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MOTIVATIONS:

Why we need new “field” besides R or C.
@ Feynman's problem (CM for Dirac?),

@ Witten's SUSYQM (creation, annihilation
operators and odd variables),

@ Wigner's semi-circle law in RMT a la Efetov.
These give us new “dimensions (even, odd)”, (also
darithmetic dimension by Manin):

@ New treatise of matrix structures in PDE

@ New “slowness variables?” in RMT



FEYNMAN’S PROBLEM

How to describe the dependence of & for the
solution of the Schrodinger equation?

u(t.q) = [ E(t.0.q)u(q)dd

E(t,q,.q') ~/
C

t,q,q'

exp (117 [ L(a(s). (s))ds ) )

How about the Dirac equation?



(M,g), d, dand ¢ : M — R

d;: — e)\d)d*e_)\qu

o



WITTEN’S LAPLACIAN

(M,g), d, dand p: M — R

dy = e Mde’,  df = eMd e,
Witten's Laplacian:
H\ = d\d) + d\d)

D?¢
Dqg' D¢

d
= dd" + d*d + \(d¢)’ + > A

ij=1

[a™, &]_

2 and & annihilation and creation operators



WITTEN’S LAPLACIAN2

H, is obtained after quantization from the
Lagrangian formulated action:

si= [ dt{ (429 +,¢zf%)

2 dt dt Dt
+ - Ryk/¢¢kw¢/ gd)gdj
D%
AoV

Here, ¢’ and ¢’ are anti-commuting fields tangent
to M, which becomes the creation and annihilation.
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MATRICES AS DIFFERENTIAL OP’S:

Any Clifford algebra has a representation in

THEOREM
Grassmann algebra.

a c _a+bﬂ+a—b Jrc+d Jrc:—d.
d b - 9 2 9 03 9 01 9 10,

(10 (01 (0 —i
93= 1o —1) 2= \10/) 227\ o

ook +00; =203l (Clifford relation)



MATRICES AS DIFFERENTIAL OP’S1:

Prepare 1-forms dy;, dy, and wedge and inner
products: Define

dyr A (up + urdyr A dy,) = updy; (multipication)
0

dy; ~ ij dy; =1 (1-differentiation)
1 o1

d(dy1)
9 (9 — |(dyr A dy,) | = —1 (2-differentiation)
ayl a Y1 ¥2 —



MATRICES AS DIFFERENTIAL OP’S2:

Identifying 61 = dyy, 0, = dy», we prepare
Grassmann algebra as [y = {ug + u16160,}. Define

(92
(8182 — >(U0 + u18192) = U09182 + up

00100,
01 U
10 0] ’
That is, we may identify

02 01
9192 = g0, ~ <1 0>



MATRICES AS DIFFERENTIAL OP’S3:

Analogously

0 0
(1 — 618—«91 — 02(9—9) (up + t6102) = up — 16163,

that is,

) 9 1 0
1—0—— — fr— ~
%56, ~ %250, <0 —1>

These operators annihilate 'y = {v101 + w0, }.



MATRICES AS DIFFERENTIAL OP’S4:

These representations are not unique!
For I = {w = wy + w10}, we have

0
(1 — 28@) (WO + W]_Q) = Wy — W]_e,

0
(8 + %> (WO + W19) = wy + wpl,

0
(8 — %> (wo + w10) = —wy + wob.



AS A REAL SYSTEM?

Consider

9
ih=-u(t, q) = H(q, Dg)u(t, q), H(q,Dy) = Di+V(q),

with
V(qg) € C*(R: R).

For u = ug + ivy with uj = uj(t, q) € R,

() -4 2)



AS A REAL SYSTEM? (CONTINUED)

For u(t,x,0) = up(t, x) + ui(t, x)0102, we rewrite

ihgu——iH(x D,) (6162 + i Ju
ot I 90,00,

with symbol(or Hamiltonian function)
H(x, &) = £+ V(x),

H(x,€.0,7) = —iH(x, &) (020> — h~>myms),



@ Fréchet-Grassmann algebra.
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FOUNDATION OF SUPERANALYSIS:

Fréchet-Grassmann algebra.
Superspaces.

Linear Algebra (sdet, str).
Supersmooth functions.

Differentiation (Taylor expansion, Implicit
function theorem).

@ Integration (Integration by parts, Change of
variables under integral sign).

@ Fourier transformation.



FRECHET-GRASSMANN ALGEBRA:

{oj}721 1 ojok + oko; = 0 (Grassmann generators),
C={X=) Xo'|X eC} R={Xe|X;ER}

el

T ={l=(ir i) €{0, 1} |I| =) ij < o0},
j=1

0=(0,0,--), o =olol---

THEOREM
¢ forms a Fréchet-Grassmann algebra.



SUPERSPACES:

WBX:XB:XO, X = Xg + Xg

RI={X=> Xo'}, ®R= Gmm

|l|=¢ =0
%ev — U m[Z(]’ mod — U m[Z(—I—l]
=0 (=0
R = {(x,0)}

X = (X17 o '7Xm)7 Xj S %eV7 0 = (817 t '79n)7 ek S mod



SUPERSMOOTH FUNCTIONS:

For x = xg + x5 with ¢ = xg, and f,

~ i of XB
) — Foy = 3 20

||=0

al

Supersmooth function : u(x, ) = Z i,(x)6°

|al<n

a=(ay, - ay €{0,1}", 07 =070

i1,(x) is the Grassmann continuation of u,(q).



DIFFERENTIATION:

Oy l(x) = Ogu(x), Ofu(x) = Ot -0r
a= (a1, an) € N a| = ZO‘J

0,07 = (=1)"*107 07 19if:i -9;‘,"
Dp,0; = ajk, =1, 0'=0,

la, k) = Zaj, \a|:2aj.
j=1



INTEGRATION:

Even case: / dq f(q) = / dxf (x)
m mm|0

Odd case: v(0) = Y v,0° => / dov(0) = v;
|a|=0

_9"

90, - -06,

/f(Ax)dx: %/f(y)dy, /dev(w) :,u/dwv(w).

vi = ,oI=(1,---1)




INTEGRATION ((GAUSSIAN TYPE) :

A : N x N-positive definite matrix,

~ detA’
d[z,z] = (—27i) Ndzdz;- - -dZydzy,

z = t(Zly"'yzN) c (CN’ 7 = (21’...721\/) c (CN.

. 1
Even case: / d[z,z] e #7* =
2N

Odd case: / d[o, «9]6_“9 = det A,
g x om0

d[d. 6] = dindfy- - -dfrdb,
0= (01, --.0n) € 9{2"\’, 0= (01,--,0y) € %g_w'



FOURIER TRANSFORMATION:

(Fov)(©) = () ™ [ e ™Iy ),

mi0
(Fow)(x) = (21h) ™" / d ") (6),
ml0
(Fov)(x) = k"2, / d e~ 0y (g),
SROIn

(Fow)(0) = R”/zb,,/ dm eik_1<9|”>w(7r).
$RO[n



SEMI-CIRCLE LAW IN RMT":

RMT=Random matrix theory,
Uy = {H = (Hi) : Hermitian N x N matrices} ~ RV

dun(H) = [ d(RHw) | [ d(RHx)d(SH)Pus(H)

k=1 j<k

. N
Pn.(H) = ZN}J exp [ — 2—J2H H]

E.=E.(H eR(a=1,--- N):ev. of He Ly



SEMI-CIRCLE LAW:

on(A) = pv(X; H) = 125 (A — Eqf

(Fyy = (F())y = / dpn(H) F(H).

THEOREM (WIGNER)
/\/“m <PN( )> = Wsc(A)

(27TJ2) LWaJZ =N |\ < 2J,
|A] > 2J.




EFETOV’S REPRESENTATIONO:

(pn(A))y =7~ J/dQ ({(A=i0)k—Q} ),

x exp [-NL(Q)],
Q={Q= (;; ié) | X1, %2 € Rev, p1, 02 € Roa )
dxid.
= %2|27 dQ = - X2dpldp27

27
L(Q) = str[(2J3)71Q? + log((M — i0)I, — Q)]



EFETOV’S REPRESENTATIONOO:

((()‘ —i0)k — Q)_l)bb
B (/\ — 10 — Xl)()\ — 10 — iX2) + p1P2
A =i0—x)2(A—i0 - ix))

@ This formula is justified only for A — /¢, but not
A — 10, mathematically.



EFETOV’S REPRESENTATIONOO:

((()‘ —i0)k — Q)_l)bb
B (A =10 —x1)(A — i0 — ix2) + p1p2
A =i0—x)2(A—i0 - ix))

@ This formula is justified only for A — /¢, but not
A — 10, mathematically.

© Perhaps, we need more delicate integration
theory than Lebesgue’'s one, which admits
making ¢ — 0 under integral sign and also
permits saddle point analysis.



EFETOV’S REPRESENTATION-1:

1 1 1 1 1
i(q) =—IlimS — = ,Iim{ — — ]
Tes0 q—ie 2mie=0|q—ie g+ i€
1
= “lim——— in D'(R),




EFETOV’S REPRESENTATION-2:

/uNdMN H)(o(:), _25
“ | dn(H)lm /R dAG(N)g(A — ic, N, H)

€E—

— Jim /u duN(H)/RdAgb()\)g()\—ie, N, H)

e—0

:Iim/d)\gb()\)G()\—ie, N).

e—0

G(\ — i€, N) :/ dun(H)g(A — ie, N, H).

Upn



ErETOV’S
REPRESENTATION-NOTATION:

Zj = X+ iYj, Zj = X = 1Y), X5 ¥ € Rev,
9/{75/( S Sy{Od - Q:Od7
X = t(z,e)’ z = t(Zl,"' ,ZN)7 0 = t(el’... ,QN)’
X* — (Z*ae*)a Z* — (Ela e 77N)7 8* — (917 Tt 7§N)-

Here, 6, and @, are considered as two different odd
variables.



EFETOV’S REPRESENTATION-3:

LEMMA
Put = X —ie (e > 0).
ulN—H Zu E

dz; dz; N
=i ]2 ]]d0kd0
I/vajl 27TI 1 g g

X (z%z)exp [—iX*(h @ (uly — H))X].




EFETOV’S REPRESENTATION-3BIS1:

LEMMA
For yp =\ —ie (e > 0),

1 ) dz; dz; _
<,UIN — H>N —,/JH 2fm, LT dbido

x (z%z) exp [—iX" (kb @ pln) X]

= _
X exp [_W Z (Zjzi + 0;0k)
j k=1
x (Zkz; + 0k0))].




EFETOV’S REPRESENTATION-3BIS2:

Since X*(h ® H)X = Hy(Z;zx + 0;0x), we get

exp [£i Z i (Zjzi + 6; 9k)]>

Jj,k=1

2 & _ _
= exp [ — ﬂ Z (szk + Qjek)(szj' + (9/((9])]
k=1



HUBBARD-STRATONOVICH FORMULA:

LEMMA
Let A be any even 2 X 2 supermatrix. Let

Q: {Q: <Xl pl) |X1,X2 69{eV7 P1, P2 EmOd}

P2 IX2
dxid.
>~ R dQ = Xlﬂxzdmdpz.
J2
exp[—ﬂ str A?]

:/ng exp[—2—/\J/25tr Q% £ istr(QA)].



PRrROOF OF H-S FORMULA1
Proof:
Q= (Xl p1> , X1, X0 € Rev, p1, P2 € Rod,

P2 IX2

VA= (2 ") 5 beRa, 01, 0, € Ry
0, b

/ dQ exp [—% str (YQ £ iy A =1 (Vy > 0).
Q



PROOF OF H-S FORMULA?2

str (yQ £ iy TA)?
=74 + % + 2p102)
+ 2/(X13 + ,0192 — p281 — iXQb)
— 7_2(32 — b + 29192),

/dﬂldﬂz exp [y prp2Fi(p1fa — pabh) + v 20104]
= (7% — 01602) (1 + v 20162) = ~°,



PrROOF OF H-S FORMULAS3

7’ oo
—?(xl2 +x3) F i(x1a — ixob) + T(a2 — b?)

1 . 1 _
= —5(7X1 + iy ta)’ — i(sz £+ 'b)?

XmdX2 ’}/2
[522 ep-L x4

-2

X Fi(xia — ixob) + %(az — b)) =~"2



THE SPECTRUM EDGE PROBLEM:
THEOREM
Let z € [-1,1]. When N — oo, we have

(pn(2d = 2N72P)), = N73F(2/0) + O(N ),
<,0/\/(—2J + ZN—2/3)>N _ _N—1/3f(Z/J) 4 O(N—2/3

where

f(w) = (Ai'(w)? — Ai"(w) Ai(w)),

Ar2 J .
Ai(w) = / dx exp [—ix3 + iwx].
R 3




HARMONIC OSCILLATOR:

ou h O
ih— = H(q, Dg)u, u(0,q)=u(q), Dg= =79
1 5 mw? 5 1, mw? 5
H(q. Dg) = 5 -Dg———q", H(q,p) = 5-p°'———4q

- %%@, p) +82ap.

notation: coshws = ¢,

, sinhws =

S



HARMONIC OSCILLATOR(SL1):

LPIM=Lagrangian path-integral method for
Schrodinger type

5(t,9,9) = %o(t, g, p)‘p ¥(t,3.9)
2

mw€, m_, mw mw _
= o (5@ +—-a) — 5 7g
23, "2 2 = S

C?S(tg.9)  mw
3flf9g $t '




HARMONIC OSCILLATOR(SL2):
Se+H(, 5) =0, limt5(t,g,9) =

D: + 35(DH,) = 0, lim tD(t,3,q) = m, H, = Hy(3. S)

dq DY?(t,§, g)e™ (79 y(q)

Us u(a) m

dq e/h 15(t,a,g)g(q)'

27Tih$t R



HARMONIC OSCILLATOR(SH):

HPIM=Hamiltonian path-integral method

Lg_ &

q= Z(G — —=p) =n(t,q,p),

mw— -

S(ta ZI?B) - [% + SO(toﬂ’ E)] ‘ﬂ:n(t,c_y,g)
2 2=2
1
w¢t 2m 2 ¢t
B 9°S(t,q,p) 1

D(t,g,p) = ~oa0p = ¢
~ t




HARMONIC OSCILLATOR(SH1):

S+ H(a. Sa) =0, lim S(t,3.p) = ap.
1,

_ 1 i1 n
Uf' u(g) = % dp D(t, g, p)"/?e" *t32)p(p)

/ /h_ls t,q,p
\/ cosh wt)

d (t.3.p)- )
" 2k //Rz pdg \/ cosh (ﬂ)




HARMONIC OSCILLATOR(HL):

ov h O

81‘ H(q7 D )V7 V(07 q) = Z(q)a Dq - Ta—q

Lagrangian Path Integral Method for heat type:

1

VL v(g) = /dq D1/2(t g, q) —5(t, 63)!(q)

[ v (t:3.9)
27Tsmh (wt) / dqe v(q).



HARMONIC OSCILLATOR(HH):

\/— dg DY?(t, g, p) e @Dy (p)

But, we don't have Hamiltonian Path Integral
Representation for heat equation directly.

VHv(q

~ N 1 _ _ - N
Viv(g) = \/%/Rng”z(t, g,p) e 42y (p).




SUPER-EXTENSION:

Spin addition:
1 h
@_ = \/ﬁ(78q — qu)b,
1 h .
Q, = ﬁ(78q + mwq)b*,

b>’=b"?=0,{b"b} =1, Q=Q. +Q_,
H =0 =QQ +Q.Q = H(g. D)L+ 1o, b]

1 2
H(x,€.0,7) = 56> = '"T”x2 + hwb,



St‘|‘H()_(,Sy<,§,S§) :0 ||mS g .

o = = = = 9ac



[Q]:LH-FORMULATION




[H]:LH-FORMULATION

) _% 0 w wt
D(t,x,8,§,ﬂ): XOoX 82_8 _—



|H|:LH-FORMULATION CONTINUED

VtLHz \/ /dxd7r7)1/2 S(vl(x)— vo(x)7)
txx
\/ 27T$|nh wt /dxe

wt/2 X) A —wt/2 1(5)8_)



|[H]:WITTEN-INDEX

[Ker (Pe~)](%, x, 8. 0)

— (1 _2_ _ wt/2 —wt/2p w —8(t,%,x)
( G0p) (e "0 + e ) 27rsinh(wt)e ’

str e M = /dng[Ker(Pe_tH)](g, x,0,0)

= (e¥t2 — emvt/2) w \/ msinh(wt)
27 sinh(wt) \| w(cosh(wt) — 1)

ewt‘/2 _ e—wt/2

B v/2(cosh(wt) — 1)




BOSONIC RESUME:

symbol

H(q, p)

I|m Et/n

n—oo

CM

e

S(t,
D(t,

P)
:P)

QI -Ql
< IS

quantizationl

«—

E:

= (27h)~1/?
D1/2eifr15g




COMPLEX TO REAL:

Lou 4 _
lha = H(q, Dg)u X(.—l) hé (Uo) " ( 0 1) (Uo)
u(0) =u —103 ot \u1 -10 uy

O ]
iz = H(x, Dy, 0, )i e (UO) _ i ( 0 1) (uo)

= Uy + u,0,0, f ot !

<
—~~
NS

Up

u=uy+ ity —
u1

) — 0 = ug + u1010>



NEW APPROACH:

o

h—— =Hi symbol CM | S(t,%,0,¢,
b =HE | M (€, 0,m) | S, D(t‘ ééﬂ
(0) = ug + u; 010, (t,x,0,§,m

b, &CT s-quantization J?

i(t, x, 0) = U, _

U, ii(x, 0) — lim £,/," ——  |&l=

Eu(t, x,0) = (2rh) YA / dednDY?(- - )elm TSt

(---)=1(t,x,&6,m) or (t, & m)



CM FoORr H(x,&,0,n):

x = He = —iHe(x,£)(0102 — h*mim),
{5 = —Hy = iHe(x, &) (0162 — i *mimy),
(01 = —Hy, = —ili 2H(x, &)m,
0y = —Hn, = ih 2H(x, &),

T = —Hy, = iH(x, §)by,
7o = — My, = —iH(x, )01




CM FOR H(Xa 57 (97 7T)_]‘

ZX[Z]] x2(t) = Z x/(t)o!, etc.

[11=2)
9= S0, 050 = S 0o,

=0, O=0= xL(t) = xL1 () = £



CM FOR H(x,&,0,m)-2

(611 = ik 2H(x, 9)nll,
051 = ik 2H(x, )it
= JH (0, ¢lohypll)
\ wg] = —iH(x, )}
{)-([2] = —ng[O](Qlez — k?mymy),
§81 = iHPY (0,0, — & *mymy) .




( J
)-([21.] = —IZ Hg(X, f)[2€](0192 - R_27T17T2)[2j_2€],
< (=0
J
R =iy " He(x, §)PA(010, — K Pmymp) P21,
\ =0

Or B> «=» «=H» = HAX



CM FOR H(x,&,0,m)-20D:

(

gl _

j .
= —ik > Y Hix, Pk,
=
J

[2J+1]

[21+1]

[2j+1]
Ty =

0

Z X 5)[26]ﬂ_£2j+1—2€]’

J
Z X 5 [24]6[2J+1 26]

=

Y
=0



CM FOR H(x,&,0,m)-3

d
{ ZH(x(1). (1)) =
d

EM(t) - O,

H(x,€) = SIEPHV(0), Hul ©) = V), Hi(x,) =
M(t) = M(0) = 10, — & mym = M,

HOx(0). €(0) = H.8) = 5+ V(x) = H



CM FOR H(x,&,0,m)-4

— ds He(x(s),&(s)) = x — iMo(t),

S
€(e) =€+ / x(5). £()).

o(t) = / dsé(s), He(x€) =& H(x.) =V,

><



Vi(x(t)) = Vil(x — iMe(t))
=Vi(x) — Vi(x)M(t) — %VW(K)M2¢2(1“) +o



CM FOR H(x,&,0,m)-51

os) = () =€ — i /0 ds(Vi(x) — i Vi ()(5))

3

o6) = e+ IMV, (05 + M2V, (0L

§(t) =+ iMV(x)t+ M fvxx(x)§7
2

x(t) = x — iMEt + MV, (x)—



CM FOR H(x,&,0,m)-6:

50, x,£,6,7) = (x|€) + (6]).
S(t,x,&,0,m)
<X|§> -+ IFLA(91(92 — h_27T17T2)
= +B<9’7T>+¢91927T17T2 if (t,X,f) ¢%,

{St + H(anxnease) - 07

undefined if (t,x,&) €,
_ sin(th™1H) _ 1 © t2h % Hg H,
cos(th~1H)’ cos(th~1H)’ cos?(th~1H)

V={(t,x,&) | IncZ st th''H(x,&) = (2n+ L)r}



CM FOR H(x,&,0,m)-T:

0, - 0, -
{D+ a(DHg) + %(Dm) =0,

D(0, x,£,0,7) = 1.

cos?(th™tH) + t*h~2H,He cos(th *H)(0|r)
D = + tzh_sznggelezﬂ'lﬂ'g if (t,X, f) ﬁé 57,
undefined if (t,x,&) € V.



HALF-DENSITY:

D = A2,

( t>h2HyH
cos(th T H) + ———=(f|r)
A =4 tPh2HoHee  t*h*HIH?
2 cos(th—1H) i 4 cos(th—1H)
| undefined

) 010,172,

for (t,x,&) ¢ U or (t,x,&) € B, respectively.



PIM rFoOR H(x,§&, 0, 7):

Tiu(x,0) = (2wh) YR / / dedm Ae™ S Fu(¢, ),
M1l2

Fu(é,m) = (27Tﬁ)_1/2ﬁ// dxd@e! ((xI§)+(fIm)
R1I2
X (up(x) + u1(x)016,).



Feynman's quantization:

Tou(x,0)] = HY(x,—ihoy,0,05)u(x,6)

t=0

with

HY (x, —ihdy, 0, 0p)u = H™(x, —ihdy, 6, Op)u

Or B> «=» «=H» = HAX



PIM FOR H(x,§&,0,m)2:
,0)
Th)~ W — i) (To(€) + itn(€))
+ Ruq

dp e alp)

/
) /
l(fz“é%lfm i) (o) (o) |



MAIN AND REMAINDER TERMS:

o1 alp) cos(h~tH) sin(h 1tH)\ (o
—sin(A~*tH) cos(httH) ) \ i

~ eiﬁ‘1<q|p>—iﬁ‘1tH(q,p)a(p)

Rw(x) =(2rh) ! / g et )

R0
t2Hyo Hee  t*RPHZHZY |
><< T S i 5>W(5).




