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00 3.1 (Inoue and Maeda') ¢0 0000 COOOO0DOOO Fréchet-Grassmann O
0000000000000 bo00o0o0oobobOo0o0o0oobDOog Frécheto oo oo

00 OS. Matsumoto and K. Kakazu?, Y. Choquet-Bruhat?, P. Bryant* 00 0 O O
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3.1.1 00O0booogdd

Kothe’ O OO OOOOODOOOODOOODOOODOO
{¢:{x:(xk):(m1,x2,-~~,xk,~~)|xk€(Candxk:Oeffmk;},

w:{u:(uk):(ul,u2,~~ ,uk,'--)‘ukGC}.

00 00O effm=except for finitely many) D000 ¢ C P Cw(l<p<oo)0OOOOOO
gogo

OO00qe00D0ODODOOOOXODOOOOO X0

2% ={u=(up) | Y |ullex| < oo forany = (z)€ X},
B

gboogog

gobo
XOx*O0OoOoooooooboobooo

pu(x) =) |ugl|zi| = pe () for r€ X and ue X~ (3.1)
k
DDDDDDDDDDQSDDDD;(”)D;DDDDDDDDDDDDuewDDDDn—mo
00000 p,(x™W —1) = 0000000 e>00000 LOn,0000

{(1) x,ﬁn):xk:o for k>L when n>ng, OO

(ii) |:13,(€n) —ap| <e for k<L when n >ng.

TA. Inoue & Y. Maeda: Foundations of calculus on super Euclidean space R™" based on a Fréchet-
Grassmann algebra, Kodai Math.J.14(1991), pp. 72-112.

2S. Matsumoto and K. Kakazu, A note on topology of supermanifolds, J.Math.Phys.27(1986), pp.
2690-2692.

3Y. Choquet-Bruhat, Supergravities and Kaluza-Klein theories, in “Topological properties and global
structure of space-time” (eds. P. Bergmann and V. de Sabbata), New York, Plenum Press, 1986, pp.
31-48.

4P,  Bryant, DeWitt supermanifolds and infinite dimensional ground rings,J.London
Math.Soc.39(1989), pp. 347-368.

5G. Kothe:Topological Linear Spaces I, Berlin-New York-Tokyo-Heidelberg, Springer-Verlag, 1969.



D000wDDDuwWWOouwDD0D0D0D0000000r€e¢0000Nn—0c0000
00 p(u™ —u) - 0000000 e>000 k0000 ny=n(e,k) 0000

|u,(€n) —ug| <€ when n > ny.

J
——
¢;=(0,--,0,1,0,---)ewl 0000000000000 {pe(u)}ren O

w=(upug,- ) =30 ue; €wD 000 p(u) = | 000D00000000000

000000000000 00000D0 w0 Fréchet DODOODOOOOOODOODOOO

O000000ZOOOOOO0OONDOODODOOO (diadic-decomposition) 0 0O O O
Oooo0o0oO

1 oo
r:Isl= (ik)—>r(1)=1+522kikEN where i, =0or 1. (3.2)
k=1

ooooo-()0o00o
T: o' —eq for I=(ix) €T
0000000000000000000

T(X) = Z$T(I)er(1) cw for X = Z Xro' e <) (3.3)

I<j

Dboobooboobgooboobobboboobg

ZIT(I)%(I) = (X(o,o,o,m),X(1,0,0,~--)>X(o,l,o,m);X(1,1,0,--~),X(0,0,1,~~-)7X(l,o,l,m),X(0,1,1,~--)7 T )

00000 j#k000 T(E)Do e Dw000000D000000

iiﬂéwzw (3.4)

7=0
D000D0000000000 ¢000000000000000
¢ =07, thatis, X =) XU with XUV =" X0 (3.5)
=0 =
000000000000 00D0D00XY O XeeD j-00000000000O

e ce® for j<k,

© , 3.6
¢=> ¢l with nx,ev) =c, 30
=0
¢l g c gtk g ). gk ¢ gtk (3.7)

‘000000000000 0000000000D0D00000000R20R3 000000000
RZUR*=R30000 R24R3=R°000 Uj‘;OT(dJ’)):wDDDDDDDDDDDDDD
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3.1.2 00

¢00wO0007T00000000000 ¢00000000e0 X =Y., X0’ —
00000 7eZ000 proj,(X) =X, 000000000 77€Z000 proj,(X)— 0
00000000000000¢000 dist(X,Y)=dist(X—-Y)0000000000
000000

. 1 [proj,(X)
X)= fi X . :
dist(X) IEGI @ T+ | proj, (X)] or any ec (3.8)

O0f() —oc00000 X = f(l)oy-+-0,—0in €0 000000Odist(X®) <
9241

0000000 w0100 XO0O0OOOO0OOOO0"000000000000000
ggd ooo

ClIX])) = {u=u(X)=> u, X" | u, € C} = {u= (ug,ur, -, un,---) | u, € C}
n=0
0000000000000000000000000000000000000
- 1
‘%mZ{UZEZ%XPGCWW|WMSZ;WPSHH
p=0

O00000DO FréchetODOODODMODODOoDODOOOOOOODOD

3.1.3 00O0bOooogd

000 X,YeeOOOO

X+Y =) (X+V)V with (X+V)P=XxU4+y0 for j>0 (3.9

J=0

HEN

o] J
XY =Y (XYV)V where (XY)P) =" XUHyH =3 (XxY)0! (3.10)

j=0 k=0 l=j
D00000000XY); =Y, (-1 HX) Yy, eCOOODOODODOODOODOOO
07€70000 J,KOI=J+K (ie.[=JUK, JNK=0)00000000000
0000 well-defined 000000000 7(/;J/,K)0000000000 7(1;J,---,Jk)
O

(=1l g gl — o with T = Jy+Jy4 -+, (3.11)

goggobbbobbotbddooooooobobobobbboooogogo (—1)7(*)D
goboboogon

"See, p.25 or p.91 of F. Treves, Topological Vector Spaces, Distributions and Kernels, Academic Press,
1967




gbodod 31 I=J+KOOOOOO 7, J, KOoOoOd

(=D)VIEN (1) T LK) — (—1)7(BED)

gbobobooogn
o0 3.1 000000b000bexecpnednoonboonboon

O0.leZ000JclionoooJezo2floooooooon

r(I)
r<XY)z\sI_;K!XJHYKr§2 (max | X,[)(max [Yy|) forany XY ec€ DO

00 O ¢0000 (parity) O

0 X =2 er e X0,
p(X) =11 if X = Zlez,m:od Xro',
undefined if otherwise.

Xe¢lOp(X)=000O=100000 (homogeneous) 00000000 OOOODO

Co = {X € €| p(X) =0}
Coa = {X € €|p(X) = 1},
= Qtev S Q:od = Q:ev X Q:od-

00000 0000000000000 000 Xe€,O00OO00O X2=000000
cobobobooooogn

()000Yee 0000 XY =0000 X0 X=0000000O0O
(i) X0O0OOODO00 X =Y >, x0o0o000000

00000000 Grassmann D 000000000000 0O0O0OO0OO0OO Grassmann
o000 noogoooooooooono “D”0102---0nDD{0j}§;1DDD
000000000000000 000000 (()Oo0o0o0ooo

00 3.2 (000) 00 Xe¢l Xg#00000OO00O0000O00O0XY =1=YXO
obobbobb0YechOOoOooOO

D0000000Y eec00000000000000 X =Xg+XsOY =Yg+ Yy
00ooo00oono

XpYp =1, XpYs+ Xg¥p+ XgYs=0



00000Xs =Y 50 Xs0" = X020, X0 Ys = 3, 0,0 = 322, YHOODOOD
0000020000 ¢000

¢
&JW+Xm%+Z>W%WWZO
k=1

0000000¢=1000 XM=3%,_ X' 0000
vyl = —xptxlxgt = -y Xg* X0,
|I|=1

D00 /0000D0D0DOODO XMW (1 <k<HOOYEOOOOOY =Y 2,YA0
XY =1=YX00OOODOOOoOooooood

U00Xg=0000 XY =100YX=10000O YOOOoOoooo UJ

gbboboood mobooooobbo

m:@ﬁmmez{X:EZ&H|Xwﬂxwd&fc m~m%o} (3.12)

IeT

0ooooQ
R = Rey B Roa, R =B RV (3.13)

gboocgpoonoooon

R={Xc¢|mpXcR}, RI=nncel
9{ev =RN Ceva ERod =RN Q:od = Coda (314)
SR = fRev ) mod = i}{ev X i}{Od

00000000000 750 7pX = projp(X) = X; = Xp 0000
000000 0OX;eCO000000 X;0001= (i1, ,in)0000 ol =gin-..g"
sfs}sls
X =YKol =S ()" X! (3.15)
IeT I1eT
000*0000000000
00 3.3 X,YeeOO AeCOODO

(X*) =X, (XY)" =Y*X* (AX)"=AIX". (3.16)

0000 3.2 000000007 =0’ ol. (Hint: Use (7))



3.2 UUoood

0000 (body map) 0000000 70
X = proj;(X) = X = X forany X €€,

00
R={X e |mpX € R},
sRev :%ﬂc:eva 9Qiod :mHQ:od = Q:Odu
%%me\,@mod gg“(ev X mod

D0000000ooOoogwerg

RMn = R x R, D X = (z,0)

gooooon
I
l':(l'l,"',l’m), Ty = § xrro 69{eva
I,|I|=even
r=xp+2s = (T18+ 218, " TmB + Tms) € R, with
_ _ ~ _ E I
|I|=even>2
HEN

0=00,0n), b= Orso’ €Roa.
|1]=odd

O00Xs=X-XgO XO00O0OOO (soulpart) 000000

000000000 000000 R™MO000 X = (2,0) = (21, -, Zm, 01, ,0p)
00000000 RY 000000 E=(67) = (&, émm, - ,m,) 0000000
DoooR"oooo

m n

(XD mn = > (2l&) + > (Oklme) € Rev (3.17)

j=1 k=1

000000000000000 (|),0000 (-Y00000

3.3 Rogers0000000 GrassmannO0 OO OO0

OOooobLoooooooboono MO

Mp=A{p|p= =, p2, ) 1< <po <o <pp <L, pj €LY, Moo =Ug My,

8A. Rogers, A global theory of supermanifolds, J.Math.Phys. 21(1980), pp. 1352-1365.
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00000000eM,000000000jeNOOO (j)eM,O000°0
0reNOOOODOOODOD peM,02000

1
"= 5(2#1 +2M 4+ 2!%) T H= (Ml?/’b% T 7:“]6) (318)

—_—
000000000 g e MeOOOe,0¢,=(0,---,0,1,0,---)000000000
00r0 00 (22)00000000

00D00000000000 w= (wy,we, ) €Ewl w=3,w,e,00000
OOeu(pt € Moo) D0OOOD

e ep = ege, = e, for e My,
€M E() = —E€()E() for 4,7 €N, (319)
€u = €(un)€(ua) " €Gu)  Where = (p, pray -+ s )

gbooboooon

ey < T, ee) = € < 0102 =0, Iag = (1,1,0,---),
I r—L
eﬂze(ﬂl)e(lﬂ)‘ne(#k) <_>0-M10-M2”'O-Mk =0, ]M: (9’ 7051707"' 5071,707'“)'
Lk
ogoo
w = (wy, we, w3, Wy, ) = ije(j) — (W), W), W ,2), W), ) = Zwueu
Jj=1 1

gogooboogdan aj:e(j)DDDD{Jj}‘;‘;lDDDDD

0000000000002 =(21,2,---) € [[2,RO000¢; =dz 000000
AD00O00D0D000000D0D0000000000000

O00Rogersd wO OO0 00000 Banach-Grassmann 00 O O

IX[=> " 1X/| <00 for X =3, X;07 with X; € R, and it satisfies | XY < || X|||Y]
1eT

gogoooo

g 3.2(R0ger) A0D0D000000D0O00000000 GrassmennO OO OO0
Banach-Grassmann O OO0 000000

000000 super manifoldsO 0000000 BanachOOOODODOOOOOY OO
O00o0oboooooobooogbOod BuchldDOODDOODOOOODOOOO Banach

9(j)eM, 0000000000000 O0O0O0OOOOOMOOOOOOOOODODODOOOODOD
10y.S. Vladimirov and L.V. Volovich,Superanalysis I. Differential calculas,Theor. Math. Phys.
59(1983), pp. 317-335.
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A.1 Tensor [

00 A.1 k000 (=characteristic)00 0000V, V,,---,V, 00000 £A00O0DOOO
000000000000 (®), (®),000 k0000 U,0n00000 € L(Vi,Va, -,V
Uy)0D0ODOD0O0ooooon

(®): UpO .00 (VixVax---xV,:U,)0000000000

(®), 000 &€ L(V,,Va,--,V,: U)0000 ®=Fo, 0000000 F:Uy—U
ooooog
VixVax---xV,——B

F
2 .

D

00 A.1 00000000 (Up,0)0 Vi,Ve,--,V, 0000000000
U0:%®‘/2®®Vn7 L(Ulav%""vn):U1®U2®"'®Un (Uie‘/i)v

gobd

N0pOo00000000000000 Cauchy-Kawalevski DO OO OO0O0OO000O0O0O0O0O0O0OOO
O000000D0dNash O implicit functional theorem O J.Y. Schwartz, Non-linear functional analysis,
Gordon and Breach, 1969 0 000000000000
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OéllB OélgB cee OélnB
O./21B e e OéQnB
am1B amQB s OémnB

O0AOD BOOOODODOOODO KroneckerOODDOOD A BOOODOADO (m,n)0O
O0BO (m/,n)00000 A BO (mm/,nn/) 0000

vVoekOOOoov-ovoooooooog
p-limes g-times

TPV =V - oVeV'e - oV

O(p,qD0ODDDD000000TYV)=k0000000T"(V)=TP(V), TV) =
T,V)OOOOLY(V)=T(V)=Ty(V)0ODOO

00000 VeV =V, VvV eeVeVeV =1V VeVeVid
gboboboooadn

(p,0)-000000p00000000(0,¢)-000000¢0D0O00D000OTYV)=
VOoooooooooon’(V)=v*0000000000T,°(V)=k0000000
oooo

Hom(V,V)=V*®@V =T,(V)00 VOOOOOO (1,1)-00000000000
ﬁ(V,V:k‘)EV*@V*:TQO(V)DD vooboboobo200b0boboooboooo
00 A.1 (00 =contraction) D00 p>0,¢>0000000000T7,7/(V)OO

0001 <r<pO01<s<¢0000000r s0000000000000
¢ TP(V)—T,,»"{(V)0000000000000 eV, eV 000

csr(v1®"'®vp®801®"'®80q):Sps(vr)vl(g)"'®77r®"'®Up®901®"‘®85s®"'®90q-
godddowe., o, 0000000000000 00O0O0O0O0O0O0O0OOe,"0r0Qgd
00000 sO000000000D0000 (=contraction) 0000
p0000 {1,2,--,p} 000000000 66,0000 € &,0000000 sgno
ooond
00 A.2 (1)0ce6,00007T/(V)00000 P,0
PG(U1®"'®Up):U0—1(1)®"'®UU—1(1,) (v; €V)

goooobooooooogo
(2)o,7,1€ 66,0000
PCTPT:PO'T7P1:-[

gboogod
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00 A.83teT?(V)00O0O0ce®, 0000 R(t)=t00000000000000
0000 S/(V)OOOOP,(H)=(sgno)t000000000000000000 AP(V)
oooo

tesSP(V), teSHV)DDOODO0Ott =S,4,(tet)00000
te AP(V), ¢ e A(V)OOOODO N =A,,(tet) 00000

00 A.4
1 1
S, = ] Z P,, A,= o Z (sgn o)P,.

oe6, oe6,

O0000000000S,=§8,A4,=A0000

00 A.5 0000
(V)= 1(V)
p=0
0ooooooooodoonoooooooooooog

- oo t+t =300t + 1),
t=> t;t = t,eT(V), t;,t; € T/(V), ack= {at=3" at;,
j=0 j=0

t@t =300 (X eyt ®LL).
00 A.6
S(V) = s (V)
p=0
00 -000000000000
teSP(V), ' e SUV) = tt' =S, ,(t 1)

ooooosS(vyovoooooooooo

A1l 0OO0O0OO

00 A.7p>n000 A(V)=000000000000
AV) =P Aar(V) =P Aarv)
p=0 p=0
O0odoodoodoo nooooooouooood

t/\t’:th/\t;:zn:Ak( Y ot
P k=0

pta=k

O0000AWV)DVDOOOOOO (exterior algebra) 0 0 OO
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00 A1 (), e V=A@ - Qup) =01 A--- A,

(2) 0 € &) = V,-11 A+ ANVUy1, =signo(vi A--- Avy).

(3)te AP(V),t' € AYV) =t/ Nt = (=1)PUt AT,
p00000000000T,(V)=Tr(V*)O00

01 R R, €TH(V), 1@ - ®v, € TP(V)
— (VI ® QU P1 ® - ® @) = p1(v1) - @p(vp)
('Ui € V, (pj € V*)

0ooo7r»(V)00000D0000000
AP(V) x A(V*) 0000000 (|, 0
(z186)p =p(z,8) (2 € A(V), £ € A7(V7))

DoO00oDooood
00 A3 (1)z=v1 A Av, (0, €EV)OE=p1 A+~ Ny, (p; €V)ODODOO

(21€)p = det(pi(vy))

000000
(2) (), 000000 A(V)0 A(V*)0 0000000000000

(3) 2= 0 EAV) (5 € A(V)ODO =30 § € A(V) (§ € A7(VY)) DDODODO
000

n

(2[€) = Z<2p|§p>p

p=0

D00000A(V)D AVY)O0000000000000

00 A.8 € A(V)DOOO AVHOOOOO 660

6(E)C=ENC (Ce A(VT))

O0000mM 00000 ((left)exterior multiplication) 000000 §(§) 000000 0(€)
O0000¢0000000 (interior product or interior multiplication) 0 O O :

(0(£)2[C) = (2]6(€)C) = (2[E A ().
000000006 =¢A-, 8()-=¢-0000000
12000000000000000000000000000000000000

00000000000 0000
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