic “analytic” case

Lemma 5.1 ((1.1.17) of dW, Theorem 1 of MK for m =1) ! Let f be a analytic function on an
open set V. .C C to C. Then, we may extend f uniquely to a function f

_ 1
f(z) = Z —'f(")(zB)zg for z=zp+2zg with zp €V, (5.4)
= nl
which is superanalytic.

Proof. See the proof of Lemma 5.3 below, more precise than that in Theorem 1 of MK, and it gives
also that f is superanalytic on U = ﬂ'gl(V). Moreover, with slight modification of the proof of Theorem
1 of MK, we claim that

“for a superanalytic function g on U, if g(z5) =0 on zg € V implies g(z) =0 on z € U”.

Since g has value in €, we have the expansion

9(2) => _gi(z)e’  with g;:U>z—C.
Iez

To relate the conventional analyticity, we introduce two sets Q:(Lm) and €M) ;

We define a set AS as

AC = {X_ Z X[O'I|X[ G(C} with Ty, :{I: (i17i2,~~' ,Z'L,O,”-)} cT
I€T, (5.5)

=~ A(RL : C)(= the exterior algebra of forms on RY with coefficients in C) = (CQL,

LdeWitt:Supermanifolds, London, Cambridge Univ. Press, 1984.
Matsumoto and Kakazu: A note on topology of supermanifolds, J.Math.Phys.27(1986), pp. 2690-2692.




and we take its projective limit AC. In fact, for M > L, defining maps ¥ : AS — AS
by ¢LM(ZIeIM Xrol) = ZlezL Xro!, we have the set (A(EJ/)LM) which forms a projective
system and yields a projective limit A©. More precisely, the topology of AC is defined as
follows: Elements X™) converges to X in AC if and only if for any € > 0 and I, there exists
an integer ng = no(e, I) such that |X§n) — X| < € when n > ng.

For any L, take m < L, we define

Q:(Lm):{X: Z X]O'I|X[€(C}.

I€Zr |[I|<m

It is clear that

o(m) _ th%o Q:%m)7 Q:%m) ={X = Z X[O'I},

I€lm 1
with T =Ug0_oTm, Im ={I = (i1,42,---) €L | |I| < m}, (5.6)
T = {I = (i1,i2, - +ir,0,--- | [I| <m} — T, (L — o).
We have also
mgm):{X: Y Xl | X5 R, Xjec(|1|21)}_,m<m> (L — o0),
Iy, |I|<m
P (5.7)
%Q”]—{X— 3 XIUIXIGC}ﬁm[m](LHoo).

I€Tp,, 1| I|l=m

For any fized I, take L and m such that I € I,, 1, we restrict the domain of definition of gr(z) to

Uun Q(Lm). Then, this gives an ordinary analytic function of variables {zs}ez,, .. From g(zg) = 0 on

0
zg €V, we get 87gl(z) =0 for all J € I, 1,. Therefore,
J

gr(z2) =0 for YzeUnem™,

which implies

g(z) =0 for VzeUn(UX_e™)=Unc.

That is, g(z) =0 forVz € U. O

Lemma 5.2 ((1.1.18) of dW, Theorem 2 of MK for m =1) Let U C €., be a connected open
set. If f is superanalytic on U to €, then

&= fia)e, i) =3 )
n=0

IeT

Proof. Since, for each I, fr(zg) is analytic from V = wg(U) C C to C, it has the superanalytic

extension which equals to f(z). O

Corollary 5.1 (Theorem 3 of MK for m =1) Let f be superanalytic on a connected open set U C

Cev to €. Then, f has the unique extension to a superanalytic function on U. Here, we put

Us={2€C|z=wg for somewec U}, U={wéeC |wseUp}.



Proof. From above two lemmas, we get this claim. O

As is mentioned before, we have

Lemma 5.3 Let f be real analytic on R™. Then, its Grassmann continuation f

r r = 1 ; e e 1]
f@) = flap+ws) = 3 —05f(en)a§ with O7f =05 -0 f, a=(on,+ om)
la|=0 "

is super Fréchet-differentiable at x, i.e. there exist Fj(x) € € and €;(x,y) € € such that

f(x +y) = f(x) + Zijj(m) + Zej(m,y)yj, with €;(xz,y) =0 in € when y—0 inC.
j=1 j=1

Bosonic “smooth” case (Without analyticity, we may proceed analogously for functions on /™0 ):

As is noted in p.6 of AW, we may define the Grassmann continuation of a smooth function as follows.

Porposition 5.1 Let Uy, C be a even superdomain. Assume that f is a smooth function from R™ D

Uev B = m8(Usy) into €, denoted simply by f € C®(Uey p : €). That is, we have the expression

fl@)=>_fila)o’ with fi(q) € C®(Uey,p:C) for each J € L. (5.8)
JeT

Then, we may define a mapping f of Uey into €, called the Grassmann continuation of f, by

r 1 feY « 1o a
flx)= Z aaq f(zp)x§ where Of f(wp) = Z&'q fi(zp)o’. (5.9)
la|>0 J
Here, we put x = (21, ,&m), ¢ = g + xg with 28 = (T18,-** ,TmB) = (@1, 1 qm) = ¢ € Uey B,
rs = (18, ,Tm,s) and x* = Tt - x&m.

Corollary 5.2 If f and f be given as above, then
(i) f is continuous and
(it) f(x) = 0 in Usy, implies f(xp) =0 in Usy 5.

Moreover, if we define the partial derivatives of f by

J

Oz, f(a:) = %f(x +tegy) - where ;) = (m,O, -,0) €, (5.10)
then we get
ijf(x) = Oz/f(x) for j=1,--- m. (5.11)
Remark 5.1 By the same argument as above, we get, for y = (y1, -+ ,Ym) €,
%f(m +ty) . = éyj za: é@g‘(’“)qu(mg) x§ = ]ily]&vlf(x) (5.12)

Therefore, (5.12) implies that f, the Grassmann continuation of f, is super Gateaua-differentiable

at x in the direction y, that is, there exists F;(x) € € such that for each y

flz+ty) — f(z) - tiijj(x) —0 € when t— 0. (5.13)
j=1

More generally,



Lemma 5.4 Let f(q) € C®(R™), we have the Taylor expansion for f: For any N, there exists T (z,y) €

¢ such that
N

flety)= 30 0@y + (o), (514)

|ae]=0
with
~ a 1 a f
@y = Y v / At (1= 1)V 08 (o + 1),
la|=N+1 0
Corollary 5.3 Let u be co-times super-Fréchet differentiable, then for any N, we have
1
uy) = 32 S0Ru(e)(y - )" + 7 (s, y)
lal<N
with

T (u; 2, Y) Z /dt—l—tNao‘ (x +tly — x)).

la]=N+1

5.1.4 Grassmann continuation of composite functions

Lemma 5.5 Let U C R™, U’ C R™ be open sets. For given g € C¥(U : R™), f € (U : R™") such
that g(U) C U’, we have

(fog)x)=(fog)(x) for :L‘EUXSRZE where U:ﬂgl(U)Ci)‘igf,.

Proof. Without loss of generality, we may assume m’' = 1.
We begin with the simplest case m = m' = 1. By Faa di Bruno’s formula and the definition of Grassmann

continuation, we have

Fog@) = ()n%xs
n=0
3 . ‘ 5.15)
1 g(])(xB) k; § (
= Z ( Z Tl ol H ( S f(k1+ +k")(g(x13)) .
n=0 kitetkn=n, L J:
k1+2ko+---+nky,=n
. - g(l)(xB) .
Putting §(z) = g(xp) + Z s = up + ys, we have
(m)( (1) 2)
Z f yB FW8) o — pge) + L (yB)y§+~-~ (5.16)

1! 2!

with

> (1) m 00 (]) kj
Z 9" (zB) Z Z H g SUB
=1 ’ n=0 k14 +kn=n, T j=1

k14+2ko+---+nk,=n

which leads to (5.15) after reordering summation.

For general m,m’, we use Faa di Bruno’s formula for general dimensions as in [?] and we get

—~—

92(fog)(z) = 2 (fog)w). O



Notation: Hereafter, for the sake of motational simplicity, fis denoted simply by f unless there

occurs confusion.

Remark. Concerning the meaning of the Grassmann continuation f of f, in p.7 of his book, de Witt

claimed as follows:

“The presence of a soul in the independent variable evidently has little practical effect on
the variety of functions with which one may work in applications of the theory. In this respect

Rev is a harmless generalization of its own subspace R, the real line.”
In fact, we have

Porposition 5.2 Let a function G from R™° to € be given and super Fréchet differentiable. Putting
9(q) = G(q) for ¢ € R™, we have g = G.

Proof. If G is superanalytic from €™° to €, then g is at least real analytic from R™ to C and § = G
by Lemma 5.1.
If G is supersmooth from R™O to € which is 0 on R™, then G is 0 on "™, In fact, since Jgg(zp) =0

for any a in (5.14), we have

G(:,CB —l—.%'s) = TN(G l‘B,.’L'S Z :L‘S/ dtf 1-—1t Na“ (IB +t$s)
la|]=N+1

Z IS/ dt ——— (1 — )N 19 G (ap + tag).
1B|=N+2
As we noted before that fr(x)a’ — 0 in € when |I| tends to oo even if f(x) — oo, we have Tn(G; xp, T5) —
0 in € when N — oo. In fact, for any ¢ > 0, we take N such that NN+1e-Ng—2" €, then
(xg)™ contains Grassmann generators with degree more than r(I) ~ 22" whose number of components
Ng = #{a | |a| = N +1} < N! ~ V2rNN+Y2e=N " therefore pr(tn(g; oB, ) < Ni272" < ¢ for N
sufficiently big. O



