Foundation of Super Analysis Lecture6 - 08-11.14  A. Inoue

1 Necessity of the non-commutative analysis and its merit
2 Dirac and Weyl equations
3 Super number and Superspace

4 Linear algebra on the superspace
4.1 Matrix algebras on the superspace
4.2 Supertrace, superdeterminant

4.3 Integral of Gauss-type and Pfaffian

5 Elementary Analysis on the superspace

5.1 Functions on the superspace
5.1.1 Grassmann continuation

Let ¢(q) be a €-valued function on an open set @ C R™, that is,
$(q) = > _¢r(g)o’ with ¢7: Q3¢ — ¢1(q) € C.
I€T

By the definition of the topology of €, we have

lim ¢(q) =) ( lim ¢;(q))o".

q9—q0 q—q
IeT 0

The differentiation and integration of such ¢(q) are defined by
0

o)=Y go-onla)e’ and [ daola) =3 ([ aserta))o

ez ~ Q IeT

We say ¢ € C°(02:€) if ¢p; € C°(Q:C) for each I € 7.

Remark 5.1 If we use Banach-Grassmann algebra instead of Fréchet-Grassmann algebra, we need to
check whether ) ;7 |¢1(q)| < 0o, ete., which seems cumbersome or rather impossible to check for applying

it to concrete problems.



Lemma 5.1 Let ¢(t) and ®(t) be continuous C-valued functions on an interval [a,b] C R. Then,

(1) f; dt ¢(t) exists,
b
(2) if ®'(t) = ¢(t) on [a,b], then / dt ¢(t) = ©(b) — ®(a),

(3) if A € € is a constant, then

/abdt(¢(t)-)\)=(/abdtqé(t)).A and /abdt()\.(;s(t)):)\./abdw(t).

Moreover, we may generalize above lemma for a €-valued function ¢(g) on an open set Q@ C R™.

Definition 5.1 A set Uey C= R is called an even superdomain if Uy g = m8(Uey) C R™ is open and

connected and W}gl(ﬂB(UeV)) = U.y. When U C R™" is represented by U = U,y X RI, with a even

superdomain Uy, C, U is called a superdomain in SR™™.

Porposition 5.1 Let Us, C be a even superdomain. Assume that f is a smooth function from R™ D

Uev,g = m8(Uev) into €, denoted simply by f € C(Uey s : €). That is, we have the expression

0)=>_ fi(qo’ with fi(q) € C®(Ueyn:C) foreach JeL. (5.1)
JeT

Then, we may define a mapping f of Uey into €, called the Grassmann continuation of f, by

~ 1
fla)= 3 P flem)al where 37 f(an) = 3207 o) o (5.2)
|| >0
Here, we put © = (z1,-+ ,@m), * = xp + 25 with 25 = (T1.B,"* ,Tm,B) = (@1, - ,¢m) = q € Uey B,
Tg = (xl,Sa . 71:771,8) and xo‘ = gj?l .. xfﬁlm

Proof. [Main point of this proposition is to see whether this mapping (5.2) is well-defined. Therefore,
by using the degree argument, we need to define f(*!, the k-th degree component of f ]

Denoting by x[lké], the ki-th degree component of z; g, we get

() =@l el

)

Here, the summation is taken for all partitions of an integer a; into oy = p1,1 + -+ + p1,¢ satisfying

Zle r;p1,; = k1, 7 > 0. Using these notations, we put

- o )
f[k?] (r) = Z —|(8 f) (IB) (z$ )[kl] (‘Tn{:LS)[km] (5.3)
\algkk, ko—lgkl-i_m'i_km:k :
1, ,km are even

where

(0 )Rl ( Z 05 fi(wp)

[J|=ko



Or more precisely, we have

fOl(z) = O (@p),

j=1
@) = ¥ ap) + > (0g, HM(@B) (2).5)?
j=1
i) = f9@B) + > (04, /P (wB) (255)
j=1
+ %Zm:(fﬁ f)[ } (7B) 35 s) [4] + Z (xj,s)[Q](xk,s)[Q], ete.
j=1 J#k

Since fUl(z) # f¥(x) (j # k) in €, we may take the sum diso fUl(z) € € = @32 €M, which is denoted
by f (x). Therefore, rearranging the above ‘summation’, we get rather the ‘familiar’ expression as in (5.2).
O

Corollary 5.1 If f and f be given as above, then
(i) f is continuous and
(i1) f(m) =0 in Uey tmplies f(zg) =0 in Uey B-
Moreover, if we define the partial derivative of f in the j-direction by

J

N d - PR NS,
ax]f(x) = %f(l’ + te(j)) where e(j) = (Oa te 707 17 Oa te 70) €, (54)
t=0
then we get
6wjf(x) :anf<.’I}) fO?" ]: 17 , M. (55)

Proof. Let y; = y;B + yj,s € Rev. For yi) = yje(y) = vjpey) + Yi,8€() = Yu).B + Y@).s € as

d - d 1
%f(ff +ty) = 7 {Z o (Z 0y fr(xp + ty(j),B)UJ> (zs + ty(j),S)a} ;
«@ ’ J

we get easily,

FICERT I (Z 83f.f<xa>o‘f> 2+ vns Y o (Z asaquj<wB>oJ)
a J
7yJZ %me msiyﬂaqu( )

Here & = (av,--- ,o5 — 1, ,apy). Putting y; = y; 8 + y;s = 1 in the above, we have (5.5). O

Remark 5.2 By the same argument as above, we get, for y = (y1, -+ ,Ym) €,
d - - =
S+t Zyj Z 5 0g, f(wp) 2§ = Y00, f(2). (5.6)
t=0 a j=1




Therefore, (5.6) implies that f, the Grassmann continuation of f, is super Géateaux-differentiable at

x in the direction y, that is, there exists fg(am y) € € such that for each y
_ _ _ d - _
flx+ty) — f(z) —tfp(z;y) =0 in€ when ¢— 0, or %f(x +ty)|,_, = fr(z:y). (5.7)
Moreover, the Grassmann continuation f of f has the following property:

Lemma 5.2 ' Let f be real analytic on R™. Then, its Grassmann continuation f

oo

- - 1
f(z) = fap +2s) = Z aag‘f(xg)xg with 07 f = 03!+ --0gm f, a = (a1, o)

ler|=0

is super Fréchet-differentiable at x, i.e. there exist Fj(z) € € and €j(x,y) € € such that

f(:c—i—y +Zy§ +Ze]xyy], with €j(x,y) =0 in € when y—0 inC.
j=1

Proof. For the sake of simplicity, we consider only the case m = 1. Below where we use the real
analyticity, we require that |yg| < d(zp) where §(zp) is the convergence radius of f at xg. Then, we

have

fletu) = 30 5 s + yn)as +us)"

n=0
(o) 1 o0
= T;) ) (;} < (g ) (Z F(n |x7§ kyé) (by real analyticity of f(q)),
=> (Z Z,f(“”k) TB)y ) ( > knj Sys> (renumbering by j =n — k),
n=0 Jjt+k=n
— 1 - 1 n .
= Z o Z ﬁf( ) (zp I]S ( Z g,myByS) (by reordering for £ 4+ k = n),
l+k=n

Z ff("ﬂ)(xg)m (yg +ys)" (by putting n=/£+ k),

(

n=0 j=0 J!
oo
1 -
= gf(”)(w)y"
n=0
Therefore,
£ £ - 1 F(n n ry — 1 F(n n—
flaty) — F@) =3 SO @y = PO @y + 13 7@y,
n=1 " n=2
with -
1 -
e(z,y) = 2_22 af(")(ﬂv)ynfl —0 in¢€ when y— 0. O

More generally,

Lemma 5.3 Let f(q) € C*(R™), we have the Taylor expansion for f: For any N, there exists Tn(z,y) €

¢ such that
N

fla+o)= Y Soef@y +n(e) (58)
lo|=0

1S. Matsumoto and K. Kakazu, A note on topology of supermanifolds, J.Math.Phys.27(1986), pp. 2690-2692,
S. Matsumoto, S Uehara and Y Yasui, A superparticle on the super Riemann surface, J.Math.Phys.31(1990), pp. 476-501.




with
= > / dt—l—tNaaf(x+ty).
la|=N+1
Proof. Substituting ¢ = g and ¢’ = yg in

N

flg+4q) = Z—aa )+ D g / dt—l—tNé)af(qutq)
|a|=0 |a|=N+1
and extending both sides, we have the desired result by (5.5). O

Notation: For notational simplicity, we denote f simply by f.

5.1.2 Supersmooth functions and their derivatives
The differentiability of mappings between Banach spaces

Comparison 5.1 Let (X, |- ||x) and (Y,| - |ly) be two Banach spaces.
(i) A function ® : X — Y is called Gateauz-differentiable at x € X in the direction h € X if there exists
an element @, (z;h) € Y such that

d
|®(z + th) — ®(z) — tPg(x; h)|ly — 0 when t— 0, ie. %Q(as —|—th)|t:0 = O (z; h).

Ol (x; h) is also denoted by O (x)(h), da®(z;h) or (da®(x))(h).

Moreover, ® : X — Y is called Fréchet-differentiable at x € X if there exist a bounded linear oper-
ator Dn(x) : X — Y and an element 7(x,h) € Y such that

O(z+h) — ®(x) — ®p(x)h =7(x,h) with ||7(x,h)|ly = o(]|h|x).

It is clear that if @' (x) (or dp®(x)) exists, then Py (x) exists also and P (x) = P (x).

Theorem 5.1 (Theorem 2.1.18 of Berger?) If ® : X — Y be Fréchet-differentiable at x, it is
Gateauz-differentiable at x. Conversely, if the Gdteauzr derivative of ® at x, dg®(x,h), is linear in
h and is continuous in x as a map from X — L(X :Y), then ® is Fréchet-differentiable at x. In either

case, we have Oy (x)y = ®p(z,y).
Problem 5.1 How does one extend these notion of differentiability to those on functions on R™™ 2

Definition 5.2 A set Uy, C= R is called an even superdomain if Uey B = m5(Uey) C R™ is open and
connected and wgl(wB(Uev)) = Us. When U C R™" is represented by U = U,y X Ry with a even

superdomain Uy, C, U is called a superdomain in SR™™.

Definition 5.3 (1) Let Uy, C RO be a even super domain. A mapping F from U, to € is called
supersmooth if there exists a smooth mapping f from Uey p = m(Uey) to € such that F = f We denote

the set of supersmooth functions on Usy as Css(Uey : €).

2M.S. Berger, Nonlinearity and Functional Analysis-Lectures on Nonlinear Problems in Mathematical Analysis, Aca-
demic Press, NewYork, 1977.



(2) Let U be a superdomain in R™"™. A mapping f from U to € is called supersmooth if it is

decomposed as

f(@,0) = Y falx)6™. (5.9)

jal<n
Here, a = (a1,---a,) € {0,1}™, 8% = 65*--- 0% and fo(x) € Css(Uey : €). Without mentioning it,
we assume always that fo(x) € Cey(for € €oq) for all a, and call them as even (or odd) supersmooth

functions denoted by Css(U : €). Moreover,

Cog = 1f(2,0) € Css(U : €) | fa(x) € C}.

(8) Let f € Css(U : €). Forj=1,2,--- ,m and s =1,2,--- ,n, we put

Fi(X) =" 04, falx)0",

lal<n

Fopm(X) = Z (—1)H@+pa@) £ ()90 ... 9oL gon

la|<n

(5.10)

with l(a) = Zj;% aj and ;1 = 0. In this case, F,,(X) is the partial derivative of f at X = (x,0) = (X,,)
w.r.t. X, 5
FJ(X) = 7f($79) = anf(J?,e) = wa(.’IJ,G) fO’f’ .7 = 1727"' PR

9 (5.11)
Fm+s(X):a?f(x79>:895f(x79):fGS(‘r70) fO’f' s=1,2,---,n
F.(X)=0x,f(X)=fx.(X) for k=1,---,m+n. (5.12)

Remark 5.3 (1) In this lecture, we use the left odd derivatives. This naming stemms from putting most
left the variable w.r.t. which we differentiate. There are some authors® who give the name right derivative

to this.

For f € Css(U : @) with j =1,2,--- ,m and s =1,2,--- ,n, we note here the right-derivatives:

FO(X) =Y O, fal2)p”,

la]<n
Fi(X) = 3 (~17 @ o @)6f - 02 g
la|<n

We put here r(a) = > 5__\; a;. F,gr)(X)is called the (right) partial k-derivative w.r.t. X, at X = (x,0)
denoted by

\ 9 \ 9 -

(2) Since we use the co-dimensional Grassmann generators, the decomposition (5.10) is unique. In fact,
if Yoo fa(x)0* =0 on U, then f,(x) = 0. (see, p 322 in Viadimirov and Volovich.)

(3) The higher derivatives are defined analogously. For a multiinder o = (a1, -+ , o) € (NU{0})™ and
a=(a,- - ,an,) € {0,1}", we put

o [e5] Xy, a __ a1 Ay
Oy =0y -0y and § =0, 05",

3For example, V.S. Vladimirov and I.V. Volovich, Superanalysis I. Differential calculas, Theor. Math. Phys. 59(1983),
pp. 317-335.



Assume that for X = (2,0),Y = (y,w) € R™", we have X +tY € U (for any ¢ € [0, 1]). Repeating
the proof used in the proof of corollary 5.1, for f € Cgs(U : €), the following holds:

d “ 0 “ 0
—f(X +tY = —f(X — f(X 1
gl x+m)| j;%axjﬂ )+;wsaasf( ) (5.13)
Definition 5.4 A function f from the super domain U C R™" to €, is called G-differentiable at X =
(x,0) if
f(.l? + y79 + w) - f(x70) = Z(yze + wst) + Z(ysz + wsRs)'
Here,

d(R“O) — 0, d(Rsa 0) -0, dm|n(<yaw)a 0) — 0.

5.1.3 Taylor’s Theorem

For f € Css(U : €), we have

d
@f(XthY)

- 0] “ 0
T2 i T+ D e f(X). (5.14)
= Jj=1 s=1
From this, we define

Definition 5.5 For a supersmooth function f, we define its differential df as

m4n
4(x) = dxf(x) = Y ax, I
k=1 K

or

N, 0f(@0) -, 0f(x,6)
df(x,@)f;dwj oz, +;d05 T

From before mentioned definition 5.3, we have

Porposition 5.2 U0 R™"000000000000000 f,g€ Css(U:€)00000 fgO Css(U : €)
00000000 dyf(X)O dxg(X)O ®™"00 et 0000000000OOOOO

oooobobooooooo:
(1) 0000000 A, pecOOO

dx (N f 4 pg)(X) = (=1)PVPE) X dy £(X) + (=1)PWP) 1 dy g(X). (5.15)

(2) (Leibnitz00 0 )

0x,.[F(X)g(X)] = (9x,. F(X))g(X) + (~1)PXPUED £(X)(0x, (X)) (5.16)
00. (51500000 f,geCss(U:€) 000000000000

CFX 4V )g(X +17) (; e )+ ;wsfesfm) 9(X)

t=0

(5.17)
+ f(X) (Zyjaig(X) + Zwsaaeg(X)) :
j=1 J s=1 s

oooooooooooobog



Porposition 5.3 (Taylor 000) U c R™" 00000000000 X = (2,6),Y = (y,w) € U DD

OY+4¢(X-Y)eU((0<Vt<1)0O00D00000feCs(U:¢)000000 TaylorDODOOOODO
00000000 p000

f(x, '9) - Z %(m — y)a(g _ W)aaggf(y,w) _ Tp(X7 Y) (518)
la|+lal<p, |a|<n ’
oon
(X,Y) = Z (x—y)a(ﬂ—w)a/ dtl'(l—t)Pég“Zf(y—i—t(x—y),w—l—t(G—w)). (5.19)
la|+|al=p+1, |a|<n o P

go.0o0o0od

‘Aut“_ﬂp(i)p%ﬂy+“x_y%”+“9_w»

p!

- X @owe-wr |

la|+|al=p+1 0

1
ch%ﬂgwyﬁﬁﬂy+dx—y%w+d07w»

00000O0000oOoooooOo (s.190o0ob O



