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Motivations:

Why we need new “field” besides R or C.

Feynman’s problem (CM for Dirac?),

Witten’s SUSYQM (creation, annihilation
operators and odd variables),

Wigner’s semi-circle law in RMT à la Efetov.

These give us new “dimensions (even, odd)”, (also
∃arithmetic dimension by Manin):

New treatise of matrix structures in PDE

New “slowness variables?” in RMT



Feynman’s problem

How to describe the dependence of ! for the
solution of the Schrödinger equation?

u(t, q) =

∫

Rm

E (t, q, q′)u(q′)dq′

E (t, q, q′) ∼
∫

Ct,q,q′

exp

(
i!−1

∫ t

0
L(q(s), q̇(s))ds

)
dFq(·)

How about the Dirac equation?
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Witten’s Laplacian

(M , g), d , d∗ and φ : M → R

dλ = e−λφdeλφ, d∗λ = eλφd∗e−λφ,

Witten’s Laplacian:

Hλ = dλd
∗
λ + d∗λdλ

= dd∗ + d∗d + λ2(dφ)2 +
d∑

i ,j=1

λ
D2φ

DqiDqj
[ai∗, aj ]−

aj and aj∗ annihilation and creation operators



Witten’s Laplacian2

Hλ is obtained after quantization from the
Lagrangian formulated action:

Sλ =
1

2

∫
dt

[
gij

(dqi

dt

dqj

dt
+ i ψ̄i Dψj

Dt

)

+
1

4
Rijklψ̄

iψkψ̄jψl − λ2g ij ∂φ

∂qi

∂φ

∂qj

− λ
D2φ

DqiDqj
ψ̄iψj

]
.

Here, ψi and ψ̄i are anti-commuting fields tangent
to M , which becomes the creation and annihilation.
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Matrices as differential op’s:

Theorem
Any Clifford algebra has a representation in
Grassmann algebra.

(
a c
d b

)
=

a + b

2
I2 +

a − b

2
σσσ3 +

c + d

2
σσσ1 +

c − d

2
iσσσ2,

σσσ3 =

(
1 0
0 −1

)
, σσσ1 =

(
0 1
1 0

)
, σσσ2 =

(
0 −i
i 0

)

σσσjσσσk + σσσkσσσj = 2δjkI2 (Clifford relation)



Matrices as differential op’s1:

Prepare 1-forms dy1, dy2 and wedge and inner
products: Define

dy1 ∧ (u0 + u1dy1 ∧ dy2) = u0dy1 (multipication)
∂

∂(dy1)
dy1 ∼

∂

∂y1
(dy1 = 1 (1-differentiation)

∂

∂y1

(
∂

∂y2
((dy1 ∧ dy2)

)
= −1 (2-differentiation)



Matrices as differential op’s2:

Identifying θ1 = dy1, θ2 = dy2, we prepare
Grassmann algebra as Γ0 = {u0 + u1θ1θ2}. Define

(
θ1θ2 −

∂2

∂θ1∂θ2

)
(u0 + u1θ1θ2) = u0θ1θ2 + u1

∼
(

0 1
1 0

)(
u0

u1

)
,

That is, we may identify

θ1θ2 −
∂2

∂θ1∂θ2
∼
(

0 1
1 0

)



Matrices as differential op’s3:

Analogously
(

1− θ1
∂

∂θ1
− θ2

∂

∂θ2

)
(u0 + u1θ1θ2) = u0 − u1θ1θ2,

that is,

1− θ1
∂

∂θ1
− θ2

∂

∂θ2
∼
(

1 0
0 −1

)

These operators annihilate Γ1 = {v1θ1 + v2θ2}.



Matrices as differential op’s4:

These representations are not unique!
For Γ = {w = w0 + w1θ}, we have

(
1− 2θ

∂

∂θ

)
(w0 + w1θ) = w0 − w1θ,

(
θ +

∂

∂θ

)
(w0 + w1θ) = w1 + w0θ,

(
θ − ∂

∂θ

)
(w0 + w1θ) = −w1 + w0θ.



As a real system?

Consider

i! ∂

∂t
u(t, q) = H(q, Dq)u(t, q), H(q, Dq) = D2

q+V (q),

with
V (q) ∈ C∞(R : R).

For u = u0 + iu1 with uj = uj(t, q) ∈ R,

! ∂

∂t

(
u0

u1

)
= H(q, Dq)

(
0 1
−1 0

)(
u0

u1

)
.



As a real system? (continued)

For u(t, x , θ) = u0(t, x) + u1(t, x)θ1θ2, we rewrite

i! ∂

∂t
u = −iH(x , Dx)(θ1θ2 +

∂2

∂θ1∂θ2
)u

with symbol(or Hamiltonian function)

H(x , ξ) = ξ2 + V (x),

H(x , ξ, θ, π) = −iH(x , ξ)(θ1θ2 − !−2π1π2),
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Fréchet-Grassmann algebra.

Superspaces.

Linear Algebra (sdet, str).



Foundation of Superanalysis:
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Foundation of Superanalysis:

Fréchet-Grassmann algebra.

Superspaces.

Linear Algebra (sdet, str).

Supersmooth functions.

Differentiation (Taylor expansion, Implicit
function theorem).

Integration (Integration by parts, Change of
variables under integral sign).

Fourier transformation.



Fréchet-Grassmann algebra:

{σj}∞j=1 : σjσk + σkσj = 0 (Grassmann generators),

C = {X =
∑

I∈I
XIσ

I | XI ∈ C}, R = {X ∈ C | X0̃ ∈ R}.

I = {I = (i1, i2, · · ·) ∈ {0, 1}N | |I | =
∞∑

j=1

ij < ∞},

0̃ = (0, 0, · · ·), σI = σi1
1 σi2

2 · · ·

Theorem
C forms a Fréchet-Grassmann algebra.



Superspaces:

πBX = XB = X0̃, X = XB + XS

R[#] = {X =
∑

|I |=#

XIσ
I}, R =

∞⋃

#=0

R[#]

Rev =
∞⋃

#=0

R[2#], Rod =
∞⋃

#=0

R[2#+1]

Rm|n = {(x , θ)}
x = (x1, · · ·, xm), xj ∈ Rev, θ = (θ1, · · ·, θn), θk ∈ Rod



Supersmooth functions:

For x = xB + xS with q = xB, and f ,

f (q) → f̃ (x) =
∞∑

|α|=0

∂α
q f (xB)

α!
xα
S ,

Supersmooth function : u(x , θ) =
∑

|a|≤n

ũa(x)θa

a = (a1, · · ·, an) ∈ {0, 1}n, θa = θa1
1 · · ·θan

n

ũa(x) is the Grassmann continuation of ua(q).



Differentiation:

∂xj ũ(x) = ∂̃qju(x), ∂α
x u(x) = ∂α1

x1
· · ·∂αm

xm

α = (α1, · · ·, αm) ∈ Nm, |α| =
m∑

j=1

αj

∂θkθ
a = (−1)#(a,k)θa1

1 · · ·θak−1

k−1θ
ak+1

k+1 · · ·θ
an
n

∂θkθj = δjk , θ0
j = 1, θ−1

j = 0,

+(a, k) =
k−1∑

j=1

aj , |a| =
n∑

j=1

aj .



Integration:

Even case:

∫

Rm

dq f (q) =

∫

Rm|0
dx f̃ (x)

Odd case: v(θ) =
n∑

|a|=0

vaθ
a =⇒

∫
dθ v(θ) = v1̃

v1̃ =
∂n

∂θn· · ·∂θ1
v(θ)

∣∣∣∣
θ=0

, 1̃ = (1, · · ·, 1)

∫
f (λx)dx =

1

λ

∫
f (y)dy ,

∫
dθv(µθ) = µ

∫
dωv(ω).



Integration (Gaussian type) :

A : N × N-positive definite matrix,

Even case:

∫

C2N

d [z̄ , z ] e−z̄·Az =
1

det A
,

d [z̄ , z ] = (−2πi)−Ndz̄1dz1· · ·dz̄NdzN ,

z = t(z1, · · ·, zN) ∈ CN , z̄ = (z̄1, · · ·, z̄N) ∈ CN .

Odd case:

∫

R
0|N
θ ×R

0|N
θ̄

d [θ̄, θ]e−θ̄·Aθ = det A,

d [θ̄, θ] = d θ̄NdθN · · ·d θ̄1dθ1,

θ = (θ1, · · ·, θN) ∈ R
0|N
θ , θ̄ = (θ̄1, · · ·, θ̄N) ∈ R

0|N
θ̄

.



Fourier transformation:

(Fev)(ξ) = (2π!)−m/2

∫

Rm|0
dx e−i!−1〈x |ξ〉v(x),

(F̄ew)(x) = (2π!)−m/2

∫

Rm|0
dξ e i!−1〈x |ξ〉w(ξ),

(Fov)(π) = k̄n/2ιn

∫

R0|n
dθ e−i k̄−1〈θ|π〉v(θ),

(F̄ow)(θ) = k̄n/2ιn

∫

R0|n
dπ e i k̄−1〈θ|π〉w(π).

〈x |ξ〉 =
m∑

j=1

xjξj , 〈θ|π〉 =
n∑

k=1

θkπk , ιn = e−
πi
4 n(n−2).



Semi-circle law in RMT:

RMT=Random matrix theory,

UN = {H = (Hjk) : Hermitian N × N matrices} ∼ RN2

dµN(H) =
N∏

k=1

d(0Hkk)
N∏

j<k

d(0Hjk)d(1Hjk)PN ,J(H)

PN ,J(H) = Z−1
N ,J exp

[
− N

2J2
H∗H

]

Eα = Eα(H) ∈ R (α = 1, · · · , N) : e.v. of H ∈ UN



Semi-circle law:

ρN(λ) = ρN(λ; H) = N−1
N∑

α=1

δ(λ− Eα(H)),

〈
f
〉

N
=
〈
f (·)

〉
N

=

∫

UN

dµN(H) f (H),

Theorem (Wigner)

lim
N→∞

〈
ρN(λ)

〉
N

= wsc(λ)

=

{
(2πJ2)−1

√
4J2 − λ2 |λ| < 2J ,

0 |λ| > 2J .



Efetov’s representation0:

〈
ρN(λ)

〉
N

= π−11
∫

Q

dQ
(
{(λ− i0)I2 − Q}−1

)
bb

× exp [−NL(Q)],

Q =
{
Q =

(
x1 ρ1

ρ2 ix2

) ∣∣ x1, x2 ∈ Rev, ρ1, ρ2 ∈ Rod
}

∼= R2|2, dQ =
dx1dx2

2π
dρ1dρ2,

L(Q) = str [(2J2)−1Q2 + log((λ− i0)I2 − Q)],



Efetov’s representation00:

(
((λ− i0)I2 − Q)−1

)
bb

=
(λ− i0− x1)(λ− i0− ix2) + ρ1ρ2

(λ− i0− x1)2(λ− i0− ix2)
.

1 This formula is justified only for λ− iε, but not
λ− i0, mathematically.



Efetov’s representation00:

(
((λ− i0)I2 − Q)−1

)
bb

=
(λ− i0− x1)(λ− i0− ix2) + ρ1ρ2

(λ− i0− x1)2(λ− i0− ix2)
.

1 This formula is justified only for λ− iε, but not
λ− i0, mathematically.

2 Perhaps, we need more delicate integration
theory than Lebesgue’s one, which admits
making ε → 0 under integral sign and also
permits saddle point analysis.



Efetov’s representation-1:

δ(q) =
1

π
lim
ε→0

1 1

q − iε
=

1

2πi
lim
ε→0

[
1

q − iε
− 1

q + iε

]

=
1

π
lim
ε→0

ε

q2 + ε2
in D′(R),

g(λ− iε, N , H) =
1

πN
1

N∑

α=1

1

λ− iε− Eα(H)
.



Efetov’s representation-2:

∫

UN

dµN(H)〈φ(·), 1

N

N∑

α=1

δ(· − Eα(H))〉

def
=

∫

UN

dµN(H) lim
ε→0

∫

R
dλφ(λ)g(λ− iε, N , H)

= lim
ε→0

∫

UN

dµN(H)

∫

R
dλφ(λ)g(λ− iε, N , H)

= lim
ε→0

∫

R
dλφ(λ)G (λ− iε, N).

G (λ− iε, N) =

∫

UN

dµN(H)g(λ− iε, N , H).



Efetov’s
representation-notation:

zj = xj + iyj , z j = xj − iyj , xj , yj ∈ Rev,

θk , θk ∈ Rod = Cod,

X = t(z , θ), z = t(z1, · · · , zN), θ = t(θ1, · · · , θN),

X ∗ = (z∗, θ∗), z∗ = (z1, · · · , zN), θ∗ = (θ1, · · · , θN).

Here, θk and θk are considered as two different odd
variables.



Efetov’s representation-3:

Lemma
Put µ = λ− iε (ε > 0).

1

µIN − H
=

N∑

α=1

1

µ− Eα(H)

= i

∫

N|2N

N∏

j=1

dz j dzj

2πi

N∏

k=1

dθkdθk

× (z∗·z) exp [−iX ∗(I2 ⊗ (µIN − H))X ].



Efetov’s representation-3bis1:

Lemma
For µ = λ− iε (ε > 0),

〈 1

µIN − H

〉
N

=i

∫ N∏

j=1

dz j dzj

2πi

N∏

k=1

dθkdθk

× (z∗·z) exp [−iX ∗(I2 ⊗ µIN)X ]

× exp [− J2

2N

N∑

j ,k=1

(z jzk + θjθk)

× (zkzj + θkθj)].



Efetov’s representation-3bis2:

Since X ∗(I2 ⊗ H)X = Hjk(z jzk + θjθk), we get

〈
exp [±i

N∑

j ,k=1

Hjk(z jzk + θjθk)]
〉

N

= exp
[
− J2

2N

N∑

j ,k=1

(z jzk + θjθk)(zkzj + θkθj)
]
.



Hubbard-Stratonovich formula:

Lemma
Let A be any even 2× 2 supermatrix. Let

Q =
{
Q =

(
x1 ρ1

ρ2 ix2

) ∣∣ x1, x2 ∈ Rev, ρ1, ρ2 ∈ Rod
}

∼= R2|2, dQ =
dx1dx2

2π
dρ1dρ2.

exp[− J2

2N
str A2]

=

∫

Q

dQ exp [− N

2J2
str Q2 ± i str (QA)].



Proof of H-S formula1

Proof:

Q =

(
x1 ρ1

ρ2 ix2

)
, x1, x2 ∈ Rev, ρ1, ρ2 ∈ Rod,

∀A =

(
a θ1

θ2 b

)
, a, b ∈ Rev, θ1, θ2 ∈ Rod

∫

Q

dQ exp [−1

2
str (γQ ± iγ−1A)2] = 1 (∀γ > 0).



Proof of H-S formula2

str (γQ ± iγ−1A)2

= γ2(x2
1 + x2

2 + 2ρ1ρ2)

± 2i(x1a + ρ1θ2 − ρ2θ1 − ix2b)

− γ−2(a2 − b2 + 2θ1θ2),
∫

dρ1dρ2 exp [−γ2ρ1ρ2∓i(ρ1θ2 − ρ2θ1) + γ−2θ1θ2]

= (γ2 − θ1θ2)(1 + γ−2θ1θ2) = γ2,



Proof of H-S formula3

−γ2

2
(x2

1 + x2
2 )∓ i(x1a − ix2b) +

γ−2

2
(a2 − b2)

= −1

2
(γx1 ± iγ−1a)2 − 1

2
(γx2 ± γ−1b)2

∫
dx1dx2

2π
exp [−γ2

2
(x2

1 + x2
2 )

×∓i(x1a − ix2b) +
γ−2

2
(a2 − b2)] = γ−2.



The spectrum edge problem:

Theorem
Let z ∈ [−1, 1]. When N →∞, we have

〈
ρN(2J − zN−2/3)

〉
N

= N−1/3f (z/J) + O(N−2/3),
〈
ρN(−2J + zN−2/3)

〉
N

= −N−1/3f (z/J) + O(N−2/3),

where

f (w) =
1

4π2J
(Ai′(w)2 − Ai′′(w) Ai(w)),

Ai(w) =

∫

R
dx exp [− i

3
x3 + iwx ].



Harmonic oscillator:

i!∂u

∂t
= H(q, Dq)u, u(0, q) = u(q), Dq =

!
i

∂

∂q
.

H(q, Dq) =
1

2m
D2

q−
mω2

2
q2, H(q, p) =

1

2m
p2−mω2

2
q2.

(CM) q̇ =
p

m
, ṗ = mω2q, (q(0), p(0)) = (q, p),

S0(t, q, p) =

∫ t

0
ds[q̇(s)p(s)− H(q(s), p(s))]

=
/Ct /St

ω
H(q, p) + /S2

t qp.

notation: cosh ωs = /Cs , sinh ωs = /Ss



Harmonic oscillator(SL1):

LPIM=Lagrangian path-integral method for
Schrödinger type

p =
m ω

/St

(q̄ − /Ctq) = y(t, q̄, q)

S(t, q̄, q) = S0(t, q, p)
∣∣
p=y(t,q̄,q)

=
mω /Ct

2/St

(
m

2
q̄2 +

mω2

2
q2)− mω

/St

q̄q

D(t, q̄, q) = −
∂2S(t, q̄, q)

∂q̄∂q
=

mω

/St

.



Harmonic oscillator(SL2):

St + H(q̄, Sq̄) = 0, lim
t→0

tS(t, q̄, q) =
m(q̄ − q)2

2
,

Dt + ∂q̄(DH̃p) = 0, lim
t→0

tD(t, q̄, q) = m, H̃p = Hp(q̄, Sq̄).

UL
t u(q̄) =

1√
2πi!

∫

R
dq D1/2(t, q̄, q)e i!−1S(t,q̄,q)u(q)

=
√

mω

2πi! /St

∫

R
dq e i!−1S(t,q̄,q)u(q).



Harmonic oscillator(SH):

HPIM=Hamiltonian path-integral method

q =
1

/Ct

(q̄ − /St

mω
p) = η(t, q̄, p),

S(t, q̄, p) = [qp + S0(t, q, p)]
∣∣
q=η(t,q̄,p)

= − /St

ω /Ct

(
p2

2m
− mω2q̄2

2

)
+

1

/Ct

q̄p,

D(t, q̄, p) =
∂2S(t, q̄, p)

∂q̄∂p
=

1

/Ct

.



Harmonic oscillator(SH1):

St + H(q̄, Sq̄) = 0, lim
t→0

S(t, q̄, p) = q̄p,

Dt + ∂q̄(DH̃p) = 0, lim
t→0

D(t, q̄, p) = 1, H̃p = Hp(q̄, Sq̄).

UH
t u(q̄) =

1√
2π!

∫

R
dp D(t, q̄, p)1/2e i!−1S(t,q̄,p)û(p)

=
1√
2π!

∫

R
dp

√
1

cosh(ωt)
e i!−1S(t,q̄,p)û(p)

=
1

2π!

∫∫

R2

dpdq

√
1

cosh(ωt)
e i!−1(S(t,q̄,p)−qp)u(q).



Harmonic oscillator(HL):

∂v

∂t
= H(q, Dq)v , v(0, q) = v(q), Dq =

!
i

∂

∂q
.

Lagrangian Path Integral Method for heat type:

V L
t v(q̄) =

1

2π

∫

R
dq D1/2(t, q̄, q) e−S(t,q̄,q)v(q)

=
√

ω

2π sinh(ωt)

∫

R
dq e−S(t,q̄,q)v(q).



Harmonic oscillator(HH):

V H
t v(q̄) ∼ 1√

2π!

∫

R
dq D1/2(t, q̄, p) e i!−1S(t,q̄,p)v̂(p)

∣∣∣∣
!=−i

But, we don’t have Hamiltonian Path Integral
Representation for heat equation directly.

Ṽ H
t v(q̄) =

1√
2π!

∫

R
dq D1/2(t, q̄, p) e−S(t,q̄,p)v̂(p).



Super-extension:

Spin addition:

Q− =
1√
2m

(!
i
∂q −mωq

)
b,

Q+ =
1√
2m

(!
i
∂q + mωq

)
b∗,

b2 = b∗2 = 0, {b∗, b} = 1, Q = Q+ + Q−,

H = Q2 = Q−Q+ + Q+Q− = H(q, Dq)I +
!
2i

ω[b, b∗]

H(x , ξ, θ, π) =
1

2m
ξ2 − mω2

2
x2 + !ωθπ.



[Q]:HH-formulation

S(t, x̄, θ̄, ξ, π)

= [xξ + θπ + S0(t, x , ξ, θ, π)]

∣∣∣∣x=y(t,x̄ ,ξ,θ̄,π)

θ=ω(t,x̄,ξ,θ̄,π)

= e−ωt θ̄π + S(t, x̄ , ξ),

St + H(x̄ ,Sx̄ , θ̄,Sθ̄) = 0, lim
t→0

S = x̄ξ + θ̄π.



[Q]:LH-formulation

S(t, x̄ , θ̄, x , π) = [θπ + S0(t, x , ξ, θ, π)]

∣∣∣∣ξ=η(t,x̄ ,x ,θ̄,π)

θ=ω(t,x̄,x ,θ̄,π)

= e−ωt θ̄π + S(t, x̄, x),

St+H(x̄ ,Sx̄ , θ̄,Sθ̄) = 0, lim
t→0

(S−(x̄ − x)2

2t
−θ̄π) = 0.



[H]:LH-formulation

S(t, x̄ , θ̄, x , π) = [θ π + S0(t, x , ξ)]

∣∣∣∣ξ=η(t,x̄ ,θ̄,x,π)

θ=ω(t,x̄,θ̄,x ,π)

= e−ωt θ̄π + S(t, x̄ , x),

D(t, x̄ , θ̄, ξ, π) =

(
− ∂2S

∂x̄∂x 0

0 − ∂2S
∂θ̄∂π

)
=

ω

sinh(ωt)
eωt



[H]:LH-formulation continued

VLH
t v(q̄, θ̄) =

√
1

2π

∫
dxdπD1/2e−S(v1(x)− v 0(x)π)

=
√

ω

2π sinh(ωt)

∫
dx e−S(t,x̄ ,x)

× (eωt/2v0(x)− e−ωt/2v 1(x)θ̄).



[H]:Witten-index

[Ker (Pe−tĤ)](x̄, x , θ̄, θ)

= (1− 2θ̄∂θ̄)(e
ωt/2θ + e−ωt/2θ̄)

√
ω

2π sinh(ωt)
e−S(t,x̄ ,x),

str e−tĤ =

∫
dxdθ [Ker (Pe−tH)](x , x , θ, θ)

= (eωt/2 − e−ωt/2)
√

ω

2π sinh(ωt)

√
π sinh(ωt)

ω(cosh(ωt)− 1)

=
eωt/2 − e−ωt/2

√
2(cosh(ωt)− 1)

= 1.



Bosonic resume:

i!∂u

∂t
= Ĥ(q, Dq)u

u(0) = u

symbol−−−−−→ H(q, p)
CM−−−→ S(t, q̄, p)

D(t, q̄, p)

9 quantization
;

u(t, q) = Ut(q) ←−−−
Ut =

lim
n→∞

Et/n
n ←−−−

Et = (2π!)−1/2
∫

D1/2e i!−1S û



Complex to Real:

i!∂u

∂t
= Ĥ(q, Dq)u

u(0) = u

×(−i)−−−−→
−iσσσ2

! ∂

∂t

(
u0

u1

)
= Ĥ

(
0 1
−1 0

)(
u0

u1

)

2, &C
9

;× i

i!∂ũ

∂t
= H(x , Dx , θ, ∂θ)ũ

ũ(0) = u0 + u1θ1θ2

←−−−
3

i! ∂

∂t

(
u0

u1

)
= i Ĥ

(
0 1
−1 0

)(
u0

u1

)

u = u0 + iu1 −→
(

u0

u1

)
−→ ũ = u0 + u1θ1θ2



New approach:

i!∂ũ

∂t
= Ĥũ

ũ(0) = u0 + u1θ1θ2

symbol−−−−−→ H(x , ξ, θ, π)
s-CM−−−−→ S(t, x̄ , θ̄, ξ, π)

D(t, x̄ , θ̄, ξ, π

2, &C
9 s-quantization

;?

ũ(t, x , θ) =
Ut ũ(x , θ)

←−−−
Ut =
lim

n→∞
Et/n

n ←−−− Et ũ = · · ·

Etu(t, x , θ) = (2π!)−1/2!
∫

dξdπD1/2(· · · )e i!−1S(··· )ˆ̃u(· ·

(· · · ) = (t, x , ξ, θ, π) or (t, ξ, π)



CM for H(x , ξ, θ, π):

{
ẋ = Hξ = −iHξ(x , ξ)(θ1θ2 − !−2π1π2),

ξ̇ = −Hx = iHx(x , ξ)(θ1θ2 − !−2π1π2),





θ̇1 = −Hπ1 = −i!−2H(x , ξ)π2,

θ̇2 = −Hπ2 = i!−2H(x , ξ)π1,

π̇1 = −Hθ1 = iH(x , ξ)θ2,

π̇2 = −Hθ2 = −iH(x , ξ)θ1



CM for H(x , ξ, θ, π)-1:

x(t) =
∞∑

j=0

x [2j ](t), x [2j ](t) =
∑

|I |=2j

xI (t)σ
I , etc.

θ(t) =
∞∑

j=0

θ[2j+1](t), θ[2j+1](t) =
∑

|I |=2j+1

θI (t)σ
I , etc.

ẋ [0] = 0, ξ̇[0] = 0 =⇒ x [0](t) = x [0], ξ[0](t) = ξ[0]



CM for H(x , ξ, θ, π)-2:






θ̇[1]
1 = −i k̄−2H(x [0], ξ[0])π[1]

2 ,

θ̇[1]
2 = i k̄−2H(x [0], ξ[0])π[1]

1 ,

π̇[1]
1 = iH(x [0], ξ[0])θ[1]

2 ,

π̇[1]
2 = −iH(x [0], ξ[0])θ[1]

1
{

ẋ [2] = −iH [0]
ξ (θ1θ2 − k̄−2π1π2)

[2],

ξ̇[2] = iH [0]
x (θ1θ2 − k̄−2π1π2)

[2].



CM for H(x , ξ, θ, π)-2ev:






ẋ [2j ] = −i
j∑

#=0

Hξ(x , ξ)[2#](θ1θ2 − k̄−2π1π2)
[2j−2#],

ξ̇[2j ] = i
j∑

#=0

Hx(x , ξ)[2#](θ1θ2 − k̄−2π1π2)
[2j−2#].



CM for H(x , ξ, θ, π)-2od:






θ̇[2j+1]
1 = −i k̄−2

j∑

#=0

H(x , ξ)[2#]π[2j+1−2#]
2 ,

θ̇[2j+1]
2 = i k̄−2

j∑

#=0

H(x , ξ)[2#]π[2j+1−2#]
1 ,

π̇[2j+1]
1 = i

j∑

#=0

H(x , ξ)[2#]θ[2j+1−2#]
2 ,

π̇[2j+1]
2 = −i

j∑

#=0

H(x , ξ)[2#]θ[2j+1−2#]
1



CM for H(x , ξ, θ, π)-3:






d

dt
H(x(t), ξ(t)) = 0,

d

dt
M(t) = 0,

H(x , ξ) =
1

2
|ξ|2+V (x), Hx(x , ξ) = Vx(x), Hξ(x , ξ) = ξ,

M(t) = M(0) = θ1θ2 − k̄−2π1π2 = M,

H(x(t), ξ(t)) = H(x , ξ) =
ξ2

2
+ V (x) = H



CM for H(x , ξ, θ, π)-4:

x(t) = x − iM
∫ t

0
ds Hξ(x(s), ξ(s)) = x − iMφ(t),

ξ(t) = ξ + iM
∫ t

0
ds Hx(x(s), ξ(s)).

φ(t) =

∫ t

0
ds ξ(s), Hξ(x , ξ) = ξ, Hx(x , ξ) = Vx .



CM for H(x , ξ, θ, π)-5:

Vx(x(t)) = Vx(x − iMφ(t))

=Vx(x)− iVxx(x)Mφ(t)− 1

2!
Vxxx(x)M2φ2(t) + · · ·



CM for H(x , ξ, θ, π)-51:

φ̇(s) = ξ(t) = ξ − i

∫ t

0
ds(Vx(x)− iVxx(x)φ(s))

with φ(0) = φ̇(0) = 0.

φ(t) = ξt + iMVx(x)
t2

2
+ M2Vxx(x)

t3

3!
,

ξ(t) = ξ + iMVx(x)t + M2ξVxx(x)
t2

2
,

x(t) = x − iMξt + M2Vx(x)
t2

2
.



CM for H(x , ξ, θ, π)-6:

{
St + H(x ,Sx , θ,Sθ) = 0,

S(0, x , ξ, θ, π) = 〈x |ξ〉+ 〈θ|π〉.

S(t, x , ξ, θ, π)

=






〈x |ξ〉+ i!A(θ1θ2 − !−2π1π2)

+ B〈θ|π〉 + Φθ1θ2π1π2 if (t, x , ξ) /∈ V,

undefined if (t, x , ξ) ∈ V,

A =
sin(t!−1H)

cos(t!−1H)
, B =

1

cos(t!−1H)
, Φ =

t2!−2HξHx

cos2(t!−1H)

V = {(t, x , ξ) | ∃n ∈ Z s.t. t!−1H(x , ξ) = (2n ± 1
2)π}



CM for H(x , ξ, θ, π)-7:





D +

∂

∂x

(
DH̃ξ

)
+

∂

∂θ

(
DH̃π

)
= 0,

D(0, x , ξ, θ, π) = 1.

D =






cos2(t!−1H) + t2!−2HxHξ cos(t!−1H)〈θ|π〉
+ t2!−2HxxHξξθ1θ2π1π2 if (t, x , ξ) /∈ V,

undefined if (t, x , ξ) ∈ V.



Half-density:

D = A2,

A =






cos(t!−1H) +
t2!−2HxHξ

2
〈θ|π〉

+

(
t2!−2HxxHξξ

2 cos(t!−1H)
+

t4!−4H2
x H2

ξ

4 cos(t!−1H)

)
θ1θ2π1π2,

undefined

for (t, x , ξ) /∈ V or (t, x , ξ) ∈ V, respectively.



PIM for H(x , ξ, θ, π):

Ttu(x , θ) = (2π!)−1/2!
∫∫

R1|2
dξdπAe i!−1SFu(ξ, π),

Fu(ξ, π) = (2π!)−1/2!
∫∫

R1|2
dxdθe i!−1(〈x |ξ〉+〈θ|π〉)

× (u0(x) + u1(x)θ1θ2).



PIM for H(x , ξ, θ, π)1:

Feynman’s quantization:

Ttu(x , θ)

∣∣∣∣
t=0

= HF(x ,−i!∂x, θ, ∂θ)u(x , θ)

with

HF(x ,−i!∂x, θ, ∂θ)u = Hw(x ,−i!∂x, θ, ∂θ)u



PIM for H(x , ξ, θ, π)2:

Ttu(x , θ)

∼ (2π!)−1

∫

1|0
dξ e i!−1〈x |ξ〉(/C − i/S)(û0(ξ) + i û1(ξ))

+ Ru1(x)

= (2π!)−1

∫

R
dp e i!−1〈q|p〉

×
[(

cos(!−1tH) sin(!−1tH)
−sin(!−1tH) cos(!−1tH)

)(
û0

û1

)
+

(
0

Rû1

)]
.



Main and Remainder terms:

e i!−1〈q|p〉
(

cos(!−1tH) sin(!−1tH)
−sin(!−1tH) cos(!−1tH)

)(
û0

û1

)

∼ e i!−1〈q|p〉−i!−1tH(q,p)û(p)

Rw(x) =(2π!)−1

∫

R1|0
dξ e i!−1〈x |ξ〉

×
(

t2HxxHξξ

2/C +
t4!−2H2

x H2
ξ

4/C

)
ŵ(ξ).


