Foundation of Super Analysis Lectureb -08-11.07  A. Inoue

1 Necessity of the non-commutative analysis and its merit
2 Dirac and Weyl equations
3 Super number and Superspace

4 Linear algebra on the superspace
4.1 Matrix algebras on the superspace
4.2 Supertrace, superdeterminant

Lemma 4.1 Let V, W be two rectangular matrices with odd elements, m X n, n X m, respectively. We
have

(1) tr (VW)F = —tr (WV)* for any k=1,2,---.

(2) det(I,, + VW) = det(I,, + WV) L.

Comparison 4.1 If A = (a;;) € Mat (m x n: € ), B = (bj) € Mat (n x m : €), then we have
(1) tr (AB)* = tr (BA)*,
(2) det (I, + AB) = det(l, + BA).

A C
Definition 4.1 Let M = lD B} € Mat [m|n : €]. We define the supertrace of M by
str M =tr A— (1)) ¢r B.
Using Lemma 4.1, we get readily
Porposition 4.1 (a) Let M, N € Mat [m|n : €] such that p(M) + p(N) = 0 mod 2. Then, we have
str (M + N) = str M + str N.
(b) M is a matriz of size (m+n) x (r +s) and N is a matriz of size (r + s) X (m +n). Then,

str (MN) = (—1)PADPWN) str (N M).

Definition 4.2 Let B = (Bjyj) be (¢ x £)-matriz with elements in Cq,, denoted by, B € Mat [{ : €.,]. As

Cov 18 a commutative ring, we may define det B as usual:

det B = sgn(p)Bi o) -~ Beoe):
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Then, we have, as ordinary case,
det(AB) = det Adet B, det(exp A) =exp(tr A) for A,B e Mat[l: Tyl (4.1)

Moreover, we have

Comparison 4.2 Let

A A L, 0
A— 11 12 M= " 7
Agp Ag —Ay Ay I,
be block matrices of even elements. Then, we have

A — A12A2_21A21 Ais

det A = det AM = det

> = det(An — A12A2_21A21) det Ags.

Now, we define

Definition 4.3 Let M be a supermatriz. When det Bg # 0, we put
sdet M = (det(A — CB~'D))(det B)™*

and call it superdeterminant or Berezinian of M.
Corollary 4.1 When det Bg # 0 and sdet M # 0, then det Ag # 0.
Exercise 4.1 Prove the above corollary.

Now, we study the properties of sdet M.

Lemma 4.2 (1) Let L € Mat o[ : Cy] such that the product of any two entries of it is zero. Then
(I, 4+ L)' =I,—L, det(l;+L)=1+trL.
(2) Let M € Mat oy [m|n : €] such that the product of any two entries of it is zero. Then

sdet (L, + M) = 1+ str M.

Proof. (1) Remarking
I, +L) ' =0, —L+L*—L3+--. OO0 det(el)=e"1,

we get the result readily.
(2) For M = l/; g , satisfying C(I,, + B)™'D = 0 and tr Atr B = 0 garanteed by the product of any
two entries of M being zero,
sdet (I, 4p + M) = det(I,, + A — C(I,, + B) "' D) det(I,, + B) !
= det(L,, + A)det(l, —B) =1+tr A—tr B=1+str M. O



Theorem 4.1 Let M, N € Mat[m|n : ].

(1) If M is invertible, then we have sdet M # 0. Moreover, if A is nonsingular, then

(sdet M)~ = (det A)~!(det(B — DA'(C)). (4.2)

(2) Multiplicativity of sdet :

sdet (M N) = sdet M-sdet N. (4.3)

(3) str and sdet are matriz invariants. That is, if N is invertible, then

str M = (—1)PODFPMN) st (NMNTY),  sdet M = sdet (NMN™Y). (4.4)

Proof (due to Leites [?]). (1) By

A 0
0 B-DA™'C

L, A-'C
0 I,

A C
D B

I 0
DA 1,

if det Ap # 0, (4.5)

we have readily by definition, sdet M = det A(det(B — DA=C))~!, which yields (4.2).

(2) [Step 1]: Let G4, Go and G_ be subgroups of GL[m/|n : €], given by

iy b a-lf ) e~ (5 )

Then, we have, M = M, MyM_ with M, € G, My € Go and M_ € G_. i.e., for any M € GL[m|n : €],

A 0
0 B

I, C
0 I,

A C I, CB™'| |[A-CB™'D 0 I 0
M= = if det B # 0. (4.6)
D B 0 I, 0 B| |B7'D 1,
Remarking that
L, C I, C'| |In. C+C
0 L] |0 L| |o 1, |’
we introduce the notion of elemantary matrices having the form
I, E
0 I,

where F has only one non-zero entry.

[Step 2]: We claim sdet (M N) = sdet M-sdet N whenever M € G, or M € Gy, and similarly,
whenever N € Gy or N € G_. For example, when

I,, C’ A C
= S g N = ’
I, * D B
we have
L, 1A A 'D 'B
sdet (M N) = sdet ¢ ¢ = sdet +C C+C
0 IL,||D B D B

=det(A+C'D — (C+ C'B)B™'D)(det D)~! = det(A — CB~'D)(det D)™*
= sdet M-sdet N.



Check other cases analogously.

[Step 3]: We claim that sdet (M N) = sdet M-sdet N for any elementary matrix N

Since we have
sdet (MN) = sdet (M4 (MoM_N)) = sdet M -sdet (Mo(M_N))) = sdet My-sdet (M_N),
sdet M-sdet N = sdet My-sdet M_-sdet NN,

by Step 1 and Step 2, we need to prove
sdet (M_N) = sdet M_-sdet N =1

when N is an elementary matrix. By definition,

I, O L, E
sdet = sdet
D I,

D I,+DFE
As E has only one non-zero entry, the product of any two of the matrices E, DE, E(1+ DE)~!D is zero.
Applying Lemma, we get, by (1+ DE)"' =1— DE and E- DE =0,

I, E

01 =det(1— E(1+ DE)"'D)det(1+ DE)™*.

sdet (M_N) = det(1 — DE)(det(1 + DE))™! = (1 — tr DE)(1+tr DE)~".
Astr DE = —tr ED, we have

sdet (M_N) =1 = sdet M_sdet N.

[Step 4]: Put
G= {N € GL[mn : R] | sdet (M N) =sdet M-sdet N for any M € GL[m|n : i)%]}

For N1, N5 € G, we have

sdet (M - N1N3) = sdet (M N1)Nz) = sdet (M Ny)-sdet Ny
= sdet M-sdet Np-sdet No = sdet M- sdet (N1 N2),

(4.7)

which implies G froms a group. By Steps 2 and 3, G contains G_ and Gy and all elementary matrices
N € G,. By Stepl, GL[m|n : €] is generated by these matrices, we have G = GL[m|n : €], that is,
sdet (M N) = sdet M-sdet N.

(3) Let N, M be given. Then, using (4.7), we get
str NMN ! = (1PN g0 \fN—IN = (—1)PN (M) gy

since p(MN™Y) = p(M) + p(N™') mod 2 and 0 = p(NN~1') = p(N) + p(N~!) mod 2, we have
P(N)p(MN~1) = p(N) + p(M) mod 2.

Using (4.7), we have sdet (M N) = sdet (NM) which implies sdet (NMN~!) = sdet (N"INM) =
sdet M. O



Theorem 4.2 (Liouville’s theorem) Let M(t) € Mat [m|n : €] with a real parameter t. Let X(t) €
Mat [m|n : €] satisfy
7X(t) = M(t)X<t)v X(O) =lnin. (48)
Then X (t) € GL[m|n : €], and
¢
sdet X (1) = exp{/ dsstr M(s)}. (4.9)
0

Proof (due to Berezin [?]). Let X (t) be a solution of

%X(t) =-X()M(t), X(0)=ILntn.

Then, since
%(X(t)X(t))zO with  X(0)X(0) = Lysn,

we have X (t)X (t) = I, which implies X (t) € GL[m/n : €].
Let

X21 (t) X22 (t)

Then, putting Y (t) = X11(t) — X12(t) X5 (t) X21(t) and Z = X' (t), we have, by simple calculation’,

X = an(t) XlQ(t)].

d

d
Y =(A- X19X5,'D)Y, —Z=-Z(DX12X5,' + B).

dt
As all elements appeared in the above equations are even, we may apply the classical Liouville theorem
to have
d d
pn detY = tr (A — X1 X,5,' D) det Y, pn det Z = —tr (DX 12 X5, + B)det Z.
Astr (A — X12X5,'D) = tr (A+ DX12X5,'), we have

%Sdet X = %(detY-det Z)=tr(A— B)-detY-det Z =str M-sdet X with sdet X(0)=1.

This yields the desired result. O
Corollary 4.2 For M, N € Mat oy [m|n : €] we have
sdet (M N) = sdet M-sdet N,

exp(str M) = sdet (exp M). (4.10)

Proof. (1) Put X(t) = (1 — t)lyqn +tM and Y(t) = (1 — t)4n + tN. As X(¢) and Y (¢) are

differentiable in ¢ and invertible except at most one ¢, we my define

at = EWxw B = 2y
Then
%(X(t)Y(t)) — (A(t) + Bi())X()Y () where Bi(t) = X(£)B(0)X (1)

ifferentiating 12 = Ihw.r.t.t, we get the second equality o .8). Using once more the equality (4.8), we get the
IDiff iati nglX I h, d li f (4.8). Usi h li 4.8 h
first oneof (4.8)



Applying above theorem, we have

1 1
sdet (MN) = sdet (X(1)Y(1)) = exp{ / dsstr (A(t) + By (8))} = exp{ / ds(str A(t) + str B(1))}
0 0
= sdet X (1)-sdet Y (1) = sdet M-sdet N.
(2) Putting M (t) = M, X(t) = ¢'™ and t = 1 in theorem above, we get the desired result. [J
Comparison 4.3 (cited from “Encyclopaedia of Mathematics” ed. M. Hazewinkel) Liouville-

Ostrogradski formula (or Liouville formula) : A relation that connects the Wronskian of a system of

solutions and the coefficients of an ordinary linear differential equation.

Let x1(t), -+, x,(t) be an arbitrary system of solutions of a homogeneous system of linear first-order

equations
' = A(t)x, zeR" (4.11)

with an operator A(t) that is continuous on an interval I, and let
W1 (), - za(t)) = W(H)

be the Wronskian of this system of solutions. The Liouville-Ostrogradski formula has the form

d

W) =A@t A®),  tel (4.12)

or, equivalently,
W (z1(t), -, xn(t)) = W(z1(2), -,xn@))-exp{/t ds tr A(s)}, t,tel. (4.13)

Here tr A(t) is the trace of the operator A(t). The Liouville-Ostrogradski formula can be written by means
of the Cauchy operator X (t,t) of the system (4.11) as follows:

t
det X (t,t) = exp{/ ds tr A(s)}, t,tel. (4.14)
t

The geometrical meaning of (4.14) (or (4.13) ) is that as a result of the transformation X (t,t) : R™ — R"
the oriented volume of any body is increased by a factor exp{ftt ds tr A(s)}.

4.3 Diagonalization

A C
Definition 4.4 A supermatriz M = D B> € Mat [m|n : €] is called generic if all eigenvalues of My

as Mat [m + n : C] are different each others.

Theorem 4.3 (Berezin) Let M € Mat [m|n : €] be generic. Then, there exists a matriz X € GL[m|n :
€| such that E = XM X~ is diagonal.

Proof. Decomposing the equality EX = X M with respect to the degree, we have

k k
(EX)F = ZE[j]X[k—j] - Zx[j]M[k—j] = (X M)H. (4.15)
§=0 §=0



From this, we want to construct X¥! and E¥l: For k = 0, we have
EOIX0T — x10]pr00], (4.16)

By the assumption, there exist X{?], Eﬁ] = ()\[10], e ,/\7[2]) and Xg;],Eg;] = (/\ESL]_H, AL

m—+n

) such that

X045 = BOXY 00 x5 = XY,

0 0
0 _ x{7 o 0 _ EY 0
X = o | B = o | -
0 xU 0 EY

we have the desired one satisfying (4.16).

Defining

Assume that there exist XVl and EV! for 0 < j < k— 1 satisfying (4.15). Multiplying (X))~ from
the right to (4.15) for k, we have

0] x (6] x1oly=1 _ x K x0hy~1500] 4 glkl — gl
EOI X (x0h=1 _ x K x0h~1 ol 4 gl = g (4.17)

where

ZX[J MUE=dly( ZEU]X[’“ y(xoh-t

7=0

By inductive assumption, the matrix K* is known and belongs to Mat [m|n : €]. From (4.17), we have
()\[O] AO])(X[I“}( xOh=1y, +)\£k]5ij = (KM),;. (4.18)

This equation is uniquely solvable since )\EO] #+ )\BO] and

AT = (&8,
k], o
(X (XN =) = %ﬁ, for i #j.
i J

Therefore, we define XU and E}; for any j > 0. Since X is invertible, X € GL[m/|n : ¢]. This implies
X and FE are defined as desired. |

Comparison 4.4 n xn-matriz M on any commutative ring is diagonalizable iff the minimal polynomial

oy (x) wor.t. M has no multiple root.

Problem 4.1 Find a condition for a supermatrix M being diagonalizable?

4.3.1 A simple example

Let

0
Q — <.’E1 ) 1) with 1, T € %ev, 91, 92 S %od,
02 1X2

which maps R to R or Rog X iRey 10 Rod X iMRey. This supermatrix appears in Efetov’s calculation

in Random Matrix Theory.
K.B. Efetov, Supersymmetry and theory of disordered metals, Advances in Physics 32(1983) pp. 53-127.

A. Inoue and Y. Nomura, Some refinements of Wigner’s semi-circle law for Gaussian random matrices

using superanalysis, Asymptotic Analysis 23(2000), pp. 329-375.



Invertibility of  : Find Y for a given V such that

Qv =V with vY=["), v=[")enl,
w2 P2

z1y1 + bhwa = v1, Oayr + iTowr = po.

If (x122)p # 0, we have readily

i -0 -0
Y1 = 20 1p2, Wwo = T1p2 201 with D:t = i$1$2i9102.
D_ D,
Analogously, for
b w1 . - P1
Y = . € Rog X PRey, V = € Rod X Rev,
Y2 V2
satisfying QY =V, we have ‘
Wi — 1r2pP1 — O1v2 v — 21v2 — Oap1
1= 7P Y2 7D+ .

To relate the above quantity with the sdet ), we proceed as follows: Let

Y:(yl f”l> with QY =YQ = I,

w2 1Y2

Then, from QY = I, we have

z1y1 +bwr =1, z101 +1Y20; =0,

Ooy1 +izows =0, Oowi — Toys = 1.

irg 01 1 o

_ D_ D_ _ —1 | im2 3
Y= _ %2 = = (sdet Q) B3 _zimp+2i6,6; |

2 3

T3 T3

Therefore, we have

which yields Y@ = I also. Here, we used

sdet Q = det(zy — 0y (iz2)~"0a) (det (izg)) "L = 2182 =002 o gy Braze £ 010

2 2
Y1
w2

(iz2) 7
1 —01 iw2v1—01p2
_ Dy < iz (iw2)? ) <U1> _Ds ( (iw2)?
2 —0> ix129—26010o - .2 —ix202v1+(iz122—260102)p2 | ?
L1 (iz2)? (iz2)3 P2 L1 (i)
1 —01 izop1 —101v2
- - 2 —02 1x122—260105 - 2 —i$292p1+(i1112—29192)v2 :
Y2 Xy (iz2)2 (iz2)3 V2 x7 (i52)7
Eigenvalues : Let

Therefore,

N———

QU = \U  with U:(“), U E Ry, W E Roq, A € Rey.
w

Then,
(x1 = Nu+ 01w =0, Ou+ (izg — A\)w = 0.



Putting
D+(/\) = (xl — )\)(’LJZQ — )\) + 601605, D_ (/\) = (331 — /\)(2332 — /\) — 6105,

we have

D_(Mu=0, Dy(MNw = 0.

To garantee the existence of ug # 0 satisfying above, we take \ satisfying
D_()\) - (331 + 2332)/\ +ix12o — 61602 = 0.

This yields

6.6
A=z, + A (or A = ixg — xgl_g.? , but this is not fitted because € Rey)
Ty — T2 1T
and
1 0,0
U=| 4, | QU=(@+——).
ac1—2im2 Tr1 — 1T

Analogously, we seek = NRev, U € Roq X Rev satisfying QU = AU which is given

—9
~ 7 ~ 0,6 ~
U= <x1112> ., QU = (izyg + ———)U.

Tr1 — i.TQ

6 __ 0 0102
Q < 01 ZL’liI2> — < 91 a:lim2> (ml + :Elf’iatz O 0.0 > X
2 2 ; 162
xr1—1xo 1 xr1—1To 1 0 122 + xr1—1ixo

Diagonalization : We may diagonalize the matrix @) by using the change of variables

Therefore,

0102 i0102
S iy T iy
4.19
01 09 ( )
PrL= " P2= " >
xr1 — 122 T1 — 1T
or
1 =y1 + p1p2(y1 — W2), T2 = y2 —ip1p2(y1 — iy2), (4.20)
01 = p1(y1 — iy2), O = —p2(y1 — iy2),
such that
0 2 0
Gea= (" ", e@¢t=(" 7, (4.21)
0 2y 0 —u
where

14271 1+271 -
G — P1pP2 fill ’ a1 — P1P2 _,011 '
P2 1—=27"pip2 —p2 1—=2""pip2

It is clear that
str Q =y —ixe =y — iy = str GQG™Y, 00

str Q% = o} + a3 + 2010, = yi + y5 = str (GQG ™).



4.4 Integration of Gaussian type and Pfaffian

Though we haven’t defined the integration w.r.t. odd variables, for the future indication, we mention

the relation of Gaussian type integral and determinant and Pfaffian.

Definition 4.5 For n X n-anti symmeric matriz B = (Bjk) with even elements, we define the Pfaffian
Pf(B) of B as
- 1 - -
Pf(B) = W) > 520 (p)Bp1) o) Bo(n—1) pin)- (4.22)

PEPR
Here, @, is the permutation group of degree m, sgn (p) is the signature of p € @y,.

Remark( Let nbe even, and let A = (A;;) be anti symmeric matrix. Then, we have
1
/d9 eXp(—iAUHZG]) =Pf (A)
Moreover, Pf (4)?0 det(A) holds.
The integration w.r.t. odd variables is introduced by Berezin such that
/d99 =1, /de 1=0 (Berezin integral).

This integration is defined without measure but using inner-multiplication in exterior algebra such that
0

dzy, = 0jk-
8ZjJ K Jk

A C
Definition 4.6 A even super matriz M = (D B) 1s called positive-definite if the following conditions

are satisfied:

(gs.1) A has the body part A which is reqular positive definite symmetric matriz.
(gs.2) B is a reqular anti-symmetric matric.

(gs.3) C and D satisfies 'C + D = 0.

For above super matrix M, we define the corresponding bilinear form as

(X, MX)="'XMX

= Z xjAjkl'k + Z ijcjm+ses + Z ZetDm+t KTk + Z 8sBm+sm+t9t~

j k=1 j=1s=1 k=1t=1 s,t=1

Lemma 4.3 Let M be a even, positive definite matriz. Then,

G\, M) = / dXe 2T HXMX) for A0
Rmin
0 if n is odd, (4.23)
(27 \)™/2(20) /2 (det A)~'/2Pf (B — DA~'C) ifn is even.
Comparison 4.5 For a positive definite symmetric real matriz H, we have
o m/2
/ e He/2qy — ()\) (det H)~1/2. (4.24)
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